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The boundary value problem of determining the parameter p of a parabolic equation v'(f)+ Av(t) =
ft)+p (0 <t <1), v(0) = ¢, v(1) = ¢ in an arbitrary Banach space E with the strongly
positive operator A is considered. The first order of accuracy stable difference scheme for the
approximate solution of this problem is investigated. The well-posedness of this difference scheme
is established. Applying the abstract result, the stability and almost coercive stability estimates
for the solution of difference schemes for the approximate solution of differential equations with
parameter are obtained.

1. Introduction

The differential equations with parameters play a very important role in many branches
of science and engineering. Some examples were given in temperature overspecification
by Dehghan [1], chemistry (chromatography) by Kimura and Suzuki [2], physics (optical
tomography) by Gryazin et al. [3].

The differential equations with parameters have been studied extensively by many
researchers (see, e.g., [4-20] and the references therein). However, such problems were not
well investigated in general.

As a result, considerable efforts have been expanded in formulating numerical
solution methods that are both accurate and efficient. Methods of numerical solutions of
parabolic problems with parameters have been studied by researchers (see, e.g., [21-29] and
the references therein).
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It is known that various boundary value problems for parabolic equations with
parameter can be reduced to the boundary value problem for the differential equation with
parameter p:

do(t) _
o tAv) = f(h)+p, 0<t<, 1.1)

o) =9, v(l)=¢

in an arbitrary Banach space E with the strongly positive operator A. In the present work,
the first order of accuracy difference scheme for the approximate solution of boundary
value problem (1.1) is studied. The well-posedness of this difference scheme is established.
Applying the abstract result, the stability and almost coercive stability estimates for the
solution of difference schemes for the approximate solution of differential equations with
parameter are obtained.

2. The Boundary Value Problem for Parabolic Equations

Throughout this work, E is a Banach space, —A is the generator of the analytic semigroup
exp{-tA}(t > 0) with exponentially decreasing norm, when t — +oo, that is, the following
estimates hold:

lexp{—tA}||;_ ; < Me™, t||Aexp{-tA <M, t>0, M>0, 6>0. (2.1)

} ” E—E
From estimate (2.1), it follows that

ITllg— g < M(0). (2.2)

Here, T = (I - exp{—A})_l.

Abstract problem (1.1) was investigated in the paper [4] by applying estimates (2.1)
and (2.2). The solvability of problem (1.1) in the space C(E) of the continuous E-valued
functions ¢(t) defined on [0, 1] equipped with the norm

l9llce) = maxilo®]l (23)

0<t<1

was studied under the necessary and sufficient conditions for the operator A. The solution
depends continuously on the initial and boundary data. More pricisely, we have the following
result.
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Theorem 2.1. Assume that —A is the generator of the analytic semigroup exp{—tA}(t > 0) and all
points 2orik, k € Z, k#0 do not belong to the spectrum o(A). Let v(0) € E, v(1) € D(A), and
f(t) € CP(E) (0 < B < 1). Then, for the solution (v(t),p) of problem (1.1) in C(E) x E, the estimates

Ipll; < M [||v<0>||E +lo@l + Aol + %Ilfllcﬂ(,;)],
(2.4)

lollee) < M[IRO) s + loMlle + [ fllcqe]

hold, where M does not depend on f, v(0), v(1) and f(t). Here CP(E) is the space obtained by
completion of the space of all smooth E-valued functions ¢(t) on [0,1] in the norm

ot +7) - )]
”‘Pllcﬂ(}g) = max||¢®)||;+ sup E

(2.5)
0<t<1 0<t<t+7<1 F

With the help of A, we introduce the fractional space E4(E, A), 0 < a < 1, consisting of all
v € E for which the following norms are finite [6, 30]:

|oll; = sup

M-“Aexp{—m}v”E +]o]lg (2.6)
A>0

We say (v(t),p) is the solution of problem (1.1) in Cg’Y(E) x E; if the following
conditions are satisfied:

(i) '(t), Av(t) € CV(E),p € E1 CE,

(ii) (v(t),p) satisfies the equation and boundary conditions (1.1).

Here, Cg’Y(E), (0 <y <B,0<p<1)is the Holder space with weight obtained by
completion of the space of all smooth E-valued functions ¢(t) on [0, 1] in the norm

(2.7)

t ¥ t —o(t
ol e, = maxllo@llp + sup LEDNPEED =90l

0<t<1 0<t<t+7<1 TP

In the paper [23], the exact estimates in Cg’Y(E), 0<y<p0<p<1)and Cg'Y(Ea,ﬁ)
(0<y <P <a 0<a<1) Holder spaces for the solution of problem (1.1) were proved. In
applications, exact estimates for the solution of the boundary value problems for parabolic
equations were obtained.

Now, we consider the application of Theorem 2.1. First, the boundary-value problem
on the range {0 < t < 1, x € R"} for the 2m-order multidimensional parabolic equation is
considered:

o0v(t, x) N Z a,(x) oo (t, x)

5t ax? T ox” +ovu(t,x)=f(t,x)+p(x), O0<t<l,

|r|=2m

(2.8)

v(0,x) = ¢(x), v(l,x)=¢(x), xeR", |rl=r+---+1y,
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where a,(x) andf(t, x) are given as sufficiently smooth functions. Here, o is a sufficiently
large positive constant.
It is assumed that the symbol

BX@) = D, a(x)(i)" - (@)™, &=, &) ER" (2.9)

|r|=2m
of the differential operator of the form

olr!
Z ar(x)m (210)

[r|=2m
acting on functions defined on the space R" satisfies the inequalities

0 < Mylé["™ < (-1)"B*(¢) < Mafé["" < o0 (2.11)

for & #0.

Problem (2.8) has a unique smooth solution. This allows us to reduce problem (2.8) to
problem (1.1) in a Banach space E = C¥(R") of all continuous bounded functions defined on
R" satisfying a Holder condition with the indicator p € (0,1).

Theorem 2.2. For the solution of boundary problem (2.8), the following estimates are satisfied:

1
PNy < M [ Il * Il cmaan * 51 e
(2.12)

Ioleicnrny < MI@longrn *+ 19l ongrn *+ 1F e

where M is independent of ¢(x), ¢ (x), and f(t,x).

The proof of Theorem 2.2 is based on the abstract Theorem 2.1 and on the strongly
positivity of the operator A = B* + oI defined by formula (2.10) (see, [31-33]).

Second, let 2 be the unit open cube in the n-dimensional Euclidean space R" (0 < xj <
1,1 < k < n) with boundary S, Q=QuUS.In [0,1] xQ, we consider the mixed boundary value
problem for the multidimensional parabolic equation

av(t & i a v(t 2 ou(t,x) = f(t,x) + p(x),
=1 r
x=(x1,...,xn)€§2, O0<t<l, (213)
v(0,x) =¢p(x),v(1,x) =p(x), x¢€ ﬁ,

v(t,x) =0, x€8,

where a,(x) (x € Q), p(x), (p(x)(ﬁ), and f(t,x)(t € (0,1), x € Q) are given smooth functions
and a,(x) > a > 0.Here, o is a sufficiently large positive constant.
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We introduce the Banach spaces C‘gl(ﬁ)(ﬁ =B, Pn), 0 <xk <1, k=1,...,n)
of all continuous functions satisfying a Holder condition with the indicator g = (B1, ..., Bn),

Pr € (0,1),1 < k < n, and with weight xﬁk(l - Xk — hk)ﬂk, 0<xk <xr+he<1,1<k<nwhich
is equipped with the norm

Il @ = Ifllc@+  sup [f(xu oo, xn) = O+ by, 20 + Ha)|

0<xp<xp+he<l,
1<k<n

(2.14)

n
x Hh,;ﬂkxik(l — xi — hi) P,
k=1

where C (ﬁ) is the space of the all continuous functions defined on Q, equipped with the
norm

I fllc@ = I}{‘E«’glf(x)l- (2.15)

It is known that the differential expression [34]

+ ov(x) (2.16)

Av(x) = = (0)
r=1

0%v(x)
2

defines a positive operator A acting on Cgl (Q) with the domain D(A) = {v(x), d*v(x)/ ox? €
ch (Q),v(x) = 0onS}.

Therefore, we can replace mixed problem (2.13) by the abstract boundary problem
(1.1). Using the results of Theorem 2.1, we can obtain the following theorem on stability.

Theorem 2.3. For the solution of mixed boundary value problem (2.18), the following estimates are
valid:

1
Il < M [loll @ + ellcsran * 51 lewcp |

(2.17)
[0l @) < M[||‘P||c51(§> +lollcr @)+ ||f||c<c[*§1<§>)>]’
where M does not depend on ¢(x), ¢(x), and f(t,x).
Third, we consider the mixed boundary value problem for parabolic equation
t 2ot
W - a(x)% +ou(t,x) = f(t,x)+p(x), 0<t<1, 0O<x<1,
(2.18)

v(0,x) = p(x), v(l,x)=¢(x), 0<x<1,
u(t,0)=v(t,1),  0x(t,0)=vx(t1), 0<t<1,
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where a(x), p(x), ¢g(x), and f(t, x) are given sufficiently smooth functions and a(x) > a > 0.
Here, o is a sufficiently large positive constant.

We introduce the Banach spaces C#[0,1] (0 < 8 < 1) of all continuous functions ¢(x)
satisfying a Holder condition for which the following norms are finite,

lp(x +7) = ()]

- (2.19)

¢l csor; = Nlellcory +  sup

0<x<x+7<1

where C[0, 1] is the space of the all continuous functions ¢(x) defined on [0, 1] with the usual
norm

”‘P“c[o,l] = max|¢p(x)|. (2.20)

0<x<1
It is known that the differential expression [30]

Av = —a(x)v"(x) + ov(x) (2.21)
defines a positive operator A acting in CP[0, 1] with the domain

D(A) = {U(x),v"(x) € CP[0,1],0(0) = v(1), v (0) = vx(1)}. (2.22)

Therefore, we can replace the mixed problem (2.18) by the abstract boundary value
problem (1.1). Using the result of Theorem 2.1, we can obtain the following theorem on
stability.

Theorem 2.4. For the solution of mixed problem (2.18), the following estimates are valid:

1
I Neony < M [Mollcron * Melleoss + 51 Nesicron |
(2.23)

I2llccrpoy) < M[”‘/’"cuo,l] + ”‘I’"cuo,l] + ”f”C(CM[O,l])]’

where M is independent of p(x), ¢(x), and f(t,x).

3. Rothe Difference Scheme for Parabolic Equations with
an Unknown Parameter

In this section, our focus is the well-posedness of the Rothe difference scheme

T (g — uk1) + Aug = @ +p, i = f(tc),
tr=kr, 1<k<N, Nt =1, (3.1)

Uo =, Uun =¢

for approximately solving problem (1.1).
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Let [0,1], = {tx = kT, k =0,1,..., N, NT = 1} be the uniform grid space with step size
7 >0, where N is a fixed positive integer.

Throughout the section, C([0,1],, E) denotes the linear space of grid functions ¢* =
{¢x )7 with values in the Banach space E.

Let C-(E) = C([0, 1],, E) be the Banach space of bounded grid functions with the norm

[l C.(E) = 12}(?]§,||‘Pk||5' (3.2)

For a € [0,1], let C*(E) = C*([0, 1], E) be the Holder space with the following norm:

| osr = k|

4 = [lo” 3.3
lle Ca(E) lle cE T e g (3.3)
Let us start with some lemmas we need in the following.
Lemma 3.1 (see [31]). The following estimates hold:
1
[ LS o L
- +

(1+67) (3.4)

1

HTARk” <=, k>1,
E—E k

for some M, & > 0, which are independent of T, where T is a positive small number and R = (I + TA)™
is the resolvent of A.

Lemma 3.2. The operator I — RN has an inverse T, = (I - RN )_1and the following estimate is
satisfied:

ITzllg— g < M(6). (3.5)

Let us now obtain the formula for the solution of problem (3.1). It is clear that the first
order of accuracy difference scheme

T (U — Ukr) + Ak = p + @x, ¢r = f(tk),
tr=kr, 1<k<N, Nt =1, (3.6)

Uy =@,

has a solution and the following formula holds:

k
up = Rip+ S R*I" (p+g)r, 1<k<N. (3.7)
j=1
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Applying formula (3.7) and the boundary condition

uN =g, (38)
we can write
N ' N .
= Rth + ZRN_]+1(/)]'T + ZRN‘]“TP. (3.9)
j=1 j=t
Since
N ) N _
ZRN_]+1T =A'(1I- R)ZRN-i =A"l (I - RN>, (3.10)
=1 j=1
we have that
N .
g =RVp+ Y RN gir+ A7 (1-RV)p. (3.11)
=1
Using Lemma 3.2, we get
N .
p=T:( Ay - ARNp - > ARV 7"g;7 ). (3.12)
=1

Using formulas (3.7) and (3.12), we get

j=1 j=1 j=1

k k N
up = Rhp + > R gir + S REIITT, <Aq; - ARNyp - ZARN_i+1(pjT>, 1<k<N.

(3.13)

Since

k k
ZRk‘f“T =A(I- R)ZRk‘j =A"! (I - R"), (3.14)
j=1 =1
we have that

k N
ue = Rp+ > RNpir + <I - Rk>TT <<p ~ RNy - ZRN_j+1(p]-T>, 1<k<N. (315
j=1 j=1

Hence, difference equation (3.1) is uniquely solvable, and, for the solution, formulas (3.12)
and (3.15) are valid.
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Theorem 3.3. For the solution ({ux }Ik\]:l,p) of problem (3.1) in C,(E) x E, the stability estimates

1 N
Il < M|l = lawle « 5o | 616)
N N
)|y = Mol ol + [l o (317)
hold, where M is independent of T, ¢, ¢, and {¢pk }kN: 1
Proof. From formulas (3.7) and (3.12), it follows that
N-1 A
p=T:( Ap- ARNp - > ARNT (g —pn)m - (1= RN g ). (3.18)
j=1
Using this formula, the triangle inequality, and estimates (3.4), we obtain
Ipll; < nTTnEﬁE<nAqan AR Nl
(3.19)
5 N-j+1 N
-i o
P2 [ARN| gy = onllem+ (1+ [RN]| ) llonlle
1 N
< M lglle el + 5o |
O

The estimate (3.16) is proved. Using formula (3.15), the triangle inequality, and
estimates (3.4), we obtain

o cloller = (o [ RE imee—

3.20
Eﬁgnwugf» (320

k
loaell: < <||R"||EﬁEII<pIIE + 3[R
j=1

x <||<F||E + ”RN”E_)E”‘PHE + il”RNjﬂ
pm

< M[H‘P"E + gl + ” {‘Pk}kNﬂ”cT(E)]

for any k. From that it follows estimate (3.17). Theorem 3.3 is proved.
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Theorem 3.4. For the solution ({uy }szl, p) of problem (3.1) in C,(E)xE, the almost coercive stability
estimates

. 1 N
Il < M [l + g+ minfin 2 it et} (0124 |- (3:21)
-1 _ N N
”{T (e = 24y 1)}k 1||c (E) ”{A k= 1"c (E)
< Mgl + lagl + minfin LAl (o)l ] 622
hold, where M does not depend on T, ¢, ¢, and {¢px }kN: 1
Proof. Using formula (3.12), the triangle inequality and estimates (3.4), we obtain
N 5 N-j+1
Iplle < ITelle— e ( NAgly o+ |RY]|, Aol + ]_;HAR | Nl
(3.23)
N-1 N
_j+
<M | gl vl e Sar ol |
Since [31]
N-1 1
”ARN M r< Mmin{ln ;,|ln||A||EéE|}, (3.24)
j=1 B

we have estimate (3.21). Using formula (3.15), the triangle inequality, and estimates (3.4),
(3.24), we obtain

| Auie||g < <anHEeE”A(P”E + ﬁnARk—iﬂ
j=1

il = (1 R il

EéE||soj||ET>> (329

. 1
< M| Agll; + | Ag], + min{in 2, i AT} e}

E—E

x <||A¢||E RN Al + illlARN-f“

CT(E)]

for any k. Therefore,

cms)] ’
(3.26)

14w, < M[IAg + g + minfin Al o} o)

C: (E)

This estimate, triangle inequality, and (1.1) yield estimate (3.22). Theorem 3.4 is proved. O
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4. Applications

Now, we consider the applications of Theorems 3.3 and 3.4. The boundary value problem
(2.18) for the parabolic differential equation is considered. The discretization of problem
(2.18) is carried out in two steps. In the first step, we define the grid space

[0,1],={x=xp:x,=nh, 0<n<M,Mh=1}. (4.1)

Let us introduce the Banach space C;, = C([0,1],) of the grid functions ¢"(x) = {(,on}f/l_1

defined on [0, 1]}, equipped with the norm
|

= max
Cn  x€[01],

9" (x) | (4.2)

To the differential operator A generated by problem (2.18), we assign the difference operator
Aj by the formula

Argh(x) = {_(a(x)‘/)f)x/n + 0<pn}iw71 (4.3)

acting in the space of grid functions ¢"(x) = {t,on}ivH satisfying the conditions ¢y = ¢,
1= o0 = ¢m — pm-1. It is wellknown that Aj is a strongly positive operator in Cj,. With the
help of A7, we arrive at the boundary value problem

du'(t, x) h h n
—— =+ Afu"(t,x) =p"(x)+ f"(t,x), O0<t<1, x€][0,1],,
T h )=p'(x)+f (0,11, (4.4

u"(0,x) =" (x),  u"(1,x)=¢"(x), x€[0,1],.
In the second step, we replace (4.4) with the difference scheme (3.1)

h _ .k
) T ) ey = pha) + £ ),
fi(x) = f(t, x), tk =kr, 1<k<N, xe[0,1],, )

u"(0,x) = (ph(x), u(1,x) = (ph(x), x €[0,1];,.

Theorem 4.1. The solution pairs ({u}(x) }év,ph(x)) of problem (4.5) satisfy the stability estimates

R R e T (TN
(4.6)
N N
{uz}l C-(Ch) : le:”(Ph”Ch i ”(Ph o i {fl?}l CT(Ch)]’

where My and M do not depend on p,", ¢"', and ], 1 <k < N.
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Here, CE(Ch) is the grid space of grid functions { f! }]1\] defined on [0,1], x [0, 1], with norm

h h
|t - £,
2h

N N
H{f'g}l ccn “{f’?}l cic ke P (4.7)
[N W

Cr(Cy)  1SkEN

The proof of Theorem 4.1 is based on Theorem 3.3 and the positivity property of the
operator Ay defined by formula (4.3).

Theorem 4.2. The solution pairs ({uZ(x)}ON,ph(x)) of problem (4.5) satisfy the almost coercive
stability estimates

" chSMl[“AW I T ‘{ff}lN cT<ch>]'
(5] ]l .
T e "k C+(Cn)

< Mz[nAz«,oh

CT(Ch)]

The proof of Theorem 4.2 is based on Theorem 3.4 and the positivity property of the
operator A} defined by formula (4.3) and on the estimate

x 1 h N
o+ Iz, +in | 71,

where My and M, are independent of ¢", ¢"', and fI, 1<k < N.

X 1
A7l e }ngm. (4.9)

{ 1
min{ In —,
T

Note that, in a similar manner, we can construct the difference schemes of the first
order of accuracy with respect to one variable for approximate solutions of boundary value
problems (2.8) and (2.13). Abstract theorems given from above permit us to obtain the
stability, the almost stability estimates for the solutions of these difference schemes.

5. Conclusion

In this work, the first order of accuracy Rothe difference scheme for the approximate solution
of the boundary value problem of determining the parameter p of a parabolic equation

v'(t)+ Av(t) = f(t) +p(0<t <), v(0) = ¢, v(l)=¢ (5.1)

in arbitrary Banach space E with the strongly positive operator A is studied. The well-
posedness of the difference scheme is established. Some results in this paper in Hilbert
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space H with self adjoint positive definite operator A were obtained in the paper [25]. The
investigation of this paper in arbitrary Banach space E with the strongly positive operator A
permits us to obtain the stability and almost stability estimates for the solution of difference
schemes for the approximate solution of differential equations with parameter are obtained.
Of course, such type results for the solution of difference scheme for the following boundary
value problems

V() + Av(t) = f(H) +p(0<t <), v(0) = o, v(M)=¢, 0<A<1,
5.2
v'(t)-Av(t) = f(t) +p(0<t<1), v(l) =, vM)=¢, 0<A<1 62

in an arbitrary Banach space with positive operator A and an unknown parameter p hold.
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