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We introduce a new system of extended general nonlinear variational inclusions with different
nonlinear operators and establish the equivalence between the aforesaid system and the fixed point
problem. By using this equivalent formulation, we prove the existence and uniqueness theorem
for solution of the system of extended general nonlinear variational inclusions. We suggest and
analyze a new resolvent iterative algorithm to approximate the unique solution of the system of
extended general nonlinear variational inclusions which is a fixed point of a nearly uniformly
Lipschitzian mapping. Subsequently, the convergence analysis of the proposed iterative algorithm
under some suitable conditions is considered. Furthermore, some related works to our main
problem are pointed out and discussed.

1. Introduction

Variational inequalities theory, as a very effective and powerful tool of the current
mathematical technology, has been widely applied to mechanics, physics, optimization
and control, economics and transportation equilibrium, engineering sciences, and so forth.
Up until now variational inequalities have been very effective and powerful tools of
the current mathematical technology; see for example [1-4] and references therein. In
1968, Brézis [5] initiated the study of the existence theory of a class of variational
inequalities, later known as variational inclusions, using proximal-point mappings due to
Moreau [6]. It is well known that variational inclusions include variational inequalities,
quasivariational inequalities, and variational-like inequalities as special cases. For application
of variational inclusions, see, for example, [7-21]. A number of problems leading to the
system of variational inclusions/inequalities arise in applications to variational problems and
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engineering see, for example, [22-30]. Variational inclusions can be viewed as innovative and
novel extension of the variational principles. It is well known that the system of variational
inclusions/inequalities can provide new insight regarding problems being studied and can
stimulate new and innovative ideas for problem solving.

One of the most important and interesting problems in the theory of variational
inclusions is the development of numerical methods which provide an efficient and
implementable algorithm for solving variational inclusion and its generalizations. The
method based on proximal-point mapping is a generalization of projection method and has
been widely used to study the existence of solutions and to develop iterative algorithms
for variational inclusions see, for example, [31-39]. In recent past, the methods based on
different classes of proximal-point mappings have been developed to study the existence of
solutions and to discuss convergence and stability analysis of proposed iterative algorithms;
for various classes of variational/variational-like inclusions, see for example [34, 36, 37, 39—
43].

Recently, Noor [29] introduced and studied a new system of general mixed variational
inequalities involving three different operators (SGMVID). By using the resolvent operator
technique, he established the equivalence between the SGMVID and the fixed point problem.
He used this equivalent formulation to suggest and analyze some new iterative methods
for solving the SGMVID. He also studied the convergence analysis of the proposed iterative
methods under some certain conditions.

Very recently, M. A. Noor and K. I. Noor [44] introduced and considered the system of
general variational inclusions involving seven different operators (SGVID). They suggested
and analyzed two resolvent iterative algorithms for solving the SGVID and studied the
convergence analysis of the proposed iterative schemes under some certain conditions.

On the other hand, related to the variational inequalities/inclusions, we have the
problem of finding the fixed points of the nonexpansive mappings, which is the subject of
current interest in functional analysis. It is natural to consider a unified approach to these
two different problems. Motivated and inspired by the research going in this direction, Noor
and Huang [45] considered the problem of finding the common element of the set of the
solutions of variational inequalities and the set of the fixed points of the nonexpansive
mappings. It is well known that every nonexpansive mapping is a Lipschitzian mapping.
Lipschitzian mappings have been generalized by various authors. Sahu [46] introduced
and investigated nearly uniformly Lipschitzian mappings as generalization of Lipschitzian
mappings.

In this paper, we introduce and consider a new system of extended general nonlinear
variational inclusions involving eight different nonlinear operators (SEGNVID). We first
establish the equivalence between the SEGNVID and the fixed point problem, and then,
by this equivalent formulation, we discuss the existence and uniqueness of solution of
the SEGNVID. By using two nearly uniformly Lipschitzian mappings S; and S, and the
aforementioned equivalent formulation, we suggest and analyze a new resolvent iterative
algorithm for finding an element of the set of the fixed points of the nearly uniformly
Lipschitzian mapping Q = (51, S2) which is the unique solution of the SEGNVID. Finally, we
consider the convergence analysis of the suggested iterative algorithms under some suitable
conditions. Further, some related works, as appeared in [29, 44], are also discussed and
improved.
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2. Formulations and Basic Facts

Throughout this paper, we will let # be a real Hilbert space which is equipped with an
inner product (-, -) and corresponding norm || - ||. To begin with, let us recall that a set-valued
operator A : H —o H is said to be monotone if and only if, for any x, y € #

(u-v,x-y)>0, VueA(x), veA(y). (2.1)

A monotone set-valued operator A is called maximal if and only if its graph, Gph(A) :=
((x,y) € A xH : y € A(x)}, is not properly contained in the graph of any other
monotone operator. It is well known that A is a maximal monotone operator if and only
if (I +XA)(H) = H, for all A > 0, where I denotes the identity operator on #.

Definition 2.1 (see [47]). For any maximal monotone operator A, the resolvent operator
associated with A of parameter A is defined as

Jh(u) = I +AA) ' (w), Yuedk. (2.2)
It is single valued and nonexpansive, that is,
”]ﬁ(u)—]ﬁ‘(v)” <|lu-v|, Yu,ve. (2.3)

LetTi : HxH — Hand g, hi : K — H(i = 1,2) be six nonlinear single-valued
operators and A; : H x H — H(i = 1,2) be two set-valued operators such that, for all
z,t€H, Ai1(-,z) 1 H —o H and Ay (-, t) : H —o H are two maximal monotone operators with
(1) € dom(A1(-,z)) and hy(v) € dom(Ax(-,t)) for all u,v € H. For any given constants
p,n > 0, we consider the problem of finding (x*, y*) € # x H such that

0€g(x)-g(y") +p(Ti(y", x") + Ai(g(x"),x")),

(2.4)
0€ ho(y*) —(x") + (T2 (x", y*) + A2 (2 ("), ¥7))-

The problem (2.4) is called a system of extended general nonlinear variational inclusions
involving eight different nonlinear operators (SEGNVID).

Some special cases of the SEGNVID (2.4) are as below.

UTi:H — Hand Aj = A: H —o H(i = 1,2) are univariate nonlinear operators, then
taking @1 = ¢, &2 = g1, h1 = h, and hy = h, the system (2.4) reduces to the system of finding
(x*,y*) € H x H such that

0€gi(x")-g(y") +p(Ti(y") + A(g1(x"))),

2.5)
0€hi(y*) —h(x*) + n(Ta(x*) + A(h1 (v"))),

which is called the system of general nonlinear variational inclusions involving seven different
nonlinear operators.
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Remark 2.2. M. A. Noor and K. I. Noor [44] considered the system (2.5) where A : #H —
H is a single-valued operator. In view of the presented definitions and results in [44],
we infer that the operator A in the system (2.5) (the system (1) in [44]) should be set
valued not single valued and also be satisfied in the conditions Range g1 ()dom A #§ and
Range hy () dom A # (. Therefore, if the mentioned corrections applied on the system (1) in
[44], then the system (1) in [44] reduces to the system (2.5) which is a special case of the
system (2.4).

Taking g1 = g and h; = h in the system (2.5), the mentioned system collapses to the
system of finding (x*, y*) € H x H such that

0eTi(y") + A(g(x")),

(2.6)
0 € Th(x*) + A(h(y)).

The problem (2.6) is called the nonlinear variational inclusions system involving five different
nonlinear operators.

If, foreachi=1,2,T;=T,g1 =hi =h =g, p=n1and x* = y* = x, then the system (2.5)
reduces to the variational inclusion problem or finding the zero of the sum of two (more)
monotone operators considered in [48-51].

If, for each i = 1,2, A; : H# —o H is an univariate set-valued operator, A;(x) = 0p(x)
and Aj(x) = 0¢(x) for all x € H, where ¢, : H — R U {+oo} are two proper, convex, and
lower semi-continuous functionals, 0p and 0¢ denote subdifferential operators of ¢ and ¢,
respectively, then the system (2.4) reduces to the following system.

Find (x*, y*) € H x H such that

(PTi(y", x*) + £(x") = g1(y*), §1(%) = £2(x)) > pp(g(x")) - pp(1(x)), Vx ek,

2.7)
(M (x", y") + ha(y*) — ha(x"), hi(x) = ha(y")) 2 ¢ (ha(y*)) —ndp(hi(x)), Vx ek,

which appears to be a new system of extended general mixed nonlinear variational
inequalities involving eight different operators.

If g1 = h1 = g, © = hy = I (the identity operator), and ¢ = ¢, then the system (2.7) is
equivalent to that of finding (x*, y*) € H x H such that

(PTi(y", x") +x" = g(y"), 8(x) = x*) > pp(x*) = pp(g(x)), VxeH,

(2.8)
(M2 (X", ") +y" - g(x"), g(x) —y") 2 mp(y*) —np(g(x)), Vxek,

which was considered and studied by Noor [29]. Also, if T; = T, = T, then the system (2.8) is
considered and studied in [29].

IfT; : H — H(i =1,2) are univariate nonlinear operaotrs and ¢ = ¢, then the system
(2.7) changes into that of finding (x*, y*) € H# x H such that

(PTi(y*) + £(x") - 51 (¥"), s1(x) - £2(x")) > pp(g2(x*)) - pp(1(x)), Vx ek,
(MTa(x") + ha(y*) = h1(x"), hi(x) = ha(y")) 2 9 (ha(y*)) — np(h1(x)), Vx € K,



Abstract and Applied Analysis 5

which was considered and investigated by M. A. Noor and K. I. Noor [44]. Also, if Ty =T, =
T, then the system (2.9) is considered and studied in [44]. When g1 = hy = gand o = hy =1,
the system (2.9) is introduced and studied in [29].

If, in the system (2.7), ¢ = ¢ = Ok is the indicator function of a nonempty closed convex
set K in # defined by

0 yek,
b5) = 2.10
k(y) {oo VEK, (2.10)
then the system (2.7) reduces to the system of finding (x*, y*) € K x K such that
(T (y", x*) + (x") —q1(y"), g1(x) = g(x")) 20, VxeH:g(x) €K, 211)

(T2 (x",y*) + o (y*) = ha(x*), hi(x) =2 (y*)) 20, Vx e H:hi(x) €K,

which has been introduced and considered by M. A. Noor and K. I. Noor [30].

Remark 2.3. When g = hy = gand g = hy = I, the system (2.11) is considered and studied by
Noor [52]. Also, if, foreachi = 1,2, T; : # — H is an univariate nonlinear operator and g; =
h; = g, then the system (2.11) is considered and studied by Yang et al. [53]. If, for eachi =1, 2,
gi = hi = I, then the system (2.11) is considered and studied by Huang and Noor [28]. If for
eachi=1,2,T; =T and g = h; = I, then the system (2.11) introduced and studied by Chang
et al. [26] and Verma [54]. If for eachi = 1,2, T; =T, g1 = h1 = g, and g = h = I, then the
system (2.11) is considered and studied by Noor [52]. If foreachi =1,2,T; =T : # — Hisan
univariate nonlinear operator and g; = h; = I, then the system (2.11) introduced and studied
by Verma [55, 56]. If for eachi = 1,2, T; = T : # — H is an univariate nonlinear operator,
gi = hi = I and x* = y*, then the system (2.11) reduces to the classical variational inequality
introduced and studied by Stampacchia [57] in 1964. Other special cases of the above systems
can be found in [29, 44] and the references therein. In brief, for suitable and appropriate choice
of the operators Tj, A;, gi, hi(i = 1,2), and the constants p and #, one can obtain the various
classes of variational inclusions and variational inequalities. This shows that the system of
extended general nonlinear variational inclusions involving eight different operators (2.4) is
more general and includes several classes of variational inclusions/inequalities and related
optimization problems as special cases. For the recent applications, numerical methods and
formulations of variational inequalities and variational inclusions, see [1-45, 47-62], and the
references therein.

3. Existence of Solution and Uniqueness

In this section, we prove the existence and uniqueness theorem for a solution of the system of
extended general nonlinear variational inclusions (2.4). For this end, we need the following
lemma in which, by using resolvent operator technique, the equivalence between the system
of extended general nonlinear variational inclusions (2.4) and a fixed point problem is
proved.
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Lemma 3.1. Let T;, A;, gi, hi(i = 1,2), p, and 1 be the same as in the system (2.4). Then (x*,y*) €

H x H is a solution of the system (2.4) if and only if

2(x") = T4 o (@) - pTi (v, x7)),
h(y*) = ]Zz(‘/y*) (h(x*) =T (x*, y%)),

(3.1)

where for all z,t € H, ]fh(. ») 1S the resolvent operator associated with A (., z) of parameter p and

]Zz (1) 1s the resolvent operator associated with Ay (., t) of parameter 1.

Proof. Let (x*,y*) € H x H be a solution of the system (2.4). Then

g1 (") —pTi(y", x*) € (I +pAi(,x7))(g(x)),
hi(x") = nTa(x", y") € (I +1A2(,y7)) (2 (y7)),

=
£(x) =14 e (@) - pTa (Y, 7)),
h(y*) = ]ZZ(,,y*) (h(x*) =T (x*,y")),

where [ is identity operator.
Definition 3.2. A nonlinear single-valued operator g : # — J# is said to be

(a) monotone if

(§(x)-g(y),x-y) >0, Vx,yek;

(b) x-strongly monotone if there exists a constant x > 0 such that

2, Vx,y e H;

(8(x)-g(y),x-y) 2x|x-y
(c) (@, v)-relaxed cocoercive if there exist constants @, v > 0 such that
(8(x)-8(y), x~y) 2 —0llgx) - g +v[x-yl’, vxyek

(d) y-Lipschitz continuous if there exists a constant y > 0 such that

) -gWll <vllx-yll, Vxye

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)



Abstract and Applied Analysis 7

Definition 3.3. A nonlinear single-valued operator T : H# x #H — H is called

(a) monotone in the first variable if for all x,y € H

(T(x,u) -T(y,v),x-y) >0, Vuvedk; (3.7)

(b) r-strongly monotone in the first variable if there exists a constant r > 0 such that for all
X,y EH

(T(x,u) -T(y,0),x-y)>r|x-y|’>, VYuovedk (3.8)

(c) (¢, ¢)-relaxed cocoercive in the first variable if there exist constants ¢, ¢ > 0 such that for
allx,y e #

(T(x,u)-T(y,v),x-y)>—¢||T(x,u) -T(y,v) ||2 +gl[x - y||2, Yu,v e H; (3.9)

(d) p-Lipschitz continuous in the first variable if there exists a constant y > 0 such that for
allx,y e H

, Yu,ved. (3.10)

ITCew) =T (o) < pllx-y

Now, we present the sufficient conditions for the existence solutions of our main
considered problem (2.4).

Theorem 3.4. Let Ti, Ai, gi, hi(i = 1,2), p, and 1 be the same as in the system (2.4) and suppose
further that, fori =1,2,

(a) T; is ¢&;-strongly monotone and p;-Lipschitz continuous in the first variable;
(b) gi is gi-strongly monotone and o;-Lipschitz continuous;

(c) h; is @i-strongly monotone and 6;-Lipschitz continuous;

(d) there exists constants T; such that

174 0@ =T @ 7=l |7k 0@ ~Thn @ s mllu-ol, vuo0,ze .
(3.11)
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If two constants p and n satisfy the following conditions

\é - mpu(2-p)

- é_12 < 2 ’
H1 Hi
L1 VB2
n-—=|< 2 ’
Hy Hy

G >p\pQ2-p), & >p\v2-v),
xi=1/1-2¢ +0? <1, 2 <1+07,
wi=1/1-2¢;+6*<1, 20; < 1+67,

U=Tr+wr+x; <1, V=T +w+Ky <1,

i=1,2,

then the system (2.4) admits a unique solution.

Proof . Firstly, let us define ¢5,p : K x H — H by

g y) =x- )+ T4 o (s1(y) -pTi(y,x)),

$(xy) =y -ha(y)+T, (G -nT(xy)),

forall (x,y) € H x H.
Also, define F: H x H — H x H as follows:

F(x,y) = (¢(x,y),9(x,y)), Y(x,y) e HxH.

Consider a function || - ||, on # x  which is defined by

| ), =llxll+|yll, V(x,y)eHLxk

(3.12)

(3.13)

(3.14)

(3.15)
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It is obvious that (H# x &, || - ||+) is a Hilbert space. Now, we establish that F is a contraction

mapping on (K xH, ||-||+). Let (x, y), (X, ) € HxH be given. Since for all z € H, the resolvent
operator | fh (,z) 18 nonexpansive, we have

lg(xy) - ¢z 7|
< flx =% - (2(0) = 2@ + |14, .0 (@1 (W) = pT1(, %)) = T4, o (823) - pT2(5,9)) |
< lx =% - (200 - 2@ + /5,00 (@ @) = pT1 (%)) = T4 5 (&1 () ~ pTi(w,2)) |
70 (@1 @) =T (v ) = T o (81(8) — pTa (5,%)) |
< flx =% = (g2(x) = &) | + llx = %l + [[81(v) - 81(¥) - p(T1 (v, x) - T1(7, %)) ||

<l =% = (8200) = () | + mullx =zl + ly -7 - (&1(y) 1)l
+ly-7-p(Ti(y,x) - T (7, %)) |-

(3.16)
From g,-strongly monotonicity and o»-Lipschitz continuity of g, it follows that
lx =% - () - 2@
=l - 2 - 2((0) - 2(8), x - %) + |20 - @I (3.17)
<(1-26+03)x - %I,
which leads to
I = % = (2(0) = ) || < \/1- 26 + 03x - 2. (3.18)

In similar way, by using g¢i-strongly monotonicity and oy-Lipschitz continuity of gi, we
deduce that

ly-5- (1) - 1 @)l < V/1-261 + o |y - 7. (3.19)

Since Tj is ¢;-strongly monotone and pi-Lipschitz continuous in the first variable, we
conclude that

ly -7 -p(Ti(y,x) - Ta(7,%))|>
=ly-91” - 2p(Ti (v, %) - T (7, %),y - ¥) + || Ti (v, %) -Tu (@, ®)||>  (3.20)

< (1-208+p%3) lly - 911
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Substituting (3.18)—(3.20) in (3.16), we obtain
lo(x,y) —o (X 9)|| < (1 + w2 llx = X[ + (=1 + O0) [y - 7|, (321)
where

ki=\/1-2g+0?, (i=12),  61=1/1-2pé +p2’. (3.22)

On the other hand, since for i = 1,2, h; is @;-strongly monotone and 6;-Lipschitz
continuous in the first variable, T, is ¢,-strongly monotone and py-Lipschitz continuous in
the first variable, in similar way to the proofs of (3.16)—(3.21), we can prove that

$(xy) = ¢x D) < (@i +0)llx =%l + (m2 + w2) ||y - 7], (3.23)

where

w; = m/ (l =1, 2)/ 92 =4/1- 271‘52 + 712/‘% (324)

It follows from (3.14), (3.21), and (3.23) that

IF(x,y) = F& D, = lle(xy) —e@ )+ |o(xy) - ¢ 7)|

< (T1 +w1 +K + 92)||x = 5C\|| + (Tz +wy + K1+ Ql)lly = y” (325)

<8)(xy) - & D).,

where & = max{t; + w; + k2 + 62,72 + wy + k1 + 61}. By condition (3.12), we note that 0 <
¥ < 1, and so (3.25) guarantees that F is a contraction mapping. According to Banach fixed
point theorem, there exists a unique point (x*,y*) € H x H such that F(x*,y*) = (x*, y*).
From (3.13) and (3.14), we conclude that g (x*) = ]f‘l(.,x*)(gl(y*) -pTh(y*, x*)) and hy(y*) =
]ZZ ) (h1(x*) =nT2(x*,y*)). Now, Lemma 3.1 guarantees that (x*, y*) € H x H is the unique
solution of the system (2.4). This completes the proof. O

4. Some New Resolvent Iterative Algorithms

In recent years, the nonexpansive mappings have been generalized and investigated by
various authors. One of these generalizations is class of the nearly uniformly Lipschitzian
mappings. In this section, we first recall some generalizations of the nonexpansive mappings
which have been introduced in recent years, then we use two nearly uniformly Lipschitzian
mappings S; and S, and by using the equivalent alternative formulation (3.1), we suggest
and analyze a new resolvent iterative algorithm for finding an element of the set of the fixed
points of Q = (S3, Sz2) which is the unique solution of the SEGNVID (2.4).

In two next definitions, several generalizations of the nonexpansive mappings are
stated.
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Definition 4.1. A nonlinear mapping T : # — H is called as follows:
(a) nonexpansive if || Tx = Ty|| < ||[x — y||, forall x, y € H;

(b) L-Lipschitzian if there exists a constant L > 0 such that

|Tx-Ty|| <L|x-y|, VYxyedk (4.1)

(c) generalized Lipschitzian if there exists a constant L > 0 such that

|Tx-Ty|| <L(||lx-y||+1), Vxyek; (4.2)

(d) generalized (L, M)-Lipschitzian [46] if there exist two constants L, M > 0 such that

|[Tx-Ty| <L(||x-y| + M), Vx,yeH; (4.3)

(e) asymptotically nonexpansive [63] if there exists a sequence {k,} C [1,00) with
lim,, _, ,k,, = 1 such that for each n € N,

|T"x - T"y|| < kn|lx-y|, Vx,yek (4.4)

(f) pointwise asymptotically nonexpansive [64] if, for each integer n > 1,

|T"x = T"y|| < an(x)||x -y, xyed, (4.5)

where a, — 1 pointwise on X;

(g) uniformly L-Lipschitzian if there exists a constant L > 0 such that for each n € N,

|T"x -T"y|| <L||x-y|, Vxyek (4.6)

Definition 4.2 (see [46]). A nonlinear mapping T : # — H is said to be
(a) nearly Lipschitzian with respect to the sequence {a,} if, for each n € N, there exists a
constant k, > 0 such that

|T"x = T"y|| < kn(||x = y|| + an), Vx,y € X, (4.7)

where {a,} is a fix sequence in [0, o0) with a, — 0,asn — oo.

For an arbitrary, but fixed n € N, the infimum of constants k, in (4.7) is called nearly
Lipschitz constant and is denoted by #(T™). Notice that

IT"x - T"y||

—:x,yeJé,x#y}. (4.8)
I =yl +an

1KT“)ZSUP{
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A nearly Lipschitzian mapping T with the sequence {(a,, 7(T"))} is said to be

(b) nearly nonexpansive if y(IT") = 1 for all n € N, that is,

|T"x =T y|| < ||x - y|| + an, Vx,y€H; (4.9)

(c) nearly asymptotically nonexpansive if n(T") > 1 for all n € N and lim,,_, ,,n(T") =1, in
other words, k, > 1 for all n € N with lim,, _, . k,, = 1;

(d) nearly uniformly L-Lipschitzian if 7(T") < L for all n € N, in other words, k, = L for
allnmeN.

For some interesting examples to investigate relations between these mappings,
introduced in Definitions 4.1 and 4.2, ones may consult [58].

Let S; : # — H be a nearly uniformly L;-Lipschitzian mapping with the sequence
{an}yei and S, : H — H be a nearly uniformly L,-Lipschitzian mapping with the sequence
{bn}se1. We define the self-mapping Q of H x H as follows:

Q(x,y) = (S1x,5y), VYx,yek. (4.10)

Then Q = (51, S,) : K xH — HxH isanearly uniformly max{Ly, L, }-Lipschitzian mapping
with the sequence {ay, + b, },.; with respect to the norm || - ||, in & x #, where || - ||, is defined
as (3.15). Because, for any (x,y), (x',y') € H x H and n € N, we have

Q" (x,y) - Q" (. ¥) .

= [[(Six, S3y) - (S1x, S3y) ||, = [|(Six - Six', Sqy - Sy ) |,

= [|Six = Six'|| + [|S2y = S3y'[| < La([|x = X[ + an) + La(fly = y/'[| + ) (4.11)

< max(Ly, Lo} ([lx - ¥ + [ly = ¥/[| + @ + bs)

= max(Ly, L} (| (5, ) — (<, ), + an + by).
We denote the sets of all the fixed points of S;(i = 1,2) and Q by Fix(S;) and Fix(Q), respec-
tively, and the set of all the solutions of the system (2.4) by SEGNVID(, T;, A, gi, hi, i = 1,2).
In view of (4.10), for any (x,y) € H x H, we see that (x,y) € Fix(Q) if and only if x € Fix(51)
and y € Fix(Sy). That is, Fix(Q) = Fix(S1, Sz2) = Fix(S1) x Fix(S;). We now characterize the

following problem: if (x*,y*) € Fix(Q) N SEGNVID(H, T, A;, gi, hi,i = 1,2), then by using
Lemma 3.1, it is easy to see that for each n € N,

Xt =St = x" = () + T e (81 (y) - PTi (Y, X))
= Si[x" = ga(x) + I, ey (21 (¥) ~ T (" x))],

4.12
v =S =y = a(y) 4T () - () 2

=5; [y* ~ha(Y) + T ey () = nTz(x*,y*))] .
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The fixed point formulation (4.12) enables us to suggest the following iterative
algorithm with mixed errors for finding an element of the set of the fixed points of the nearly
uniformly Lipschitzian mapping Q = (Si, S») which is the unique solution of the system of
extended general nonlinear variational inclusions (2.4).

Algorithm 4.3. Let T;, A;, g, hi(i = 1,2), p, and 71 be the same as in the system (2.4). For an
arbitrary chosen initial point (x1, y1) € # x H, compute the iterative sequence {(x,, ¥x) } 5y
in the following way:

Xn+l = (1 —0p — ﬁn)xn +anST [xn - gZ(xn) + ]Z1(~,x,,) (gl (yn) - pTl (ynr xn))] + anen +ﬂnjn+rn/

+ AuPn+PuSn+ln,

(4.13)

Yne1 = (1 —Qap — ﬂn)yn"'ansg [yn - hy (yn) + :Z\Z(',yn) (hl (xrl) - TZTZ (x”’ yn>)

where 51,5, : H — H are two nearly uniformly Lipschitzian mappings, {a, } 1, {Bn )z are
two sequences in interval [0, 1] such that 377, &, = 00, ay + B <1, 300y Pu < o0 and {en )y,
{Prlocis Un ot {Sntoeis {rn)oe, {1n)oeq are six sequences in & to take into account a possible
inexact computation of the resolvent operator point satisfying the following conditions:
{jn)nei, {Sn}meq are two bounded sequences in #, and {e} ey, {Pnloetrs {Tn)oers {In}er are
four sequences in # such that

/ " ! i
en=¢€,+e, Pn=Pp+Pn NEN,

lim || (el p) [l =0, E”@Z”"D”* = (4.14)

[ee)
Z”Tnl Lnll, < oo.
n=1

Remark 4.4. 1f, for each i = 1,2, S; = I, then Algorithm 4.3 reduces to the following iterative
algorithm for solving the system (2.4).

Algorithm 4.5. Suppose that T;, A;, g, hi(i = 1,2), p, and 7 are the same as in the system

(2.4). For an arbitrary chosen initial point (x1,11) € H# x H, compute the iterative sequence

{(xn, Yn) } 5z in the following way:

a1 = (1= atn = B n + atn [0 = 260) + I () (81 (Wn) = PT2 (Y %)) | + @ + P + 7o,

Yn+1 = (1 —Qp — ,Bn)yn + ay

Yn — hZ (yn) + Zz(',yn) (hl (xn) - TlTZ (xn/ ]/n))] + XnPn + ﬂnsn + ln/

(4.15)

where the sequences {a, };21, {Bu}pe1, {€n)ie, APutoets Unloets {Snhoets T}y, and {1, )72

are the same as in Algorithm 4.3.
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5. Convergence Analysis

In this section, under some suitable conditions, we establish the strong convergence of the
sequence generated by iterative Algorithm 4.3. We need the following lemma to prove our
main result.

Lemma 5.1. Let {a,}, {b,}, and {c,} be three nonnegative real sequences satisfying the following
condition. There exists a natural number ng such that

an1 < (1 =ty)a, +byty +cy, Yn>ny, (5.1)

where t, € [0,1], >0 tn = 00, limy, by, =0, X077 ¢n < 00. Then lim,, _, oa,, = 0.
Proof. The proof directly follows from Lemma 2 in Liu [59]. O

Theorem 5.2. Let T;, Ai, gi, hi(i = 1,2), p and 1 be the same as in Theorem 3.4 and let all the
conditions Theorem 3.4 hold. Assume that S; : H# — H is a nearly uniformly Li-Lipschitzian
mapping with the sequence {by};.1, So : K — H is a nearly uniformly L,-Lipschitzian mapping
with the sequence {cy )y, and the self-mapping Q of H x H is defined by (4.10) such that Fix(Q) N
SEGNVID(H,T;, Ai, i, hi,i = 1,2) #0. Furthermore, let, for each i = 1,2, L;® < 1, where ® is the
same as in (3.25). Then the iterative sequence {(xy, Yn) } o1, generated by Algorithm 4.3, converges
strongly to the only element of Fix(Q) N SEGNVID(H, T;, A;, gi, hi,i = 1,2).

Proof. According to Theorem 3.4, the system (2.4) has a unique solution (x*, y*) in # x H,
and so Lemma 3.1 implies that (x*, y*) satisfies (3.1). Since SEGNVID(H, T;, Ai, i, hi, i =1,2)
is a singleton set and Fix(Q) " SEGNVID(#, T;, A;, i, hi,i = 1,2) #0, we conclude that x* €
Fix(S1) and y* € Fix(S,). Therefore, for each n € N, we can write

x' = (L=t = fu)x" + @Sy [x" = () + T4 (o (@1 (") = pTL (v, )] + B,
(5.2)

v = (1-an=Pn)y" + Sy [y* ~ha(y) + T ooy )(hl(x ) =T (x"y"))| +Buy",

where the sequences {a,},.; and {f,},.; are the same as in Algorithm 4.3. Let K =
sup,s1{lljn = x|, llsn — y*II}- Then by using (4.13), (5.2), and the assumptions, we have

[l2¢ne1 — x|
< (1 -y — ﬂn)”xn - x|

+ay,

5;11 [xn - 82(Xn) + ]ﬁl(,,xn)(gl (yn) - pTl (yn/ xn))]
ST = &)+ I ey (1) = AT x| + anllentl + Bullin =27 + Il

< (T—an = fu)llxxn — x7|
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# aLa ([ = 2 = (2(2) = () |

|78, (81 ) = PTa W) = Tl (81(57) = pTa (7)) | + )
+an(||en]l + [lenll]) + lIrall + puK
< (1=an = pu)llxn = 7|
+ el ([|x = = (2(20) = g6) |

|74y (81 ) = PTa (s %)) = T ey (81 (¥ = T (v ) |

|75, (81) = T2 () = T (19" = PTa (" x)) || + )
+atnlen ]l + [lenll + lirall + BuK
< (1= atw =) llxn = x|
+ Ly (|20 — x* = (g2(2n) — ©2(X)) || + 71l — x|
+|81(yn) = 81(¥") = (T2 (Yn, xu) = Ti (v, %)) || + bn)
+atnlen ]l + [lenll + lirall + BuK
< (1= = Bl = x| + T (71 + 102) ot = 7| + (1 +04) |y = | + )

+a|len || + lenll + Irall + BuK,
(5.3)

where x;(i = 1,2) and 0; are the same as in (3.21).
In similar way to the proof of (5.3), one can establish that

Y1 = vl
< (1= an=Pa) [lyn = v || + @nLa((@1 + 02) [0 = x| + (R + W) [y = y'|| +ca)  (5:4)
+ || Pl + o]l + all + BuK,

where w;(i = 1,2) and 60, are the same as in (3.23). Letting L = max{L;, L,} and applying (5.3)
and (5.4), we obtain that

| Censr, yms) = (x5 97|,
< (T=an=Pu) | (xn yn) = (x5 y) ||, + @S| (xn, ya) = (x* )|,

+anL(by + ) +anll (e pu) |, + 11 (et ) L+ 1, Bl + 26K 55)

8 ” (elnlpln) ”* +L(by + cu)
B

< (1 - (1 - Lﬂ)an)" (xn/ yn) - (x*’ y*) “* + &y

+ 1 en P, + I L)L, + 264K,
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where 8 is the same as in (3.25). Since lim,, _, b, = lim,, . ,¢c, = 0 and X7, B, < oo, in view
of (4.14), it is obvious that the conditions of Lemma 5.1 are satisfied. Now, Lemma 5.1 and
(5.5) guarantee that (x,,y,) — (x*,y*), as n — oo. Therefore, the sequence {(x, ¥n)} o1,
generated by Algorithm 4.3, converges strongly to the only element (x*,y*) of Fix(Q) N
SEGNVID(H, T;, Ai, gi, hi,i = 1,2). This completes the proof. O

Like in the proof of Theorem 5.2, one can prove the strong convergence of the iterative
sequence generated by Algorithm 4.5, and we omit its proof.

Theorem 5.3. Suppose that T;, A;, g, hi(i = 1,2), p, and 1 are the same as in Theorem 3.4
and let all the conditions Theorem 3.4 hold. Then the iterative sequence {(x,, Yn)}yeq, Senerated by
Algorithm 4.5, converges strongly to the unique solution (x*,y*) of the system (2.4).

6. Some Comments on Related Works

This section is devoting to investigate and analyze the results in [29, 44]. We state some
remarks on main results in [29] and also the explicit iterative forms, which are related to
Algorithms 3.1 and 3.2 from [44], are constructed. The incorrectness of Theorem 4.1 from
[44] is discussed. Furthermore, the correct versions of the aforesaid algorithms and theorem
are presented.

Noor [29] proposed the following two-step iterative algorithm for solving the system
of general mixed variational inequalities (2.8) and studied convergence analysis of the
proposed iterative algorithm under some certain conditions.

Algorithm 6.1 (see [29, Algorithm 3.1]). For arbitrary chosen initial points xo,y9 € X,
compute the sequences {x,} and {y,} by

Xne1 = (1= an)xn + anJyp [ (Yn) = pPT1 (Y, X0)], o)

Yn+1 = ]q) [g(xn+1) - 7ZT2 (xn+11 yn)] ’

where a,, € [0,1] for all n > 0.

Theorem 6.2 (see [29, Theorem 3.1]). Let x*, y* be the solution of SGMVID (2.8). Suppose that
T : H x H — His relaxed (y1,11)-cocoercive and pi-Lipschitzian in the first variable, and T, :
H x H — His relaxed (y»,12)-cocoercive and pp-Lipschitzian in the first variable. Let g be relaxed
(y3, r3)-cocoercive and ps-Lipschitzian. If

-l \/(Tl ~yu2)’ — 12k(2 - k)
P 2 < 2 ’
H1 Hq
r > npt+m\k-k), k<1,
(6.2)
2| (- ppd) - 12k -k
2 = Yoly (r2 = 1243)" = p3k( )
n- 2 < 2 ’
Hy Hs

> yaps + uo\k(2-k), k<1,
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where

k=v1-2(rs-y32) +15, (6.3)

and a, € [0,1], >72pan = oo, then for arbitrarily chosen initial points xo,yo € H, x, and y,
obtained from Algorithm 6.1 converge strongly to x* and y*, respectively.

By using Definition 2.1, we note that the condition relaxed cocoercivity of the operator
T is weaker than the condition of strong monotonicity of T. In other words, the class of relaxed
cocoercive operators is more general than the class of strongly monotone operators. Now, we
show that, unlike claim of Noor [29], he studied the convergence analysis of the proposed
iterative algorithm under the condition of strong monotonicity, not the mild condition relaxed
cocoercivity.

Remark 6.3. In view of the conditions (6.2) (the conditions (4.1) and (4.2) in [29]), we have
k € (0,1). The condition (6.3) (the condition (4.3) in [29]) and k > 0 imply that 2(r3 — Y3‘I/l§) <
1+ pi3. Therefore, the condition 2(r3 — y3p3) < 1 + p3 should be added to the conditions (6.2)-
(6.3). On the other hand, since k < 1 from the condition (6.3), it follows that r; > Y3//£§.
The conditions r; > yip? + pin/k(2—k) (i = 1,2), and k < 1 imply that r; > y;u? for each
i =1,2. Since, for each i = 1,2, the operator T; is (y;, r;)-relaxed cocoercive and p;-Lipschitz
continuous, the conditions r; > Yi,uf (i = 1,2) guarantee that, for each i = 1,2, the operator
T; is (r; — yip?) strongly monotone. Similarly, since g is (y3,73) relaxed cocoercive and pi3-
Lipschitz continuous, the condition r3 > y3p3 implies that the operator g is (r3—y33)-strongly
monotone.

In view of the above remark, one can rewrite Theorem 6.2 as follows.

Theorem 6.4. Let x* and y* be the solution of the SGMVID (2.8) and suppose that Ty : HxH — H
is &1-strongly monotone and pi-Lipschitz continuous in the first variable, and Tp : H x H — H is
relaxed &-strongly monotone and po-Lipschitz continuous in the first variable. Moreover, let g be
¢&s-strongly monotone and ps-Lipschitz continuous. If two constants p and 1 satisfy the following
conditions:

& & - uik2-k)
P==< 2 ,
Hq Hq
&| V& -mk2-k)
T2) s I ' (64)

éi > Hi \/ k(z_ k)/ (l = 112)/
k=1/1-2&+p2 <1, 2&<1+43,

and X7 an = oo, then the iterative sequences {x,} and {y,} generated by Algorithm 6.1 converge
strongly to x* and y*, respectively.
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M. A. Noor and K. I. Noor in [44] proposed the following iterative scheme for solving
the system of general variational inclusions (1) from [44].

Algorithm 6.5 (see [44, Algorithm 3.1]). For arbitrary chosen initial points xg, 1o € K compute
the sequences {x,} and {y,} by

Xp1 = (1= an)x, + ay (xn+1 - &1 (xn+1)) +ayfa [g(yn) - PTl (yn>]r (65)

Y1 = Y1 — 11 (Y1) + Ja [A(xna1) = T2 (x041)],
where a, € [0,1] for all n > 0 satisfies some suitable conditions.
Taking g1 = g and hy = h, Algorithm 6.5 reduces to the following iterative algorithm.
Algorithm 6.6 (see [44, Algorithm 3.2]). For arbitrary chosen initial points xp, 1o € K compute
the sequences {x,} and {y,} by

Xt = (1= an)xXn + an(Xna1 = §(Xns1)) + anJa[g(yn) — pT1(vn)],
Ynil = Yna1 — h(Yna1) + Ja[R(xni1) = T2 (x001)],

where a, € [0,1] for all n > 0 satisfies some suitable conditions.

Remark 6.7. By analyzing two Algorithms 6.5 and 6.6, we note that the mentioned algorithms
are in implicit forms. Further, in view of Remark 2.2, we should apply the system (2.5) instead
of the system (1) from [44].

Next, we derive two explicit algorithms to solve the systems (2.5) and (2.6),
respectively, as follows.

Algorithm 6.8. Let Ty, T, A, g, h, g1, and h; be the same as in the system (2.5), and let h be an
onto operator. For arbitrary chosen initial points xo, yo € K compute the sequences {x,} and
{yn} in the following way:
X1 = (1= an)xn + an(Xn = §1(xn) + Ja(§ (Y1) — PT1 (Yni1))),
h1(Yn) = Ja(h(xn) = nTa(xn))

where a, € [0,1] for all n > 0 satisfies some suitable conditions.
Algorithm 6.9. Let T1, T, A, g, h, g1, and h; be the same as in the system (2.5). For arbitrary

chosen initial points xo, yo € K compute the sequences {x,} and {y,} in the following way:

Xpi1 = (1 - an)xn +ay (xn - &1 (xn) + ]A(g(yn) - PTl (yn))); (6 8)

Yn+1 = (1- an)yn + an(]/n -y (]/n) + ]A(h(xn) - UTZ(xn)))/

where a,, € [0,1] for all n > 0 satisfies some suitable conditions.
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Taking g1 = g and h; = h in two Algorithms 6.8 and 6.9, we can obtain the following
two algorithms.

Algorithm 6.10. For arbitrary chosen initial points xo, o € K compute the sequences {x,} and
{yn} in the following way:
Xne1 = (1= an)xn + an(Xn = §(xn) + Ja(§(¥n1) = pT1(Yns1))),

(6.9)
h(Yni1) = Ja(h(xn) = nT2(x4)),

where a, € [0,1] for all n > 0 satisfies some suitable conditions.
Algorithm 6.11. For arbitrary chosen initial points xp, yo € K compute the sequences {x,} and

{yn} in the following way:

Xpi1 = (1= ap)x, + an(xn - g(xn) + ]A(g(yn) -pTh (y")))’
(6.10)

]/n+1 = (1 - an)]/n + an(]/n - h(]/n) + ]A (h(xn) - ﬂTZ(xn)))/
where a, € [0,1] for all n > 0 satisfies some suitable conditions.

We now recall some facts, which has presented in [44].

Lemma 6.12 (see [44, Lemma 3.1]). If the operator A is maximal monotone, then (x*,y*) € H x H
is a solution of (2.5) (the correct version of the system (1) in [44]) if and only if (x*,y*) € H x H
satisfies

i1(x") = Jh[g(y") - pTi (v*)],

(6.11)
h(y*) = T3 [h(x") = qTa(x)].

Remark 6.13. In view of Lemma 6.12, (x*, y*) € H x H is a solution of the system (2.6) if and
only if

g(x) = Jilg(") - pTi(y")],

(6.12)
h(y*) = Jx[h(x") = nTa(x")],

where p, 71 > 0 are two constants.

Theorem 6.14. Let T;(i = 1,2), g, and h be the same as in Algorithm 6.10, and let x*, y* be the
solution of the system (2.6). Assume that for i = 1,2, the operator T; : H — H is &i-strongly
monotone and p;-Lipschitz continuous. Furthermore, let g be &3-strongly monotone and p3-Lipschitz
continuous and h be &4-strongly monotone and py-Lipschitz continuous. If there exist two constants
p and 1 such that

(k+61)(k1 +62) < (1-k)(1-ky), (6.13)
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where

k=\1-25+p2<1, 286 <1+4,

k=\1-2u+pd <1, 26 <1+4,
01 =\1- 2001+ P42 <1, 208 <1+ %48,
0, =\1-2ng + 1243 <1, 20 <1+ 143

and Y7 a, = oo, and then the sequences {x,} and {y,} generated by Algorithm 6.10 converge
strongly to x* and y*, respectively.

(6.14)

Proof. Since (x*,y*) € H x H is a solution of the system (2.6), in view of Remark 6.13, we
have

g =Jh(g(y) —pTi(y")),  h(y") = J4(h(x") = yTa(x")), (6.15)

where p and 7 are two constants. For each n > 0, one can rewrite the above equations as
below:

x' = (1= an)x +a,(x* - g&) + 4 (8(v") - T (")),

h(y*) = J4 (h(x") = nTa(x")),

(6.16)

where the sequence {a,} is the same as in Algorithm 6.10. It follows from (6.9), (6.16), and
the nonexpansivity property of the resolvent operator J%, that

l[n41 = %7

< (1= an)llxn — x|

+an(fln = = (gx) = g | + |74 (8(Wnn) = pT1 (y)) = Jo (8w =T (¥) )
< (1= an)xn - x7

+ an(||xn = x* = (§(xn) = (X)) | + |8 (Wne1) = 8(W") = (T2 (Yner) ~To(y"))|I)
< (1= an)|lxn = x7||

+ an([|lxn = x* = (g(xn) = ) | + [|yner =y = (8(yni1) =g (¥))|

Hyni1 =y = p(T1 (Y1) = Ti (y")|])-
(6.17)
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Since T is ¢;-strongly monotone and p;-Lipschitz continuous, we have

Y1 =y = p(T1 (Y1) = T (") ||
=y =y I” = 20(T1 (Y1) = Ta (") Y1 = ")
+ P2 ITi (Yu) - T (") |I”

< (1-2p81 +p%8) Iy - y°

which leads to

lyni1 =y = p(T1 (Yne1) = o) | S \/1=2p&1 + P15 [ ynin = v°|-

Since g is ¢3-strongly monotone and p3-Lipschitz continuous, we get

llen = " = (g(xa) = )| < /1= 285 + 3l — 7l

lynir = y* = ((Wnr1) =Wl £ V1 -2& + i3 ]| ynes — v°]|-

Combining (6.17)—(6.21), we get the following:

351 = x| < (1 = an)llxn = X*|| + ankllxy, = x*|| + an(k + 61) || Yne1 — v,

21

(6.18)

(6.19)

(6.20)

(6.21)

(6.22)

where k and 6, are the same as in (6.14). Now, we find an estimation for ||y,.+1 — y*||. Using
(6.9), (6.16), and the nonexpansivity property of the resolvent operator ]|, we obtain that

lynis =yl < Nlyner =" = (B(Yne1) =BG + R (Y1) = (v ||

<y =y = (h(yna) = h(y") |

+ || 74 () = 1o () = TA (R = Ta(x) |
< lyma =y = (A(ynar) = h(y") |

+{|hGen) = h(x) = (T (xa) - To(x)|

< Nlynn =y = (B(yu) =R (y)) |l
+ |2y = x* = (h(xy) = h(x"))l

+ [|lxn = %" = (Ta(x0) = To(x)) |-

(6.23)
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Since T is ¢,-strongly monotone and p,-Lipschitz continuous, and k is ¢4-strongly monotone
and py-Lipschitz continuous, in similar way to the proofs of (6.19)-(6.21), we can establish
that

[l = x* = (Ta () = Ta(x)) || < \/1 =258 + 242120 — x*)|,
It = x* = (h(xn) = h(x))|| < /1= 28 + 2 l2cn = 7)), (6.24)
it =y = (h(yner) =R (y")) || < V1 =28+ @i |yne = v |l-
Substituting (6.24) in (6.23), we obtain that
s = v || < kallymer = y*|| + ka + 02)l1x = 27, (6.25)

where kj and 6, are the same as in (6.14). From (6.25), we conclude that

. ki+0 .
lys =yl < T llxn =71l (6.26)
- Rl
It follows from (6.22) and (6.26) that
oo -2l < (1= (1-k - EEOZD Ny e (627)

Letting 1 =1—-k - ((k+61)(k1 +62))/(1 - ki), the condition (6.13) implies that ¢ € (0,1). Since
S an = oo, setting b, = ¢, = 0, for all n > 0, we note that all the conditions of Lemma 5.1
are satisfied. Now, Lemma 5.1 and (6.27) guarantee that ||x, — x*||. — 0, as n — oo. The
inequality (6.26) implies that ||y, —y*|l« — 0,asn — oo, and so the sequences {x,} and {y,}
generated by Algorithm 6.10 converge strongly to x* and y*, respectively. This completes the
proof. O

Theorem 6.15. Let T;(i = 1,2), g and h be the same as in Algorithm 6.11, and let x*and y* be the
solution of the system (2.6). Suppose that, for i = 1,2, the operator T; : H — H is ¢&i-strongly
monotone and p;-Lipschitz continuous. Moreover, let g be é3-strongly monotone and p3-Lipschitz
continuous and h be &;-strongly monotone and p4-Lipschitz continuous. If there exist two constant p
and 1 such that

61+6,<1- 2(k + kl), (628)

where k, k1, 61, and 0, are the same as in (6.14) and >,7°, a, = oo, and then the iterative sequences
{xn} and {y,} generated by Algorithm 6.11 converge strongly to x* and y*, respectively.

Proof. Since (x*,y*) € H# x H is a solution of the system (2.6), in view of Remark 6.13, we
have

g =Jh(g(W) - pTi(y")),  h(y") = J4(h(x") = yTa(x")), (6.29)
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where p, 71 > 0 are two constants. For each n > 0, one can rewrite the above equations as
follows:

x' = (1= a)x" + an(x" - g(&x) + Ji(g(v) - pT1(¥"))),

(6.30)
v = (=a)y +an(y —h(y") + A (h(x") = nTa(x)),

where the sequence {a,} is the same as in Algorithm 6.11. From (6.10), (6.30), and the
nonexpansivity property of the resolvent operator J#, it follows that

[l%n1 — x|
< (1= an)llxn — 7|
+ ([l = %" = (86e) = N | + |13 (8 wn) = T1 () ~ T4(8 () = pT1 (¥)) )
< (1= an)llxn = x7||

+ an(||oen = x" = (g(xn) = N + 1§ (wn) = g(W") — (T2 (yn) ~Ta(y"))II)

< (1 - an)”xn - X*”
+an(|[xn = x" = (8(xn) =N + lyn -y = (g(vn) — W)l

Hyn =y = p(Ti(yn) =T (YD)
(6.31)

Since Tj is ¢;-strongly monotone and p-Lipschitz continuous, and g is ¢3-strongly monotone
and p3-Lipschitz continuous, one can prove that

lyn =y = p(Ti(yn) =T <1 =2p& + P15 lyn = v°),

[|xn = x* = (g(xn) = (X)) || < \/1 =28 + 3l — x71, (6.32)
lyn =y = ((yn) = 8N < V1 =28+ i5llyn - vl
Combining (6.31) and (6.32), we obtain that
lotna1 = x7[| < (1 = aw)lloen = x| + ankll2cy = x| + an(k + 00) lyn = v ||, (6.33)

where k and 0, are the same as in (6.14). Because T is &,-strongly monotone and p,-Lipschitz
continuous, and  is ¢;-strongly monotone and p4-Lipschitz continuous, in similar way to the
proofs of (6.31)—(6.33), we can verify that

||yn+1 - y*” <(1- an)"yn - y*” + anklllyn - y*” +an(ki + 62)|lxn — x*, (6.34)
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where ki and 0, are the same as in (6.14). From (6.33) and (6.34), it follows that

(| Gensr, ymar) = (% )|,
< (= an) || (en yn) = (% ¥ |, + anle + k) || (xn, y) = (3%, )
+an(k + ki + 01+ 65) || (xn, yn) = (5, v,
= (1-ay(1- Q(k + k1) + 61+ 0)))|| (xn, y) = (x*,y7) ..

*

(6.35)

Letting @ = 2(k + k1) + 61 + 65, the condition (6.28) guarantees that @ € (0,1). Since >,7", a, =
oo, setting b, = ¢, =0, for all n > 0, we infer that all the conditions of Lemma 5.1 are satisfied.
Now, Lemma 5.1 and (6.35) guarantee that ||(x,, y») — (x*,y*)|x — 0, asn — oo, and so
the sequences {x,} and {y,} generated by Algorithm 6.11 converge strongly to x* and y*,
respectively. This completes the proof. O

Remark 6.16. M. A. Noor and K. I. Noor [44] established the strong convergence of the
sequences generated by iterative Algorithm 6.6. We would like to notice that, as we have

made an observation in Remark 6.3, some assumptions should be added to ([44], Theorem
4.1).

7. Conclusions

In this paper, we have introduced and considered a new system of extended general nonlinear
variational inclusions involving eight different nonlinear operators (SEGNVID). We have
verified the equivalence between the SEGNVID and the fixed point problem and then by this
equivalent formulation, and we have discussed the existence and uniqueness theorem for a
solution of the SEGNVID. This equivalence and two nearly uniformly Lipschitzian mappings
Si(i = 1,2) are used to suggest and analyze a new resolvent iterative algorithm with mixed
errors for finding an element of the set of the fixed points of the nearly uniformly Lipschitzian
mapping Q = (51,52) which is the unique solution of the SEGNVID. In the final section,
comments on some related works are presented. It is expected that the results proved in this
paper may simulate further research regarding the numerical methods and their applications
in various fields of pure and applied sciences.

Acknowledgment

The first author is supported by the Centre of Excellence in Mathematics, the commission on
Higher Education, Thailand.

References

[1] R. Glowinski, J.-L. Lions, and R. Trémolieres, Numerical Analysis of Variational Inequalities, vol. 8,
North-Holland, Amsterdam, The Netherlands, 1981.

[2] P. Jaillet, D. Lamberton, and B. Lapeyre, “Variational inequalities and the pricing of American
options,” Acta Applicandae Mathematicae, vol. 21, no. 3, pp. 263289, 1990.

[3] D. Kinderlehrer and G. Stampacchia, An Introduction to Variational Inequalities and Their Applications,
vol. 88, Academic Press, New York, NY, USA, 1980.



Abstract and Applied Analysis 25

[4] J. T. Oden, Qualitative Methods on Nonlinear Mechanics, Prentice-Hall, Englewood Cliffs, NJ, USA, 1986.

[5] H. Brézis, “Equations et inéquations non linéaires dans les espaces vectoriels en dualité,” Annales de
I'Institut Fourier, vol. 18, no. 1, pp. 115-175, 1968.

[6] J.-J. Moreau, “Proximitéet dualité dans un espace hilbertien,” Bulletin de la Société Mathématique de
France, vol. 93, pp. 273-299, 1965.

[7] M. Alimohammady, J. Balooee, Y. J. Cho, and M. Roohi, “A new system of nonlinear fuzzy variational
inclusions involving (A,#)-accretive mappings in uniformly smooth Banach spaces,” Journal of
Inequalities and Applications, vol. 2009, Article ID 806727, 33 pages, 2009.

[8] M. Alimohammady, J. Balooee, Y. J. Cho, and M. Roohi, “New perturbed finite step iterative
algorithms for a system of extended generalized nonlinear mixed quasi-variational inclusions,”
Computers & Mathematics with Applications, vol. 60, no. 11, pp. 2953-2970, 2010.

[9] J.-P. Aubin and A. Cellina, Differential Inclusions, vol. 264, Springer, Berlin, Germany, 1984.

[10] J.Balooee and Y.]. Cho, “On a system of extended general variational inclusions,” Optimization Letters.
In press.

[11] Y. J. Cho and H.-Y. Lan, “A new class of generalized nonlinear multi-valued quasi-variational-like
inclusions with H-monotone mappings,” Mathematical Inequalities & Applications, vol. 10, no. 2, pp.
389-401, 2007.

[12] Y. J. Cho and H.-Y. Lan, “Generalized nonlinear random (A, 17)-accretive equations with random
relaxed cocoercive mappings in Banach spaces,” Computers & Mathematics with Applications, vol. 55,
no. 9, pp. 2173-2182, 2008.

[13] Y.J. Cho, X. Qin, M. Shang, and Y. Su, “Generalized nonlinear variational inclusions involving (A, 7)-
monotone mappings in Hilbert spaces,” Fixed Point Theory and Applications, vol. 2007, Article ID 29653,
6 pages, 2007.

[14] V.F. Demyanov, G. E. Stavroulakis, L. N. Polyakova, and P. D. Panogiotopoulos, Quasi Differentiability
and Nonsmooth Modeling in Mechanics, Engineering and Economics, Kluwer Academic Publishers,
Dordrecht, The Netherlands, 1996.

[15] H. Y. Lan, Y. J. Cho, and Nan-jing Huang, “Stability of iterative procedures for a class of generalized
nonlinear quasivariational-like inclusions involving maximal #-monotone mappings,” in Fixed Point
Theory and Applications, Y. J. Cho, J. K. Kim, and S. M. Kang, Eds., vol. 6, pp. 107-116, Nova Science
Publishers, New York, NY, USA, 2006.

[16] H.-Y. Lan, Y. J. Cho, and R. U. Verma, “On solution sensitivity of generalized relaxed cocoercive
implicit quasivariational inclusions with A-monotone mappings,” Journal of Computational Analysis
and Applications, vol. 8, no. 1, pp. 75-87, 2006.

[17] H.-Y. Lan, Y. ]. Cho, and R. U. Verma, “Nonlinear relaxed cocoercive variational inclusions involving
(A, m)-accretive mappings in Banach spaces,” Computers & Mathematics with Applications, vol. 51, no.
9-10, pp. 1529-1538, 2006.

[18] H.-Y. Lan, J. H. Kim, and Y. J. Cho, “On a new system of nonlinear A-monotone multivalued
variational inclusions,” Journal of Mathematical Analysis and Applications, vol. 327, no. 1, pp. 481-493,
2007.

[19] H.-Y.Lan, J. I. Kang, and Y. J. Cho, “Nonlinear (A, 77)-monotone operator inclusion systems involving
non-monotone set-valued mappings,” Taiwanese Journal of Mathematics, vol. 11, no. 3, pp. 683-701,
2007.

[20] Y. Yao, Y. ]. Cho, and Y.-C. Liou, “Algorithms of common solutions for variational inclusions, mixed
equilibrium problems and fixed point problems,” European Journal of Operational Research, vol. 212, no.
2, pp. 242-250, 2011.

[21] Y. Yao, Y. J. Cho, and Y.-C. Liou, “Iterative algorithms for variational inclusions, mixed equilibrium
and fixed point problems with application to optimization problems,” Central European Journal of
Mathematics, vol. 9, no. 3, pp. 640-656, 2011.

[22] M. Alimohammady, J. Balooee, Y. J. Cho, and M. Roohi, “Iterative algorithms for a new class of
extended general nonconvex set-valued variational inequalities,” Nonlinear Analysis: Theory, Methods
& Applications, vol. 73, no. 12, pp. 3907-3923, 2010.

[23] J. Balooee and Y. J. Cho, “Algorithms for solutions of extended general mixed variational inequalities
and fixed points,” Optimization Letters. In press.

[24] J. Balooee, Y. J. Cho, and M. K. Kang, “The wiener-Hopf equation technique for solving general
nonlinear regularized nonconvex variational inequalities,” Fixed Point Theory and Applications, vol.
2011, article 86, 2011.



26 Abstract and Applied Analysis

[25] J. Balooee, Y. J. Cho, and M. K. Kang, “Projection methods and a new system of extended general
regularized nonconvex set-valued variational inequalities,” Journal of Applied Mathematics, vol. 2012,
Article ID 690648, 18 pages, 2012.

[26] S.S.Chang, H. W.Joseph Lee, and C. K. Chan, “Generalized system for relaxed cocoercive variational
inequalities in Hilbert spaces,” Applied Mathematics Letters, vol. 20, no. 3, pp. 329-334, 2007.

[27] Y. J. Cho and X. Qin, “Systems of generalized nonlinear variational inequalities and its projection
methods,” Nonlinear Analysis: Theory, Methods & Applications, vol. 69, no. 12, pp. 4443-4451, 2008.

[28] Z. Huang and M. A. Noor, “An explicit projection method for a system of nonlinear variational
inequalities with different (y, )-cocoercive mappings,” Applied Mathematics and Computation, vol. 190,
no. 1, pp. 356-361, 2007.

[29] M. A. Noor, “On a system of general mixed variational inequalities,” Optimization Letters, vol. 3, no.
3, pp. 437-451, 2009.

[30] M. Aslam Noor and K. Inayat Noor, “Projection algorithms for solving a system of general variational
inequalities,” Nonlinear Analysis: Theory, Methods and Applications, vol. 70, no. 7, pp. 2700-2706, 2009.

[31] S. Adly, “Perturbed algorithms and sensitivity analysis for a general class of variational inclusions,”
Journal of Mathematical Analysis and Applications, vol. 201, no. 2, pp. 609-630, 1996.

[32] C.E.Chidume, H. Zegeye, and K. R. Kazmi, “Existence and convergence theorems for a class of multi-
valued variational inclusions in Banach spaces,” Nonlinear Analysis: Theory, Methods & Applications,
vol. 59, no. 5, pp. 649-656, 2004.

[33] X.P.Ding, “Perturbed proximal point algorithms for generalized quasivariational inclusions,” Journal
of Mathematical Analysis and Applications, vol. 210, no. 1, pp. 88-101, 1997.

[34] X. P. Ding and C. L. Luo, “Perturbed proximal point algorithms for general quasi-variational-like
inclusions,” Journal of Computational and Applied Mathematics, vol. 113, no. 1-2, pp. 153-165, 2000.

[35] A. Hassouni and A. Moudafi, “A perturbed algorithm for variational inclusions,” Journal of
Mathematical Analysis and Applications, vol. 185, no. 3, pp. 706-712, 1994.

[36] N.-J. Huang, “A new class of generalized set-valued implicit variational inclusions in Banach spaces
with an application,” Computers & Mathematics with Applications, vol. 41, no. 7-8, pp. 937-943, 2001.

[37] K. R. Kazmi, “Iterative algorithm for generalized quasi-variational-like inclusions with fuzzy
mappings in Banach spaces,” Journal of Computational and Applied Mathematics, vol. 188, no. 1, pp.
1-11, 2006.

[38] S. Schaible, J.-C. Yao, and L.-C. Zeng, “On the convergence analysis of an iterative algorithm for
generalized set-valued variational inclusions,” Journal of Nonlinear and Convex Analysis, vol. 5, no. 3,
pp. 361-368, 2004.

[39] L.-C. Zeng, S.-M. Guu, and ].-C. Yao, “Characterization of H-monotone operators with applications to
variational inclusions,” Computers & Mathematics with Applications, vol. 50, no. 3-4, pp. 329-337, 2005.

[40] R. P. Agarwal, N. J. Huang, and Y. J. Cho, “Generalized nonlinear mixed implicit quasi-variational
inclusions with set-valued mappings,” Journal of Inequalities and Applications, vol. 7, no. 6, pp. 807—
828, 2002.

[41] C. E. Chidume, K. R. Kazmi, and H. Zegeye, “Iterative approximation of a solution of a general
variational-like inclusion in Banach spaces,” International Journal of Mathematics and Mathematical
Sciences, no. 21-24, pp. 1159-1168, 2004.

[42] X.P.Dingand F. Q. Xia, “A new class of completely generalized quasi-variational inclusions in Banach
spaces,” Journal of Computational and Applied Mathematics, vol. 147, no. 2, pp. 369-383, 2002.

[43] X. P. Ding and ]J.-C. Yao, “Existence and algorithm of solutions for mixed quasi-variational-like
inclusions in Banach spaces,” Computers & Mathematics with Applications, vol. 49, no. 5-6, pp. 857-869,
2005.

[44] M. A. Noor and K. I. Noor, “Resolvent methods for solving system of general variational inclusions,”
Journal of Optimization Theory and Applications, vol. 148, no. 2, pp. 422-430, 2011.

[45] M. A. Noor and Z. Huang, “Three-step methods for nonexpansive mappings and variational
inequalities,” Applied Mathematics and Computation, vol. 187, no. 2, pp. 680-685, 2007.

[46] D. R. Sahu, “Fixed points of demicontinuous nearly Lipschitzian mappings in Banach spaces,”
Commentationes Mathematicae Universitatis Carolinae, vol. 46, no. 4, pp. 653-666, 2005.

[47] H.Brézis, Operateurs Maximaux Monotone et Semigroupes de Contractions Dansles Espace d’Hilbert, North-
Holland, Amsterdam, The Netherlands, 1973.

[48] M. A. Noor, “Fundamentals of mixed quasi variational inequalities,” International Journal of Pure and
Applied Mathematics, vol. 15, no. 2, pp. 137-258, 2004.



Abstract and Applied Analysis 27

[49] M. A. Noor, “New approximation schemes for general variational inequalities,” Journal of
Mathematical Analysis and Applications, vol. 251, no. 1, pp. 217-229, 2000.

[50] M. A. Noor, “Some algorithms for general monotone mixed variational inequalities,” Mathematical
and Computer Modelling, vol. 29, no. 7, pp. 1-9, 1999.

[51] M. Aslam Noor, “Some developments in general variational inequalities,” Applied Mathematics and
Computation, vol. 152, no. 1, pp. 199-277, 2004.

[52] M. A. Noor, Variational Inequalities and Applications, Lecture Notes, Mathematics Department,
COMSATS Institute of information Technology, Islamabad, Pakistan, 2007.

[53] H. Yang, L. Zhou, and Q. Li, “A parallel projection method for a system of nonlinear variational
inequalities,” Applied Mathematics and Computation, vol. 217, no. 5, pp. 1971-1975, 2010.

[54] R. U. Verma, “Generalized system for relaxed cocoercive variational inequalities and projection
methods,” Journal of Optimization Theory and Applications, vol. 121, no. 1, pp. 203-210, 2004.

[55] R. U. Verma, “Projection methods, algorithms, and a new system of nonlinear variational
inequalities,” Computers & Mathematics with Applications, vol. 41, no. 7-8, pp. 1025-1031, 2001.

[56] R. U. Verma, “General convergence analysis for two-step projection methods and applications to
variational problems,” Applied Mathematics Letters, vol. 18, no. 11, pp. 1286-1292, 2005.

[57] G. Stampacchia, “Formes bilinéaires coercitives sur les ensembles convexes,” Les Comptes Rendus de
I’Académie des Sciences, vol. 258, pp. 4413-4416, 1964.

[58] J. Balooee and Y. J. Cho, “Perturbed projection iterative algorithms for solving a new system of
general regularized nonconvex variational inequalities,” Journal of Inequalities and Applications, vol.
2012, article 141, 2012.

[59] L.S. Liu, “Ishikawa and Mann iterative process with errors for nonlinear strongly accretive mappings
in Banach spaces,” Journal of Mathematical Analysis and Applications, vol. 194, no. 1, pp. 114-125, 1995.

[60] N. Petrot, “Some existence theorems for nonconvex variational inequalities problems,” Abstract and
Applied Analysis, vol. 2010, Article ID 472760, 9 pages, 2010.

[61] S. Suantai and N. Petrot, “Existence and stability of iterative algorithms for the system of nonlinear
quasi-mixed equilibrium problems,” Applied Mathematics Letters, vol. 24, no. 3, pp. 308-313, 2011.

[62] J. Suwannawit and N. Petrot, “Existence and stability of iterative algorithm for system of random set-
valued variational inclusion involving (A, m, 17)-generalized monotone operators,” Journal of Applied
Mathematics, vol. 2012, Article ID 590676, 21 pages, 2012.

[63] K. Goebel and W. A. Kirk, “A fixed point theorem for asymptotically nonexpansive mappings,”
Proceedings of the American Mathematical Society, vol. 35, pp. 171-174, 1972.

[64] W. A. Kirk and H.-K. Xu, “Asymptotic pointwise contractions,” Nonlinear Analysis: Theory, Methods &
Applications, vol. 69, no. 12, pp. 4706-4712, 2008.



