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New sufficient conditions, concerned with the coefficients of harmonic functions f(z) = h(z)+g(z)
in the open unit disk U normalized by f(0) = h(0) = '(0) -1 = 0, for f(z) to be harmonic close-to-
convex functions are discussed. Furthermore, several illustrative examples and the image domains
of harmonic close-to-convex functions satisfying the obtained conditions are enumerated.

1. Introduction

For a continuous complex-valued function f(z) = u(x,y) +iv(x,y) (z = x +iy), we say that
f(z) is harmonic in the open unit disk U = {z € C : |z| < 1} if both u(x, y) and v(x, y) are real
harmonic in U, that is, u(x, y) and v(x, y) satisfy the Laplace equations

A = Uy + Uy, =0, AU = Uy + 0y = 0. (1.1)

A complex-valued harmonic function f(z) in U is given by f(z) = h(z) +g(_z) where h(z) and
g(z) are analytic in U. We call h(z) and g(z) the analytic part and the coanalytic part of f(z),
respectively. A necessary and sufficient condition for f(z) to be locally univalent and sense
preserving in U is |W'(z)| > |¢'(z)| in U (see [1] or [2]). Let H# denote the class of harmonic
functions f(z) in U with f(0) = h(0) = 0 and #’'(0) = 1. Thus, every normalized harmonic
function f(z) can be written by

f(z)=h(z)+g(z) =z + ianz” + ibnz” ek, (1.2)
n=2

n=1

where a; = 1 and by = 0, for convenience.
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We next denote by S the class of functions f(z) € J that are univalent and sense
preserving in U. Due to the sense-preserving property of f(z), we see that |b| = |¢'(0)] <
|[H'(0)] = 1. If g(z) = 0, then S reduces to the class S consisting of normalized analytic
univalent functions. Furthermore, for every function f(z) € S, the function

f(Z) - blf(z) = ap _b_lbn < bn - blan
Fz)=s—r——+" =2+ ———7"4+ » ——— 7" 1.3
&= e 20 hE T A E (9
is also a member of S_. Therefore, we consider the subclass 53€ of S defined as
S% =1f(z) € Su by = ¢(0) =0}. (1.4)

Conversely, if F(z) € 58«' then f(z) = F(z) + b1F(z) € Sy for any by (|b1] < 1).

We say that a domain D is a close-to-convex domain if the complement of D can be
written as a union of nonintersecting half-lines (except that the origin of one half-line may lie
on one of the other half-lines). Let C, C, and CS,z be the respective subclasses of S, S, and
59, consisting of all functions f(z), which map U onto a certain close-to-convex domain.

Bshouty and Lyzzaik [3] have stated the following result.

Theorem 1.1. If f(z) = h(z) + g(z) € H satisfies

g (z) = zH'(2), Re<1 + %> > —% (1.5)

forall z €U, then f(z) € C% C 59,
A simple and interesting example is below.

Example 1.2. The function

1-(1-2)° 22 n+l , &n-1_,
f(z) = 212 +2(1_Z)2_z+nz=2 >z +nZ=2 > Z (1.6)

satisfies the conditions of Theorem 1.1, and therefore f(z) belongs to the class C°,. We now
show that f(U) is actually a close-to-convex domain. It follows that

f(z):<21z 2+2<1Z—z>>+<212 2‘2<12—z>>
( _Z) ( _Z) (17)

:Re<(1 _ZZ)Z> +i Im<1fz>.
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Setting

f(rei9> _ =2r> +r(1+71?) cosf . rsinf

C_ . 1
(1+72 - 2rcos6)? 1+12—2rcos@ urre (18)

forany z=re® € U (0<r <1, 0 <60 <2r), we see that

4r(r—cos0)(1—rcosB) 4r(r—t)(1—-rt)
4 2\ _ _ _ L L
<”+U> (1+72-2rcos0)’ (1+72 - 2rt)? p(t) (-l=t=cosb=1)
(1.9)
Since
- _,2\2
(i)l(t) — M < 0 (1.10)

A+r2-2rt)° =

we obtain that

PPN = 5 JT)Z = g(r). (1.11)
Also, noting that
g'(r) = ?ﬁ_ ? >0, (1.12)
we know that
@) <¢) =1, (1.13)
which implies that
u>-v*- }1' (1.14)

Thus, f(z) maps U onto the following close-to-convex domain as shown in Figure 1.

Remark 1.3. Let M be the class of all functions satisfying the conditions of Theorem 1.1. Then,
it was earlier conjectured by Mocanu [4, 5] that # C 58@. Furthermore, we can immediately
see that the function f(z) in Example 1.2 is a member of the class M and it shows that f(z) €
M is not necessarily starlike with respect to the origin in U (f(z) is starlike with respect to
the origin in U if and only if tw € f(U) forallw € f(U) and t (0 <t < 1)).
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Figure 1: The image of f(z) = (1 - (1-2)%)/2(1 - 2)* + 22/2(1 - z)*.

Remark 1.4. For the function f(z) = h(z) + g(z) € H given by

g (z)=z""W(z) (n=2,34,...), (1.15)
letting w(t) = f(e") = h(e') + g(e") (—x < t <), we know that

wl/(t)

which means that f(z) maps the unit circle 0U = {z € C : |z| = 1} onto a union of several
concave curves (see [6, Theorem 2.1]).

Jahangiri and Silverman [7] have given the following coefficient inequality for f(z) €
H to be in the class C.

Theorem 1.5. If f(z) € H satisfies
Snlay[+3n|ba ]S, (1.17)
n=2 n=1

then f(z) € C.

Example 1.6. The function

f(z)=z+ (1.18)

all —
N
9]
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Figure 2: The image of f(z) = z + (1/5)2".

belongs to the class CY, C C. and satisfies the condition of Theorem 1.5. Indeed, f(z) maps U
onto the following hypocycloid of six cusps (cf. [8] or [6]) as shown in Figure 2.

The object of this paper is to find some sufficient conditions for functions f(z) € #
to be in the class C. In order to establish our results, we have to recall here the following
lemmas due to Clunie and Sheil-Small [1].

Lemma 1.7. If h(z) and g(z) are analytic in U with |1’ (0)| > |¢'(0)| and h(z) + £g(z) is close-to-
convex for each € (|| = 1), then f(z) = h(z) + g(z) is harmonic close-to-convex.

Lemma 1.8. If f(z) = h(z) + g(2) is locally univalent in U and h(z) + €g(z) is convex for some
€ (le] £ 1), then f(z) is univalent close-to-convex.

We also need the following result due to Hayami et al. [9].

Lemma 1.9. If a function F(z) = z + 3,77, Ayz" is analytic in U and satisfies

> [ kz;{ :<—1>’<'fj(j (" j)AJ} (")

g(—nk‘fj(j - 1)(k”f ]-)Af} (n[fk>

5

for some real numbers a and f, then F(z) is convex in U.

(1.19)

+ 2

A

|

2. Main Results

Our first result is contained in the following theorem.
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Theorem 2.1. If f(z) € H satisfies the following condition

i|nan -e%(n- 1)an_1| + i'nbn —e?(n-1)b,_1| £1 (2.1)
n=1

n=2

for some real number ¢ (0 < ¢ < 2ur), then f(z) € Cop.

Proof. Let F(z) = z+ 5o, Ayz" be analytic in U. If F(z) satisfies
Z|nA,, —e?(n-1)Anq| <1, (2.2)
n=2

then it follows that

Ms

|<1 - ei“’z>F'(z) - 1| =

<nAn - e (n - 1)An_1>z”‘1

=
|
N

< Y[ -etm-1)Au| 121 (2.3)
n=2
< Z|nAn —e¥(n-1)A| £ 1 (zeU).
n=2
This gives us that
Re((l - e“”z)F’(z)) >0 (zel), (2.4)
thatis, F(z) € C. Then, it is sufficient to prove that
h(z) +eg(z) < a, + by,
F == — = Pl
(Z) 1+ £b1 - ) 1+ £b1 €c (25)

for each € (le] = 1) by Lemma 1.7. From the assumption of the theorem, we obtain that

| a,+eb, iv A1+ €byq
- S s ot
nZ:Zn1+Eb1 ¢ (71 ) 1+€b1 26
< 1 i”nan - e (n - 1)an_1| + |nbn e (n- 1)bn_1” < 1= by | =1. 0
“1-1b |5 “1-]b |

This completes the proof of the theorem. O
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Figure 3: The image of f(z) = -z -2log|1 - z|.

Example 2.2. The function

f(z) =-log(l1-2z)+ (-mz—-log(l-z)) =z + i%z” +(1-m)z+ i%f" 0<m<1)
n=2 n=2
2.7)

satisfies the condition of Theorem 2.1 with ¢ = 0 and belongs to the class C. In particular,
putting m = 1, we obtain Figure 3.

By making use of Lemma 1.8 with ¢ = 0 and applying Lemma 1.9, we readily obtain
the next theorem.

Theorem 2.3. If f(z) € H is locally univalent in U and satisfies

5, [ z{ St (! j)aj}(nfk)
S S0 ) ()

for some real numbers o and P, then f(z) € Cy.

(2.8)

+ 2

A

|

Putting @ = p = 0 in the above theorem, we arrive at the following result due to
Jahangiri and Silverman [7].
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Theorem 2.4. If f(z) € H is locally univalent in U with
> Pl £ 1, (2.9)
n=2

then f(z) € C.
Furthermore, taking & = 1 and p = 0 in the theorem, we have the following corollary.

Corollary 2.5. If f(z) € H is locally univalent in U and satisfies

Ms

{n|(n+1)a, - (n-1)aya|+ n-1)|na, - (n-2)a,1|} <2, (2.10)

7
N

then f(z) € C.

Example 2.6. The function

Zl 1 0 0
f(z )__f %dt+(z+(1—z)log(1—z)):z+zrj Zn(n 1)—n (2.11)

n=2

satisfies the conditions of Corollary 2.5 and belongs to the class C_ as shown in Figure 4.

3. Appendix

A sequence {c, },-, of nonnegative real numbers is called a convex null sequence if ¢, — 0
asn — ooand

Cn—Cns1 Z Cny1 = Cn2 2 0 (3.1)
foralln (n=0,1,2,...).

The next lemma was obtained by Fejér [10].

Lemma 3.1. Let {c,};2, be a convex null sequence. Then, the function
€o
p(z) =5 + den" (3.2)

is analytic and satisfies Re(p(z)) > 0 in U.

Applying the above lemma, we deduce the following theorem.
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Figure 4: The image of f(z) = - J‘OZ (log(1-t)/t) dt + (z+ (1 - z) log(1 - z)).

Theorem 3.2. For some b (|b| < 1) and some convex null sequence {cy, },q with ¢y = 2, the function

f(z) =h(z)+@=z+g%z"+b<z+i%zn> (3.3)

n=2

belongs to the class C .

Proof. Let us define F(z) by

F(z) = —h(zi : Zi(z) =z+ iC"T‘lz" (3.4)
n=2

for each € (|¢| = 1). Then, we know that
F'(z) = >+ Denz" (e =2). (3.5)

By virtue of Lemmas 1.7 and 3.1, it follows that Re(F'(z)) > 0 (z € U), thatis, F(z) € C. Thus,

we conclude that f(z) = h(z) + g(z) € Co. O

In the same manner, we also have the following theorem.
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Theorem 3.3. For some b (|b| < 1) and some convex null sequence {cy },.q with ¢y = 2, the function

© n-1 o) n-1
f(z)=h(z)+g(z) =z + Z% <1 + Zc,->z" + b<z + Z% <1 + Zc,> z”> (3.6)
n=2 j=1 n=2 j=1

belongs to the class C .

Proof. Let us define F(z) by

h(z) +eg(z) =1 = u
F<z):T£ZZ+nZ_ZE<1+ZC7>Z (3.7)

j=1

for each £ (J¢| = 1). Then, we know that

0

(1-2)F(z) = Cz—o + ez (=2 (3.8)

n=1

Therefore, by the help of Lemmas 1.7 and 3.1, we obtain that Re((1 — z)F'(z)) > 0 (z € U),
thatis, F(z) € C, which implies that f(z) = h(z) + g(z) € C. O

Remark 3.4. The sequence

{cn};:‘lo={2,l,%,..., 2 } (3.9)

is a convex null sequence because

2
i = i = —_ = >
I )Eﬂo<n+1> O o = G () —
4 (3.10)
- - _ = > =0,1,2,...).
(cn = Cnr1) = (Cn+1 = Cus2) m+D)(n+2)(n+3) = 0 (n=0,12,..)
Setting b = 1/4 in Theorem 3.2 with the above sequence {c,},., we derive the

following example.

Example 3.5. The function

o (flogl-t) 1 Flogl-t) \ &2 ,.1 =2
f(z)=-z Zfo fdt 4<Z+2I —5 dt)—z+znzz +4<Z+anz>

0 n=2 n=2
(3.11)

is in the class C_y as shown in Figure 5.
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Moreover, we know the following remark.

Remark 3.6. The sequence

is a convex null sequence because

lime, = im2'™" =0,

n—oo n—oo

11
Figure 6: The image of f(z) in Example 3.7.
) 1 1-n
{cnlo = 2,1,5,...,2 PR (3.12)
Cn —Cn+1 = 2™ 2 0,
(3.13)

(Cn - Cn+1) - (Cn+1 - Cn+2) = 2_(n+1) Z 0

(n=0,1,2,...).

Hence, letting b = 1/4 in Theorem 3.3 with the sequence {c,}%, = {2!7"}%,, we have

the following example.
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Example 3.7. The function

f(z) =-3log(1 -=z) +410g<1 - ;) + <—Z log(1-z) + log(l - ;))

(3.14)
o0 1 n-1 1 ] " 1 [ee] 1 1 1’!*12‘l ]
— _ - - - - n
Z+Zn 1+ZZ 2"+ Z+Zn +Z z
n=2 j=1 n=2 j=1

is in the class Cy as shown in Figure 6.
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