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The degenerate reaction diffusion system has been applied to a variety of physical and engineering
problems. This paper is extended the existence of solutions from the quasimonotone reaction
functions (e.g., inhibitor-inhibitor mechanism) to the mixed quasimonotone reaction functions
(e.g., activator-inhibitor mechanism). By Schauder fixed point theorem, it is shown that the system
admits at least one positive solution if there exist a coupled of upper and lower solutions. This
result is applied to a Lotka-Volterra predator-prey model.

1. Introduction

We consider a quasilinear reaction diffusion system in a bounded domain under coupled
nonlinear boundary conditions. The system of equations is given in the form

% -V- (aiDi(u,-)Vui) + bi . (Di(ui)Vui) = fi(t,x,u) (t > O,X € Q),

ot
Di(ui)% =gi(t,x,u) (t>0,x €0Q),

ui(0,%) = g (x)(x €Q), i=1,...,N,

(1.1)

where u = (uy,...,un), Q is a bounded domain in R" with boundary 0Q, 0/0v denotes
the outward normal derivative on 0Q. It is assumed that the boundary dQ is of class C'**.
It is also assumed that, for each i = 1,...,N, the functions a; = a;(t,x), b; = b;(t,x) =
(bi(l),...,bf")), fi(t,x,-) and g;(t,x,-) are Holder continuous in [0, c0) X Q. The density-
dependent diffusion coefficient D;(u;) may have the property D;(0) = 0, which means that
the elliptic operators are degenerate.
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The quasilinear reaction diffusion system has been investigated extensively in the
literature [1-3]. Recently by use of upper and lower solutions and its associated monotone
iterations, [4, 5] deal with the scalar equation and the system endowed with the nonlinear
Neumann-Robin boundary conditions, respectively. The paper in [6] is concerned with the
existence, uniqueness, and asymptotic behavior for the quasilinear parabolic systems with the
Dirichlet boundary condition. However, the requirement of the reaction functions in [4-6] are
monotone nondecreasing. This paper relaxed the condition to mixed quasimonotone reaction
functions, which leads to the difficult point that the ordered upper and lower solutions do not
exist. To overcome it, we construct the coupled upper and lower solutions.

The purpose of this paper is to study the existence for the system (1.1) by the Schauder
fixed point theorem. The rest of this paper is organized as follows. In Section 2 we show the
existence by the method of upper and lower solutions and the Schauder fixed point theorem.
An application is given in Section 3 to the Lotka-Volterra predator-prey model. The paper
ends with Section 4 for some discussions.

2. Existence of Solutions

To the simplicity, throughout this paper, we denote

Q=(0,T]xQ, S=(0,T]xdQ,  Q=[0T]xQ, (2.1)

and let C"(Q) and C*(Q) be the respective space of m-times differentiable and Holder
continuous functions in Q, where Q represents a domain or a section between two functions.
For vector functions with N-components we denote the above function space by C"(Q) and
C*(Q), respectively.

In this paper, we make the following hypothesis.

(H) Foreachi=1,...,N, the following conditions hold:

(i) ai(t,x), b (t,%)(I = 1,...,n) and fi(t,x,-) are in C*22(Q) with a; > ai > 0,
gi(tr x, ) € C1+a/2,2+a (@)/

(i) Dj(u;) € CHa/214a(A;) and D;(u;) > 0 for u; > 0 and D;(0) > 0;

(iii) f(-,u), g(-, u) are mixed quasimonotone C!-functions in A.

In the above hypothesis, A and A; are the sectors between a pair of coupled
upper and lower solutions given by (2.8) below. It is allowed that D;(0) = 0 for some
i and D;(0) > O for a different i. Particularly, if D;(u) is a positive constant for all i
then system (1.1) becomes the standard coupled system of semilinear parabolic equations.
Recall that a vector function f(-,u) is said to be mixed quasimonotone in A if for
each i = 1,...,N, there exist nonnegative integers a; and b; with a; + b; = N -1
such that the function fi(,u) = fi(-,u;, [u],, [u],) is nondecreasing with respect to all
component [u], and is nonincreasing with respect to all component [u],, where u =
(ui, [u],, [u],) € A. Similarly, g;(-,u) = g(-, u;, [u],, [u],) . Our approach to the existence
problem is by the method of coupled upper and lower solutions which are defined as
follows.
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Definition 2.1. A pair of functions @ = (iiy,...,HN), 0 = (#y,...,14n) € C(Q) N C?(Q) are
called coupled upper and lower solutions of (1.1) if u > u and if

a D(ﬁ )Vﬁ,) + bi . (Dl(ﬂl)Vﬁ,) > fi('/ﬁi/ ]ai, [ﬁ]bl) in Q,

”1 ~V - (a;D; (ul)Vu,) +b; - (Di(@) Vi) < fil- 1y, [0, [0],) in Q,
D'(ui)g > gi(- i, [],, [a],) on S, 2.2)
_ 01 S -
Di(i) - < gi( w, [u],, [d]l,) on S,
W0, 2 gi(x),  w(0,%) <gi(x) InQ i=1,...,N,
Define
i = Li(w) = J‘ D;(s)ds foru; >0,i=1,...,N, (2.3)
0
it follows from the following Hypothesis (H) that
I;
) = 502 Dy >0, 24
i
then the inverse u; = g;(w;) exists and is an increasing function of w; > 0. In view of
(2.5)

aw,- _ aui (s ) awi Py au,
B Dl(”l)ﬁr Vw; = Di(u;)Vu;, v D;(u;) 5

we may write (1.1) in the equivalent form

10wi V- (a;Vw;) +b; - Vw; = fi(t,x,u;, [u],, [u],) inQ,

(Di(ui))~ B
(2.6)

awi
- = gi(t,x,u;, [u],, [u],) on S
w;(0,x) =7i(x) in Q,
ui=qi(w;)) i=1,...,NinQ,
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where 7;(x) = Li(gi(x)). Thus the pair (u, w) and (u, w), where w; = I;(i;) and w; = I(#;),
satisfy the inequalities

(Di(ﬁi))_l% -V (a;V@;) +b; - (V@) > fi (-, 4, [0, [a],) in Q,
(Di(ﬁi))_1% -V . (aiVw;) +b; - (Vw;) < fi(', 1, [ﬁ]ui/ [ﬁ]bi) inQ,
% > &i(+ i, [U],, [al;) on S, (2.7)
%,

v < gi('/ ﬁi/ [ﬁ]cil [ﬁ]dl) on S’

w;(0, x) > 1;(x) wi(0,x) <ni(x) inQ,i=1,...,N,

is referred to as coupled upper and lower solutions of (2.6). For a given pair of coupled upper
and lower solutions 1, u we set

/E={ui€C(§>:_ﬁi§u§_ﬁi}, A={ueC<§>:ﬁ§u§ﬁ}, 8)
AxA = {(u,w) € c(Q) x c(g) L (@, W) < (u,w) < (ﬁ,v’ir)}.

In Hypothesis (H)-(ii) we allow D;(0) = 0 which leads to a degenerate diffusion coefficient.
If D;(0) = 0, we set i; > 6; > 0, which ensures that D;(u;) has a positive lower bound. Since

(H)-(iii), there exist smooth nonnegative functions cfl) = cEl) (t,x),l =1,2, such that

ci(l)D,»(u,») +

ofi @) 0gi
u) >0 A D) + .u)>0 forueA. 2.9
E)ui(' )20, i Di(ui) 6u,~(' )2 f 29)

In fact, it suffices to choose any ¢V = (cil),. .., c](\ll) ), c@ = (ciz), e, c](\zj)) satisfying

D;(u;)

(2.10)
0gi/ou;(t, x,u)
@ > _ 98 .
¢, (t,x) _max{ D (1) .ueA}.
Define foreachi=1,..., N,
Fi(t,x,u) = ¢ (t, x) i(w) + fit,x,u), Gyt x,u) = ¢ (8, x) i (wi) + gi(t, x, ),
) (2.11)
Liw; =V - (a;Vw;) —b;V - w; — ci(l)(t, x)w;, Biw; = % + cfz)(t, xX)w;.
Since (2.9), (H) and I:(u;) = D;i(u;), Fi(-,u) and G;(-,u) possess the property
Fi(" Vi, [v]ai’ [u]bi) < Fi(" Ui, [u]ai’ [V]bi) (2 12)
Gi(-,vi, [V],., [“]d,) <Gi(-u, [u]., [v]di), whenever u <v<u<u. '
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Moreover, (2.6) is equivalent to

(Dya00) ™ 02— L, = Fy(c i Tl [u],) in @,

Biw; = G;(-, uj, [ul.,, [u]di) on S, (2.13)
w;i(0,x) =7ni(x) inQ,
ul:ql(wl)/ i:1,...,N, lnﬁ.

Thus the pair (1, w) and (1, w), where ©0; = I;(#;) and w; = I;(1i;), satisfies the inequalities

(Di(ﬁi))_l% - Liw; > Fi(-, i, [4],, [4],) inQ,
(D) 2 Ly < Fi(, [, [6,) in Q,
Biﬂ‘]i > Gi('/ ﬁi/ [ﬁ]cil [ﬁ]d,) on S’
Bl’d\)l S Gi('/ ﬁl'/ [ﬁ]ci/ [ﬁ]dl) on S’

wi(0,x) 2ni(x)  wi(0,x) <mi(x) inQ,

(2.14)

are referred to coupled upper and lower solutions of (2.13).

The property (2.12) is quite useful for the construction of monotone convergent
sequences. To ensure the existence of the sequence to be constructed in the iteration process
(2.16) below we assume that either D;(0) > 0 or D;(0) = 0 for u; > 6; > 0. Define a modified
function D;(u;) by

Di(ui) + (wi — ;) if w; > 1y,
Di(u;) = { D;(u;) if u; < u; <, (2.15)
D,»(u,») + (ﬁl — ui) if u; < ﬁi.
Then by the above assumption, there exists dy > 0 such that D; () > d for all u € R.

By using u® = @ and @” = @ as the initial iteration we can construct sequences
{u™, wm} and {"™, W™} from the nonlinear iteration process

— o\ 100" (m) (m-1) [w=(m-1)
—(m —(m —(m-1) [=(m- - :
< i(ui >> —alt - Lw™ = 1:l.<.,ui } [u m ]a., [ulm 1)]bi> in Q,

<_1~ (ufm)>>—1 ow; _ Liylgm) _ H(_/gzgm—l)’ [E(m_l)]a,-f [ﬁ<m71)]b.> in Q,

Biwgm) — Gi<',ﬂ§m_1), [ﬁ(m—l)] , [H(m_l)]d»> on S, (2.16)
Ci 1

Biyfm) = Gi(',yfm_l), [E(m—l)]q, [ﬁ(m—l)]d) on S,

" 0,0 =m(x), w0 0x) =) nQ
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The sequences {u™, w(™} and {ﬁ(m),W(m) } are well defined by the existence theorem of [1].
The following lemma gives the monotone property of these sequences.

Lemma 2.2. The sequences {a™,w'™}, {u™,w(™} governed by (2.16) possess the monotone
property

@ W) < (u™,w™) < (w0, wmD) < (T, wmD)

(2.17)
< (ﬁ<m>,w<m>) < (@, W) form=1,2,....

Moreover, for each m =1,2,..., @™ and u™ are coupled upper and lower solutions of (1.1).

Proof. Let gl@ = Q;l) - ng), i=1,...,N. Then by (2.14) and (2.16), 551) satisfies

— 19z
A 14 =1 (.4 ( a
) i () ©) [0 (0)
(5u")) 5 et = (. [00], . [51, )
T R
(B(") "2 - 1
:p(. 4© [u(o)] [ﬁ«»] )_ <5. u@))’laﬂ—l@ (2.18)
i\ UY; |1 a’ by P\ =i at—L@fO)
[(E ()" - (D, <E§°)>)_l] %
_ a4, 17 0w”
(P(u”)) " - (P(")) | 5

|

Since by the mean value theorem,

D, ”51) -t D, ”50) o D} (2) 2’ ulgl)_ulgc))
(Pi(w")) - (Pi(w”)) _—<5i(§(0))>_(— ")

n (2.19)
B;(g(())) 1) 0)
_ m (w - w! )

=i =

(

for some intermediate value ¢© = ¢© (¢, x) between gio) and gfl), we have

— 10z M, 0 1) (2.20)
(") B -1+ >0 |
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where

D' (¢© ow?
Y(O):_ 1(§ ) — (221)

(Big))’]

Since (2.14), the boundary and initial inequalities

Bizfl) = Gi<', E1(0)1 [2(0)] , [ﬁ(O)]d> -Bw; >0 on S, (2.22)
Ci i .

z(0,x) = 1:(x) = mi(x) =0 in Q.

In view of the definition of D; in (2.15), the function D; (251))},(0) of (2.20) is bounded. From the

51) > QEO) and thus gfl) > ggo).

weak maximum principle, it follows 551) >0 on Q. This gives w
A similar argument yields Eﬁl) < Efo) and ﬂfl) < ﬁl@.

Moreover, letting zgl) = EED - Ql@, by (2.12), (2.16), and after the similar above
argument

— 19z oy T
<Di (ui”)) _alt - L,»zf) + yi(o)zl?l) = Fi('/ ul@, [u(O)]ai, [E(O)]bi>
_Pi<.’zl§0), [E(O)]ai’ [ﬁ(O)]b,) >0 inQ,

S _~ . =0 [=(0) (0) .50 (0) —=(0)
Bzzi —Gz<rui ;[u ]Ci, [E ]di> Gl(fﬂi /[E ]Ci/ [u ]di> >0 on S,
27(0,x) = 7(x) - mi(x) =0 in Q,
(2.23)

where

7/,
(0) D; (é,( )> aQEO)
7 =~ , (2.24)

EEy ]

for some intermediate value §1.(0) = §l.(0) (t, x) between EEO) and ﬁgl). It follows again from the
weak maximum principle that W > w® and thus ©'" > u®. The above conclusions show

that

(E(O)rﬂ(0)> < <E(1)’ﬂ(1)> < <ﬁ(1),W(1)> < (ﬁ(o),W(0)>. (2.25)
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Now we show that a'") and u® are coupled upper and lower solutions of (1.1). Since
(2.25), D; (ﬂ;l)) = Di(ﬁl@) fori=1,...,N. It suffices to show that u") and u® satisfy (2.14).
Since (2.12) and (2.16), we have

(o (ﬁf”))laf—f” - =R (a6  w,) 2 A [5], el,),
<Di<251)>>_1a% _ Li@l):ﬂ( O [a®] [ <0>]> (.,21{1), [w] [ﬁu)]bi),
Bl = G,(,ﬁ§°>, 5], [E‘O)]d,) > c,-<.,u§1>, @], [u®] dl)

B = Gy, [u0],, [5], ) < G (o, ., [6], ),

100,x) =m0 u0,x) =),
(2.26)

Next we use an induction method. We assume that @™ and ul™ are coupled upper
and lower solutions of (1.1) and satisfying the following relation:

@ W) < (u™,wm) < (@,w") < @ w). (2.27)

Then by choosing " and u™ as the coupled upper and lower solutions u and 4, after the
similar above argument, we have

(u(m) w(m)> (u(m+1) w(m+1)> <ﬁ(m+1)lw(m+1)> < <ﬁ(m)lw(m)>, (2.28)

@™ and u™*D are coupled upper and lower solutions of (1.1). The conclusion of the lemma

follows from the induction principle. O

Theorem 2.3. Let U, U be a pair of coupled upper and lower solutions of (1.1), and let hypothesis (H)
hold. Assume that either D;(0) > O for some i or i; > 6; > 0. Then the problem (1.1) has at least one
solution u € A.

Proof. We first consider the problem (2.13), where D; is replaced by D;.Foreachi=1,...,N,
we define operators £; : 9; x®; — R;jand £L: D xD — R by

— -1 .
216,00 = (Ditw)) " 5 Loy (i=1,...,N),

,ﬁ(u,W) = (‘ﬁl(ull wl)/' . 'I'ﬁN(uNI ZUN)),

(2.29)

where

D; = {ui € CH /22 ((9); 1;(0,x) = ¢si(x) in Q},
Ri = {ui € C"’/2""(Q)}, (2.30)
%:%1X...X%Nl R=R1X...XRN,
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Define also
F(u) = (Fi(-,u, [ul,, [uly,),..., Fn( un, [ul,, [uly,)). (2.31)
Then the system (2.13), in which D; is replaced by D;, may be written in the form

Lu,w) =Fu), Bw)=G(u), <(u,w) €D x 5) ) (2.32)

where B = (By,...,Bn) and G = (Gy,...,Gp) are given in (2.11). Given any v € A and any
i=1,...,N, we consider the scalar problem

Li(u;, w;) = Fi(v) inQ, Biw; = Gi(v) on S, ui(0,x) = ¢i(x) inQ. (2.33)

It follows from the existence theorem of [1] (Chapter V, Section?7) that (2.33) has a unique
solution (u},w}) € B; x D;. In fact, the inverse ,/.’171 :Ri — 9D; x D; exists and is a positive
compact operator on R;. This implies that the equation

L(u,w) =F(v) B(w) = G(v), (2.34)

has a unique solution (u,w) = £ [F(v)],w = B'G(v). Let y be the closed bounded convex
sunset given by

X:{(u,w)eRxE:ﬁgugﬁ,Wgwgﬁr}. (2.35)

By the compact property on £7! and the hypothesis on f the operator £7'F is compact on y.
We show that £71F maps y to itself.

Let (v,z) € x be given, and (u,w) = £7[F(v)]. After the similar argument of the
proof of Lemma 2.2, we conclude 4 < u < 1, therefore £7'F maps y to itself. It follows
from the Schauder fixed point theorem that (2.13) with D; being replaced by D; has at least
one solution u € . Since u < u < 1, it follows from (2.15) that D;(u;) = Di(u;) for i =

1,...,N. Thus u is also the solution of (2.13). Therefore the existence of the solution to (1.1)
is proved. O
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As an application of the results obtained in the previous section we consider a Lotka-Volterra
predator model. This model involves two species 11 and u, that are governed by the system

au1

W -V (Dl(ul)Vul) = ul(al - b11u1 - blzuz) (t >0, x € Q)
ou
a—tz -V (Dz(uz)vuz) = uz(az + by1uy — bzzuz) (t >0, x € Q), (3.1)
ou ou
a—;+ﬂ1u1=0, a—;+ﬁ2u2=0 (t>0, x € 0Q),

ui(olx) = (Pi(x) i= 1/2/ (x € Q)/

where a;, b;j are positive constants f; = fi(x) > 0 € 0L, the initial functions ¢;(x) fori = 1,2
have a positive lower bound. The density-dependent diffusion coefficients D;(0) = D,(0) = 0.
It is easy to verify that if (i1, 42) and (u1, Uip) satisfy (i1, 1z) > (i1, 1i2) and the following

inequalities:
oty IO - ~ .
e V - (D1 (u1)Viir) > u1(ar — bty — bioidn),
Oty I - - -
e V - (D (u2) Viip) > tip(an + bty — byiis),
oty PN N N -
e V - (D1 (u1)Viir) < ur(ar — bty — boiin),
ou o N N . .
8_1‘2 =V - (Da(u2)Viiz) < up(az + bartiy — byiiz), (32)
ou - ou ~
6_1)1+‘31u120' a—vz+ﬂ214220,
ou R ou .
a—vl+ﬁ1u1S0, a_v2 + poiir <0,
1;(0,x) < gi(x) <u;(0,x), i=1,2,
then the pair (i1, ii2), (i1, 1i2) are coupled upper and lower solutions of (3.1).
To guarantee (3.2), we seek such a pair in the form
(i1, 112) = (M1, M>), (111, 12) = (q1(6191), 92(622) ), (3.3)

where for each i = 1,2, M; and 6; are positive constants to be chosen, g; is the inverse of (2.3),
and ¢; is the (normalized) positive eigenfunction corresponding to the smallest eigenvalue
of the eigenvalue problem

o0P;

s (3.4)

Vi + g =0 inQ,

+71i¢i=0 onoQ (i=1,2).
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The constant y; > 0 will be determined in the following discussion. If we set

M, = ar M, = (ar + b21M1)’

3.5
b by (3:5)

then the first and second inequalities of (3.2) are satisfied. The third and fourth inequalities
become

-V2(61¢1) < q1(61¢1) (a1 — b11g1 (611) — b1aMp),

3.6
—V?(622) < 42(62¢2) (a2 + 211 (61h1) — baga (626h2) ). 30

By (3.4) and gi(6i¢;) > 0, the above inequalities are satisfied by some sufficiently small 6; > 0
if

6
A < <%>(01 -boM3),

(6as) (3.7)
q2( 0292
b < | ———
2 < S22 >a2
Since D;(0) = 0, by L'Hopital’s rule,
. a@)] . 3
i [252] - dim o) = Jiy 575 = o 39

we see that there exists 6; > 0 such that the inequalities in (3.7) are satisfied by every 6; < 67
if we impose the condition

a

M, < .
>~ b

(3.9)

By (3.3), the fifth inequalities of (3.2) are trivially satisfied, and the sixth inequalities of (3.2)
become

D1 (q1(61¢1))0m (Géfl) +B1D1(q1(611))q1(611) <0,

62 2
D2(q2(52¢2))5q2( ai) ) +B2D2(q2(6262) ) 42(6262) <0,

(3.10)

Substituting (3.4) into (3.10) yields

~11(61¢1) < ~p1D1(q1(6141))q1(6141),

(3.11)
—12(6202) < —P2D2(q2(6202))q2(6292),
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It is obvious that the above relations hold for any y; > 0 if fj(x) = 0. In the general case
Pi(x) #0 the relations 61¢1 = I1(141) and 62, = I> (i), where I; is defined in (2.3), implies that
(3.11) is satisfied if

P Dy (11q) Potiz Dy (i)
U > 2 3.12
"= T @) & I () G12)
Since I}(z) = Dj(z),
[D®] . [Di@+zDi] . [2Di2)
i [ - }%[W e | 319
If we impose the condition
zD/(z)
im ——~ = p: 14
8 D) =P (349
then by setting
Yi > Bi(1+pi), (3.15)

(3.12) is satisfied. If the below (3.16) holds, then (3.5) and (3.9) are satisfied. Thus all
inequalities of (3.2) are satisfied. Directly applying Theorem 2.3, we have the following
theorem.

Theorem 3.1. Suppose the initial functions g;(x) < M; in (2.8) fori=1,2. Let

a biibin

—> 3.16

a,  buby —bibn (3.16)
and let Bi(x) > 0 and D1(u1), D, (uz) satisfy (H)-(ii) with D1(0) = D,(0) = 0. Assume that either
Pi(x) =0or

fim 22, il 317
zl—>n(}+ Di(Z) = pir =he ( )

for some constants p;. Then the system (3.1) admits at least one positive solution.

Remark 3.2. Pao and Ruan [5] have considered a Lotka-Volterra competition model with
density-dependent diffusion, where the coefficient by; of the system (3.1) is negative. The
difference between them is that our method does not require that the reaction functions
possess the monotone nondecreasing property. The condition for the existence for the
solutions of the competition model is bio/by < ai/a> < bi1/br1, while the condition for
the existence for the solutions of the predator model is a1 /a, > b11b12/ (b11by2 — biobo1) .
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Remark 3.3. In a special case Dy (u1) = (m — 1)u;’H, Ds(up) = (m - 1)u£"’1 form > 1, (3.1)
becomes

% - V32U = uy(ay — by —bpuy) (>0, x €Q),

% - V2l =v(ay + by —bpuy) (>0, x€Q), (3.18)
ou ou

6_1)1+'61u1=0, a—vz+ﬂ2u2=0 (t>0, x € 0Q).

Then the condition (3.17) is trivially satisfied. The conclusions in Theorem 3.1 hold true
for (3.18). In fact, if Di(u1) = Dy(up) = d, the condition (3.17) is also trivial true,
hence Theorem 2.3 is also valid. After the similar proof as Theorem 3.1, we conclude that
Theorem 3.1 holds true for semilinear parabolic system.

4. Discussions

The intension of the present paper is to demonstrate the existence of solutions for the
degenerate diffusion reaction system with nonlinear boundary condition. Our method is to
look for the positive solution by constructing the coupled upper and lower solutions. The
virtue of the technique is that it helps to extend the results for the scalar equation to the
coupled system. Our existence theorem of Theorem 2.3 in this paper is applicable to various
Lotka-Volterra models, such as competition, predator-prey, or mutualism model, while the
method in [6] is not applicable to predator-prey model.

Since Levin and Segel illuminated the important role of the diffusion on the patterns in
[7], a number of Lotka-Volterra models with constant diffusion have been investigated in the
past three decades. In fact the concern of the density-dependent diffusion is also reasonable
in animal disperse model (see [8] for a review). Our study is a starting attempt to consider
the role of the density-dependent diffusion on Lotka-Volterra model. In biological terms, the
results of Theorems 3.1 imply that if the rate of intraspecific competition of the predator is
large, the two species are coexistent. The results also have applicability to 3 species model.
Note that for Lotka-Volterra predator-prey model with constant diffusion, when the rate
of intraspecific competition of the prey is large, the two species are both extinct. When the
density-dependent diffusion is taken into account, it is an open problem whether there exist
the extinct phenomena.
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