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This paper studies the nonlinear two-dimensional difference system with multiple delays
A(xn + pinXn-n) + fr(1 Xay,, s Xay Yorr - Yor) = Guns AYn + P2nynry) + f2(1, %, Xy,
Ydyr- -+ Yde,) = Gon, > np. Using the Banach fixed point theorem and a few new analysis
techniques, we show the existence of uncountably many bounded positive solutions for the
system, suggest Mann iterative algorithms with errors, and discuss the error estimates between the
positive solutions and iterative sequences generated by the Mann iterative algorithms. Examples
to illustrates the results are included.

1. Introduction and Preliminaries

In recent years, there has been an increasing interest in the study of oscillation, nonoscillation,
asymptotic behavior, existence and multiplicity of solutions, positive solutions, nonoscil-
latory solutions, and periodic solutions, respectively, for various difference equations and
systems, see for example, [1-34] and the references cited therein.

Jiang and Tang [18] and Graef and Thandapani [14] studied the oscillation of the linear
two-dimensional difference system

Axn = PnYn,
(1.1)
Ayu 1 =—Gux,, n2>no,
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and nonlinear two-dimensional difference system

Axy = bug(Yn),

Aynfl = _anf(xn)/ n 2 ny,

(1.2)

where 19 € N, {pn}sn, (Gn}nsnys 180} nsn,, and {by},5,, are nonnegative sequences, f, g €
C(R,R) with uf(u) > 0 and ug(u) > 0 for all u#0. Jiang and Tang [19] also gave some
necessary and sufficient conditions for all solutions of System (1.2) to be oscillatory. Agarwal
et al. [2] discussed the two-dimensional nonlinear difference system of the form

Axy = anf(yn),

A]/n—l = bng(xn)r n 2 no,

(1.3)

where ng € N, {a,},5,, and {b,},,, are positive sequences, f, ¢ € C(R,R) are increasing with
uf(u) > 0and ug(u) > 0 for all u#0, and they provided a classification scheme of positive
solutions for System (1.3) and established conditions for the existence of solutions with
designated asymptotic behavior. Li [21] introduced the two-dimensional nonlinear difference
system:

Axy = anf (Yn),
Ayn = _bng(xn)/ n2n,

(1.4)

whereng € N, {a,},5,, and {b,},,, are nonnegative sequences, f, g € C(R,R) withuf(u) >0,
and ug(u) > 0 for all u #0, he showed both classification schemes for nonoscillatory solutions
of System (1.4) and gave necessary and sufficient conditions for the existence of these
solutions. Huo and Li [15, 16] considered the nonlinear two-dimensional difference system

Ax, = bng(yn)r

(1.5)
Ayn = _anf(xn) +1,, n2ng,
and the Emden-Fowler difference system
Axy = bng(yn)r
(1.6)

AYpa = —anf(xp) +10, n21,

where ng € N, {a,},5,, is a real sequence, {b, },,, is a nonnegative sequence, > 2| < +oo,
f,g € C(R,R) with uf(u) >0, and ug(u) > 0 for all u #0, they proved some oscillation results
for Systems (1.5) and (1.6). Jiang and Li [17] investigated the nonlinear two-dimensional
difference system:

Axy = ang(Yn),

Ay, = f(n,x,), n>ng,

(1.7)
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where ny € N, {a,},>,, is a nonnegative sequence, f € C(N,, x R,R), ¢ € C(R,R) with
uf(n,u) > 0foralln € N,,and u#0and ug(u) > 0 for all u #0, they obtained some necessary
and sufficient conditions for all solutions of System (1.7) to be oscillatory. Thandapani and
Kumar [31] studied the oscillation for the nonlinear two-dimensional difference system of
the neutral type

A(xn = AnXo,) = Pug(Yn), (1.8)

Ayn = 6qnf(x'rn)/ n 2 ny,

where 6 = +1, ng € N, {a,},,, is a positive sequence, {pn},5,, and {gn},s,, are nonnegative
sequences with ijno pi = +oo, lim, 0, = lim,_T, = +oo, f,g € C(RR) are
nondecreasing with uf(u) > 0 and ug(u) > 0 for all ##0. Wu and Liu [33] established the
existence and multiplicity of periodic solutions for the first-order neutral difference system

A(xn - an—'r) = A1n &1 (xn)xn - -)‘blnfl (xn—Tl,,/ yn—pl,,)/
(1.9)

A (yn - C]/n—‘r) = an&p (yn)]/n - #ban2 (xn—'rz,,/ yn—pzn )/

where 7 € N, \,u € R*\ {0}, c € Rwith |c|#1, {a1n}, {a2x}, {b1n}, and {by,} are positive
T-periodic sequences, {T1,}, {T2n}, {p1n}, and {p2,} are positive T-periodic integer sequences.
Tang [30] proved the existence results of a bounded nonoscillatory solution for the second-
order linear delay difference equation

A’xy = ppxpk, n20, (1.10)

where k € N and {p,},o is a nonnegative sequence. Cheng [20] utilized the Banach fixed
point theorem to discuss the existence of a nonoscillatory solution for the second-order
neutral delay difference equation with positive and negative coefficients:

Az(xn + pxn—m> + PuXn-k — GnXn-1 = 0, n2>ny, (111)

where m,k,1 € N, p € R\ {-1}, {pn},s0 and {gu},5 are nonnegative sequences with
Dn, P max{pn,qn} < +oo. M. Migda and J. Migda [29] obtained the asymptotic behavior
of the second-order neutral difference equation:

A% (xp +pxpi) + f(n,x,) =0, n>1, (1.12)

where p € R, k € Ny, and f € C(N x R,R). Liu et al. [27] studied the global existence of
uncountably many bounded nonoscillatory solutions for the second-order nonlinear neutral
delay difference equation:

A(anA(xy +bxy_r)) + f(M, Xp-dyy) Xn-dppsr - - - Xn—dy,) = Cn, 12> N, (1.13)
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whereb e R, 7,k €N, ng e Ny, {a, }neNno is a positive sequence, {c, }neNno is a real sequence,
Uit {din} new,, € Z with lim,, o, (n = dy,) = +o0 for 1 € {1,2,...,k},and f : Ny xR — Risa
mapping.

The purpose of this paper is to study the below nonlinear two-dimensional difference
system with multiple delays

A(xy +PpraXn-z ) + f1(1, Xar, o) Xaps Ybir - - - r Y ) = Gins
(1.14)

A(]/n + PZn]/n—Tz) + fz (n/ xC],,/’ . '/xC;m/ ]/dln/ e /ydk,,) = QZn/ n 2 nO/

where h,k,7i € N, 9 € No, {Pin}nen, - {Gin}ner,, € R and fi € C(N, x RFK R) fori € A,,
{aln}neNnO/ {cm }neNnO C Z with lim,,_, ,a;, = lim,_, ¢, = 400 for I € Ay and {bj"}nENnO'
{df"}neNno C Z with limy, —, ,bj, = lim, _, o, djn, = +o0 for j € Ag. It is easy to see that the system
(1.14) includes Systems (1.1)-(1.9), (1.10)-(1.13), and a lot of the first- and second-order
nonlinear, half-linear, and quasilinear difference equations as special cases. Using the Banach
fixed point theorem and some analysis techniques, we prove the existence of uncountably
many bounded positive solutions for System (1.14), establish their iterative approximations,
and discuss the error estimates between the positive solutions and iterative approximations.
Our results sharp, and improve [14, Theorem 1] and [27, Theorems 2.1-2.7]. To illustrate our
results, fifteen examples are also included.

Throughout this paper, we assume that A is the forward difference operator defined by
Axy = Xp41 — Xy, R = (=00, +00), R* = [0,+0), Z, N, and N stand for the sets of all integers,
positive integers, and nonnegative integers, respectively,

Ny, ={n:neNywithn>ng}, A,={1,...,n}, VneN,
a = inf{ng — 71,19 — T2, Atn, Cin, bjn, djn : 1 € Ny, 1 € Ay, j € Ax}, (1.15)

Zo={n:neZ with n>a},
I denotes the Banach space of all bounded sequences on Z, with norm

x| = suplx,| for x = {xu},ez, €I (1.16)
NEZLy

Let
A(N, M)
= {0 ) = (1xn)nez {¥n s, ) €17 %17 N Sy SM, N <Syu M, n€ o,
A(N, M, Ny, Mo)

=1{(x,vy) = ({x,} A Yn EIPxIP:N<x, <M, Ng<y, <My, n€Z,t,
y NELy y NEZLy a a y
(1.17)
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forany M > N > 0 and My > Ny > 0. It is easy to see that A(N, M) and A(N, M, Ny, My)
are bounded closed and convex subsets of the Banach space [ x [ with norm

1Gey)lly = max(lxl, flyll) - for (xy) € 12 xI2. (118)

By a solution of System (1.14), we mean a sequence ({X,},cz_, {Vn},cz,) With a positive
integer T > ng + 71 + T» + |a| such that System (1.14) is satisfied for all n > T. A solution
({xn}nez,r {Yn}nez,) of System (1.14) is said to be positive if both components are positive.

Lemma 1.1 (see [35]). Let {An},50, {Bu}usor {Culuso, and {Dy},5 be four nonnegative real
sequences satisfying the inequality

Apr1 £(1-Dy)A,+DyB,+C,, Yn>0, (1.19)

where {Dy},50 C [0,1], X529 Dn = +o0, lim, B, = 0, and 3,72, C,, < +oo. Then lim,, _, . Ay, =
0.

Lemma 1.2 (see [36]). Let T € N, ng € Ny, and {B"}neNno be a nonnegative sequence. Then

i > By<+ow = i nB, < +co. (1.20)

=0 n=ng+it n=ngp

2. Main Results

In this section, we investigate the existence of uncountably many bounded positive solutions
for System (1.14) and their iterative approximations and the error estimates between the
positive solutions and iterative approximations.

Theorem 2.1. Assume that there exist constants M, N € R* \ {0}, n; € N,,,, and four nonnegative
sequences {Tln}neNnO/ {r2ﬂ}neNnU/ {tln}neNnO/ and {tz,z}neNn0 satisfying

|fim,un, ... up, 01, 00)| < 1in, V(n,u,05) € Ny, x [N,M]?, 1€ Ay, j €Ay, i €Ay,

2.1)
|fitn,wr, ... un, 01, 00) = filn,wy, ..., wh, 21, .., 2k) |
< tipmax{|u; — wy|, |vj - zj| : 1 € Ay, j € Ax}, (2.2)
V(n,u,wi,v,2z;) € Ny x [N,M]*, 1€ Ay, j € Ax, i €A,
anax{rm, tin, |Gin| 11 € A2} < +o0, (2.3)
n=np

N < M, pin=-1, VYn>mny, i € Ao (24)



6 Abstract and Applied Analysis

Then,

(a) for each L € (N, M), there exist 0 € (0,1) and Ty, > max{t, 72} + ny + |a| such that for
any (x°,¥°) = ({x0} ez AV nez,) € A(N, M), the Mann iterative sequence with errors

(O 1) eny = U ez, (Y hnez,) Y pen, Senerated by the schemes

Mg S, Bttt )ul)

"
ol +1101,,/ u20, n>Tg,
b =4

eSS ottt ) 0

+Yy5'fnr u>20, a<n<Ty,
(2.5)

(1~ Py - Yﬂ)yg
+ﬂH{L—i i [ﬁ(m,xéﬁm,...,xi‘hm,y;‘lm,--.,yﬁkm)—qzm]}

1=0 m=n+(l+1)7,

+YyBhs u>0,n>Ty,

(1-pu- Y#)yﬁ

M5, Bttt )]

prl_
b=

u2>20, as<n<TIy
(2.6)

converges to a bounded positive solution (x,y) € A(N, M) of System (1.14) and has the
error estimate:

|Gt ymt) = )|, < 1 =B =00 |2y = () [l +2My, Vi20,  (27)
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where {ﬁ,u }‘ueNgf {Yﬂ }yENo C [0/ 1] and { (6”1 65) }‘MEN[) = { ({6iln }nEZ,,I {6;[ }neZa) }yeNo C
A(N, M) are arbitrary sequences with

[ee]

DB =+oo, 2.8)

u=0
> yu < +oo or there exists a sequence { My} yen, © [0, +00) satisfying
" (2.9)
Yu = Putlu,  Yp € No, l}i_{r;onﬂ =0,

(b) System (1.14) has uncountably many bounded positive solutions in A(N, M).

Proof. (a) Let L € (N, M). Now we construct a contraction mapping Sy : A(N,M) —
A(N, M) and prove that its fixed point is a bounded positive solution of System (1.14). It
follows from (2.3) and (2.4) that there exist 0; € (0,1) and Ty, > max{7y, 72} + 11 +|a| satisfying

6L = D, (1+m)max{ty, :i€ Ay}, (2.10)
m=Tg
Z (1 +m) max{im + |gim| : i € A2} <min{M - L,L - N}. (2.11)

m:TL

Define three mappings Sy : A(N, M) — I x Iy, Si1,Sor : A(N, M) — I by

( o] [ee]

L—Z Z [fl(m’xalm""’xuhm’yblm/"’/ybkm)_q1m], nZTL,
SiL (xn, yn) =1 1=0 m=n+(l+1)7;

Si(xr,, yr,), a<n<Ty,
\

(2.12)

0 0

L_Z Z [fz(m’xclm/""xchm’ydlm""’ydkm) _q2m]’ nZTL,
Sor (%Xn, Yn) = 120 m=n+(1+1)7s

Sor (x1,, Y1), a<n<T,
(2.13)
St (xn/ yn) = (SlL (xn/ yn)/ Sor (xn/ yn))/ nE Ly, (214)

forall (x,y) = ({xn} ez, {Yn}nez,) € AN, M). It follows from (2.1), (2.3), (2.12), (2.13), and
Lemma 1.2 that S;; and Syp are well defined.
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In view of (2.1), (2.2), and (2.10)—(2.14), we know that for any (x,y) = ({Xn},ez,,
{Yntnez,) € AN, M) and (1,0) = ({ttn}yez, {Vn}nez,) € AN, M),

S (x,y) = Se(w,v)|,
= max{||SiL(x,y) - SiL(w,v)|| : i € Ay}

= max{sup|SiL(xn, Yn) = Sic(tn,vy)| 11 € Az}

n>Tp

n2Tr | 1=0 m=n+(l+1)7y

0 0
Smax{sup{z Z |f1(m’xalm""’xahm/yblm"'"ybkm)

- fl (ml ua1ml e Iuahml Ub1m/ ey Ubkm)

I

s =3
Sup{z Z |f2(m’x51m"‘"xchm’ydblm""/ydkm)

n>Ty | =0 m=n+(I+1)7>

- fz(m’uclm" ° "uchm’vdlml" "Udkm)l } }

[ee] [ee]
< max Z Z tim max{|xaim —Ug,, |, Ybjp — Vb, | 11 €A, j € Ak},
=0 m=Tp+(I+1)7;

0

(o)
Z Z t2, max { |xCim = Ugyy, |/

=0 m:TL+(l+1)T2

IiEAh,jEAk}}

SmaX{i > tlmri > tzm}max{llx—uﬂf”y—vn}

1=0m=Tr+(l+1)7; 1=0m=TL+(I+1)m

s LG (8 R

m:TL m:TL

< < Z (1+m) max{tlm,tz,n}> | (x,y) - (u,0)],

m:TL

=0 (xy) - w o),
max{|Su (xn yn) = LI, [S2r (¥ ya) = L1}

0 0
Smax{z Z |f1(m/xa1m/---/xahm/ybm/---/ybkm)_‘hm'/

1=0 m=n+(l+1)1;

Z Z |f2(m/xc1m/---,xchm,ydm/---/ydkm)_QZm|}

1=0 m=n+(l+1)1,
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1=0 m=n+(l+1)7; =0 m=n+(l+1)1,

Smax{i i (T1m+|q1m)/i i (r2m+|q2m|)}

<maxf 5 (10 2 el 3 (102 ) o+l

m:TL m:TL

< Z (1 + m) max{rim + |gim| : 1 € A2}

m=Tp,

<min{M-L,L-N}, Vn>Ti,
(2.15)

which give that

|SL(x, y) = Se(u,v)||; <Ol (x,y) - (u,0)

v Y(xy), (wv) € AN, M), (2.16)

N S SlL(xn/]/n) SM/ N S S2L(xn/]/n) SM/ V<{xn}nezar {yn}neza> € A(N/M)/ n Z TL'
(2.17)

Observe that 6, € (0,1). It is easy to see that (2.12)—(2.17) give that S : A(N,M) —
A(N, M) is a contraction. Consequently, S; possesses a unique fixed point (x,y) =
({xn} nez, AYntnez,) € A(N, M), which implies that

xn:L_Z Z [fl(m/xalm,---/xahm/yblm/---/ybkm)_Q1m], nZTL/
(2.18)
Yn =L—Z Z [fZ(mrxclm/'*-/xchm/ydlml--'rydkm) _qu]r nZTL/

which yield that

0

Xn _xn—’T1 = L - Z Z [fl (m/xalmr---,xahmr]/blm,---/]/bkm) - fhm]

1=0 m=n+(1+1)1;

- L + Z Z [fl (m/xulm/- . -/xa;,m/ ]/blm/- . -/]/bkm) - qlm]

1=0 m=n+lTy

[ee]
= Z [f1(m, Xay,, - Xaps Yorns - Yoo) = Gim), Y2 To+ 1,

m=n
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0

Yn=Ynm=L=> > [fo(m Xcp s Xeps Yaunr-- -+ Yebi) = Gom]

1=0 m=n+(1+1)1,

-L+ Z Z [fZ(mlxclmr-~-rxchmryd1m/- . -/ydkm) - q2m]

1=0 m=n+I1,

oo}
= Z [fz(m/ xClml‘ . -/xc;m,/]/dlmn . °/ydkm) - qu]/ Vn— 2 TL + T2,

m=n

(2.19)
which give that

A(xn _xn—n) = _f] (n’xaln""’xahn’ybln"' "ybkn) +q1n, VTL 2 TL + T,
(2.20)

A(Yn = Yn-n) = ~fo(M, Xcr -+ Xy Y-+ Vi) + G2n, VM2 TL + 72,

that is, (x, y) is a bounded positive solution of System (1.14) in A(NN, M).
In light of (2.5), (2.6), and (2.11)—(2.16), we arrive at

[ Gt yt) = o]

+1
yﬁ - yn

+1
xﬁ —Xn

,sup
n>Tr

}

= max { sup

n>Tp

Xhy = Xy

< max{sup[(l = Bu—Yu)

n>Tp,
(oo}

L—i Z [f1<m,xf:]m,...,x’;hm,yglm,...,y’;km>—qlm]—xn

1=0 m=n+(1+1)7;

|

yill_yn

+ Py

u
+ yﬂ|61n - Xp

sup [(1 )

n>Tp

L—i i [f2<m,x’;1m,...,xfhm,yglm,...,ygkm> - qu] ~ Yn

1=0 m=n+(l+1)1
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< max{sup[(l = B = Yu) |xh — x| + ﬂ#'SlL <xﬁ,y,’ﬁ> =St (%, yu) | + 2My,4],
n>Tp
sup| (1= B = i) |y = | +By| Sar. (1, i) = Sar. (e )| + ZMYH]}
n>Tp

< max{ (1= B —yp) lIx* = x|l + OBy || (x*, y*) = (x, )|, +2Myy,
(=B =v)ly" =yl + OBl (x*, ") = (x, y) ||, + 2Myy )

< (1= Bl - 00) | (<, ) - (x9) |, +2My,, V0,
(2.21)

that s, (2.7) holds. It follows from (2.7)—(2.9) and Lemma 1.1 that lim,, -, o || (x*, y*) = (x, y)|l1 =
0.

(b) Let L1, L, € (N, M), and L; #L,. As in the proof of (a), we similarly infer that for
eachi € A,, there exist a constant 0z, € (0,1), a positive integer T;, > max {7, 7>} +n; +|a|, and
mappings Sr,, Sir,, Sar, satisfying (2.10)—(2.14), where L, 6; and T, are replaced by L;, 6,
and Tr,, respectively, and the contraction mappings S;, and S, have the unique fixed points
(w,9) = ({untuez, AVntnez,), (w,2) = ({Wn}pez, {Zntnez,) € AN, M), respectively, (u,v)
and (w, z) are bounded positive solutions of System (1.14) in A(N, M). In order to show
that System (1.14) possesses uncountably many bounded positive solutions in A(N, M), we
prove only that (u, v) # (w, z). By means of (2.10) and (2.12)-(2.16), we conclude that

(w,v) = (w, 2) Iy
= max{|lu - wl|, [lv -z}

> max{ sup |uy — wyl, sup |vy — zn|
}

n>max { TL1 ’TLZ } n>max { TL1 'TLz

[e'e] [ee]
> max |L1—L2|—Z Z | fr(m, uay,, ... Uaps Vbys - - Vi)
1=0 m=max{ Ty, Ty, } +(+1)7y
— fi(m,wa,,, ..., Waps Zbyr - - » Zbi) |
[ee] jee]
|L1 —L2| _Z Z |f2(m/uclm/-*'/uchmlvdlm/"'lvdkm)

1=0 m=max{Tr, Tr, }+(I+1)72

- f (m,wclm,...,wchm,zdlm,...,zdkm)|}

[ee]

[o'e]
Emax{ L1 — Lo| - Z Z Fim max{|“a,~m - Wa,,|,

1=0 3=max { Tr, 1w, } +(I+1)7

Vb, = Zbj, | - i€ApjE AK},
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0

ILi = Lo - >, > tom

1=0 m:max{TL1 T, }+(l+1)-rz

X max { |uCim — Weyy, |/

Vd,,, = Zdy,

:ieAh,jeAK}}

[ee]

2max{|L1 - Lo - D] > tim max{|lu - wl, [lv - 2|},

=0 m=max{Ty,Tr, }+(+1)7y

—

0

Ly - Lo| = Y S - max{nu—wu,nv—zn}}

=0 m=max { Tp, i, } +(+1)T,

>|L - Ly| - ( i (1+m)max{t,-m:1'€A2}>||(u,v)—(w,z)||1

m=max { TL1 ,TL2 }

2 |L1 - L2| - max{eLﬂeLz}”(u/U) - (wr Z)”l/

(2.22)
which implies that
|L1 — Lo
- >
||(1/l,7)) (wlz)”l =1 +maX{9L1,9L2} > O/ (223)
that is, (1, v) # (w, z). This completes the proof. O

Theorem 2.2. Assume that there exist constants M, N € R* \ {0}, n; € N,,, and four nonnegative
sequences { r1n}neNn0, { rz,l}neNnO, {tlﬂ}neNnO/ and {th}neNnO satisfying (2.1), (2.2),

0
Z max { Tin, Lin,

n=ngp

Gin| 11 € Ap} < +o0, (2.24)

N < M, pin=1 Vn>mny, i€, (2.25)
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Then,

(a) for each L € (N, M), there exist 0 € (0,1) and Ty, > max{T, 72} + n1 + |a| such that for
any (x°,y°) = ({20} ez, Y5 nez,) € AN, M), the Mann iterative sequence with errors
[, ¥ ewy = LX) ez (Y Y nez,) ) pen, Senerated by the schemes

( (1- P - Yﬂ)xﬁ
o n+2lt -1
AL+ D [f1 (m, X xh yglm, o ygkm> - qlm]
1=1 m=n+(2l-1)7y
1 YOl u=0,n>Tg,
bt =4
(1-Bu- Yﬂ)xi
w  T+2r-1
+Bu L+Z Z [f1<m, xﬁlm, el x’;hm, yglm, el ygkn) - qlm]
I=1 m=T, +Q2I-1)7,
L +Yu5frg u>0, as<n<Ty,
(2.26)
(1= Pu- Y#)yﬁ
o n+2lm-1
+By {L+Z > [fz <m, Xerr s Xer Yy 7+ .,ygkn) - qu]}
1=1 m=n+Q2l-1)1,
pu+l +Y#65n’ /’l > O/ n2 TL/
n =
(1-Pu- Yﬂ)yi
[ee] TL+21T2—1
+Bu L+Z Z [fz <m, Xk yglm, ey ygkm> - qu]
=1 m=T1+Q2I-1)1,
\ +Y/46/21TL/ H > O, a<s<n< TL
(2.27)

converges to a bounded positive solution (x,y) € A(N, M) of System (1.14) and has the
error estimate (2.7), where {ﬁ#}”eNU, {Yy}yeNo c [0,1], and {(6”,6’;)},16% = {({5fn}nezu,
{6§n}neza) } peNy C A(N, M) are arbitrary sequences with (2.8) and (2.9),

(b) System (1.14) has uncountably many bounded positive solutions in A(N, M).

Proof. (a) Let L € (N, M). Now we construct a contraction mapping Sy : A(N,M) —
A(N, M) and prove that its fixed point is a bounded positive solution of System (1.14). Note
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that (2.24) and (2.25) guarantee that there exist 0; € (0,1) and T; > max{m, ™2} + n1 + |a|
satisfying

0L = D, max{ti, :i€ Ay}, (2.28)
m=Tp
> max{rim + |qim| 11 € Ay} <min{M - L,L-N}. (2.29)

m=1y,

Define three mappings Sy : A(N, M) — I? xI®, Si1, S : A(N, M) — I? by (2.14),

n+2lt -1

( [ee]
L+ [f1(m, Xay,, - Xaps Yornr - s Yo ) — Gim), 1> Ti,
SlL(x”’y”) = gmznéfl)ﬂ - " ' ‘ "

Sic(xr., yr,), a<n<Ty,
(2.30)

n+2lm -1

)
[ee]

L+ [fa(m, xcy, - s Xeps Yeins - - Y ) — Gom], 12T,

SZL(x"l’y"l) =9 §m=n+(§—l)n “ “ 1 ‘ "

k52L(JCTL,yTL), a<n<T;,
(2.31)

forall (x, y) = ({xn}nez,s {Yn}nez,) € AN, M).

Using (2.1), (2.2), (2.14), and (2.28)-(2.31), we deduce that for any (x,y) =
({xn}neZal {yn}neZa) and (u/v) = ({un}nGZul {’Un}neza) € A(N/M)/

1S (x,y) = Sr(w,v)]|;
=max{||SiL(x,v) - SiL(w,v)|| : i € Ay}

= max{sup|S,-L (X0, Yn) = Sir.(un,vn)| i € Az}

n>Tp

n2Tp | 1=1 m=n+QI-1)7;

oo m=n+2lT-1
<maxqsupy D1 D i Xays s Xay Yoir- - Vo)
- fl (m/ ualmr e Iullhmlvblml’ . ‘/vbkm)l }/
o m=n+2lm,-1
Sup Z Z |f2(m/xclm"'"xchm’ydlm""/ydkm)
n2TL | 1=1m=n+Q2-1)n,

— fo (M uc,,, ..., Uep, Vdys - - Vdy,) | } }
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[ee]
< max{ Z Fim max{lxaim = Ugy, |, | Ybj = Uby| 11 € Apyj € Ak}

m=TL +T

)
Z tzm max { |xCim - ucim|’ yd]m - ]m e Ah’] € Ak } }
m:TL+T2
) o)
<onx{ S5ty 35 b maxs -y -l
m=T+T| m=Tp+7,

< (3 maxttnsic ) - woll

m:TL

= 0,1 (x) - (o,

max({|Siz(Xn, Yn) —

) - L}
w  n+2r-1
Z Z |f1(m/xa1m/-"/xahm/yblm/"-/ybkm) - 171m|/

=1 m=n+Q21-1)1;

n+2lm, -1

Z Z |f2(m/xc1m/-~-/xc;,m/]/d1,,,/-~/]/dkm) _QZml}

=1 m=n+Q2I-1)1,

n+2lT1 o  n+2n-1
<m i+ laml), D D (ram + [42ml)

l 1 m=n+( 21 D7 =1 m=n+2I-1)1,

<max{ (1’1m |q1m|)/ Z (sz+|qu|)}
m=T1+7]

m=Tr+7

< Z max{7im + |Gim| : 1 € A2}

m=T[_

<min{M-L,L-N}, Vn>T;,

15

(2.32)

which imply (2.16) and (2.17) and which ensure that Sy is a self-mapping from A(N, M) into
itself and is a contraction by 6;, € (0,1). The Banach fixed point theorem means that Sy has a

unique fixed point (x, ) = ({xn} ez, (Yn}uez,) € AN, M), that is,

w  n+2r-1

Xn _L+Z Z [fl(mrxaun/---/xa;,m/yblm/---/]/bkm) _qlm]/ n>Ty,

=1 m=n+Q21-1)1;

w  n+2lmn-1

ya=L+> > [fa(mXe,, . Xep Yir -1 Vi) = Gom), 12T,

=1 m=n+Q2I-1)1,

(2.33)
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which reveal that

w  n+2r-1

Xnt+Xno =L+> D [f1(m Xy Xaps Yorr -1 Yb) = Gim]
I=1 m=n+(2I-1)7y
oo n+(21-1)7-1

+L+Z Z [fl(m/xalmf--~1xu;,mr]/b1m,---r]/bkm) —(hm]

=1 m=n+2(I-1)1;

0

= 2L + Z [fl (m/xa1m/' . '/xtlhm/yqul' . -/]/bkm) - ‘hm]/ vn Z TL + Tl/

m=n

w  n+2n-1

Y+ Ynm = L+ Z Z [fo(m, Xeys -« s Xeps Yedins - - Y ) — Go2m)

I=1m=n+2I-1)1,

oo n+Q2-1)1-1

+L+Z Z [fz(m/xclm/--'/xchm/ydlmr-'-/ydkm) _GIZm]

1=1m=n+2(1-1)1,

[ee]
=2L+ Z [fZ(m/xclm/ . ~,xchm,yd1mz oo ;]/dkm) - qu]/ Vn > TL + Ty,
m=n
(2.34)
which yield that
A(xn - xn—’Tl) = _fl (n/ xalnr LRRY xa;,,,/]/blnr LR /]/bkn) + qlnr vn 2 TL + 71,
(2.35)

A(yn - yn—Tz) = _f2 (nl xCln" .. /xchnr ]/dln, e ,]/dk,,) + qzn/ V]’l 2 TL + T2/

that is, (x, y) is a bounded positive solution of System (1.14) in A(NN, M).
It follows from (2.14), (2.16), (2.26)—(2.28), (2.30), and (2.31) that

}

|G t) = Gom]

1
vi = Yn

+1
xﬁ — Xpn

,sup

= max Sup
n>Tp n>Tp

< max{sup [(1 = Pu="u)

xh = x,

n>Ty

o n+2r-1

L+> > [f1<m,x’;1m,...,x’;hm,yglm,...,ygkm> —Q1m] - X,

1=1m=n+Q2I1-1)7;

|

+ Py

u
T Yu |61n — Xn
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yg_yn

n>Tp

sup [(1 —Pu- Y/t)

w  n+2n-1

L+Z Z [f2<m,x?1m,...,xfhm,yglm,...,ygkm> —qu] - Yn

=1 m=n+Q2I-1)1

I

xh - x,

+ Py

+ Y#|6gn ~Yn

+ ,5,4|51L (x’,ﬁ,yfi) — S1.(%n, Yn)

< maX{sup |- B0 +2My,|,

n>Tp

+ By |52L <xﬁ, yﬁ) = Sor. (%n, Yn)

yﬁ_yn

:gg[(l = Pu="u) +2MY/4]}

S (1_,6;4(1—9L))”(x”/]/”)_(x/l‘/)”1+2MYw VﬂZO,
(2.36)

which implies (2.7). Thus Lemma 1.1 and (2.7)—(2.9) mean that lim,, _, .|| (x*, y*)—(x, y)|l1 = 0.

(b) Let L1, L, € (N, M) and L; # L,. As in the proof of (a), we conclude that for each
i € Ay, there exist a constant 01, € (0,1), a positive integer T, > max{T, ™} + m + |a,
and mappings Si,, Sir,, Sor, satisfying (2.14) and (2.28)-(2.31), where L, 0, and T} are
replaced by L;, 01, and Ty, respectively, and the contraction mappings Sr, and Sy, have the
unique fixed points (#,v) = ({tn} ez, {Untuez,), (W, 2) = ({Wn} ez, (Znlnez,) € AN, M),
respectively, (1, v) and (w, z) are bounded positive solutions of the system (1.14) in A(N, M).
In order to show that System (1.14) possesses uncountably many bounded positive solutions
in A(N, M), we prove only that (1, v) # (w, z). By virtue of (2.14) and (2.28)-(2.31), we infer
that

[(w,0) = (w,2)|ly
= max{|lu-wl|,[v -z}
> max sup |uy — wy|, sup [vn — z4ul
nzmax{TL1 'TLZ} anax{TL1 'TLZ}
max[TLl ’TLZ ]+21T1 -1

[o'e]
2max{|L1 —L2|—Z Z | fr(m, vy, ... Uy Obys - s Vb))

=1 m:max{TL1 T, 1+ Q21=-1)7

_fl (m/wulm/* s Wapr Zoypr -+ ‘/Zbkm)ll
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max{Ty, T, }+2lT2—1

o0}
|L1_L2|_Z Z |f2(m/uclm/--'/uchmrvdlm/'“/Udkm)

I=1m=max({Tr, T, }+(2I-1)7

- f2 (m,wclm,...,wchm,zdlm,...,zdkm)|}

oo}
> max<|L; — Ly| - Z tim max{|uaim—waim|, Vb, = Zby,, |21 € An,j € AK} ,
mzmax{ TLl ’TLz } +Ty
(oo}
|L1 — Ly| - Z tom max{|ucim = Wey,, |, |Vdy = Zdy | 1€ AnyJ € AK}
m:max{ TL1 'TLz } +7
[e )
> max |L1 _L2|_ Z tlmmax{”u_w”/”U_Z”}/
m=max { TL1 ,TL2 } +T
)
|L1 - La| - > tom max{|lu — wl, v - z[|}
m=max { TLl L, } +Tn

Z|L1_L2|_ ( i max{tim:i€A2}>”(urv)_(w/Z)”1

m=max { TL1 L, }

> |Ly = Ly| = max{0y,, 01, }|| (4, v) — (w, 2)||;,

(2.37)
which yields that
|L1 - Lo|
- >
||(ulv) (w/z)“l =1 +maX{6L1,9L2} > 0/ (2'38)
that is, (1, v) # (w, z). This completes the proof. O

Theorem 2.3. Assume that there exist constants M, N € R* \ {0}, p,p € R*, ny € N, and

four nonnegative sequences {rin} pen, , {T2ntnen, , {tin}nen,,  and {tgn}nel\?" | satisfying (2.1), (2.2),
(2.24), and

N<(1-p-P)M, p+p<l, -p<pn<p Vnzm, ich. (2.39)
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Then,

(a) for each L € (N +pM, M (1 —p)), there exist 0; € (0,1) and Ty, > max{t, 72} + n1 + |a|

such that for any (x°y°) = ({x3},cz. {Yo}nez,) € AN, M), the Mann iterative
sequence with errors {(x",y”)}ﬂeNU = {({x} }neZa,{y,’i }neza)}yeNU generated by the
schemes

( (1 —Pu— Yﬂ)xﬁ

+ﬁl‘- { L- pl/lxt:—rl

[ee)
p poop p
+ D [A(m A A YY) = i }
m=n
u
+1 +Y#611’l’
xﬁ = 3 1 iz
(1-Py~ Y#)xn

u
+Puy L —prpxy,

u>0,n>Ty,

[*e]

H H H H
+ Z [f] (m,xulm,.--,xahmryblml.--/ybkm> _qlm]}

m:TL

"
( +Vubir,,

u>0, a<n<Ti,
(2.40)
( (1- Pu - Y#)yz
+ﬂ#{L = P2,

[e'e]
I noop "
+ Z [fz <m, Xeyyr v s Xepr Y, 7+ "ydkm> - qu] }
m=n

1 _ | +YyBhs p>0, n>Ty,
=) APy,

"
+ﬁ.u L - p2‘uyTL—T2

[e'e]
7 I " iz
+ Z [f2<m,xclm,...,xchm,ydlm,...,]/dkm> _qu]}

m=Tp
u
 +Yuyr, s

U220, a<n<Ty
(2.41)

converges to a bounded positive solution (x,y) € A(N, M) of System (1.14) and has the
error estimate (2.7), where {ﬂ#}ﬂeNU, {yﬂ}ﬂGNO c [0,1], and {(6”, 6’24)}#€N0 = {({6fn}neza,
{6571}”62“) }uer, C AN, M) are arbitrary sequences with (2.8) and (2.9),

(b) System (1.14) has uncountably many bounded positive solutions in A(N, M).

Proof. (a) Let L € (N + pM,M(1 - p)). Now we construct a contraction mapping Sy :
A(N,M) — A(N,M) and prove that its fixed point is a bounded positive solution of
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the system (1.14). Notice that (2.24) and (2.39) mean that there exist 8, € (0,1) and T >
max{7y, 7o} + n + |a satisfying

0L =E+;_9+ Z max{ti, : i € Ao}, (2.42)
m:TL
S, max{rim + |qim| 1 € Az} <min{ M(1-p) ~L,L-N-pM}. (2.43)

szL

Define three mappings Sy : A(N, M) — I¥ xIP, Si1,Sor : A(N, M) — [P by (2.14),

SlL(xn, yn) _ {L - Plnxn—'n + rnZ:n [fl (m/ xa1m/ e lelhml ]/b1,,,/ o '/]/bkm) - qlm]/ n Z TL/

S (xr,, yr.), a<n<Ty,
(2.44)

o0
L-ponYn-r, + X [f2(m,xcys s Xeps Vs - -1 Y ) — Gom], 1> T,
m=n

Sor(x1,, y1,), a<n<Ty,
(2.45)

Sor (xnr ]/n) = {

for all (x’y) = ({x"}neZal {yﬂ}neZa) € A(Nr M)
It follows from (2.1), (2.2), (2.14), and (2.42)—(2.45) that for any (x,vy) = ({xu},ez,,

{y”}neza) and (u,v) = ({un}nEZal {Un}neza) € A(N/M)/

St (x,y) = Se(w,v)|,
=max{||Sit(x,v) - Sic(w,0)|| : i € Ar}

= max{sup|SiL (X0, Yn) = Sir(Un, vn)| i € Az}

n>Tp

[ee]

S max{sup{ |p1n(xn_71 - un_Tl)l + Z |f1 (m’ xalm’ . "xahm’yblm’ . "ybkm)

n>Tp m=n

- fl (m/uaqm/- . '/uahmrvb1mr .. '/Ubkm) | }/
[ee]
sup{ [P2n(Yn-ry = Onmy) | + D1 f2 (1, Xers s Xeps Yelir - - Vi)
m=n

n>Tp

—fz (m,uclm,...,uchm,vdlm,...,vdkm)|}}

< max{ <E+;_9>||x —ul| + Z tim max{|xalm —Ug,|, Ybjm = Vb | - leAyje Ak},

m=TL
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<}_9+1_°> ly -l + Z tom max{|x% = Uey |, |Ydj = Vaj| 1€ Anyj € Ak}}
m:TL
< maX{ <}_7+;3>||x —ull + Z tim max{lx —ull, ||y - o] },
m=TL

(Pl -l + 3 tamax{ic - -1} |
m:TL

< <E+;_9+ Z max{t,-m:1'6A2}>||(x,y)—(u,y)”1

m:TL

=0 (v y) - (u,0)
SlL (xn/ ]/n)

17

(o)
= L—pinXn-r, + O, [f1(M, Xaps - Xas Yorr - -1 Yor) = Gim]

m=n

SL+EM+ Z (rlm"" |qlm|)

m=Ty,
<L+pM+min{M(1-p)-LL-N-pM}
<M, Vn>Ty,

SlL (xn/ yn)

= L= pinXn-r, + O, [f1(M, Xaps - Xas Yorr - -1 Yr) = Gim]

m=n

>L-pM = > (rim+ |qim|)

m=Tr,
>L-pM-min{M(1-p) -L,L-N -pM}
>N, Vn2>Tg,
N < Sor(xn,yn) <M, Vn>Tg, (2.46)

which give (2.16) and (2.17), which together with 01, € (0, 1) guarantee that Sy : A(N, M) —
A(N, M) is a contraction. Thus the Banach fixed point theorem ensures that S; has a unique
fixed point (x,y) = ({xu} ez, {Yn)nez,) € AN, M), that is,

(o)
Xn = L - Plnxn—'n + Z [fl (m/ -xll1m/ oo /xahm/ yb1mr . '/]/bkm) - qlm]/

m=n

(2.47)

Yn=L=ponYnr, + D, [f2(M Xy s Xy s -+ Yti) = Gom], 12Ti,

m=n
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which yield that

A(xn + PinXn-z) = =f1(1, Xay, - Xaps Yorur - -+ Youn ) + Gins
(2.48)

A(Yn + PonYn-r) = fo(N,Xcryr o) Xeps Yais - Yain) + Gon, Y0 2T,

that is, (x, y) is a bounded positive solution of System (1.14) in A(NN, M).
In light of (2.14), (2.16), (2.40), (2.41), (2.44), and (2.45), we deduce that

|Gty ) = )],

1
Yi = Yn

u+l
Xn — Xpn|,SUpP

n>Tp

}

= max { sup

n>Tp

xh — x,

S -

n>Tp

+ Py

0
H I W
L —pinXnr + > [f1 (m Xayr s Xapyr Yy reves ybkm> - q1m] — Xp
m=n

|

u
+ Y |61n ~Xn

sup[(l =P =) Y1 = Y

n>Tp
+PBu|L = ponYn-=, + Z [f2<m, xﬁm,...,x’ghm,yglm,...,yf;km> - qu] ~Yn
T Yu |6gn_y” ]}

< max{sup[(l =B =) lIxt = x| + ﬁﬂ|51L (xﬁ,yﬁ) =S (%n, yn) | + ZMYu] ,

n>Tp

sup [=Bu =1 1y = yll + B |Saw (i v ) = San (e, ) | +2M; }
< (=B -0 (" y") = (Y|l +2My,, Y20, (2:49)

which implies (2.7). Thus Lemma 1.1 and (2.7)—(2.9) imply that lim,, _, o ||(x*, y*) — (x, y)|l1 =
0.
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(b) Let Ly, L, € (N, M) and L; # L. Similar to the proof of (a), we know that for each
i € Ay, there exist a constant 8y, € (0,1), a positive integer T;, > max{7, 2} + n; + |a| and
mappings Sr,, Sir,, Sor, satisfying (2.14) and (2.42)—(2.45), where L, 01, and T} are replaced
by L;, 0;, and T, respectively, and the contraction mappings Sy, and S, have the unique
fixed points (1,v) = ({tn} ez, Vntnez,), (W, 2) = ({Wn}uez,, {Zntnez,) € AN, M), which
are bounded positive solutions of System (1.14) in A(N, M), respectively. In order to show

that System (1.14) possesses uncountably many bounded positive solutions in A(N, M), we
prove only that (u, v) # (w, z). In terms of (2.14) and (2.42)—(2.45), we get that

1(u, ) = (w, 2)Ily

= max{||u - wl|, [|v - 2|/}

> max{ sup |y, — wy|, sup [0 — za|
}

n>max { TL] ,TL2 } n>max { TL1 ,TL2

ZmaX{ sup {|L1_L2|_|P1n||un—7‘1_wn—’f1|

n>max({Tr, T, }

(o)
= D1 f1(m ey, - Uy Vs - O,
m=n

- fl(m/wam/-.-/wa;,mfzbmw--/Zbkm)|}r

sup {|Ll - L2| - |p2n||vn—’rz — Zp-1,

n>max{ Ty, Ty, }
[ee]
= DN fa(m ey, ey s - ) V)
m=n

- fz(m,wclm,...,wchm,zdlm,...,zdkm)|}}

> max{|L1 - Ly| - <E+}7>||“_ w||

0

- Z B max{ lUg,, — Wa, |,
m:max{TL1 'TLz }

7

Vb~ Zbjp ZiEAh,j € AK},

L= Lo = (p+P) o =]
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:ieAh,jeAK}}

ZmaX{lLl—Lzl-(1_9+15)|Iu—WII— >, twmax{u-wll o -z},

m=max { TL1 1, }

0

- Z tom max{ |uCim — Wy, |/
m:max{TL1 'TLz }

Ud;,, — Zd

jm

jm

0

Li-Lal - (p+p)llo-2ll- >, tom max{nu—wn,nv—zn}}

m=max { Tr, Ti, }

0

>|Ly - L| - <E+5+ > maX{timIi€A2}>||(uzv)—(wlz)||1
}

m=max { TLl ’T’—z

> |L1 = La| = max{6y,, 0r, }||(u, v) - (w, 2)|l;,

(2.50)
which yields that
|L1 — Ly
- >
||(M,U) (wlz)”l = 1+maX{6L1,6L2} >0/ (251)
that is, (1, v) # (w, z). This completes the proof. O

Theorem 2.4. Assume that there exist constants M, N,p,p € R* \ {0}, m; € N,, and four

nonnegative sequences {rln}neNnO, {an}neNnO, {t1n}n€Nno, and {tzn}neNno satisfying (2.1), (2.2),
(2.24), and

0<N(p-1)<M(p-1), -p<pu<-p VYnzm, icA. (2.52)

Then,

(a) foreach L € (N(p—1), M(p —1)), there exist Or € (0,1) and Ty > max{T;, 7o} + n1 +|a|
such that for any (x°,¥°) = ({x0} ez (¥} hez,) € A(N, M), the Mann iterative
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sequence with errors {(x/‘,y”)}#ENO = {({x} }neZa,{y,’i}nezm)}#eNo generated by the
schemes

)
(1 —Pu - Yﬂ)xﬁ
L X 1

+p
" Pin+t,  Pln+r, Plu+n
[ele]
p B p
X Z [fl <mr Xayr e rXayns yblm/ se /ybkm> - lhm] }
m=n+Tq
U
u+l +Y04,,s u>0, n>Ty,

n

(1_'3#_}’/1)’5% P
+ﬁ{ e
u

plTL +T1 plTL+T1 plTL+’T1

x> [f1 (m Xty -+ 1 Xayr Yy - .,kam> - q1m] }
m=T+11
L +Yy5fn, 20, a<n<Ty,
(2.53)
(
(L= Bu=Yu)yn \
+ﬂ”{ _L _ yn+7‘2 + l
P2n+r, P2+, P2n+n
0o}
x > [fz(m, xfm,...,x?hm,yglm,...,ygk) - qu]}
M=n+T1,
y“” _ +Yﬂ5'§n/ u20,n>Ty,
! (1= Bu—y)yr, .
+P7/4{ L Ine + L
P21+, P2Ti+m P2Ti+m
o]
x> [fz(m,xflm,...,x?hm,yglm,...,ygk,) —qu]}
m:TL+T2
L +Yﬂ6gTL’ >0, a<n<Tp
(2.54)

converges to a bounded positive solution (x,y) € A(N, M) of System (1.14) and
has the error estimate (2.7), where {B} e,/ (¥} per, C [0,1] and {(6”,(‘55)}#61\1[J =

{({6fn Y ez, {6§n}neza) }ﬂeNO C A(N, M) are arbitrary sequences with (2.8) and (2.9),

(b) System (1.14) has uncountably many bounded positive solutions in A(N, M).

Proof. (a) Let L € (N(p —1),M(p - 1)). Now we construct a contraction mapping Sr. :

A(N,M) — A(N,M) and prove that its fixed point is a bounded positive solution of
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the system (1.14). Observe that (2.24) and (2.52) guarantee that there exist 6; € (0,1) and

Tr > max{T, 7} + n1 + |a satisfying

6r = (1 + i max{tim (1€ A2}>, (255)

m=Tp

<=

L+N
-N )¢t. .
» >} (2.56)

> max{rim + |qim| 11 € A2} < min{M(;—a— 1) - L,;_9<

m:TL

Define three mappings Sy : A(N, M) — I¥ xIP, Si1,Sor : A(N, M) — [P by (2.14),

( —-L X+

Pin+m,  Pln+m

. /ybkm) - qlm]/ n 2 TL/

0

1

Pinsn mZir,

[fl (mrxa1m/- s Xapr Yoyr - -

SlL(xnryn) =93 +

a<n<T,
(2.57)

LS (oery, yr,),

r —-L _ Yn+ry
P2n+r,  P2n+m

1 0
Z [fz(m/xclm/---/xchm/]/dlm/-'-/]/dkm) _qu]/ TlZTL,

| LI ——

SZL(xn/yn) =3 +

a<n<Ty,
(2.58)

Sor (1, Y1),

forall (x, y) = ({xn}nez,s {Ynlnez,) € AN, M).
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It follows from (2.1), (2.2), (2.14), and (2.55)—(2.58) that for any (x,y) = ({Xn},ez,,

{y"}neza) and (u,v) = ({un}nEZa/ {Un}neZa) € A(N,M)

152 (x,y) = Scw, o),

= max{||SiL(x,y) - SiL(w,0)|| : i € A2}

= max{sup|SiL(xn,yn) = Sir(up,vy)| :i € Az}

n>Tr

1
<maxq{supy — | [Xnin — Unir |
n>Tp |p1n+T1 |

[oe]
+ Z |f1 (m’xﬂlm" : "xahm/ yblm" N '/ybkm)

m=n+1;

_fl (mlualm/"’luﬂhmlvblml’ -'rvbkm)|> }1

1
Sup |yn+'r2 - Un+”rz |
n>Tr |P2n+-rz |

[ee)
+ Z |f2(m’xclm"'"xchm’ydlm""’ydkm)

M=n+m,
- f2 (m,uclm,...,uchm,vdlm,...,vdkm)|> }}

1 (o)
< :max{||x—u|| + E Fim maX{|xaim — Ua,,|,
p m=TL

:ieAh,jeAk},

[ee]
ly -l + Z tom max{lxcim — Uy, |, |Ydy = Vay, | 1€ Anyj € Ak}}
m=Tg
1 [ee]
< :max{||x—u|| + Z tim max{|lx —ul|, ||y - o||},
p m=TL

ly—ofl+ zthmax{nx—un,||y—v||}}

m=Tr,

< i<1 + i max{ty, :i € Az}> ||(JC,]/) - (u,v)”l

p m=Tr

= 0| (x ) - (w0,
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SlL (xn/ yn)

-L Xn+ry 1

= - + Z [f1 (1, Xay, - - - s Xarr Yors - -

Pin+n Pin+n Pin+ry 1,2 =n+1

L M 1 &
<=4+=+= m + m
A p:; (rim + [q1m])
L M 1 L+N
<=—+—+=—miniM(p-1)-L,p -N
PP P { 7=y p< P >}
<M, Vn2>T,
SlL(xn/yn)
-L Xn+r, 1

= - + Z [f1 (1, Xay, - - - s Xans Yors - -

Pin+n Pin+n Pin+ry 1,2 =n+1

L N 1 &
2—+—-= Ttm + |qim
A :TZ (rim + |q1m|)
L N 1 L+N
>2 v _Cmin{M@B-1)-L,75 -N
p P P { -1 P( P >}

2N, Vn2>Tg,

N < SZL (xnr ]/n) < M/ Vn > TL/

.7 ]/bkm) - qlm]

.7 ]/bkm) - qlm]

(2.59)

which yield (2.16) and (2.17), which together with 8, € (0,1) ensure that Sy is a contraction
in A(N, M). By the Banach fixed point theorem, we deduce that S; has a unique fixed point

(x,y) = (xnlnez, Ynlnez,) € AN, M), that is,

-L Xn+ry 1 -
Xn = - + 1M, Xay, - r Xapr Yorr -+ -1 Yo ) — g1 ’ nZTL/
" Pin+ry  Plnsn Plusn m:%ﬂ-l [f ( “ @i I o ) 1 m]
_L yn+T2 1 -
= - + 2\M, Xeyr v o s Xeymr Ydumr o+ - r Ydin ) — Q2m|» nZTLI
Yn Pon+r,  P2nim, P2nim m:zn;m-z [f ( “ e Y Ve ) 1 m]
(2.60)
which yield that
0
Xn + Plnxn—ﬁ = _L + Z [fl (m/ xalm/- . '/xa;,m/ ]/blm/- .. /ybkm) - qlm]/ n 2 TL + T,
0
yn + Pznyn—’l‘z = _L + Z [f2 (m/ xClmI .. "xchm’ ydlm/ e ,]/dkm) - q2m]/ n 2 TL + TZ/
m=n
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A(xn + plnxn—”rl) = _fl (n/ xal,,/- .. /xah,,/ ybl,,/- .. /ybky,) + 5]1n/ vn 2 TL + Tl/

A(]/n + PZnyn—Tz) = _f2 (n/ xCln’ . ’xchn’ ]/dln, e /]/dk,,) + 11271/ Vn 2 TL + T2/
(2.61)

that is, (x, y) is a bounded positive solution of the system (1.14) in A(N, M).
In light of (2.14), (2.16), (2.53)—(2.55), (2.57), and (2.58), we get that

}

+ Py

G ) = o]

1
vi = Yn

+1
xﬁ — Xn

,sup
n>Tp

= max { sup

n>Tp

xh - x,

S

n>Tp

-L Xpsr 1 3 7 uoon Iz
X - + Z[f1<m/xa1m,---/xahm/yblm/---/]/bkm> _5]1m] — Xn

Pin+ry  Plnim Plotm gep

|

]/5 _yn

U
+Y/4 |61n — Xn

sup[(l =By —u) + Py

n>Tp

X

-L _ yﬁ+Tz + 1 i [f2<m,xglm/--~rx?hm’y51m""’ygkm> —q2m] ~Yn

Pon+r,  P2nim P2t gy

l

< max{squ[(l = By —Yu) It — x| + ﬂ#|51L (xﬁ,yﬁ> = S1L(%n, Yn)
n>Tp

+ Y#|6gn ~Yn

+ ZMY#] ,

ngp[(l ~Bu= vy =yl + B Sar (1 v1) = Sr (e )
nzlp

+2My, | }

< (1- B - 00| (¥, ") - (x,) |l +2Mys, V0,
(2.62)

which implies (2.7). Thus Lemma 1.1 and (2.7)—(2.9) imply that lim,, _, . ||(x*, y*) — (x, y) |1 =
0.

(b) Let L1,L, € (N, M) and L; #L,. Similar to the proof of (a), we conclude that for
each i € A, there exist a constant 0z, € (0,1), a positive integer T, > max{t, 72} +n; +|a|, and
mappings Sr,, Sir,, Sor, satisfying (2.14) and (2.55)—(2.58), where L, 61, and Ty, are replaced
by L;, 6, and Ty, respectively, and the contraction mappings S;, and S, have the unique
fixed points (1,v) = ({un} ez, {Vntnez,), (W, 2) = ({wWn} ez, {Zntnez,) € AN, M), which
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are bounded positive solutions of System (1.14) in A(N, M), respectively. In order to show
that System (1.14) possesses uncountably many bounded positive solutions in A(NN, M), we
prove only that (u, v) # (w, z). By virtue of (2.14) and (2.55)—(2.58), we get that

I(w, v) = (w, 2)|x

= max{|lu - wl|, [|v - z||}

> max{ sup |u, — wy, sup [vy — 2z
}

nzmax{ TLl 'T’—z } n>max { TL1 ’TLz

|L1 = Lo |un+n — W4ty |
> max sup -
n>max({Ty, ,Tr, } |P1n+'t'1 | |P1n+1’1 |

1 (o)
N |p1 Z |f1(m’ualm""’uahmlvblml'"Ivbkm)
n+71 | m=n+1;

_fl (mlwulm/"’lwahmlzblml‘ . '/Zbkm)|}r

sup |L1 - L2| _ |un+Tz - wn+72| _ 1
|P2n+72 | |P2n+'r2 | |p2n+rz |

nzmax{TL1 T1, )

[ee]
x Z |f2(m,uclm,...,uchm,vdlm,...,Udkm)
m=n+t,

—f2 (m,wclm,...,wchm,zdlm,...,zdkm)|}}

L -L -
Zmax{| 1= Lol Ju-wl

P p
1 [o'e]
-= Z tim max{|uaim - Wa,, |, Vb, — Zbjy | 11 € Ay J € AK},
p m=max { TLl L, }
|L = Lo| |l —z||
P p
1 [e'e]
-= Z tom max{|ucim = Wey,, |, |Vdy = Zd | 1€ Anyj € AK}
p m=max{Ty, Tr, }

1 [oe)
= t1 max{||u —w||, ||v - z||},
5 5 > 1 l Il lo - =]

= m=max { T]_] AL, }

L;-L -
2max{| 1p 2|_||u_w||_
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Lo ozl 1 S max{flu-wll, o - z||}}
P P P m=max{Ty, Ti, }
> 'Ll%z' - L1+ max(61,, 00, )| (w,0) - (w0, )],

- (2.63)

which yields that

Il — L

I0) -2l 2 +’;'n = 9:! oY (2.64)
thatis, (1, v) # (w, z). This completes the proof. O

Theorem 2.5. Assume that there exist constants M, N,p,p € R* \ {0}, m; € N,, and four

nonnegative sequernces {rln}neN,,O/ {rz,,}neNnO, {tln}neNnO' and {tzn}neNnO satisfying (2.1), (2.2),
(2.24), and

< , 1<p<pim<p<p’, Vn>n;, i€, (2.65)

Then,

(a) foreach L € (p(M/p+ N),p(N/p+ M)), there exist O, € (0,1) and Tr, > max{ty, 7>} +
n1 + |a| such that for any (x°,y°) = ({x0},cz. (Yo} nez,) € AN, M), the Mann

iterative sequence with errors {(x*, y*)} peNy = {{ xﬁf}neza, { y,’:}neza)} el generated by
the schemes

( (1-pu- Y#)xﬁ

+ﬁﬂ{ L —xﬁ+ﬁ+ !

Pin+r,  Plusr, Plasm

[o'e)
p TR p
x Z [f1<m,xam,...,xahm,yblm,...,ybkm)—Q1m]}

m=n+1,
U
‘qul _ +Y,u61n’ l’l 2 0/ n Z TL/

(1-p.- Yﬂ)x’ﬁ

U
+.5;4{ L _nm + 1

plTL+T1 plTL+T1 plTL+’T1

0

X Z [f1<m,x’,;lm,...,xﬁhm,yglm,...,y{:km>—qlm]}

m:TL+T1

L +Y‘u6i{TL’ I’L 2 OI 24 S n< TL/
(2.66)
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(1- P - Yﬂ)yﬁ

U
%{ L Ywm , 1
P2n+r,  P2n+r, P2ntm

©
H M M H
X Z [fZ(mrxclmr"-/xc;,m/ydlmf--~rydkm>_qu]}

M=N+Ty

+Y,Bhs pz20, n=T,
(1-Pu- Y#)yi

u
+ﬁu{ L _ Yo + 1

PZTL +T P2TL +To pZTL +T

prl
Yn =1

[ee]

X Z [f2<m,xfflm,...,xfhm,yglm,...,ygkm>—qu]}

m:TL+T2

L +Y#65TL' u>0,a<n<Ty
(2.67)

converges to a bounded positive solution (x,y) € A(N, M) of System (1.14) and has the
error estimate (2.7), where {ﬁ#}ﬂeNo, {y,l}#GND c [0,1], and {(6’4,6’21)}MENU = {({6{4”}%2“,
{6571 Ynez,) }#eNo C A(N, M) are arbitrary sequences with (2.8) and (2.9),

(b) System (1.14) has uncountably many bounded positive solutions in A(N, M).

Proof. (a) Let L € (p(M/p + N),p(N/p + M)). Now we construct a contraction mapping
S. : A(N,M) — A(N,M) and E)rove that its fixed point is a bounded positive solution
of System (1.14). Observe that (2.24) and (2.65) imply that there exist 6y € (0,1) and Ty, >
max{7y, T2} + n + |af satisfying

0L = l<1+ D> max{ti, i€ A2}>, (2.68)
E m=Tp,
Z max{Fim + |qim| 1 € A2} < min{?_ +Mp—L,?_ —M—Np}. (2.69)
m:TL - -

Define three mappings Sr : A(N, M) — I3 xIZ, Sit, Sar : A(N, M) — I? by (2.14),

( L le+T1

Pin+r,  Pln+n
1 [o/e]
> LA Xays s Xaps Yors -0 Ybi) = Gim), 1> T,

Pinsn mZir,

SlL(xn/yn) =93 +

Sic(xr,, y1,), a<n<T;,
(2.70)
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L _ Yn+r,
P2n+m, PZ;;;TZ
Sor (Xn, Yu) = + L Z [fo(m, xcys - s Xeps Yedins - - - Y ) — Gom], 12T,
Pan+y S,
Sor (1, Y1), a<n<Ty,
@2.71)

forall (x,y) = ({xn} ez, {Yntnez,) € AN, M).
Using (2.1), (2.2), (2.14), (2.65), and (2.68)—(2.71), we deduce that for any (x,y) =

({xﬂ}nEZal {yn}nez,,,) and (u,v) = ({un}nezar {Un}neZ,,) € A(N, M),

|SL(x,y) = Se(w, 0|,
= max{ ||SiL(x,y) - Sic(w,v)|| : i € Ay}

= max{sup|S,-L(xn,yn) = Sit(un,vn)| :i € Az}

n>Ty,

1 [e'e]
<max{ sup{ ———( [Xnsr, = tnar |+ D, |11 Xayr o Xaps Yors - - Vi)
|P1n+71|

n>Tp, m=n+T]

_fl (mruulm/‘ . 'Iuﬂhmlvblml"'lvbkm)|> }/

1
sup{ ——— (Iynw2 — Vnary |
n>Tr |P2n+~rz |

[ee)
+ Z |f2(m’xclm"'"xchm’ydlm""’ydkm)

M=n+m,
- f2 (m,uclm,...,uchm,vdlm,...,vdkm)|> }}

ZiEAh,j € Ak},

—_

oo}
<= max{”x —ull + Z Fim maX{|xa,-m — Ua,,|,
m=Tp

I3

|y -] + Zthmax{|xcim—ucim|, :ieAh,jeAk}}

m=Tp

ydjm - vd}m

1 (o) (o]
< —max{”x —ull+ Yt max{[lx —ul, ||y - o||}, |y - o||+ D tam max{|lx - ul, ||y - || }}
E m=TL m=TL

< 1(1 + i max{tlm,th}> | (x,y) - (w0,

E m=Tp,

= 0L (x,y) - (w,0)]|,,
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SlL(xnryn)
L x‘r‘l+7‘1 1 &
= - + s XA A ap, s mr m) — Ylm
Pintr,  Pln+r, Plosn m;_ﬁ [fl (m * awnr b o ) o ]
L N 1 &
S - =t = m + m
P 7 p ; (rim + |qim|)
Np Lp
S£—£+1min T_+MP—L,T__M—NP}
p PP p = P =
<M, Vn2>Ti,
SlL(xnzyn)
L Xntmy 1 -
= - + Z [fl(m/xulm/'-~/xahm1yb1m1”-rybkm) —lhm]

Piner,  Plner Plusr 5504

>=-—-- Z (T1m + [q1m])

p E m TL +T1

Np L
>£—M——mm — +Mp-1L, —M—Np}
p.P P - -
>N, Vn>Tg,
N < Sor(%n,yn) <M, Yn>Ty, (2.72)

which yield (2.16) and (2.17), and which guarantee that S, is a self-mapping from A(N, M)
into itself and is a contraction by 6;, € (0,1). Thus the Banach fixed point theorem means that
S1 has a unique fixed point (x,v) = ({xn},ez,, {Yn}nez,) € AN, M), that is,

L xn+T1 1 <

Xn = - + Z [fl(m’xalm""’xuhm’yblm""’ybkm)_qlm]’ nETL’

Pintn Plntn Plotn pSiig

L Yn+r, 1 —
= - + M, Xey s s Xepmr Yeapr - -+ 1 Yy ) — , n>Ty,
Yn P2n+r, P2+, P2nn m:;—Tz [fZ( “ chons Yol Ya ) q2m] t
(2.73)
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which yield that

[ee)
X+ PinXnor, = L+ > [f1(m, Xar - Xaps Yorr -1 Yoi) = Gim], 12T +71,
m=n

Yn+PonYnn, = L+ D, [fa(m,Xcs s Xeps Yair -1 Vi) = Gom], 12 TL+7To,
frard (2.74)

A(xy + PraXn-n ) = =f1(N, Xay,, - -, Xapys Yornr - - -1 Ybun ) + Gin, V02T + 17,

A(yn + pZHyn*Tz) = _fz (n/ xcln/- . '/xchnr ydly,/ e /ydkn) + ‘]Zn/ vn Z TL + TZ/

that is, (x, y) is a bounded positive solution of the system (1.14) in A(N, M).
In view of (2.14), (2.16), (2.65)—(2.67), (2.70), and (2.71), we gain that

Gty ) - e

+1
Xﬁ — Xn

+1
yz - yn

,sup
n>Tr

}

+ Py

= max4 sup
n>Tp

xh — x,

S

n>Ty

X

L Xsr 1 < p oo I
+ > [f1 (s X Vs Y ) = q1m] - %Xy

Pinsry Pl Plovn gep

|

yz_yn

y"
Yu |61n ~Xn

+ Py

sup [(1 )
n>Ty

L Ynir 1 < p peooon p
X - + M, X, Xy, s e, - -
Poners  Panems Doners % [fz < Clm Ch ydlm ydkm) qu] Yn
+ Y| = v ] }
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< max{sup [(1 =B — ) lIxt — x| + ﬁﬂlsu <xﬁ, yﬁ) =S (%, yn) | + ZMY#],
n>Tr
sup| (1= B = )1y = Il + B Sae (. vi) = Sav (v ) | + 20y }

< (1-Bu-0)[[ (", y*) = (x,y) [l +2My,,  Yu 20,
(2.75)

which implies (2.7). Thus, Lemma 1.1 and (2.7)—(2.9) imply that lim,, . oo || (x*, y*) — (x, y) |1 =
0.

(b) Let L1,L, € (N, M) and L; #L,. Similar to the proof of (a), we conclude that for
eachi € A,, there exist a constant 0z, € (0,1), a positive integer T;, > max {7, 7>} +n; +|a|, and
mappings Sr,, Sir,, Sor, satisfying (2.14) and (2.68)—(2.71), where L, 61, and Ty, are replaced
by L;, 6, and Ty, respectively, and the contraction mappings Sr, and S, have the unique
fixed points (u,v) = ({tn} ez, (Vntuez,), (W, 2) = ({Xn}pez, {Yntnez,) € AN, M), which
are bounded positive solutions of System (1.14) in A(N, M), respectively. In order to show
that System (1.14) possesses uncountably many bounded positive solutions in A(NN, M), we
prove only that (u, v) # (w, z). In light of (2.14) and (2.68)-(2.71), we have

I(w, 0) = (w, 2)|Ix

= max{llu —w|, [lv - z||}

n>max { TL1 'TLz } n>max { TL1 ,TLZ

> max{ sup |y — wyl, sup [0y — zy|
}

> |L1 — Lo |un+7-1 — Wty |
> max sup -
n>max({Ty, Tr, } |P1n+'r1 | |P1n+n |

1 [ee]
_lpl— Z |f1(mlua1m/'"Iuahmlvblml'"/vbkm)
n+71 | m=n+1y

_fl (m/ wlllm/' . ’lwahmlzblml‘ . '/zbkm)|}/

sup
anax{TL1 T, }

{ |L1 — Lo _ |un+~rz - wn+-rz| _ 1

|P2n+-rz | |P2n+-rz | |P2n+-rz |

[o'e)
x Z | fa(m, uc,,,, ..., Ueps Vs - - Vdy)
M=n+7>

—f2 (m,wclm,...,wchm,zdlm,...,zdkm)|}}
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R 2 P ]
2 Mmax p— -
p p

1 & .
-— Z tim max{|ua,m - Wa, |, Vby,, = Zbj | le Ay, je AK},

E m=max { T,_l L, }

|IL1 = Ly|  [lo—z||

p P
1 & .
_Z Z tom max{|uqm - We,, |, |V, — Zay, | L€ An,j € AK}
E m:max{TL1 ,TLZ }

14 P

- —_m=max { TL1 'TLz }

Li-L - 1 =
Zmax{| ! > o Juwl 1 >, hmmax{llu-wl,llo-zll},

Li-L v-z| 1 &
Lo o=zl 1 s max(llu-wl, o - 2I)
P E E m:max{TLl,TL2 }
Li-L 1
> B2l L max(6n,, 0, 0) - (0,2)l,
P
(2.76)
which yields that
p|L1 — Lo|
||(u,v) - (ZU,Z)”l 2 — = >0, (277)
p<E+maX{9L1,9L2}>
that is, (1, v) # (w, z). This completes the proof. O

Remark 2.6. Let (a1,b1) and (ay, by) be two arbitrary intervals in R. It is easy to see that

(a1,b1) N (az, b)) 20 & max{ay, ar} <min{by, b,}. (2.78)

From Remark 2.6 and Theorems 2.1-2.5, we can obtain the following.
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Theorem 2.7. Assume that there exist constants M, N € R* \ {0}, n1 € N,,, and four nonnegative
sequences {Tl‘rl}neNnU/ {T2‘Vl}neN,,0/ {tln}neNnO/ and {tfz,l}neNn0 satisfying (2.1), (2.2),

Z nmax{rin, tin, |gin|} < +o0, (2.79)
n=np
0]
Z max {7, tan, |gon|} < +o0, (2.80)
n=ngp
N < M/ Pin = -1, Vn2> ny, (281)
pawn=1, Vn>mn. (2.82)

Then,

(a) for each L € (N, M), there exist O € (0,1) and Ty > max{Ti, 7>} + ny + |a| such
that for any (x°,4°) = ({x0} ez AV} nez,) € AN, M), the Mann iterative sequence

with errors {(x#, y*)} en, = {({xﬁ}neza, {yﬁ}neza)}#em generated by Schemes (2.5) and

(2.27) converges to a bounded positive solution (x,y) € A(N, M) of System (1.14)

and has the error estimate (2.7), where { By} ey, (Yulpen, C [0,1] and (6", 65)}#GNO =

{({S’fn}neza, {6’2411}"%“) }#ENO C A(N, M) are arbitrary sequences with (2.8) and (2.9),
(b) System (1.14) has uncountably many bounded positive solutions in A(N, M).

Theorem 2.8. Assume that there exist constants M, N € R* \ {0}, p,p € R*, ny € N, and

four nonnegative sequences {rin} per,  {T2ntnen, , {tin}tnen,, , and {th}neI\Tn0 satisfying (2.1), (2.2),
(2.79)-(2.81),

N<(1-p-P)M, p+p<l, -p<pus<p, Vnzm. (2.83)

Then,
(a) foreach L € (N, M)N(N+pM, M(1-p)), there exist 61, € (0,1) and T, > max{r, 7>} +
n1 + |a| such that for any (x°,y°) = ({x0},cz. (¥} nez,) € AN, M), the Mann
iterative sequence with errors {(x#, y*)} ey, = {({ xﬁ}neza, { y,’:}neza)} uen, generated by

Schemes (2.5) and (2.41) converges to a bounded positive solution (x,y) € A(N, M)
of System (1.14) and has the error estimate (2.7), where {ﬂ#}ﬂeNo, {yﬂ}ﬂeNo c [0,1] and

{(5#/55)},46% = {({6’1;},,62“, {65n}neza)}”€No C A(N, M) are arbitrary sequences with
(2.8) and (2.9),

(b) System (1.14) has uncountably many bounded positive solutions in A(N, M).

Theorem 2.9. Assume that there exist constants M, N,p,p € R* \ {0}, ny € N, and four

nonnegative sequences {rln}neNnO, {rzn}neNnO, {tlﬂ}neNno and {th}neNno, satisfying (2.1), (2.2),
(2.79)-(2.81),

0<N(P—1> <M(p-1), -p<pm<-p, Vnzm, (2.84)

max{N,N(p-1)} <min{M,M(5-1)}. (2.85)
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Then,

(a) foreach L € (N, M)N(N(p—1), M(p—-1)), there exist O € (0,1) and Ty, > max{ty, 7o} +
ny + |a| such that for any (%) = ({0} ez, (Yo)nez,) € AN, M), the Mann
iterative sequence with errors {(x#, y*)} peNy = {{ xﬁ}nezu, { yﬁ}neza)} el generated by
Schemes (2.5) and (2.54) converges to a bounded positive solution (x,y) € A(N, M)
of System (1.14) and has the error estimate (2.7), where {f,} peNos {yu) peNy C [0,1] and

{(6”,65)}#eNo = {({6’1;}”62“, {6gn}neza)}#€No C A(N, M) are arbitrary sequences with
(2.8) and (2.9),

(b) System (1.14) has uncountably many bounded positive solutions in A(N, M).

Theorem 2.10. Assume that there exist constants M, N, My, No,;_oo,po e R*\ {0}, n; € N,,, and

four nonnegative sequences { rln}neN,,O/ { rz"}neNnO' {tln}neNnO/ and {t2;}n€Nn0 satisfying (2.1), (2.2)
withi=1, (2.79)-(2.81),

| fa(n,un, .. up, 01, 00) | S12n, Y(m,u1,05) € Ny, x [N, Mol?, le Ay, jeAr, (286)

|f2(nlu1/"'/uh/vl/"’/vk)_fz(n/wll"'/whlzll“'/Zk)|

< typmax{|u —wil, |vj — zj| : 1 € Ap, j € A}, (2.87)

V(n/ul/wllvj/ Z]) E Nm X [NO/M0]4/ l e Ah/ ] E Ak/

Nofin) i)
Po P,

max{N,ﬁo<%+N0>} <min{M,EO<%+MO>}. (2.89)

(a) for each L € (N,M) n (ﬁO(MO/EO + No),pO(NO/ﬁO + My)), there exist 0 €

(0,1) and Ty > max{ry, T2} + n1 + |a| such that for any (x°,y°) = ({x0},ez.,
{yg}neza) € A(N, M, Ny, My), the Mann iterative sequence with errors {(x”,y”)}#ENO =

, 1<p Spu<py<pl, Vnzm, (2.88)

Then,

{{ xﬁ}neza, { yﬁ Ynez,) el generated by Schemes (2.5) and (2.67) converges to a bounded
positive solution (x,y) € A(N,M, Ny, My) of System (1.14) and has the error

estimate (2.7), where (B} yewo b ey, € 10,11, and {(81,65) ) ey = {(18) ) ez
{651},162“)}#eNo C A(N, M, Ny, My) are arbitrary sequences with (2.8) and (2.9),

(b) the system (1.14) has uncountably many bounded positive solutions in A(N, M, No, My).

Theorem 2.11. Assume that there exist constants M, N € R* \ {0}, p,p € R*, m; € N, and

four nonnegative sequences {rln}neNno, {an}neNno, {t1n }neNnO, and {t2n}neN; satisfying (2.1), (2.2),
(2.24), (2.83) and

N < M, pin=1 VYn>mng. (2.90)
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Then,

a) foreach L € (N, M)N(N+pM, M(1- p)) there exist Op € (0,1) and Ty > max{7ty, 7>} +
ny + |a| such that for any (x°,y°) = ({x0},cz, (Yolnez,) € AN, M), the Mann

iterative sequence with errors {(x#, y#)} peNy = {({xﬁ}neza {yn}nezu)} N, generated by

Schemes (2.26) and (2.41) converges to a bounded positive solution (x,y) € A(N, M)
of System (1.14) and has the error estimate (2.7), where {f,} ey (¥} peny c [0,1], and
{(6" ,65 )} peNy = {({6“ Ynez,r {6;[},[62“)} peNy C A(N, M) are arbitrary sequences with
(2.8) and (2.9),

(b) System (1.14) has uncountably many bounded positive solutions in A(N, M).

Theorem 2.12. Assume that there exist constants M, N,p,p € R* \ {0}, my € N, and four

nonnegative sequernces {rln}neNnO, {an}neNno, {tln}neNnO' and {tZ"}neNnO satisfying (2.1), (2.2),
(2.24), (2.84), (2.85), and (2.90). Then,

a) foreach L € (N, M)N(N(p-1), M(p—1)), there exist 01, € (0,1) and Ty, > max{T, 72} +
ny + |a| such that for ang (%) = (x5} ez, (YO nez,) € AN, M), the Mann
iterative sequence with errors {(x#, y*)} ey, = {({ xff}neza, { y,’:}neza)} uen, enerated by
Schemes (2.26) and (2.54) converges to a bounded positive solution (x,y) € A(N, M)
of System (1.14) and has the error estimate (2.7), where {ﬂ#}ﬂeNO, {Yﬂ}#GNO C [0,1], and
{(6’4,6’;)}#6N0 = {({6fn}nezu, {6;1},162‘1)”GNO C A(N, M) are arbitrary sequences with
(2.8) and (2.9),

(b) System (1.14) has uncountably many bounded positive solutions in A(N, M).

Theorem 2.13. Assume that there exist M, N, My, No,po,p € R*\ {0}, m € Ny, and four

nonnegative sequences {T1n} ey, N {720} nen, N {t1n} nen, y and {th}neN satisfying (2.1), (2.2) with
i=1,(2.24), and (2.86)—(2.90). Then

a) for each L € (N,M) N (ﬁO(MO/EO + No),pO(No/ﬁO + My)), there exist 6 €

(0,1) and Ty > max{r, 72} + m + |a| such that for any (x°,y°) = ({x3},cz.,
(Y2} nez,) € AN, M, Ny, My), the Mann iterative sequence with errors {(x*, ¥) ) en, =

{({xﬁ}neza, {yf,‘}neza)} N, generated by Schemes (2.26) and (2.67) converges to a
bounded positive solution (x,y) € A(N, M, No, My) of System (1.14) and has the error

estimate (2.7), where {By} eny (Yl pen, € 10,11, and {(6,6))}ers, = ({8, nez,
{6§n}neza)}yeNg C A(N, M, Ny, My) are arbitrary sequences with (2.8) and (2.9),

(b) System (1.14) has uncountably many bounded positive solutions in A(N, M, Ny, My).

Theorem 2.14. Assume that there exist constants M, N,p,p € R*\ {0}, ﬁl,pl € R*, my € N, and

four nonnegative sequences {ry, }neNnO' {120 }neNnO' {tin }neN_nO/ and {th}neNnO gatisfying (2.1), (2.2),
(2.24), (2.84),

N<(1=p -p)M, p +p <1, -p <pu<p, Vnzm, (2.91)

max{N + Mp,,N(p-1)} <min{M(1-p ), MF-1)}. (2.92)
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Then,

(a) foreach L € (N + Mp,, M(1 - pl)) N(N(p-1),M(p - 1)), there exist 0, € (0,1) and
Ty > max{ry, 7, } +ny +|a| such that for any (x°, y°) = ({x3} ez, AYS Y nez,) € AN, M),
the Mann iterative sequence with errors {(x#, y*)},en, = {({xﬁ}neza, {yﬁ}neza)}ﬂeNo

generated by Schemes (2.41) and (2.54) converges to a bounded positive solution (x,y) €

A(N, M) of System (1.14) and has the error estimate (2.7), where {ﬂ#}ﬂeNo, {YM}#eNo C
[0,1], and {(6”,6’;)},16% = {({6’1471},1623,{6’2171}%2“)}#eNo C A(N, M) are arbitrary
sequences with (2.8) and (2.9),

(b) System (1.14) has uncountably many bounded positive solutions in A(N, M).

Theorem 2.15. Assume that there exist constants M, N, M, No,ﬁo,;_oo,;_al,pl e R*\{0}, n1 € N,

and four nonnegative sequences {rln}neNno,{an}neNno, {tm}neNno, and {1?2,,}neNn0 satisfying (2.1),
(2.2) withi=1, (2.24), (2.86)—(2.88), (2.91), and

_ _ { My ) Ny
max{ N + Mp,, — + N, <min{ M(1- , — +M . 2.93
{ P pO<EO 0>} { < El) E‘)(F’o 0>} (259

(a) for each L € (N + Mp,, M(1 - pl)) N (;_90(M0/;_9O + No),pO(No/;_a0 + M), there exist
Or € (0,1) and Ty > max{r, 72} + ny + |a| such that for any (x°,y°) = ({x)},cz.,
{yg}n%) € A(N, M, Ny, My), the Mann iterative sequence with errors {(x/‘,y/‘)}ﬂeNo =

{({ xﬁ}neza, lyh Yneza) uen, enerated by Schemes (2.41) and (2.67) converges to a
bounded positive solution (x,y) € A(N, M, No, My) of System (1.14) and has the error
estimate (27)/ where {ﬂﬂ}‘uENo’ {Yﬂ}yeNo c [011]/ and {(6?/ 65) }#GNO = {({6¥n}neZul
{6571 Ynez,) }#eNo C A(N, M, Ny, My) are arbitrary sequences with (2.8) and (2.9)

(b) System (1.14) has uncountably many bounded positive solutions in A(N, M, Ny, My).

Then,

Theorem 2.16. Assume that there exist constants M, N, My, NO,EO,EO,;_yl,pl e R*\{0}, n1 € N,

and four nonnegative sequences {rln}neN,,O/{ ’"2n}neN,,0/ { tln}neN,,O/ and {1‘2,1},[61\1"0 satisfying (2.1),
(2.2) withi =1, (2.24), (2.86)—(2.88),

0<N(p 1) <M(p,-1), —p <pus<-p, Vnzm, (2.94)

max{N(El - 1),§0<% + N0>} < min{M(ﬁl - 1)'Eo<1,—\j_; + Mo> } (2.95)

(a) for each L € (N(E1 -1),M(p, -1))n (ﬁO(MO/EO + No),EO(NO/;BO + M,)), there exist
Or € (0,1) and Ty, > max{r, 2} + ny + |a| such that for any (x°,4°) = ({x3},cz.,
{yg}neza) € A(N, M, Ny, My), the Mann iterative sequence with errors { (x*, y*)} peNy =

{ ({xﬁ}nez,,/{yﬁ}nezu)}#em generated by Schemes (2.54) and (2.67) converges to a
bounded positive solution (x,y) € A(N, M, Ny, My) of System (1.14) and has

Then,
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the error estimate (2.7), where {ﬂ”}ﬂeNo,{yH}ﬂeNo c [0,1], and {(6{’,65)}%1\10

{({6fn Y ez, {6;1}"62“) }MENO C A(N, M, Ny, My) are arbitrary sequences with (2.8) and
(29),

(b) System (1.14) has uncountably many bounded positive solutions in A(N, M, Ny, My).

Remark 2.17. Theorems 2.1-2.5 extend and improve [14, Theorem 1] and [27, Theorems 2.1-
2.7].

3. Examples
In this section we construct fifteen examples to explain the results presented in Section 2.

Example 3.1. Consider the nonlinear difference system with multiple delays:

x3 g - nx, 2 _1 n-1
A(xy = Xpomy) + n_3:2Vn I 4:4%1_52 = ) ’
m+nx, s+ M+ 1)x; ;. nt+vn+l
3.1)
n+1)x% Y5+ (-1)"y,- Vn+l
N PRUAL LT LR LS S R
nt+ (n+2)x2 m+((n+2)Inn

where 71,7 € N are fixed. Let

np=mn =1, h=k=2, M>N >0, a=min{l -7y,1-m,-5}, a, =n-3,

Ay =n-—4, b1, =n-6, by, =n -5, Cln=n-2, cn=n-1, din=n-5,
(-nH™? Vn+1

dry=n-2, Pin = Pon = -1, qin =

= s qon
nt+vn+1

" md+ (n+2)Inn’
ujvy — /Ny v} faon 0, 01, 02) = (n+ Doy + (-1)"vy
m3 + nu? + (n2 + 1)uso?’ e n* + (n+2)u3

fi(m,ui,up, v1,07) =

- M3 (M + y/n) M1+ (n+1)M?)
" m3+nN2+ (n2 +1)N°’ Ton = nt+(n+2)N2 '

Tin

_ nM?(4n°M +3n°/2 + 2MP + 5./nM? + 16nM7 + 14/nM°)

n =
" (3 + nN2? + (n2 + 1) N©)?

7

1
to, = — <6n4M2 +1° +30nM* + 9M2>, Y(n,uy, U2, v1,02) € Ny % R4,
(3.2)

It is easy to see that (2.1)—(2.4) are satisfied. Thus Theorem 2.1 implies that System (3.1)
possesses uncountably many bounded positive solutions in A(N, M). But [14, Theorem 1]
and [27, Theorem 2.1] are not valid for System (3.1).
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Example 3.2. Consider the nonlinear difference system with multiple delays:

3
n —(n-Dyes -1
A%y + X)) + — S —— = ,
2+ X, Yo s n*+2n+1
. ) ; (3.3)
' xXn-3y>_ -1)"n2In’n
A(Yn+Ynm) + — s ) —, n>1,
n?+(n°-1)x, 5  (m2+1)

where 71,7 € N are fixed. Let

ng=m =1, h=k=1, M>N>0, a=min{l -7,1-m,-3}, ag,=n-1,

n?-1
bn=n-4,  cn=n-3  dnw=n-2,  pu=pm=1 qu=_—
()i = (n-1)o ___rw?
W=y e T am s P = e e
_nM(M +1) _ M _ n(m’@M +1) +3M* +2M°)
Tn = n3 + N* s Yo = nlz + (Tl6 _ 1)N2/ in — (n3 + N4)2

, 3n'>(n® + 1) M?
2n = ’
! (n12 + (n® - 1)N2)?

Y(n,u,v) € N, x R2.

(3.4)

It is easy to verify that (2.1), (2.2), (2.24), and (2.25) are fulfilled. Thus Theorem 2.2 implies
that System (3.3) possesses uncountably many bounded positive solutions in A(N, M). But
in [14, Theorem 1] and [27, Theorem 2.2] are unapplicable for System (3.3).

Example 3.3. Consider the nonlinear difference system with multiple delays:

7

n2 Xn-2 = 2Yn-6 Vn—2cos(n® - 3n? +6)
Al xp + ———=Xn-n, - =
2n? +3 12 + sin(Xp-1Yn—6) n>+3n+1
(3.5)
A -n" nxp1+(2n-1)y2 , (n*-3)sin(n’ -2n+1)
Yy )+ =
(y" 3n+1y"72) n3 + x2

n-1

, n>2,

nt +1In’n
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where 71,7, € N are fixed. Let

np=mn; =2, h=k=1, M > 6N >0,

a=min{2 - 11,2 - 1,4}, A, =n-2,
n?
biy=n-6, cp=n-1, diu=n-3, Pin= 5
3 (-1)" _ 1 1
Pm=3n1 P72 ETw
_ V/n—2cos(n’ - 3n* +6) _ (n*=38)sin(n’ -2n +1) (36)
Qi = nd+3n+1 S n* +In’n
u-2v
fl(n/urv) = m,
nu+ (2n - 1)v? 3M nM(1+2M)
plvwo) =T e T TN

_6(n*+ M?) ; _ n((1+4M)r® + M? + 8M°)

RZ.
2n (n3 N N2)2 7 v(n/ u, 'U) € Nng X

It is easy to see that (2.1), (2.2), (2.24), and (2.39) hold. Thus, Theorem 2.3 ensures that System
(3.5) possesses uncountably many bounded positive solutions in A(N, M). But [14, Theorem
1] and [27, Theorems 2.3, 2.5, and 2.6] are not valid for System (3.5).

Example 3.4. Consider the nonlinear difference system with multiple delays:

x|y (-1)"n®In(1 + n)
_ . 2 n-17n-2 —
A<xn+< 4+sm(2n >>xn7ﬁ>+n10+5ng+l il

(3.7)

A<yn + (—4 + cos<5n3>>yn772> " "Xy — (N +2)ys 4 -6 .

8 2 2 7’
mw+1l+nx, ,+y,, @m+1)
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where 71,7, € N are fixed. Let
ng=m=h=k=1, M >2N >0, a=min{l -7,1-1m,-2},
ap=n-1,  bu=n-2
Cln=n-2, di,=n-23, Pin=—4+ sin<2n2>,
P =—4+cos(5n%),  p=3, =5,
_ (-1)"nIn(1 +n) _ n -6 P
fn="" g5 5.1 Gon = i1y filn,u,v) = i5sr1 (39
n’u — (n + 2)v? M7
fz(n'u'v)_n8+1+nu2+vz' R
S n’M + (n +2) M? _7TM®
T WS+ 1+nN2+ N2’ TS
n*(2n® + 8n’ M + nM? + 8M?® + 3M?) )
to, = , Y(n,u,v) €N, xR

(n8 +1+nN2 + N2)

Clearly (2.1), (2.2), (2.24), and (2.52) hold. Thus, Theorem 2.4 means that System (3.7)
possesses uncountably many bounded positive solutions in A(N, M). But [14, Theorem 1]

and [27, Theorem 2.4] are inapplicable for System (3.7).

Example 3.5. Consider the nonlinear difference system with multiple delays:

8n? +1

A<xn +
A(yn+

where 71, € N are fixed and

n
aln:{z

n-2
o= n-2
e n-1

2 +3In’n

——— X
n2+1"""

1+241n’n 2nxe, = 3Vn+ 1y
e

> P L/ R e o VR T

n+x3, n2+/2n+ 1
(3.9)
1+nln(1+n?)
4 2 2 = 3 7 n 2 1/
n-+ XenYa,, n3ln 1+ nz)
if n is even, ) n-1 if nis even,
= -1
if n is odd, " nT if n is odd,
n . (3.10)
— -1 if nis even,
if n is even, 4 2 .
if n is odd, R if n is odd.
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Let

n0=1, n1=10,

a=min{l -7,1-m,-1},

_ 1+24In’n
2+3In°n”

B \/ﬁ_ (_1)n(n+1)/2 /3n_2

h=k=1,

Abstract and Applied Analysis

1 +nlin(1 +n?)

i = n2++2n+1 ’ fon = (1 +n2)
n-m-1)70° 2nu —3vn + 10° (31D
fi(n,u,0) = BT fa(n,u,0) = T ATt
_n(l+ M3)
N
nM (2 +3M?) _ nM(2+3n3M + 5M°)
TN T T ey

~ n(2n* + 6M? + 9n* M? + 9M®)

, Y(n,u,v) €N, x R2.

2n —

(n* + N*)°

Obviously (2.1), (2.2), (2.24), and (2.65) hold. Thus, Theorem 2.5 implies that System (3.9)
possesses uncountably many bounded positive solutions in A(N, M). But [14, Theorem 1]
and [27, Theorem 2.7] are useless for System (3.9).

Example 3.6. Consider the nonlinear difference system with multiple delays:

2n2x3 +n-1
ain

(_1)(n71)n(n+1)/3 /2n3 +4

A(xn - xn—Tl) +

n® + n(nx,, — (3n+ Z)ybm)z

n* + sin? (2n* +1)

(3.12)
(D)%, -ny) (1) In(n®+2n+1)
A(Yn + Yn-n) + > L= 3 >1,
(n+1)"(vn+1) n3/2 +1n°(1 + n?)
where 71,7 € N are fixed and
n .
n-1 ifn> 100, E if n is even,
ain = . - b1y = n-1
n-2 1f1§1’l<100, R ifnisodd,
(3.13)
n . .
. 5—2 if n is even, g n-3 if n>100,
"TYPL ais odd, " e if1<n<100.
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Let

n=m=-h=k=1, M>N >0, a=min{l -71,1-m,-1}, Pin=-1,

B RS LN e (D" In(n® +2n +1)
P =% in n* +sin®(2nt + 1) o n3/2 +1n°(1 + n2)
2 2,,3 -1 -1)" 2 - 3
fl(nru/v)= e rr 27 fz(n’u’v)= ( );l = 4
n® +n(nu - (3n +2)v) (n+1)°(vn+1)
(3.14)
_ 1+2nM3 _ M?+nM?
Mn="@ + Ton=7" 55
6M (16 + n*M +8(2n + M)M? + 3nM?)
in = nb g
2M +3nM?
b = o V(n,1,0) € Ny x B2,
n5/2

It is easy to see that (2.1), (2.2), and (2.79)—(2.82) are satisfied. Thus, Theorem 2.7 implies that
System (3.12) possesses uncountably many bounded positive solutions in A(N, M).

Example 3.7. Consider the nonlinear difference system with multiple delays:

TLX:;’ - (_1)n(n+l)/2 <1 3+ 1)
A(xy — xp-ry) + 1n - =
( ) (n+ 1)+ (Vn+1)y2 n3 +/3n+2
(3.15)
n® -1 Vi +Dy,  V2n+ 1(n+3)%In(1 +n?)
Al y, + o LA Yn-n 3 = 1 ;o on21,
3n+2 (n+2)° +nx?, (n+1)
where 11, » € N are fixed and
n—4 if nis even, n-2 if nis even,
Al = . . bln = n-1 . .
n-1 if nis odd, 5 if n is odd,
(3.16)

n—-1 if nis even, n if n is even,
Chn=49yn+l1 . . din = 2 . .
> if n is odd, n-2 if nis odd.
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Let

n=m=h=k=1, M >6N >0, a=min{l -7,1-m,-2},
_ _nt-1
Pln - s PZn - 3n2+2/

(1" 2 (1- VB A1)

_ 1 1
P—gl E—E, din = B2
V2n+1(n+3)*In(1+n*)
QZn = 1 7
(n+1)
B nu’ —v _ am+1)o!
fi(n,u,v) = )+ (Y D)ot fa(n,u,v) = 2P s (3.17)
(nM? +1)M
"n=—""71
(n+1)*
_ Vam+1)M? , )*(3nM? +1) + (5nM? +1) (v + 1) M2
" (n+2)° +nN?Y ’ ((n+1)4+(\/ﬁ+1)N2>2 ’

2y/m(n +1)M? <2(n +2)% + 3nM2) i
= , Y(n,u,v) €N, xR

t2n 2
<(n +2)%+ nN2>

Clearly (2.1), (2.2), (2.79)—(2.81), and (2.83) are satisfied. Thus, Theorem 2.8 guarantees that
System (3.15) possesses uncountably many bounded positive solutions in A(IN, M).

Example 3.8. Consider the nonlinear difference system with multiple delays:

n — 2 n20 _ (_1)(n+1)(n+2)/2 (3n5 " 1)2
Ay = Xpop,) + =2 = - 5
n'%+2y; n? + (n+5)°In°(n> + 1)
, (3.18)
61’ X, Y5 n®— (1) (n* +1
A Yn— = Vnm )+ s i (11 ) ;22
2n% +1 n® + (n+1)x;,, (n+1)
where 11, > € N are fixed and
n e
b 5~ 1 ifniseven, b n—-1 if niseven,
" ”T_?’ if n is odd, "7 n-2 ifnisodd,
(3.19)
n e
5+l if n is even, n->5 if niseven,
Cln=Yn+1 din = . .
if n is odd, n—-3 if nis odd.
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Let

ng=mn, =2, h=k=1, M >6N >0, a=min{2 - 1,2 - 17, -3}, Pin=-1,

~ 61° - s B n20 _ (_1)(n+1)(n+2)/2 (3n5 i 1)2
=351 P=%  P=3 0 qms

1%+ (n+5)°In®(n2 + 1)

n® — ()" (n® + 1)2 n’ —u? n3uv?
e L TS = Lt S s ek
e e 2M@reatsann)
Tn = m, Ton = m/ in =

(n10 + 2N2)?
, 3 M?(n® + (n+ 1) M*)
2n =

(n®+ (n+ 1)N4)2

Y(n,u,v) € N, x R?.

(3.20)

Obviously (2.1), (2.2), (2.79)-(2.81), (2.84), and (2.85) hold. Thus, Theorem 2.9 implies that
System (3.18) possesses uncountably many bounded positive solutions in A(N, M).

Example 3.9. Consider the nonlinear difference system with multiple delays:

nxg =Yoo n?-(-1)"" 1
A(xn - xn—Tl) + o ybm = z ( ) (3n * )

ndln’n + 1 w48+ 1) +1
) (3.21)
8n? n? (-1)" " sin(n® + 1)
A + = ——ZYnn )+ = ’ 21,
<yn 2+ 37" TZ> n* + |xc,, Ya,, n?2+1 =
where 71, € N are fixed and
n .
n-2 if niseven, ~ if n is even,
AGn=yn-3 bin = 121 +1
5 if n is odd, if n is odd,
(3.22)
n—1 if niseven, n—-4 if nis even,
Cln = n-1 . . dln = . .
5 if n is odd, n-2 if nis odd.
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Let
ny=1, ny =3, h=k=1, M = 3000,
N = 2000, M,y = 1200, Ny =40,
= min{1-7,1-7,-2} =-1 L =3
a =min T1, T2, ’ Pin = s P2n = P 3r p() =%, EO =9
- (=" 'Bn+1 (-1)"'sin(n® + 1 nu? - 03
g = Lo CDTGrD : (" +1) frlnup) = =0
n+8(n+1)"+1 n®+1 ndln“n + 1
n? M?(n+ M) n?
nu,v) = ——, g = — 7 foy = —
Sl : n* + uo| " i+ 1 BT N?
2 2n?
= U2y 2 MO ) €N, x 2.
nn“n+1 (n* + Né)
(3.23)

It is easy to verify that (2.1), (2.2) with i = 1, (2.79)-(2.81), and (2.86)—(2.89) are satisfied.
Thus, Theorem 2.10 reveals that System (3.21) possesses uncountably many bounded positive
solutions in A(N, M, Ny, My).

Example 3.10. Consider the nonlinear difference system with multiple delays:

1-n’x; n*—4n®+n-1
A(xn + xn—’l‘1) + 5 = 6 4 7
n7+(n+3)ln<1+ybln> n®+(mn-1)
(3.24)
2n? n*Ya, _(-D"Vn-1
A Yn =5 eYr ) T T 2\ md+2n2+1’ 22
n* + sin <xcl" + nyd1n>
where 71, » € N are fixed and
n . .
n-3 if nis even, > +1 if nis even,
ay, = -1 by, = _
” n 5 if n is odd, e nT if n is odd,
(3.25)
n—-1 1if nis even, n—-2 if nis even,
C = d =
e n ; ! if n is odd, e n ;r L if n is odd.
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Let
5N .
m=m=2  h=k=1,  M>=5>0, a=min{l-7,1-7,-1}, pn=1,
_ 2n? 7=0 _2 _n4—4n3+n—1 _(“Dﬂﬁ
Pn="g s ¢ P=Y  P=5 qu= no+ (n-1)* w1’
1 — 1512 n*v
S ) = e ma ey P +sin’ (u? + nv?)’
o 1 +n°M? =M
M Y (m+3)In(1+ N2’ T
2
b, = 1 5 2M(n+23)+n12+n5(n+3) ﬂz+ln<l+M2) ,
(7 + (n+3)In(1+N2))"| 1+N 1+N

_n*+4nM? +4M? + 1

2n —

, Y(n,unv)e

N, x R2.

116
(3.26)

Obviously (2.1), (2.2), (2.24), (2.83), and (2.90) hold. Thus, Theorem 2.11 gives that System
(3.24) possesses uncountably many bounded positive solutions in A(N, M).

Example 3.11. Consider the nonlinear difference system with multiple delays:

2 2
n- - xal,,ybln

nt+ (n+ 1)y‘,§1 -

-9+ ()"t -nP+n-1

n8 +3n7 +nd +4n* +n? +1

A(xXy + Xpr,) +

7

(3.27)
N 3’ W, _ (CD)"VRen-s(end)
—_ _ —+ =
Yn =i 1dmm nd+x3 nd+3n2+5n+1 o=
where 71,5 € N are fixed and
n .
n-2 if nis even, - - if n is even,
iy = 1 by, =
i n; if n is odd, " ntl if n is odd,
2 (3.28)
n-3 if nis even, n—-4 if nis even,
Cin = -3 dip = -1
e nT if n is odd, b e 5 if n is odd.
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Let

n=m=h=k=1, M > 4N >0, a=min{l -7,1-m,-2}, Pin=1,

_ 5w __3 3 -9+ (-1)"'n* -’ +n-1
b= PT BTY T  S v + Ant 2 4 1
_(—1)"("+1)/2(2n—5)1n2(1+n2) ( - n? - utv
P2n = m 432+ 5n+ 1 o hlvwo) = T o (3.29)
faln1,0) = no? S n? + M3 S nM?
A T " (n+ NY T+ N2

nMA(EnPM o+ 3 +10MY)  2M(n+2M2)
, b= ——————
(n* + (11+1)N4)2 (n3 + N2)?

, Y(n,u,v) €N, xR

Clearly (2.1), (2.2), (2.24), (2.84), (2.85), and (2.90) hold. Thus, Theorem 2.12 ensures that
System (3.27) possesses uncountably many bounded positive solutions in A(N, M).

Example 3.12. Consider the nonlinear difference system with multiple delays:

n® - (n®+1)y2 1% -19n% +30n1 - 3n° +2n - 1

Alxy + Xpgy ) + =
Vo4 (nl8+1)x2, n%0 + 8130 + nl5 + 6n2 + 1

7

(3.30)

n>2,

N 16n% + 1 X Yoy  m*t—6n-7n 4 (-1)"n7 ~1
13177 ) T 0 11 n% 4 6 +5n12 4 6nb + 3 + 17

where 71, > € N are fixed. Let
ng =2, ny =4, h=k=1, M = 800Ny,
N =500N,, M =300Ny >0,
a=min{2-7,2 -1,-2}, i, =n-2, bi,=n-1,

Cin=n-4, dip=n-3,
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16m° + 1 _
Pin = 1, Pon = m/ Po = 4, Eo =3,
g n® - 1912 + 3011 -3n° + 2n -1
in =

ni0 +8n30 + n'5 + 6n2 +1

n3 —6n% - 7n'® + (-1)"n’ - 1 n® - (n® +1)v?

Pn = 136 6n® 1+ 5012 + 66 + 13+ 17 fuln,u,0) = n30 + (n18 + 1)u2’
Ix ) uv? n® + (n'° +1)M? M;
nu,v) = —0 0, P , oy = —— 0
? nln'n +1 T 0y (n'8 + 1) N? %+ 1
_AnPM (' + n'? + 4M?) 5M;

in = by =

> ———, V(nuv) ENy x R?.
(n30 + (n18 +1)N?) <n n'%n + 1)

(3.31)

Itis easy to verify that (2.1), (2.2) withi = 1, (2.24), and (2.86)—(2.90) hold. Thus, Theorem 2.13

guarantees that System (3.30) possesses uncountably many bounded positive solutions in
A(N, M, Ny, My).

Example 3.13. Consider the nonlinear difference system with multiple delays:

9nl0 +4ns + 1 nt+x2 ne+6n2+1 °

< 3-1)"n""+2n+1 > Xn3—NYp nt—+2n+5Inn
Al x, + R =

= 7 >2/
nt+1 n’+ (n+1)y>, nd +3n® +5 "

4+ ED)")nt+5 13Xy Yn-a n —(-1)"n* -1
A <yn - n-m y ( )

where 71,7, € N are fixed. Let

ny =2, ny =4, h=k=1, M > 10N >0, a=min{2 -1,2 -1,-2},

3-D)"n" +2n +1
aip, =n-3, bin=n-1, Cin=n-2, din =n-4, Pin = (9n)10+4n3+1
@4+ ()45 _ 1 s s _nt—2n+5In’n
Pon = nt+1 ’ pl_El_:‘)' p=2 E_ g qin = n+6n2+1
n’ - (-1)"n* -1 u—nov n’uv
= s 0 OO e SO = s e
_ M(n+1) — n3 M? _ nt+ M?+n° + 3nM?
In= "4 N2’ 5 (n+1)N2’ e (n4+N2)2

23 M(n° + (n + 1) M?) 5
tr, = > Y(n,u,v) € Ny x R
(n5+ (n+1)N?)

(3.33)
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Obviously (2.1), (2.2), (2.24), (2.84), (2.91), and (2.92) hold. Thus, Theorem 2.14 means that
System (3.32) possesses uncountably many bounded positive solutions in A(IN, M).

Example 3.14. Consider the nonlinear difference system with multiple delays:

-D)'n+1 X2 —MYp1  n°In’n—(-1)"
. (x" 100 )t pa

x> nd+5n7+1
i (3.34)
an® +1 nx: . —Yp-3sinnm 6 _ (-1)"n?2+1
A yn+6n—+yn-n 4+ - n-5 Yn3 _n D"+ , >2,
818 + 3t +7 n2In’n + 1 n®+7n7 +2

where 71, > € N are fixed. Let

np=mn; =2, h=k=1, M = 40000, N =5000, M, = 4480, Ny =80,

a=min{2 - 7,2 -7,-3}, ap=n-2, bi,=n-1, Cin=n-05, di,=n-3,
(-D"m+1 o eant+1 g . g
Pin="ms100 © P T8 eanivy PUTETy om0 BT h
min’n = (-1)" n® = (-1)"n* +1 u—nov
I me s s T+ 2 fi(n,u,v) = Bt
nu® - vsinn M(n+1) Moy(My +1)
2(1’1, u,U) =T 2 . Tn = 7 m= ",
! win’n + 1 " om+N? " n2ln*n + 1
n® +3M* + n* + 3nM? DM +1
1n = : N2 thz%, V(n,ulv)eNnoxRZ.
(+ N¥) <n21n2n+ 1>

(3.35)

It is easy to see that (2.1), (2.2) withi = 1, (2.24), (2.86)—(2.88), (2.91), and (2.93) hold. Thus,

Theorem 2.15 implies that System (3.34) possesses uncountably many bounded positive
solutions in A(N, M, Ny, My).

Example 3.15. Consider the nonlinear difference system with multiple delays:

—20m +1 nx> . A/m+3n2vVn-1+1
Al xp+ ————xpp, ) + =

Xy
3442 5 4
4n+9 n+y, n’ +3n*+1

A + 67’[2 +1 + Xn-2Yn-4 _ n4+5n2—7 n>2
Yt v n+37" ™ ) T it cos(2+ 1) mb+am+1 o7

7

(3.36)
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where 71,7, € N are fixed. Let

Tl0=2, n1:10, h=k=1, MZZNO, N=N0>O, M0=30N0,

a=min{2-7,2-1,-2}, aw=n-1, bu=n-2, c,=n-2, di,=n-4,
-20n+1 6n+1
Pin= s - P2 isn s 1=4%  p=5  P=3 P =2
VP 3nVn—1+1 A e R S L
" n® +3n* +1 ’ qzn_n6+4n3+l’ R R R ¥
uo nM? M?
fz(n,u,v)—m, rln_—n3+N7—' Ton = — T
nM?(3n® + 5M? oM
1n = ( 5 ), t2n = —02’ V(n,u,v) c Nno x RZ‘
(n® + N?) (n? - 1)
(3.37)

Clearly (2.1), (2.2) withi =1, (2.24), (2.86)-(2.88), (2.94), and (2.95) hold. Thus, Theorem 2.16
implies that System (3.36) possesses uncountably many bounded positive solutions in
A(N, M, Ny, My).
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