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Some inequalities of the Slater type for convex functions defined on general linear spaces are given.
Applications for norm inequalities and f-divergence measures are also provided.

1. Introduction

Suppose that I is an interval of real numbers with interior I, and f : I — R is a convex
function on I. Then f is continuous on I and has finite left and right derivatives at each point
of I. Moreover, if x,y € I and x < y, then f'(x) < fi(x) < f'(y) < fi(y) which shows that

both f’ and f/ are nondecreasing functions on I. It is also known that a convex function must
be differentiable except for at most countably many points.

For a convex function f : I — R, the subdifferential of f denoted by 0f is the set of all
functions ¢ : I — [-o0, 00] such that ¢(I) C R and

f(x) > f(a) + (x—a)p(a), forany x,acl. (1.1)
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It is also well known that if f is convex on I, then 0f is nonempty, f’, f, € 0f and if
@ € 0f, then

F(x) < p(x) < fi(x), forany x €L (1.2)

In particular, ¢ is a nondecreasing function.

If f is differentiable and convex on i, thenof = {f'}.
The following result is well known in the literature as the Slater inequality.

Theorem 1.1 (Slater, 1981, [1]). If f : I — R is a nonincreasing (nondecreasing) convex function,
xi €I, pi>0withP,:= 3" pi>0and 3", pip(x;) #0, where ¢ € Of, then

1 & ity pixip(xi)
—N'pif() < f EE=20), 13
Pngp f ) <f< S pip(x;) > (13)

As pointed out in [2] (see also [3, p. 64] and [4, p. 208]), the monotonicity assumption
for the derivative ¢ can be replaced with the condition

ity pixip(xi)

I, 14
it pitp(xi) © 14

which is more general and can hold for suitable points in I and for not necessarily monotonic
functions.

For recent works on Slater’s inequality, see [5-7].

The main aim of the present paper is to extend Slater’s inequality for convex functions
defined on general linear spaces. A reverse of the Slater’s inequality is also obtained. Natural
applications for norm inequalities and f-divergence measures are provided as well.

2. Slater’s Inequality for Functions Defined on Linear Spaces

Assume that f : X — R s a convex function on the real linear space X. Since for any vectors
x,y € X the functiong, R — R, g, (t) := f(x+ty) is conve, it follows that the following
limits exist

Voo f)(y) = lim L) FE)

t—0+(-) t

(2.1)

and they are called the right (left) Gateaux derivatives of the function f in the point x over the
direction y.
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It is obvious that for any ¢ > 0 > s we have

f(x+ty) - f(x) f(X+ty)—f(x)]
t t

>V, f(x)(y) = ig;of[

(2.2)
. Sug)[f(ﬂsys) —f(x)] V) 2 f(x+szi) —f)
for any x, y € X and, in particular,
V_fu)u-0) 2 f(u) - f(0) > V. f(0) (u~0), (23)

for any u,v € X. We call this the gradient inequality for the convex function f. It will be used
frequently in the sequel in order to obtain various results related to Slater’s inequality.
The following properties are also of importance:

Vif(x)(-y) =-V-f(x)(y), (2.4)
Vi f(x)(ay) = aVa f(x) (), (2.5)

forany x,y € X and a > 0.
The right Gateaux derivative is subadditive while the left one is superadditive, that is,

Vif(X)(y+2) SV f(X)(y) + Ve f(0)(2),

(2.6)
Vof(x)(y+z) 2 V_f(x)(y) + V_f(x)(2),

for any x,y,z € X.

Some natural examples can be provided by the use of normed spaces.

Assume that (X, || - ||) is a real normed linear space. The function f : X — R, f(x) :=
(1/2)]x|I* is a convex function which generates the superior and the inferior semi-inner products

[l + ty || - l|x]”?

L= i . 2.7
R T @7)

For a comprehensive study of the properties of these mappings in the Geometry of Banach
Spaces, see the monograph [8].
For the convex function f, : X — R, f,(x) := ||x||” with p > 1, we have

plIxlP?(y, %)y if x#0,

Vi for(x)(y) = { , (2.8)
0 if x=0,

forany y € X.
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If p = 1, then we have

Il (y, x),  ifx#0,
+Ollyl - ifx=0,

(2.9)

V.o fix)(y) = {

for any y € X.
For a given convex function f : X — R and a given n-tuple of vectors x = (x1,...,x,) €
X", we consider the sets

Sla,)(f,x) ={veX | Vi f(xi)(v-x;)>0Vie(l,...,n}},

. (2.10)
Sla,) (f,x,p) = {v eX| D piVir flxi)(v—x;) > 0},

i=1

where p = (p1,...,pn) € P" is a given probability distribution, thatis, p; >0 fori € {1,...,n}
and Y1, pi = 1.
The following properties of these sets hold.

Lemma 2.1. For a given convex function f : X — R, a given n-tuple of vectors x = (x1,...,%x,) €
X", and a given probability distribution p = (p1,...,pa) € P", one has

(i) Sla_(f,x) C Sla.(f,x) and Sla_(f,x,p) C Sla.(f,x, p);
(ii) Sla_(f,x) C Sla_(f, x, p) and Sla.(f,x) C Sla,(f,x,p) forallp = (p1,...,pn) € P*;
(iii) the sets Sla_(f,x) and Sla_(f,x, p) are convex.

Proof. The properties (i) and (ii) follow from the definition and the fact that V. f(x)(y) >

V_f(x)(y) for any x, y.

(iii) Let us only prove that Sla_(f, x) is convex.

If we assume that y1,1> € Sla_(f,x) and a,p € [0,1] with a + f = 1, then by the
superadditivity and positive homogeneity of the Gateaux derivative V_f(-)(-) in the second
variable we have

V_f(xi) (ayr + Bya = xi) = V_f(xi) [a(y1 = xi) + P(y2 - x1)]

(2.11)
>aV_f(xi)(y1 = xi) + PV-_f(xi) (2 = x:) 20,
foralli e {1,...,n}, which shows that ay; + fy, € Sla_(f,x)
The proof for the convexity of Sla_(f, x, p) is similar and the details are omitted. [

For the convex function f, : X — R, f,(x) := ||x||” with p > 1, defined on the normed
linear space (X, || - ||) and for the n-tuple of vectors x = (x1,...,x,) € X"\ {(0,...,0)} we have,
by the well-known property of the semi-inner products,

(y + cxx,x}s(i) = <y,x>s(i) +alx||?, forany x,y€X, a €R, (2.12)
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that

Sla. ) ([l %) = Sla, (|-, %) = {v eX | (v,x7), > x| Vi € (1, ..,n}} (2.13)

s(i

which, as can be seen, does not depend on p. We observe, by the continuity of the semi-inner
products in the first variable, that Sla, (|| - ||, x) is closed in (X, || - ||). Also, we should remark
that if v € Sla,()(|| - ||, x), then for any y > 1 we also have that yv € Sla,(|| - ||,x).

The larger classes, which are dependent on the probability distribution p € P", are
described by

Slay ) (P, x, p) = {v e X | 2pillxill’ (v x), 2 ZPJ'ijHP}- (214)
j=1

j=1

If the normed space is smooth, that is, the norm is Gateaux differentiable in any nonzero
point, then the superior and inferior semi-inner products coincide with the Lumer-Giles semi-
inner product [, -] that generates the norm and is linear in the first variable (see for instance
[8])- In this situation,

Sta(l,x) = {v e X | [o,xj] > || ¥j e {1,...,n}},

(2.15)

=1

Sla([I-II", x, p) = {U eX| Xpilll" o] 2 ZP;‘”xf”p}-
=1
If (X, (-,-)) is an inner product space, then Sla(|| - ||?, x, p) can be described by

Sla(||.||P’x,p) = {U eX | <U’ij||xj||p_2xj> > Zp]”x]llp}’ (216)
j=1

j=1

and if the family {x; }].=1 _, is orthogonal, then obviously, by the Pythagoras theorem, we have

that the sum 37, x; belongs to Sla(|| - ||, x) and therefore to Sla(|| - ||, x, p) for any p > 1 and
any probability distribution p = (p1,...,ps) € P™.

We can state now the following results that provide a generalization of Slater’s
inequality as well as a counterpart for it.

Theorem 2.2. Let f : X — R be a convex function on the real linear space X, x = (x1,...,x,) €
X" an n-tuple of vectors, and p = (p1,...,pn) € P" a probability distribution. Then for any v €
Sla.(f,x,p), one has the inequalities

V_f(0)(©) = Y piV-f(0)(xi) > f(v) = D pif (x:) 2 0. (217)
i=1 i=1
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Proof. If we write the gradient inequality for v € Sla.(f,x, p) and x;, then we have that
V_f(v)(0-xi) 2 f(v) = f(xi) 2 V. f(xi:) (0 - x3), (2.18)

foranyie€ {1,...,n}.
By multiplying (2.18) with p; > 0 and summing over i from 1 to n, we get

DpiV-f(0)(0-x) 2 f(0) = Yipif (i) 2 D piVaf(x0) (0 - x0). (2.19)
i=1 i=1 i=1

Now, since v € Sla.(f,x, p), then the right hand side of (2.19) is nonnegative, which proves
the second inequality in (2.17).

By the superadditivity of the Gateaux derivative V_f(:)(-) in the second variable, we
have

V_f(0)(0) - V_f(0) (xi) 2 V_f () (0 - x1), (2.20)

which, by multiplying with p; > 0 and summing over i from 1 to n, produces the inequality

V_f(©)(©) - X piV-f(©0)(x:) 2 Y piV-f(0) (0 - x1). (221)
i=1 i=1
Utilising (2.19) and (2.21), we deduce the desired result (2.17). O

Remark 2.3. The above result has the following form for normed linear spaces. Let (X, ||-||) be a
normed linear space, x = (x1, ..., x,) € X" an n-tuple of vectors from X, and p = (p1,...,pn) €
IP" a probability distribution. Then for any vector v € X with the property

ZP/ E G ZP/ 50, P21, (2.22)
we have the inequalities
’ [””“” - Sl o), | 2 el - Splll 2o 223)
j=t j=1

Rearranging the first inequality in (2.23), we also have that

(p-DllollP + ZP} |x1||p 2 PZP} |x1||p 2(”/ x]> (2.24)
j=1 j=1
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If the space is smooth, then the condition (2.22) becomes

Spillxill o x] = Spillxll” p>1, (2.25)
j=1 j=1
implying the inequality
p [HUHP = Spillxl e, xf]] > [[ol” = Xpillxll” > 0. (2.26)
j=1 j=1

Notice also that the first inequality in (2.26) is equivalent with

(P =Dl + X pillxill” = p X2pillxi 7 [0 %] <2 p2pillxl’ > 0)- (2.27)

j=1 j=1 =1

Corollary 2.4. Let f : X — R be a convex function on the real linear space X, x = (x1,...,x,) € X"
an n-tuple of vectors, and p = (p1, ..., pn) € P" a probability distribution. If

SpiV. f(x)(xi) 2 ()0, (2.28)
i=1

and there exists a vector s € X with
iV f(x)(s) 2 (91, (229)
i1

then
V-f <§Pjv+f(xj)(x]')5> <§P1V+f(xj)(x]')5> - éPiV—f <§P1V+f(x]‘)(x]')5> (xi)

2 f <§]PiV+f (%)) (xj)S> - an]pif (xi) 2 0.

j=1
(2.30)

Proof. Assume that > piVif(xi)(x;)) > 0 and >, piVif(x:)(s) > 1 and define v :=
Z?:l p;jV+f(xj)(xj)s. We claim that v € Sla, (f,x, p).
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By the subadditivity and positive homogeneity of the mapping V. f(:)(-) in the second
variable, we have

S piVefx)(o-x) 2 D> piVif(x)(©) = DpiVef(xi)(x:)
i1 i1 i1

M=

]
—_

piVf(xi) <ijv+f(xj)(xj)5> = D iV f(x) (xi)
j= i=1
" (2.31)
= SV f (%)) () Dpi Ve f(xi)(8) = iV f (x:) (x1)
j:l i=1 i=1
=SV () () [zpiv+f<xi><s> _ 1] 50,
j=1 i=1

as claimed. Applying Theorem 2.2 for this v, we get the desired result.
If 30, piVif(xi)(xi) <0and 37, piV_f(x;)(s) <1, then for

w = Y piVaf(x;)(x))s, (2.32)
i1
we also have that

SpiVef(xi)(w-x) > YpiVf(xi) <Zp]-v+f (x7) (xj)5> - 2PV f(xi) (%)
i=1 i=1 j=1 i=1

M=

piVif(xi) < (‘ipjvﬁc(xj) (xj)> (—S)> - ipimf(xi)(xi)
j= i=1

1]
-

= <— PjV+f(xj)(xj)>ZPiV+f(xi)(—S) = > iV f(x)(xi)
=1 i=1 i=1

j

- <_Zn:PjV+f(xj) (xj)> <1 + gpiv+f(xi)(—5)>

j=1
= <—ZPfV+f (xz')(x]')> <1 -2pV-f (xi)(s)> 20,
j=1 i=1
(2.33)
where, for the last equality, we have used the property (2.4). Therefore, w € Sla.(f, x, p) and

by Theorem 2.2 we get the desired result. O

It is natural to consider the case of normed spaces.
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Remark 2.5. Let (X, | - ||) be a normed linear space, x = (x1,...,x,) € X" an n-tuple of vectors
from X, and p = (p1,...,pn) € P" a probability distribution. Then for any vector s € X with
the property that

n
P> pillxillP (s, xi), > 1, (2.34)

i=1

we have the inequalities

p-1
pPls|lP! <ZPf||Xf||p> <P||5||lej”xj”p - Zp7<xj's>i>
= = =

14
> pP|Is|l” <ZP;|IX7|I”> = > pillxillP >o.
i =1

(2.35)

The case of smooth spaces can be easily derived from the above; however, the details
are left to the interested reader.

3. The Case of Finite Dimensional Linear Spaces

Consider now the finite dimensional linear space X = R™ and assume that C is an open
convex subset of R™. Assume also that the function f : C — R is differentiable and convex
on C. Obviously, if x = (x!,...,x™) € C, then for any v = (y},...,y™) € R™ we have

Vi) = 3L E ) 61)

k=1

For the convex function f : C — R and a given n-tuple of vectors x = (xy,...,x,) € C" with
X; = (x},...,x{”) withi € {1,...,n}, we consider the sets

Sla(f,x,C) — {U€C|Zaf(xl, - X ) -Uk

l

m o .1,..., "
2 'f(:xl—k-xl).xlkviE{ll"'/n}}’
p ox;
(3.2)
m a 7 4 m
Sla(f,x,p,C) —{U€C|ZZ M.Uk
i=1 k=1 axi

L of (xf,...,x)
222 E

where p = (p1,...,pn) € P" is a given probability distribution.
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As in the previous section the sets, Sla(f, x, C) and Sla(f, x, p, C) are convex and closed
subsets of clo(C), the closure of C. Also {x,...,x,} C Sla(f,x,C) C Sla(f,x,p,C) for any
P = (p1,...,pn) € P"is a probability distribution.

Proposition 3.1. Let f : C — R be a convex function on the open convex set C in the finite
dimensional linear space R™, (x1,...,x,) € C" an n-tuple of vectors and (p1,...,pn) € P" a
probability distribution. Then for any v = (o,...,0™) € Sla( f,x,p,C), one has the inequalities

mof(vl,...,o") & of(xf,..x")
é oxk v _izzlép dxk v
(3.3)

The unidimensional case, that is, m = 1 is of interest for applications. We will state this
case with the general assumption that f : I — R is a convex function on an open interval I.
For a given n-tuple of vectors x = (xy,...,x,) € I", we have

Sla, ) (fx 1) = {v € I| fl () - (0-2x:) 20 Vi€ (1,...,m}},
" (3.4)
Sla.)(f,x,p,1I) = {v el Zpiﬂ,(_)(xi) (v—x;) 2 0}/
i=1

where (p1,...,pn) € P" is a probability distribution. These sets inherit the general properties
pointed out in Lemma 2.1. Moreover, if we make the assumption that X\, p; f1(x;) #0, then
for 311, pifi(xi) > 0 we have

it pifi(xi)xi
Sla, (f,x,p,I) = I' o> —/]———"—1, .
(xpd) = {vellvz BT &
while for 3.7, pi f1 (x;) <0 we have
it pifi(xi)xi
Sla, (f,x,p,I) = INo< —/———1. .
n(xph) -{oellos SHERER e

Also, if we assume that f7(x;) > 0foralli e {1,...,n} and >, pif.(x;) > 0, then

- iz Pifi (X)X

= ; 3.7
O S i) 3.7

due to the fact that x; € I and I is a convex set.
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Proposition 3.2. Let f : I — R be a convex function on an open interval I. For a given n-tuple of
vectors X = (x1,...,%X,) € I" and (p1,...,pn) € P" a probability distribution, one has

fL() <v - Zpixl) > f(v) = Y pif (xi) 20, (3.8)
i=1 i=1

forany v € Sla.(f,x, p,I).
In particular, if one assumes that 3, pi f+ (x;) # 0 and

it pifi(xi)xi

L 3.9
ShLpfi) (3.9)
then
/ i= 1plf+(xl)x1 Zl 1P,f+(x,)xl noo
f_< i:l P1f+ (xi) > [ > P1f+ (x1) EPIXI]
(3.10)
it pifi(xi)xi n
~n ey ) i f (xi) > 0.
=/ ( S pifi(x) ) 213” fla 2
Moreover, if f.(x;) >0 foralli€ {1,...,n} and 3%, pifi(x:) > 0, then (3.10) holds true as
well.

Remark 3.3. We remark that the first inequality in (3.10) provides a reverse inequality for the classical
result due to Slater.

4. Some Applications for f-Divergences

Given a convex function f : [0,00) — R, the f-divergence functional

14(p,q) -Zqz ( ql) (4.1)

where p = (p1,...,Pn), 9 = (q1,...,qn) are positive sequences, was introduced by Csiszdr in
[9], as a generalized measure of information, a “distance function” on the set of probability
distributions P". As in [9], we interpret undefined expressions by

fo =tmso,  of(g) =0,

(4.2)
Of<g) —qan(}Jrqf( ) Hmfi) a>0.
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The following results were essentially given by Csiszar and Korner [10]:

(i) if f is convex, then I¢(p, q) is jointly convex in p and q;
(ii) for every p,q € RY, we have

Zn
If(p,q) > Zq, <ZI jZ j) (4.3)
]=

If f is strictly convex, equality holds in (4.3) if and only if

pr_P2_  _Pn (4.4)
0 q2 dn

If f is normalized, that is, f(1) = 0, then for every p,q € R" with >, pi = >4 gi, we
have the inequality

If(p,q) 2 0. (4.5)

In particular, if p, q € P", then (4.5) holds. This is the well-known positivity property
of the f-divergence.

It is obvious that the above definition of I¢(p,q) can be extended to any function
f 1 [0,00) — R; however, the positivity condition will not generally hold for normalized
functions and p, q € R? with 3L pi = it Gi-

For a normalized convex function f : [0,00) — R and two probability distributions
p,q € P", we define the set

Sla. (f,p,q) = {v €[0,%) | Equf(g) (v-2)> 0}. (46)

Now, observe that
n pi pi
Sari(2) - (o-2) 20 (47)
im1 qi i

is equivalent with

‘UZ%L (pl> Suf. (p l > 4.8)

qgi i=1
If 7, qifi(pi/qi) >0, then (4.8) is equivalent with

o Ziapifi(pi/q)

, 49
Shaifi(pi/ai) (9
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therefore in this case

[0, o) if > pifi(pi/ai) <0,
Sla, (f.p,q) = ) , i=1 (4.10)
(fp.9) [MOQ if ipiﬂr(pi/qi) >0.
S aif(pi/ ai) P
If 37" qifi(pi/qi) <0, then (4.8) is equivalent with
o< 2o PSP/ ) (411)
S aifi(pi/ai)
therefore
B RO
Sla..(f,p,q) = A plm) LA (4.12)

0 if ZpJL(%) > 0.
i=1 i

Utilising the extended f-divergences notation, we can state the following result.

Theorem 4.1. Let f : [0,00) — R be a normalized convex function and p,q € P" two probability
distributions. If v € Sla.(f, p,q), then one has

fL(@)(@-1) > f(0) ~ Iy(p,q) 2 0. (413)
In particular, if one assumes that I (p,q) #0 and

It o (p,q)

Lhp [0, o), (4.14)

then

I 000 (P, I 000 (P, I1 00 (ps
fi< £00 P q)>[ 7100 (P 9 _1] 2f< £00P q)> e 20.

Iy (p,q) Iy (p,q) Iy (p,q) (4.15)

Moreover, if f,(pi/q;) >0 foralli€ {1,...,n}and Ir (p,q) > 0, then (4.15) holds true as well.

The proof follows immediately from Proposition 3.2 and the details are omitted.
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The K. Pearson y2-divergence is obtained for the convex function f(t) = (1 - 1% teR
and given by

2

n . 2 n - .2 n -
X’(p,q) :=Zq;<%—1> =Z;M=Zp—f—1. (4.16)
<

j=1 ] q] j=1 qi

The Kullback-Leibler divergence can be obtained for the convex function f : (0,0) — R,
f(t) =tInt and is defined by

KL(p,q) := iq]‘ - %ln<%> = ipj 1n<ﬂ>. (4.17)
j=1

j j j=1 g

If we consider the convex function f : (0,0) — R, f(t) = —Int, then we observe that

I;(p,q) = Z}qf(Z—) : —gjqi n(2) -3 1n(}";> “Kl(qp).  (418)

qi i1

For the function f(t) = —Int, we will obviously have that

Sla(-1In,p,q) = {v € [0,00) | —ng(%)_l . (v— &> > O}

n 2
= {UE[O,oo)|vZ%—1§0} (4.19)
i=1 Pt

1
=10, ————
[ X2(q,p) +1

Utilising the first part of Theorem 4.1, we can state the following.

Proposition 4.2. Let p,q € P" be two probability distributions. If v € [0,(1/(x*(q,p) + 1))], then
one has

=% ino) - KL(q,p) 20 (4.20)

In particular, for v =1/(x*(q,p) + 1), one gets

*(@p) > In[x*(q,p) + 1] - KL(q,p) > 0. (4.21)
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If we consider now the function f : (0,00) — R, f(t) = tInt, then f'(f) =Int + 1 and

Sh“ﬂN%P4%={Uemmw|§¥(m<%>+0~<v—ﬁ)20}

i qi

= {v € [0, 0) | ’qui<ln<%> +1> _gpi, <1n<%> +1) 5 0} (4.22)

={v€[0,00) |v(1-KL(q,p)) >21+KL(p,q)}.

We observe that if p, q € P" are two probability distributions such that 0 < KL(q, p) < 1, then

Sla((-) In("),p,q) =

1+KL(p.9) ) (4.23)

1-KL(q,p)’

If KL(q,p) > 1, then Sla((-) In(-), p, q) = 0.
By the use of Theorem 4.1, we can state now the following.

Proposition 4.3. Let p,q € P" be two probability distributions such that 0 < KL(q,p) < 1. If
ve [(1+KL(p,q))/(1-KL(q,p)), o), then one has

(Inv+1)(v-1) >2vin(v) - KL(p,q) > 0. (4.24)

In particular, for v = (1 + KL(p,q))/(1 - KL(q, p)), one gets

(in

1+KL(p,q)]+1><1+KL(p,q) _1>

1-KL(q,p) 1-KL(q,p)
(4.25)
1+KL(p,q) [1 +KL(p, q)
> In —KL(p,q) > 0.
[—Ki(qp) "|T-Ki(qp)] P9

Similar results can be obtained for other divergence measures of interest such as the
Jeffreys divergence and Hellinger discrimination. However, the details are left to the interested
reader.

Acknowledgment

The author would like to thank the anonymous referees for their valuable comments that
have been implemented in the final version of the paper.

References

[1] M. S. Slater, “A companion inequality to Jensen'’s inequality,” Journal of Approximation Theory, vol. 32,
no. 2, pp. 160-166, 1981.

[2] J. E. Pecari¢, “A multidimensional generalization of Slater’s inequality,” Journal of Approximation
Theory, vol. 44, no. 3, pp. 292-294, 1985.



16 Abstract and Applied Analysis

[3] J. E. Pecari¢, F. Proschan, and Y. L. Tong, Convex Functions, Partial Orderings, and Statistical Applications,
vol. 187 of Mathematics in Science and Engineering, Academic Press, New York, NY, USA, 1992.

[4] S.S. Dragomir, Discrete Inequalities of the Cauchy-Bunyakovsky-Schwarz Type, Nova Science Publishers,
Hauppauge, NY, USA, 2004.

[5] M. A. Khan and J. E. Petari¢, “Improvement and reversion of Slater’s inequality and related results,”
Journal of Inequalities and Applications, vol. 2010, Article ID 646034, 14 pages, 2010.

[6] S. S. Dragomir, “Some Slater’s type inequalities for convex functions defined on linear spaces and
applications,” RGMIA Research Report Collection, vol. 12, article 8, 2009.

[7] M. Mati¢ and ]. Pecari¢, “Some companion inequalities to Jensen’s inequality,” Mathematical
Inequalities & Applications, vol. 3, no. 3, pp. 355-368, 2000.

[8] S.S. Dragomir, Semi-Inner Products and Applications, Nova Science Publishers, Hauppauge, NY, USA,
2004.

[9] 1. Csiszédr, “Information-type measures of difference of probability distributions and indirect
observations,” Studia Scientiarum Mathematicarum Hungarica, vol. 2, pp. 299-318, 1967.

[10] 1. Csiszar and J. Korner, Information Theory: Coding Theorems for Discrete Memoryless Systems,

Probability and Mathematical Statistics, Academic Press, New York, NY, USA, 1981.



