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We characterize the conditions under which approximately multiplicative functionals are near
multiplicative functionals on weighted Hardy spaces.

1. Introduction

Let «# be a commutative Banach algebra and o the set of all its characters, that is, the nonzero
multiplicative linear functionals on . If ¢ is a linear functional on &/, then define

¢(a,b) = p(ab) - p(a)p(b) (1.1)

for all a, b € 4. We say that ¢ is 6-multiplicative if ||| < 6.
For each ¢ € o#* define

d(p) =inf{lo- gl : ¢ € FU(0}}. (12)

We say that <4 is an algebra in which approximately multiplicative functionals are near mul-
tiplicative functionals or «# is AMNM for short if, for each € > 0, there is 6 > 0 such that
d(¢p) < € whenever ¢ is a 6-multiplicative linear functional.

We deal with an algebra in which every approximately multiplicative functional is
near a multiplicative functional (AMNM algebra). The question whether an almost multi-
plicative map is close to a multiplicative, constitutes an interesting problem. Johnson has
shown that various Banach algebras are AMNM and some of them fail to be AMNM [1-3].
Also, this property is still unknown for some Banach algebras such as H*, Douglas algebras,
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and R(K) where K is a compact subset of C. Here, we want to investigate conditions under
which a weighted Hardy space is to be AMNM. For some sources on these topics one can
refer to [1-8].

Let {f(n)},-, be a sequence of positive numbers with f(0) = 1and 1 < p < co. We
consider the space of sequences f = { f (n)};2, such that

LA = 1 = 2| Fom| B2y < o (1.9
n=0

The notation f(z) = >, f (n)z" will be used whether or not the series converges for any
value of z. These are called formal power series or weighted Hardy spaces. Let H?(j3) denote
the space of all such formal power series. These are reflexive Banach spaces with norm || - ||s.

Also, the dual of H?(B) is H1(/9), where 1/p +1/q = 1 and pr/9 = {ﬁ(n)’”/q};'fzo (see [9]).
Let fk(n) = 6x(n). So fr(z) = z¥, and then { f } 72, is a basis such that || f¢|| = f(k) for all k. For
some sources one can see [9-21].

2. Main Results

In this section we investigate the AMNM property of the spaces of formal power series. For
the proof of our main theorem we need the following lemma.

Lemma2.1. Let1<p<ooand1/p+1/q=1.Then, H?(B)* = HI(B™"), where ' = {(n) } .
Proof. Define L : H1(pP/9) — HI(p') by L(f) = F, where
f@) =X fmz",
" 2.1)

F(z) = Y f(n)p’ (n)z".
n=0

Then,

o pri(n)
nm%M—QWMKm£>

(2.2)

I QINAD)
n=0
= ”f”ZIP(pP/q)'

Thus, L is an isometry. It is also surjective because, if

H@:iﬁmfeH%ﬁw (2.3)

n=0



Abstract and Applied Analysis 3

then L(f) = F, where

IEED) < e > 2" 4

n=0

Hence, H9(pP/7) and H9($!) are norm isomorphic. Since H?(8)* = H4(pP/9), the proof is
complete. m

In the proof of the following theorem, our technique is similar to B. E. Johnson’s tech-
nique in [2].

Theorem 2.2. Let liminf f(n) > 1 and 1 < p < co. Then, H?(B) with multiplication

<§] f(n)z"> <§: g(n)z"> = i f(n)g(n)z" (2.5)
n=0 n=0 n=0

is a commutative Banach algebra that is AMNM.

Proof. First note that clearly H”(f) is a commutative Banach algebra. To prove that it is
AMNM, let 0 < ¢ < 1 and put 6 = £2/16. Suppose that ¢ € HI(f!) and ||| < 6, where
1/p +1/q = 1. It is sufficient to show that d(p) < €. Since d(¢) < |||, if |||| < &, then
d(p) < |l¢ll. So suppose that ||¢|| > €. For each subset E of No(= NU {0}), let

1/q
ny(E) = <Z|¢(]’)Iqﬂ‘q(1’)> , (2.6)

j€E
where

p(z) = %@(i)zf- (2.7)
<

For any subsets E; and E; of Ny we have that

my(E1UE) = 3 [9(7)|"F(7)

jEE1UE,
< eI (G + 21D ()
jEEy jEE> (2-8)

= n(Ex) + ) (E2)

< (Tllp(El) + TL(P(E2))q.
Hence,

nq,(El UE) < Tl(p(El) + Tl(P(E2) (2.9)
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for all Eq, E; C Ny. Also if E; N E; = §, then, by considering f, ¢ with support, respectively, in
E; and E,, we get that fg = 0 and so

leDlle)] =10 )] <5llf sl (210
By taking supremum over all such f and g with norm one, we see that
n(p(El) . nlp(EZ) < 6 (211)

So either n(p(El) <e/4dor nq,(Ez) < ¢/4 whenever E; NE, = (.
For all E C Ny we have that

£ < |||l = np(No) < 1y (E) + 1y (No \ E). (2.12)
Thus, we get that
1y(No \ E) > & —n,(E). (2.13)

Since (N \ E) N E = @, as we saw earlier, it should be n,(E) < e/4 orn,(No \ E) <e/4
and equivalently it should be n,(E) < £/4 or n,(E) > 3¢/4 for all E C N.
Note that, if E1, E; C No with n,(E;) < e/4 fori=1,2, then

€
Tl(P(El UE;) < Tl(p(El) + n¢(E2) < 5 (2.14)
Thus, the relation n,(E; U Ez) > 3¢/4 is not true and so it should be

ny(E1 U Ey) < Z. (2.15)

Since [|¢|| > ¢, clearly there exists a positive integer ny such that n,(S;) > € for all j > ny,
where

Sj={ieNy:i<j) (2.16)

for all j € Np. Now, let n,({i}) < e/4 fori = 0,1,2,...,np. Since n,(Sy) < /4 and
ny,({1}) < €/4, n,(S1) < €/4. By continuing this manner we get that n,(S,,) < £/4, which
is a contradiction. Hence there exists mg € Sy, such that n,({mo}) > 3¢/4. On the other hand,
since (No \ {mo}) N {mo} =0, n,({mo}) < e/40rn,(No \ {mo}) < /4. But n,({mo}) > 3¢/4,
and so it should be n,(No \ {mo}) < e/4.
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Remember that f;(z) = 2/ for all j € No. Now we have that

|5 )| = |0 (f2) = 0 Fn) 0 (i)
= |0 (fm) = 9* ()

= |(P(fmt))||1_(P(fm[))| (217)
= |¢(fm0)||1 - @(fmo)l
< 6% (my).
Therefore,
2
[§(m0) B (mo) (B (mo) |1 - p(mo)|) < -, (2.18)
and so
2
np({mo}) (B (mo) |1 - §(mo)|) < To- (2.19)
But n,({mo}) > 3¢/4, and thus
B (mo) |1 = ¢(mo)| < % (2.20)
Define ¢s(z) = z™. Then ¢ € HP(f), and we have that
le—wll =| X ¢0mz"+ (§(mo) - 1)z"
n#m,
1/q
= < ; Itﬁ(n)lqﬁq(n)) + 7 (mo) |1 = p(mo) | (2.21)
=1y (No \ {mo}) + 7 (mo) |1 = p(mo)|
€
<1t e
Thus, indeed d(¢p) < ¢, and so the proof is complete. O
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