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In this work, we use the generalized Riccati transformation and the inequality technique to
establish some new oscillation criteria for the second-order nonlinear delay dynamic equation

(p(t) (x2 (i!))Y)A + q(t) f(x(r(t))) = 0, on a time scale T, where y is the quotient of odd positive
integers and p(t) and q(t) are positive right-dense continuous (rd-continuous) functions on T. Our
results improve and extend some results established by Sun et al. 2009. Also our results unify
the oscillation of the second-order nonlinear delay differential equation and the second-order
nonlinear delay difference equation. Finally, we give some examples to illustrate our main results.

1. Introduction

The theory of time scales was introduced by Hilger [1] in order to unify, extend, and
generalize ideas from discrete calculus, quantum calculus, and continuous calculus to
arbitrary time scale calculus. Many authors have expounded on various aspects of this new
theory, see [2—4]. A time scale T is a nonempty closed subset of the real numbers, If the
time scale equals the real numbers or integer numbers, it represents the classical theories of
the differential and difference equations. Many other interesting time scales exist and give
rise to many applications. The new theory of the so-called “dynamic equation” not only
unify the theories of differential equations and difference equations, but also extends these
classical cases to the so-called g-difference equations (when T = g = {g' : t € N for
g > 1} or T = g% = q* U {0}) which have important applications in quantum theory (see
[5]). Also it can be applied on different types of time scales like T = hZ,T = N, and the
space of the harmonic numbers T = T,,. In the last two decades, there has been increasing
interest in obtaining sufficient conditions for oscillation (nonoscillation) of the solutions of
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different classes of dynamic equations on time scales, see [6-9]. In this paper, we deal with
the oscillation behavior of all solutions of the second-order nonlinear delay dynamic equation

(pO(*®)) +qWf @) =0, teT, 2, (1)

subject to the hypotheses

(Hp) T is a time scale which is unbounded above, and ty € T with t; > 0. We define the
time scale interval [to, oo)p by [to, 00)r = [to, o0) N T.
(Hy) y is the quotient of odd positive integers.

(H3) p and g are positive rd-continuous functions on an arbitrary time scale T, and

> AW
f w 0 % 1-2)

(Hy) 7 : T — T is a strictly increasing and differentiable function such that 7(t) < ¢,
lim; ., 7 (t) = oo.

(Hs) f € C(R,R) is a continuous function such that for some positive constant L, it
satisfies f(x)/x? > L for all x #0.

By a solution of (1.1), we mean that a nontrivial real valued function x satisfies (1.1) for
t € T. A solution x of (1.1) is called oscillatory if it is neither eventually positive nor
eventually negative; otherwise, it is called nonoscillatory. (1.1) is said to be oscillatory if all
of its solutions are oscillatory. We concentrate our study to those solutions of (1.1) which are
not identically vanishing eventually.

It is easy to see that (1.1) can be transformed into a half linear dynamic equation

(rt) (xA(t)>Y>A )X (H) =0, tET, t>t, (1.3)
where f(x) = x7, 7(t) = t. If y = 1, then (1.1) is transformed into the equation
<p(t)xA(t)>A +q(t)f(x(r(H)) =0, teT, t>t. (1.4)
If p(t) = 1, then (1.4) has the form
XA (t) + gt f(x(T(t) =0, teT, t>t. (1.5)

If f(x) = x, then (1.5) becomes

X2 +qtx(T(t) =0, teT, t>t. (1.6)

Recently, Zhang et al. [10] have considered the nonlinear delay (1.1) and established some
sufficient conditions for oscillation of (1.1) when y > 1. Also Grace et al. [11] introduced
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some new sufficient conditions for oscillation of the half linear dynamic equation (1.3). In
2009, Sun et al. [12] extended and improved the results of [6, 13, 14] to (1.1) when y > 1, but
their results can not be applied for 0 < y < 1. In 2008, Hassan [15] considered the half linear
dynamic equation (1.3) and established some sufficient conditions for oscillation of (1.3). In
2007, Erbe et al. [13] considered the nonlinear delay dynamic equation (1.4) and obtained
some new oscillation criteria which improve the results of Sahiner [14]. In 2005, Agarwal
et al. [6] studied the linear delay dynamic equation (1.6), also Sahiner [14] considered the
nonlinear delay dynamic equation (1.5) and gave some sufficient conditions for oscillation
of (1.6) and (1.5). In this work, we give some new oscillation criteria of (1.1) by using the
generalized Riccati transformation and the inequality technique. Our results are general cases
for some results of [12, 15].

This paper is organized as follows. In Section 2, we present some preliminaries on time
scales. In Section 3, we give several lemmas. In Section 4, we establish some new sufficient
conditions for oscillation of (1.1). Finally, in Section 5, we present some examples to illustrate
our results.

2. Some Preliminaries on Time Scales

A time scale T is an arbitrary nonempty closed subset of the real numbers R. On any time
scale T, we define the forward and backward jump operators by

o(t) =inf{s e T,s > t}, p(t) =sup{s € T,s < t}. (2.1)

A point t € T, t >inf T is said to be left dense if p(t) = t, right dense if t < sup T and o(t) = ¢,
left scattered if p(t) < t, and right scattered if o(t) > t. The graininess function y for a time
scale T is defined by u(t) = o(t) - t.

A function f : T — R is called rd-continuous provided that it is continuous at right-
dense points of T, and its left-sided limits exist (finite) at left-dense points of T. The set of
rd-continuous functions is denoted by C,q(T, R). By C} 4(T,R), we mean the set of functions
whose delta derivative belongs to C;4(T, R).

For a function f : T — R (the range R of f may be actually replaced with any Banach
space), the delta derivative f2 is defined by

fla(®) - f(®)

fA = O (2.2)

provided that f is continuous at t, and ¢ is right scattered. If t is not right scattered, then the
derivative is defined by

s— 1 t—s st  t—s

provided that this limit exists.
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A function f : [a,b] — R is said to be differentiable if its derivative exists. The de-
rivative f2 and the shift f° of a function f are related by the equation

f7=flo®) = f(t) + ) f2 1) (2.4)

The derivative rules of the product fg and the quotient f/g (where gg°#0) of two
differentiable functions f and g are given by

(f-2)° (1) = A + FF(Dg () = F(g™(H) + fA (1) (1),

(%) * o= L 080~ f0g* 0 29
8 g(t)ge(t) '
An integration by parts formula reads
b R
I fhgt At = [f(Hg®)], - j FA(E) o (H) At (2.6)
or
b ) b
f fomgtAat=[f(gh)], - f FA(Hg(t) At (2.7)
and the infinite integral is defined by
[es) t
f f(s)As = lim J f(s)As. (2.8)
b t=e Jp
Note that in case T = R, we have
b b
c=p=t,  p=0, fw-so, | sos=| o, 29)
and in case T = Z, we have
oy=t+1, pM)=t-1, u)=1,  fA)=Af@) = ft+1) - f(1)
(2.10)

b b-1
if a<b, f fOAL=D f(b).
a t=a
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Throughout this paper, we use
d.(t) := max{0,d(t)}, d_(t) :=max{0,-d(t)},

at)y 0<y<1 (2.11)
ar(t) y>1,

where

"y R(t) '

= W, for t > tO- (212)

R(t) = p'/7 (8) f e

3. Several Lemmas

In this section, we present some lemmas that we need in the proofs of our results in Section 4.

Lemma 1 (Bohner and Peterson [3, Theorem 1.90]). If x(t) is delta differentiable and eventually
positive or negative, then

1
()" = YI [hx(o(t) + (1= h)x(H)] x4 () dh. (3.1)
0
Lemma 2 (Hardy et al. [16, Theorem 41]). If A and B are nonnegative real numbers, then
MABM1-A'<(A-1) BY, 1>1, (3.2)

where the equality holds if and only if A = B.

Lemma 3. If (H1)—(H3) and (1.2) hold and (1.1) has a positive solution x on [ty, oo)y, then

A\ A x(t)
<p(t) (x (t)) ) <0, x>0, ors>alt), for t€ [to,0) (3.3)
Proof. The proof is similar to the proof of Lemma 2.1 in [15] and, hence, is omitted. O

4, Main Results

Theorem 1. Assume that (H1)—(Hs), (1.2), Lemma 3 hold and T € Cid([to, o), T), T([to, 0) 1) =
[to, 00) . Furthermore, assume that there exists a positive A-differentiable function 6(t) such that

t

A y+1
lim sup [LaY(T(S))q(S)(SG(S) B p(1(s))((6%(s)),)

(y + 1) (B(r())6% (s)72 (5))

t— oo to

] As = oo (4.1)

Then every solution of (1.1) is oscillatory on [ty, oo)y.



6 International Journal of Differential Equations

Proof. Assume that (1.1) has a nonoscillatory solution on [tg, o). Then, without loss of
generality, we assume that x(t) > 0, x(7(t)) > 0 for all t € [t;,00)p, t1 € [tp, o0)p, and
there is T € [to, o0) such that x(t) satisfies the conclusion of Lemma 3 on [T, o). Consider
the generalized Riccati substitution

A Y
w(t) = 6(0)p() <x’ZTEQ)> . @2)

Using the delta derivative rules of the product and quotient of two functions, we have

L POEE®) (A O)
Wi =8Oy O Tawm)y
(4.3)

0 t 5"(t)<iﬂ(t)(xA(t))Y)A 87 (Op(t) (2 (1) ((x (1))
=50 T T RO GE®) Gre®))

using the fact f(x)/x" > L and x(t)/x°(t) > a(t), we have

54(t)

67Op® () (GO
o(t)

(x(7(1)) (x(r(a(£))))"

wh(t) <

w(t) - La’ ((t))6° (t)q(t) -

If 0 < y <1, then using the chain rule and the fact that x(¢) is strictly increasing on [T, o),
we obtain

1 _
((x(r@)))* = Y.[o [x(z(t) + hu(z ) (x(x))*] Ldh(x(r (1)

= YJ‘: [A=h)x(T(t) + hxo(T(t))]y_ldh(x(r(t)))A (4.5)

> y(x7(7(1) 7 (x(T (1) AT (H)
which implies

Y& (B)p(t) (x* (1) (x (x (1)) (x (T (1)) A2 (8)
(x(T(1)) (x(T(a(t))))"

Y& (1) (x(T(1))) S (T ()T (t)
5(t)x(7(t))

whih) < %w(ﬂ _ La"(r(1)5° (1)q(t) -

L 6%
- o)

w(t) - La¥ (z(£))6° (H)q(t) -

w(t),
(4.6)
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since (p(t) (x2(£)")* < 0, then by integrating from ¢ to 7(t), we get
P y Integ & &

(P(t))l/y At

(x(z(t))* > x 4.7)
((pr)”

52(t) y6° () (p(£)) T x2 (1) a(r () T2 (8)
At t) — La’ (7(£))8° (Hg(t) — t), 4.8
wh (1) £ S5y - Ll (7())5° (Dq() SO ) w(t), (48)

that is,
54 () Y& (Ha(T(t))T2(t)

A v\ _ o _ (y+1)/

W) < Ty w0 L OO0 - TSR d)

If y > 1, then using the chain rule and the fact that x(f) is strictly increasing on [T, o),
we obtain

(e(x®NN)® > (x(r (1) (x(T(£) T2 (). (4.10)
From (4.4), (4.7), and (4.10), we have

64(t)

sy < 88D I OGO L O
w0 S gy O - L") - T e @ @
By (4.9), (4.11), and the definition of (t), we have for y > 0
(6%1), o Y& (BT (E)TA(H)
wh(t) < 50 w(t) — La’ (7(t))6° (t)q(t) - S Opi(r(D) w*(t), (4.12)
where A = (y +1)/y. Defining A > 0 and B > 0 by
o B A-1)/A t))(ﬁA(t))
L YEOREOTEO P O an
S OP(rE) (®) A(y8o () (r(t)rs (1)) e
then using Lemma 2, we get
(B4®), 17O P ((8*®),)"" ild
50 7 Sope® O oy gaemewnoy
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From this last inequality and (4.12), we get

p(r(1) ((6°(H),)""
(y + DV (Br()6o(t)ra (1))

wh (t) < —La¥ (T(£))6°(t)q(t) + (4.15)

Integrating both sides from T to t, we get

f p(r(s) ((6*(),)"™"
La¥ o° - As <w(T) —w(t) <w(T),
I[ N = ey | =D
(4.16)
which contradicts the assumption (4.1). This contradiction completes the proof. O

Theorem 2. Assume that (Hy)—(Hs), (1.2), Lemma 3 hold and T € Cid([to, o)y, T), T([to, 00) 1)
[to, o0) . Furthermore, assume that there exist functions H,h € C,q(D,R) (where D = {(t,s) : t
s > to}) such that

2

H(t,t)=0, t>t, H(ts)>0, t>s>t, (4.17)

and H has a nonpositive continuous A-partial derivative with respect to the second variable H*s(t, s)
which satisfies

8%(t) _ h(t,s)

H*(o(t),5) + H(o (1), 0(5) 575" = = (H@®,0(6))"™, (418)
) 1 o(t)
lll;n_iljpm J‘to K(t,s)As = oo, (4.19)

where 6(t) is positive A-differentiable function and

p(r(s))(h_(t,5))T" |
(y + 1)V (B(r(5))69(5) 72 (5))"

K{(t,s) = H(o(t),0(s))La’ (1(s))q(s)6° (s) - (4.20)

Then every solution of (1.1) is oscillatory on [tg, oo)r.

Proof. Assume that (1.1) has a nonoscillatory solution on [tg, o). Then, without loss of
generality, we assume that x(t) > 0, x(7(t)) > 0 for all t € [t;,00)p, t1 € [tp, o0)p, and
there is T € [tp, 00)7 such that x(t) satisfies the conclusion of Lemma 3 on [T, o0);. Define
w(t) as in the proof of Theorem 1. Replacing (62 (t)), with 6* (t) in (4.12), we have

84(t)
5(t)

Y67 (HP(T(H) T4 (1)

o A
La? (7(1))8° (t)q(t) < —w" (t) + & (P (z(8))

w(t). (4.21)

w(t) -
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Multiplying (4.21) by H(o(t), o(s)), and integrating with respect to s from T to o(t), we get

o(t)
t H(o(t),0(s))La’(7(s))6° (s)q(s) As
T

o(t)
< - t H(o(t),0(s))w”(s)As
T

o 5 (4.22)
S
+ . H(o(t),o(s)) 5) w(s)As
o YEEBEENTEE) o ag.

~ ), W) T s

Integrating by parts and using (4.17) and (4.18), we obtain

o(t)
j t H(o(t),0(s))La’(1(s))6° (s)g(s)As < H(o(t), T)w(T)
T

r | ()

Ol h_(t,s) y6° (s)B(7(5))7% ()
N J [_S(H(o(t),o(s)))l“w(s)—H(a(t),o(s)) (o)1 ((3)) w'(s) | As.

(4.23)
Defining A > 0 and B > 0 by

Y67 (s)B(z ()74 (s)

) A-D/\(z(s))h_(t, 5)
)L(S)/ B/\ 1 _ P
S s)pi(r(s)

AJ\ = H t 7 N ’
(0(t),0(s)) A(y6°(s)(r ()72 () "*

(4.24)
then using Lemma 2, we get
h-(t,s) VA ooy _ Y67 ()p(z(s)T2(s)
5 (HO®,00) w(s) - Ho®,06) S o m =t
" (4.25)
< p(z(s))(h-(t,5))
T )" (Blr(e)Ee ()T (5)
therefore,
o(t)
H(o(t),0(s))La’(7(5))6% (s)q(s)As < H(o(t), T)w(T)
! (4.26)

As.

o® p(r(s)) (h-(t,8))"*"
+_[ (y+1) o A Y
T (y+ )7V (B(7(5))69(s)TA(s))
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By the definition of K(t, s), we get

o(f)
t K(t,s)As < H(o(t), T)w(T), (4.27)
T

and this implies that

o(t)
m ; K(t, S)AS < ZU(T), (428)

which contradicts the assumption (4.19). This contradiction completes the proof. O

Theorem 3. Assume that (H1)—(Hs), (1.2), Lemma 3 hold and T € Cid([to, o)y, T), T([to, 0) ) =
[to, o0) . Furthermore, assume that there exists a positive A-differentiable function 6(t) such that for
m>1

ot p(r()((6°(),)"™"
1 — - 4 6%(s) - -
msupg ), €79 [L“ (7(£)q()6° (s) 6 +1)7D (B(r(s))69 (5)72 (5))" feme

(4.29)

Then every solution of (1.1) is oscillatory on [ty, oo)y.

Proof. Assume that (1.1) has a nonoscillatory solution on [fp, o0). Then, without loss of
generality, we assume that x(t) > 0, x(7(t)) > O for all t € [t;,0), t1 € [to, o0)7, and there
is T € [ty, oo) such that x(t) satisfies the conclusion of Lemma 3 on [T, o0)y. Proceeding as in
the proof of Theorem 1, we get (4.15) from which we have

p(r (1) (6% (1),)"™"
(y + 1)V (Br ()69 (1) T2 (1))

La¥ (T())6° (t)q(t) — < -wh(t), (4.30)

therefore,

A y+1
t<t—s>’"(Law(s))(so(s)q(s)- Pr(E)((6%(s).) >AS_
ty

(r + 1) (B(r())6° ()72 (5))’ (431)

t
<—| (t=s)"w’(t)As.
t
The right hand side of the above inequality gives

t (t—s)"w?(s)As = (t - s)mw(s)ﬁl - J‘t ((t- s)m)Asw(o(s))As. (4.32)
tH t
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Since ((f - s)™)* < —m(t — o(s))™ " <0 for t > o(s), m > 1, then we have

p(1()) ((6°()),)""
(y + 1)V (B(r(5))6% (s)72(s))"

] As < (t - tl)m’(,U(tl),

(4.33)

t
t (t=s)" [LaY(T(S))q(S)5"(S) -

then,

5A y+1 _ m
t:}n (t—s) [LaY(T(S))Q(S)(sG(S)— PEEN(E).) ))Y] ASSC tl) w(t)

(r + D) (Br ()57 ()78 s f
(4.34)
which contradicts (4.29). This contradiction completes the proof. O
Theorem 4. Assume that [° At/p'/Y(t) = oo and
. LRY(7(t)) J‘
lim su s)As > 1, hold. 4.35
a1 @

Then every solution of (1.1) is oscillatory on [ty, oo)y.

Proof. Assume that (1.1) has a nonoscillatory solution on [ty, o). Then, without loss of
generality, we assume that x(t) > 0, x(7(t)) > O for all t € [t;,00)y, t1 € [tp, o0)p, and
there is T € [t, oo) such that x(t) satisfies the conclusion of Lemma 3 on [T, o0);. From (1.1),
we have

(p0(x*®)")" = a0 f (1) < ~Lat (). (4.36)

Integrating last equation from 7(t) to co, we obtain

f La(s)x7 (7())As < p(r(t) (x*(x(1)) = lim p(s) (x*(5))". (4.37)

T(t)

Since p(s)(x2(s))" decreasing and p(s)(x2(s))” > 0, then we have

2]

Lt y s y
P@®) ) Lg(s)x¥(7(s))As < <x (T(t))) ) (4.38)
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Since x(t) > R(t)x*(t), then x(7(t)) > R(z(t))x*(7(t)), and consequently

ee]

_L
p(T(t) )z

LR (r(1)) (*
D) ), TOF TR <),

4(s)x" (1(s)) As < (x(T(t)) >Y

R(z(t))

but

LR (z(t)) LR (z(t))
S0 t‘”ﬁxy“‘”)As< e

Since x(t) and 7(t) are strictly increasing, then we get that

LRY(7(t))

P ), OIS

therefore,

LRY(7(t))

pa®) ), RIS

This contradiction completes the proof.

5. Examples
In this section, we give some examples to illustrate our main results.

Example 1. Consider the second-order nonlinear delay dynamic equation

(tV (xA(t)>Y>A+me(T(t)) =0 for t€ [ty,o0)g, th >0,

where A is a positive constant,] and y is the quotient of odd positive integers.
Here,

pt)=t, gt = f(x)=x", L=1.

A
tar (z(t))’

q(S)xY(T(S))AS <x"(z(t).

(4.39)

(4.40)

(4.41)

(4.42)

(5.1)

(5.2)
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If 6(t) =1, then

r’i: f‘*’g:w

b (p))" Ju '
p(r(s))((6%(s)),)""

(y + 1) (B(r(5))69(s)75(s))"

t

=limsup | —As=oo.
t— oo to

t

lim sup [L(xY(T(s))q(s)6"(s) -

t— oo ty

As (5.3)

Therefore, by Theorem 1, every solution of (5.1) is oscillatory.

Example 2. Consider the second-order nonlinear delay dynamic equation

A -1
((0)) P Do e[ ) +1] =0 forteltowo)r, 20, G4)

where 1 is a positive constant, and 0 < y < 1 is the quotient of odd positive integers, that is,

a(t) = p(t).

Here,

Aol ()

pt)=1,  q(t) = NEIOK f(x) = xY(xZY + 1), L=1, 1= % (5.5)

It is clear that (1.2) holds.
Since R(7(t)) = p/7(7(t)) f:)(t) As/p'/Y(s) = T(t) — to, then we can find 0 < b < 1 such
that

Rr() 7(t) ~ fo
R(z(8)) + pu(r(t))  7(t) —to+o(r(t)) —7(f)
T(t) — ty br(t)

S o)~k oy ottt

a(z(t)) =
(5.6)

If 6(t) = t, then

limsup [ [LaY ((5))q(s)6%(s) -

t— oo fo

PN )™ |,
(r+ 1) (B(r ()67 (5)78(5)"

t I:bYTY(s)AGY‘l(s)o(s) 2267 (7(s)) ] As

> limsu
P O'Y(T(S))TY(S)SY (Y + 1)(Y+1)bYSYO'Y(S)

t— oo to
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> lim sup P (r(s)) - 2707(s) As
t—e Jig| STON(T(S))  (y 4 1)(Y+1)bYsY0Y(s)
2y t
=(bA- 2—1 lim sup lAs = o,
(y+1)"Vor ) oo Jiy S

(5.7)

if A > 22 /(b* (y + 1)7*Y). Then by Theorem 1, every solution of (5.4) is oscillatory if A >
27/ (7 (y + 1))

Example 3. Consider the second-order nonlinear delay dynamic equation

(1 (x0)") + ﬁ X(7(t)) =0 for t € [to, )y, 020, (58)

where A is a positive constant and y > 1 is the quotient of odd positive integers.
Here,

pO=07, 0= f@ex, L-L (59)

It is clear that [} At/p'/V(t) = I At/t0DY = oo, for y > 1, (i.e., (1.2) holds) and R(z(t)) >
T(t) -ty > kr(t) forO<k <1,and t >ty > 1.
Then,

LRY(z(t)) (*

Yoy ®
q(s)As > limsupk ) A
t t— o0

() Jp so(s)

li - 7
P )

® s A y
= Alim supk’7(t) (%) As = w >1,

(5.10)
t— o0 t

if A > t/kV7(t). Then by Theorem 4, every solution of (5.8) is oscillatory if A > t/kV7(t).

Remarks 1. (1) The recent results due to Hassan [15], Grace et al. [11] and Agarwal et al. [7]
cannot be applied to (5.1), (5.4), and (5.8) as they deal with ordinary equations without delay.
(2) If 0 < y < 1, the results of Sun et al. [12] cannot be applied to (5.1) and (5.4).
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