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We prove that some classes of summable sequences of positive real numbers satisfy several
selection principles related to a special kind of convergence.

1. Introduction

By N, R, and R we denote the set of natural numbers, real numbers, and the extended real
line RU {—o0, 00}, respectively.

Let S denote the set of sequences a = (a,) oy Of positive real numbers.

We begin with the following definitions of selection principles.

Let «# and B be nonempty subsets of S. Then the symbol S; (<4, B) denotes the selection
principle.

For each sequence (a, : n € N) of elements of <4 there is a sequence b = (b,),,cy € B
such that b,, € a,, for eachn € N.

The following infinitely long game Gi (¢4, B) is naturally associated to the previous
selection principle.

Two players, ONE and TWO, play a round for each positive integer. In the n-th
round ONE chooses a sequence a,, € &/, and TWO responds by choosing an element
b, € a,. TWO wins a play (a1, b1;...; an, by ...) it b = (by),en € B; otherwise, ONE
wins.

Another selection principle Sgn (4, B) is defined as follows.

For each sequence (a, : n € N) of elements of </ there is a sequence b € B such that
b N a, is finite for each n € N.

It is clear how the corresponding game Ggin (<4, B) is defined.



2 Abstract and Applied Analysis

A strategy of a player is a function o from the set of all finite sequences of moves of
the other player into the set of admissible moves of the strategy owner.

A strategy o for the player TWO is a coding strategy if TWO remembers only the most
recent move by ONE and by TWO before his next move. More precisely the moves of TWO
are by = o(ay,0); by, = o(an, by-1), n>2.

In this paper we introduce also the following game. Let i € N be a fixed (but arbitrary)
natural number. We define the game Ggw:i) (4, B) for two players, ONE and TWO, who play
around for each n € N. In the i-th round ONE plays a sequence a; = (@im) ey € o4, and TWO
responds by choosing a finite set F; = {ai,mi1 soes Qipmy }. In the n-th round, n#i, ONE plays a
sequence a, = (Anm)mey € 4, and TWO responds by choosing an element a, ,,, € a,. TWO
wins a play if the sequence b = (aim,, ..., Gi-1,m 1, Qi s - - s Vi, 5 Al s - - .) belongs to B;
otherwise, ONE wins.

For more information on selection principles and games see the survey papersin [1, 2]
and references therein.

In a number of papers by the authors published in the last few years it was
demonstrated that some subclasses o/ and B of S satisfy certain selection principles and
game theoretical statements (for < and B classes of divergent sequences related to celebrated
Karamata’s theory of regular variation [3-6] see [7-12], and for «# and B classes of sequences
converging to 0 see [13]). For other results concerning sequences and sequence spaces see
[14-16].

In this paper our selections are related to special kinds of convergence of series. More
precisely, we start by a sequence of summable sequences and during the selection process we
control not only the convergence of series, but also the nature of that convergence.

2. Results

We use the following notations for the classes of sequences we deal with:

Elz{aeS:Zan<oo},

n=1

gl,S = {a eS: Zan = S}/ for S € (0,00], (21)

n=1

oveh ={aee'S:Se (ap)), forape (o)

eVl = gheh | Je'P,  for a, B € (0,00).

Notice that the sequence x = (x,),en, Xn = S/2", belongs to the class €15, so that all
the classes above are nonempty.

Theorem 2.1. For each S € (0, o0) and each € = £(S) € (0,S) TWO has a winning coding strategy
in the game Gi"’:l) (€18, 1551y,

Proof. Let o denote a strategy of TWO, and let S > 0 and ¢ = £(S) € (0, S) be fixed. Suppose
that in the first round ONE chooses a sequence x; = (X1,n) ey from €5, There is k € N
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such that 32, . x1,» < /2, and thus M = S — 3* _ x1,, € (0,£/2). Player TWO plays
o(x1) = {x11,...,x1x}—a finite subset of x;.

In the second round ONE chooses a sequence x2 = (X2,u) ey € €7°, and then TWO
responds by choosing o(x2, 0(x1)) = x2,m, such that x5 ,,, < M/2 (which is possible because
lim,, — X2, = 0).

In the n-th round, n > 3, ONE chooses x, = (Xn,m)men € Y8, and TWO'’s response is
0 (Xn, Xn-1,m,,) = Xnm, such that x, . < Xp_1m, /2" < M/2"!, and so on.

Set y, = x1, for n < k and y, = Xy—k+1,m, ., fOr n > k. Let us prove y = (Y,),en €
¢1(5-¢51 'We have

0 k 0 k 0
DYn=DYnt D Yn=DXim+ D Yn
n=1 n=1 m=1

n=k+1 n=k+1
(2.2)
[ee] [ee] 1
=S5-M+ - - — ) =S
_Z Yn<S M+M<ZZI> S
n=k+1 i=1
On the other hand,
o k £
=S- -—. 2.3
Eyn>mzﬂx1,m §-M>S-> (2.3)
That s, y € £1(5-¢51, O

Corollary 2.2. For each S € (0,00) and each ¢ = €(S) € (0,S) the selection principle
Stin (€15, 015851y is trye.

Notice that one can prove a refinement of Theorem 2.1 (and Corollary 2.2) in the sense
that it is possible to have additional control of selections giving the sequence y. For this we
need the following definitions and notation.

Definition 2.3 (see [13]). A sequence (x,),ey € S is said to belong to the class Tr(R-_os) if for
each A > 1 it satisfies

=0, (2.4)

where [r] denotes the integer part of r € R.

Definition 2.4 (see [9]). For a sequence x = (x,),ey € S, the Landau-Hurwicz sequence w(x) =
(wn(x)),en of x is defined by

Wp(x) =supf{|xm —xx| :m2nk>n}, neN (2.5)
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Given a sequence x = (X,) ey € S we denote by Sy = (5,(x)) ,en the sequence defined

by

Sn(x) = ixi, neN (2.6)
i=1

Let é;;((::ﬂ : ) be the set of all sequences a = (an) e € £V@Pl such that w(S;) € Tr(Rocs s)-

Theorem 2.5. For each S € (0, o0) and each € = £(S) € (0,S) TWO has a winning coding strategy

in the game 6{" (€15, £y,

Proof. The strategy o of player TWO and the sequence y = (y,) oy are actually from the proof
of Theorem 2.1. Therefore, y € £(5-¢51, Besides, since, by construction, the series

(2.7)

is convergent, we have

Tim <i y"”) - 0. 2.8)

Consider now the sequence S, = (5,(y)),ey- This sequence is convergent (by the
d’Alembert criterion), and let S(y) be its limit. It remains to prove w(S,) = (wn(Sy)),en €
Tr(R-eos)- It is enough to prove

w1 (S
fim 21 5n) 2.9)
n=e wy(Sy)
First, notice that
wu(Sy) =S(y) - Su(y), neN (2.10)

Thus we get

hmM: imwz1_th:o, (2.11)

n—o w,(Sy)  n—» S(y) - Sa(y) n=wYnil + Ype2 + 0

That is (2.9), since by (2.8) and the fact that for n sufficiently large it holds

2 2 2 2
Yoz [ Ynis Y2 YwS Ym2 Y2 Y
Ynel  Ynil Ynel  Yne2 Yn+l Ynel  Yne2

+oee, (2.12)
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we have
. Yn+l 1
im —————— = lim =1. 2.13
n—oolYy + Yps2 +00 "_>°°1 + (]/n+2/]/n+1) (]/n+3/]/n+1) +- ( )
The theorem is proved. U

el(S £,5]

R ) is true.

Corollary 2.6. The selection principle Sgn (€

The following two theorems give other selection results for defined classes of
sequences: one of the Sg,-type and the other of the S;-type.

Theorem 2.7. Foreach S € (0, oo] the selection principle Sein (815, 81°) is satisfied.

Proof. Consider first the case S € (0,0). Let (x, : n € N), x5, = (Xn,m)nen, € a sequence of
elements of ¢%°. For each n € N let Zn, = Xni, 1 < k = k(n), be a finite subset of x, such that
S/2 < 3X, z, < S. Arrange now zn, n €N p € {1,2,...,k(n)}, in the sequence ¥ = (V) jey
in which the position of an element is determined first by n and then by p, that is,

y=(z1,..  Zlys e B e s Zrgys - ). (2.14)
We have
IS n k(m) n)
ne5 < > Em = (2.15)
m=1i=1 j=1
where Yy is the last element of x,, belonging to the sequence y. Therefore,
k(n) S
Zy] = nlEl}OZy] > nlgr;g(n E) = 0. (2.16)

That is, y € .
Suppose now that S = co. This case is treated similarly to the previous case, but here
we require Y, z,, > 1 for each n € N; the sequence y = (j) jen is formed in a similar way as

in the first case. Sowe haven -1 < Zk(? y;j for each n € N, hence

k(m)
Zy] = lim Zy] > hm (n 1) = (2.17)

That is, y € €. The theorem is proved. O
Theorem 2.8. For each S € (0, 0) and each a > 0 the selection principle S (€%, €¥0®) is true.

Proof. Let (x, : n € N), x, = (Xnm) e, be a sequence of elements in ¢V8 For eachn € N
take y, = Xum, € x, so that y; € (0,a) (which is possible since x1,, — 0as m — oo) and
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Yn < a—1y1/2"! for n > 2. Then the sequence y = (¥,),cy Witnesses that the statement is true,
because

Syn=y1+dyn<y+(a-y) =a (2.18)
n=1 n=2

That is, y € £V0®, O

For the next result we have to define the following selection principles [2, 17]. Notice
that in [18] we developed an interesting technique for proving results concerning these
selection principles and certain classes of sequences from S. In [19] we proposed the use
of this technique (and these selection principles) in other fields of mathematics and its
applications.

Let, as before, &/ and B be certain nonempty subfamilies of S. Then the symbol
ai(#4,B),i = 2,3,4, denotes the selection hypothesis that for each sequence (a, : n € N)
of elements of </ there is an element b € B such that:

ay(A,B): for each n € N the set a,, N b is infinite;
a3 (<4, B): for infinitely many n € N the set a, N b is infinite;
a4 (A, B): for infinitely many n € N the set a, N'b is nonempty.

Theorem 2.9. For each S € (0,00) and each a > 0 the selection principles a;(€V°, 6%5(%25)), i=
2,3,4, are satisfied.

Proof. We prove that the principle a5 is true (hence also a3 and ay). Let (x, : n € N), x,, =
(%Xn,m) men, be a sequence of sequences from ¢1°. Let m; € N be such that 35_ 1 X1m < a/2.
For k < 2 let my be a natural number such that Z$=mk 1 Xkem < a/ 2k Consider the sequence
¥ = (¥j)jen defined in this way:

Y = (XUmy 1, X1maa2s - + -5 X2 mptls X2 mpa2s + + 3 Xhempet Ly Xhepmpea2s + - -)- (2.19)

Then y N x,, is infinite for each n € N. Further, y € £%% because

e [ee] e [ee] o
0< Dy = > xim < Zz—k = a. (2.20)
j=1 k=1 m=my+1 k=1

We construct now a new sequence z = (z;) in the way described in Table 1 .
Evidently, z N x,, is infinite for each n € N. Also, 0 < 3% z; < 32, y; < a, that is,
z € £40% By a minor modification of the proof of Theorem 2.5 we obtain w(S;) € Tr(R_gs)-

This means z € €}r((if2) -
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Table 1

X1 X2 X3 Xy How
Z1 zZ1 ey NX — — — any
Z — Z) EYNX — — 2p/z1<1/2
Z3 Z3 EYNx — — — z3/20 < 1/22
Z4 — — Zs EYNXx3 — z4/23 <1/28
Zs5 — Z5 €Yy Nxa — — z5/2z4 <1/2*
Zs Z6 €Y N Xy — — — z6/25 <1/2°
z7 — — — Z7 €Y Ny z7/z6 <1/2°
Zg — — Zg EYN X3 — z8/z7 <1/27
Z
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