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Assume that Q is a positive continuous function in RN and satisfies some suitable conditions. We
prove that the quasilinear elliptic equation —~A,u + |ulP?u = Q(z)|u|7?u in RN admits at least two
solutions in RN (one is a positive ground-state solution and the other is a sign-changing solution).

1. Introduction

For N >3,2<p < N,and p < g <p* = Np/(N - p), we consider the quasilinear elliptic
equations

-Apu+ [ulPu=Q(z)[u|™u inRN,
(1.1)
uewlr (]RN>,

—Apu+ [ulPu = Qu|u|Tu  in RY,
(1.2)
uewhr (RN>,

where A, is the p-Laplacian operator, that is,

J o ou
L p227%
Apu ;aziow azi>' (1.3)
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Let Q be a positive continuous function in RN and satisfy

Q(z) 2 Qs = |llim Q(z) >0, Q(z) > Q4 on a set of positive measure. (Q1)

Associated with (1.1) and (1.2), we define the functionals a,b,b*®, ], and J*, for u €
WP (RN),

) = [ (Vup +uP)dz = ulf,
bo) = [ Q@widz b = | Qululiaz, (1.4

- ! e~ Lty - Lo
](u)—;a(u)—ab(u), J (u)—pa(u) qb (u).

It is easy to verify that the functionals a, b, b*, J, and J* are cL

For the case p = 2, Lions [1, 2] proved that if lim|;| . ,Q(z) = Qc, and Q(z) > Q >0,
then (1.1) has a positive ground-state solution in RN. Benci and Cerami [3] proved that (1.2)
does not have any ground-state solution in an exterior domain. Bahri and Li [4] proved
that there is at least one positive solution of (1.1) in RN (or an exterior domain) when
lim)z| 0 Q(2) = Qo > 0 and Q(z) > Q — Cexp(=06|z|) for 6 > 2. Cao [5] has studied the
multiplicity of solutions (one is a positive ground-state solution and the other is a nodal
solution) of (1.1) with Neumann condition in an exterior domain as follows. Assume that
lim; - Q(2) = Qo > 0, and Q(z) > Qe + Clz| ™ exp(-6|z|) for C > 0, m < (N -1)/2,
6 = q/(q+1), then (1.1) has at least two nontrivial solutions (one is a positive ground-state
solution and the other is a nodal solution) in an exterior domain.

This article is motivated by the above papers. If Q is a positive continuous function
in RN and satisfies (Q1), then we prove that (1.1) admits a positive ground-state solution in
RN. Combine it with some ideas of Cerami et al. [6] to show that if Q also satisfies Q(z) >
Qo + Cexp(-0|z]) for0 <6 <0 = (p - 1)71/”, then a nodal solution of (1.1) exists.

2. Preliminaries

We define the Palais-Smale (denoted by (PS)) sequences and (PS)-conditions in W17 (RY) for
J as follows.

Definition 2.1. (i) For p € R, a sequence {u,} is a (PS)z-sequence in W'?(RN) for J if J(u,) =
B+ 0,(1) and J'(u,) = 0,(1) strongly in W% (RN) as n — oo, where W=7 (RN) is the dual
space of W/?(RN)and 1/p+1/p' =1

(ii) J satisfies the (PS)g-condition in WP (RN) if every (PS) p-sequence in WP (RN) for
J contains a convergent subsequence.

Lemma 2.2. Let f € R and let {u,} be a (PS)g-sequence in W'P(RN) for J, then {uy} is a bounded
sequence in WP (RN). Moreover, a(uy) = b(u,) + 0,(1) = (qp/ (g —p))B + 0,(1) as n — oo and
>0,
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Proof. Since p > 2, we have that {/a(u,) < 1if a(u,) < 1 and {/a(u,) < VVa(uy,) if a(u,) > 1.

For sufficiently large n, we get

11+ 2+ a(u) > |p] + 1+ {/atu)

@2.1)
> J (i) - §I<J'(un>,un> - (% - %)a(un»

It follows that {u,} is bounded in W7 (RN). Then (J'(u,), u,) = 0,(1) asn — oo. Thus,

B+ 0u(l) = J () = (%, - %)a(un) +ou(l) = (% - %)b(un) +0u(1), (22)

that is, a(u,) = b(u,) + 0x(1) = (qp/(q—p))p + 0n(1) asn — oo and p > 0. 0
Define
a(RN> = inf TG, (2.3)

where M(RN) = {u € WP (RN)\ {0} | a(u) = b(u)}, and

a” (RN> = nf TP w), (2.4)

where M®(RN) = {u € WP (RN) \ {0} | a(u) = b®(u)}.
Lemma 2.3. Let u be a sign-changing solution of (1.1). Then J(u) > 2a(RN).
Proof. Define u* = max{u,0} and u~ = max{-u,0}. Since u is a sign-changing solution of

(1.1), then u~ is nonnegative and nonzero. Multiply (1.1) by ™ and integrate it to obtain

f <|Vu|’”_2VuVu‘ + |u|p_2uu‘>dz = f Q(2)[u| ™ uudz, (2.5)
RN RN

thatis, u= € M(RN) and J(u") > a(Q). Similarly, J (u*) > a(RY). Hence,

J(u) = J @) + ] (w) 2 2a(RY). (2.6)
0

Lemma 2.4. (i) For each u € WP (RN) \ {0}, there exists a positive number s, such that s,u €
M(RN) and sup.,J (su) = J(suu).

(ii) Let p > 0and let {u,) be a sequence in W (RN)\ {0} for J such that a(u,) = b(u,)+o(1)
and J (un) = p+o0(1). Then there is a sequence {s,} in R* such that s, = 1+0(1), {s,u,} C M(RY),
and J(syu,) = Pf+0(l)asn — oo.
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Proof. (i) For each u € Wé’p (RN)\ {0} and s > 0, let

u = = a — . .
s su » u p u (2.7)

Thus, ,(s) = s"a(u) — s7'b(u). Define s, = (a(u)/b(u))" 9P > 0, then ,(s,) = 0, that is,
s, € M(RN).

(ii) By (i), there exists a sequence {s,} in R* such that {s,u,} C M(RN), that is,
sha(u,) = spb(u,) for each n. Since a(u,) = b(u,) + o(1) and J(u,) = p + o(1), we have
that s, =1+ 0(1). Hence, J(s,u,) =p+o0(1) asn — oo. O

Lemma 2.5. There exists ¢ > 0 such that ||u||1/p > ¢ > 0 for each u € M(RN), where c is independent

of u.

Proof. For each u € M(RN), by the Sobolev inequality, we obtain that
lulf, = [ Q@lul'dz < il 238)
RN

This implies that [ul[; , > cIl/(q_p) = ¢ >0 for each u € M(RN). O
By Lemma 2.5, a(RY) > 0.

Lemma 2.6. Let u € M(RN) such that

J(u) = vﬁ(i]gw)] (v) = a(RN ) (2.9)

then u is a nonzero solution of (1.1) in RN.

Proof. Suppose that ¢(v) = [px (VO + [0[P)dz - [xQ(2)|v|7dz, then
(¢/(v),v) = (p- q)f (IVolP +|v[P)dz <0 for each v € M<RN>. (2.10)
RN

Since J(u) = minyemmgn) J(v), by the Lagrange multiplier theorem, there is a A € R such that
J'(u) = \¢' () in W=7 (RN). Then we have

0= (] (u),uy =XM¢'(u),u). (2.11)

Thus, A = 0and J' (1) = 0in W=7 (RN). Therefore, u is a nonzero solution of (1.1) in RN with
J(u) = a(RN). O
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Lemma 2.7. There is a (PS) ,n)-sequence in W'# (RN) for ].

Proof. Let {u,} C M(RN) be a minimizing sequence of a(RN). Applying the Ekeland
principle, there exists a sequence {v,} C M(RY) such that |v, —tnly, < 1/n, J(vx) =
a(RN)+0(1), and J'|pyy (v,) = o(1) strongly in W=7 (RN) asn — oo. Let ¢r(u) = a(u)—b(u)
for each u € W7(RN) \ {0}, then

M(RN> = {uer"’<RN> \ {0} | ¢r(u0) :o}. (2.12)

Thus, there exists a sequence {6, } C R such that J'(v,) = 0,¢'(v,) + 0,(1), where 0,(1) — 0
asn — co. Since v, € M(R"N), we have that

0= <],(vn)rvn> = 9n<‘lfl(vn)/vn> +(on(1),vn),

2.13
<(Fl(vn)/vn> = (P - C])H(Un) #0 vn. ( )

Hence, 0, — 0asn — oo. This implies that J'(v,) = o(1) strongly in W=7 (RN) as n — oo,
that is, {v,,} C M(RN) is a (PS) ;g -sequence in W'# (RN) for J. O

Remark 2.8. The above definitions and lemmas also hold for J*,M*®(RN), and a® (RN).

3. Existence of a Ground-State Solution

Using the arguments by Lions [1, 2], Benci and Cerami [3], Struwe [7], and Alves [8], we
have the following decomposition lemma.

Lemma 3.1 (Palais-Smale Decomposition Lemma for J). Assume that Q is a positive continuous
function in RN and limy| -, ,Q(2) = Qoo > 0. Let {1} be a (PS) g-sequence in W'P(RN) for J. Then
there are a subsequence {uy}, a positive integer 1, sequences {zi,} -, in RN, functions u in W# (RN),
and w' #0 in WP (RN) for 1 <i <1 such that

i

Zn

— o0 for1<i<l,

—Apu+ [ulP?u = Q(z)[u|"*u in RN,

—pri + |wi|p_2wi = Qm|wi|q_2wi in RN,
1 (3.1)
U, = U+ Zwi<~ - zln> +0,(1) strongly in whr (RN>,

i=1

1

J () = () + Y (') + 0a(1).

i=1

In addition, if u, >0, then u >0and w' >0 for 1 <i <L
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Lemma 3.2. Let {u,} C M(RN) be a (PS)g-sequence in W'¥(RN) for J with 0 < p < a®(RN).
Then there exist a subsequence {u,} and a nonzero u € WP (RN) such that u, — u strongly in
WP (RN) and J(u) = B, that is, ] satisfies the (PS)g-condition in W'#(RN).

Proof. Since {u,} ¢ M(RN) is a (PS)z-sequence in W'#(RN) for J with 0 < < a*(RN),
by Lemma 2.2, {u,} is bounded in W'?(RN). Thus, there exist a subsequence {u,} and u €
WP (RN) such that u, — u weakly in W17 (RN). It is easy to check that u is a solution of (1.1)
in RN. Applying Palais-Smale Decomposition Lemma 3.1, we get

a® > f = J(uy) > la™. (3.2)

Then I = 0 and u #0. Hence, u, — u strongly in WP (RN) and J(u) = . O

Let w € WP (RN) be the positive ground-state solution of (1.2) in RN. Using the same
arguments by Li and Yan [9] and Marcos do O [10, Lemma 3.8], or see Serrin and Tang [11,
page 899] and Li and Zhao [12, Theorem 1.1], we obtain the following results:

(i) we L*(RN) N Cl’zo (RN) for some 0 < yp < 1 and lim|_, ,w(z) = 0;

lo

(ii) for any € > 0, there exist positive numbers C; and C, such that

Coexp(—(0+¢)|z|) Sw(z) <Crexp(—(0-¢)|z|]) Vze RN, (3.3)

where 8 = (p - 1)7"/7.

Remark 3.3. Similarly, we also show that all positive solutions of (1.1) in RY have exponential
decay.

By Lemma 3.2, we can prove the following theorem.

Theorem 3.4. Assume that Q is a positive continuous function in RN and satisfies (Q1). Then there
exists a positive ground-state solution ug of (1.1) in RN.

Proof. Let w € WP (RN) be the positive ground-state solution of (1.2) in RN, then w is a
minimizer of a®(RY) and

f (IVwlP +wP)dz = f Qewldz. (3.4)
RN RN
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By Lemma 2.4(i), there exists a positive number s,, such that s,w € M(RY), that is,
[an IV (suw)P + (sww)P)dz = [pnQ(2)(sww)?dz. Since Q(z) > Qo on a set of positive
measure, we can deduce that s,, < 1. Therefore,

a(RN> < J(spw) = (% - ;)(sw)”J‘RN(WwV’ +wP)dz

< (% —%)IRN(|Vw|p+wp)dz (3.5)

() oz (),

Applying Lemma 3.2, there exists uyg € WP (RYN) such that J(up) = a(RYN). From the results
of Lemmas 2.6 and 2.3, by Maximum Principle, 1 is a positive ground-state solution of (1.1)
in RN, O

4. Existence of a Nodal Solution

In this section, assume that Q is a positive continuous function in RY and satisfies (Q1). In
order to prove Lemma 4.8, Q also satisfies the following condition (Q2): there exist some
constants C >0and0<6 <0 = (p- 1)_1/’” such that

Q(z) > Qu + Cexp(-6lz)) VzeRN. (Q2)

Let h be a functional in W'?(RN) defined by

b(u)
W) = § aw) P 4.1)

0 for u =0.

We define

Mo = {ue W' (RY) | ") =1, h(u) =1} c M(RY),
. (4.2)
N= {u € W1'P<RN> | [h(u*) 1] < E} > My,

where u* = max{u,0} and ¥~ = max{-u, 0}.

Lemma 4.1. (i) If u € W'P(RN) changes sign, then there exist positive numbers s*(u) = s* such
that s*u* € M(RN) and s~ u~ € M(RN).
(ii) There exists ¢’ > 0 such that ||u*|, , > ¢ > 0 for each u € N.
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Proof. (i) Since u* and u~ are nonzero and nonnegative, by Lemma 2.4(i), it is easy to obtain
the result.

(ii) For each u € W, by Lemma 2.4(i), there exists s*(u) = s* > 0 such that s*u* €
M(RN). Then

% < (sH)"7= % < ; for each u € . (4.3)

By Lemma 2.5, we have
||s*u*||,, 2 ¢ for some c >0 and each u € . (4.4)
Hence, [[u*[|;, > c¢/s* 2 ¢ >0 foreachu € . O

Consider these minimization problem
N\ _
y@%)-ﬁ&ﬂm. (4.5)

By Lemma 4.1, y(RY) > 0.

Lemma 4.2. There exists a sequence {u,} C N such that ] (u,) = y(RN) +0,(1) and J'(u,) = 0,(1)
strongly in WP (RN) asn — oo.

Proof. It is similar to the proof of Zhu [13]. O

Lemma4.3. Let f and g be real-valued functions in RN If g(z) > 0in RN, then one has the following
inequalities:

0 (f+9)" > f,

)
(i) (f+g) < f",
(i) (f —g)" < f*,
iv) (f-g) =/

Lemma 4.4. Let {u,} C N bea (PS),gn,-sequence in W'P(RN) for J satisfying
a(RN> <y<IR{N> <a(IR<N>+a°°(RN><< 2a°°<RN>>. (4.6)

Then there exists u* € My such that u, converges to u* strongly in W' (RN) and u* is a higher-
energy solution of (1.1) such that J(u*) = y(RN).

Proof. By the definition of the (PS), gv)-sequence in WP (RN) for ], it is easy to see that {u,}
is a bounded sequence in W7 (RN) and satisfies

f (|Vug|” + |ug|")dz = f Q(2)|ut|dz + 04(1). (4.7)
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By Lemma 4.1(ii), there exists ¢’ > 0 such that
c' < f (|Vuz|? + |uf|")dz = f Q(z)|uf|"dz + 0a(1). (4.8)
RN RN

Using the Palais-Smale Decomposition Lemma 3.1, then we have y(RN) = J(u*) +
Zé:l J*(w;), where u* is a solution of (1.1) in RN and w; is a solution of (1.2) in RV. Since
J°(w;) > a®(RN) for each i € N and a(RN) < a®(RYN), we have I < 1. Now we want to show
that I = 0. On the contrary, suppose that [ = 1.

(i) wy is a sign-changing solution of (1.2): by Lemma 2.3 and Remark 2.8, we have
y(RYN) >2a*(RY), which is a contradiction.

(ii) wy is a constant-sign solution of (1.2): we may assume that w; > 0. Applying the
Decomposition Lemma 3.1, there exists a sequence {z},} in RN such that |z}| — oo,
and

* 1
U, —u —w1<-—zn>

LWZ%“) (4.9)

By the Sobolev continuous embedding inequality, we obtain

w—w—m(—ﬁ)mzway (4.10)

Since w; > 0, by Lemma 4.3, then

|(un — 1) 7| = 0u(1) as n — co. (4.11)

(a) Suppose that u* = 0; we obtain ||u;,||;, = 0,(1) asn — oo. Then
0<c < I Q(z)|u,|"dz = 04(1), (4.12)
RN

which is a contradiction.
(b) Suppose that u*#0. We have y(RN) = J(u*) + J®(w;) > a(RY) + a*(RN), which is
a contradiction.
By (i) and (ii), then I = 0. Thus, |lu, — u*||1,p = o,(1) asn — oo and J(u*) = y(RN).
Finally, we claim that u* is a sign-changing solution of (1.1) in RN. If u* > 0 (or < 0), by

Lemma 4.3, then ||1,||;, = 0x(1) (or ||u;]l 4 = 0,(1)). Similarly, we have the inequality (4.12),
which is a contradiction. Moreover, by Lemma 2.3, 2a(RN) < y(RY). O

Recall that w is the positive ground-state solution of (1.2) in RN. For any ¢ > 0, there
exist positive numbers C; and C, such that

Crexp(—(0 +¢)|z]) Lw(z) < Crexp(-(0—¢)|z]) Vze RY, (4.13)
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where 6 = (p —1)"/7. Define
w,(z) =w(z—-z,) where z, =(0,...,0,n) € RN. (4.14)

Clearly, w,(z) € W»(RN).

Lemma 4.5. There are ng € N and real numbers t] and t3 such that for n > ng
fug - 5w, €My, y(RY) < T (Huo - £10,), (4.15)

where 1/p <, t5 < p, and ug is the positive ground-state solution of (1.1) in RN.

Proof. Applying the mean value theorem by Miranda [14], the proof is similar to that of Zhu
[13] (or see Hsu [15, page 728]). O

We need the following lemmas to prove that sup, Jp<t ti<p J(tjuo - twy,) < a(RN) +

a®(RN) for sufficiently large n.

Lemma 4.6. Let E be a domain in RN If f : E — R satisfies

[l
E

dz < oo for some o >0, (4.16)

then

q f(z)e""z’adz) elFl = J' f(2)e?# Fdz + 0(1) as |z| — co. (4.17)
E E

Proof. Since o|z| < o|z| + 0|z - Z|, we have

|f (z)e =g . (4.18)

<Jr@e

Since —0|z - z| + o|z| = 0({z,2)/|z]) + o(1) as |z] — oo, then the lemma follows from the
Lebesgue-dominated convergence theorem. O

Lemma 4.7. Forall x,y € RN, one has the following inequality:
e —yl” < (I 2x = |y|"?y) (x~y), where p22. (4.19)

Proof. See Yang [16, Lemma 4.2.]. O

Lemma 4.8. There exists an ny € N such that for n > nj > ng

y(RN> < sup  J(Fup-Ewy) < a(RN) +a” (RN), (4.20)

1/pst b<p

where uy is a positive ground-state solution of (1.1) in RN.
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Proof. By Lemma 4.7, then

J (10 - t5wn)
1 * * P 1 * *
= ;;”tl”O - tan“Lp - ab(tluﬂ — t3t0n)

< %URN <| V (Euo) |72V (o) — |V (Bwn) |p—2v(t;wn)> (V(Euo) - V(Bw,)) }

1 _ _ 1
e[ (Il ) = £ (5200) ) o = 520n) } =~ = t500,)
RN q

p
()"
q

< () + = (t50) = 2= [ (@) - Quwo(z— =)z

1 1 1
- =b(tiug — tyw,) + =b(tiug) + =b(tyw,).
~b(tiu0~ t520,) + Cb(tjm) + b(5w0)

(4.21)
Since sup,,J (tuo) = a(RN) and supoJ© (tw) = a® (RN), using the inequality
g, 4, 4 q-1 q-1

lc1 — | > ¢ +c2—K(c1 ) +c1C >, (4.22)
for any c1, ¢, > 0, and some positive constant K, then
* * N o0 N 1

sup J(Hup - tw,) < zx(R ) +a <R > - (O(2) - Qu)w(z — z,)dz
1/p<t; By<p p1q) ry
(4.23)

+ K U (ug_lwn + wZ_lu())dz] .
RN

(i) Since Q(z) > Qo + Cexp(-6|z|) for some constants C > 0 and 0 < 6 < 6, by
Lemma 4.6, we have that there exists an n; > ng such that for n > ny

f (Q(2z) = Quo)w(z — z,)7dz > C'exp(-min{6,4(0 + €) }|z]) > C' exp(-6n). (4.24)
RN

(ii) Applying Lemma 4.6, there exists an 11, > n; such that for n > n,

f ugflwndz < C;J‘ exp(—(q-1)(8 - ¢)|z]) exp(=(0 - )|z — zu|)dz < C exp(=(0 - €)n).
RN RN
(4.25)
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Similarly, we also obtain that there exists an n3 > n, such that for n > n3

wi uydz < CY exp(—(0 - &)n). (4.26)
RN

By (i) and (ii), choosing 0 < &€ < 6 — 6, we can find an n > n3 > ng such that for n > n;

sup J(Hup - twy) < a(RN> +a*® (RN>. (4.27)
1/psti ba<p 0

Theorem 4.9. Assume that Q is a positive continuous function in RN and satisfies (Q1) and (Q2),
then (1.1) has a positive solution and a nodal solution in RN.

Proof. By Lemmas 4.2, 4.4, 4.5, and 4.8 and Theorem 3.4, we obtain the proof. ]
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