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We give a Biacklund transformation in a unified form for each member in the Burgers hierarchy. By

applying the Backlund transformation to the trivial solutions, we generate some solutions of the
Burgers hierarchy.

1. Introduction

Let

Pq,=1, Py(u) = u, (1.1)
and for j > 1, define the differential expressions P;(u, ..., 6§Cu) recursively as follows:
Pj(u,...,a;@ = (u+0,) Py (u,...,ag';lu). (1.2)
Then the Burgers hierarchy is defined by

Uy = 6xP]~(u,...,6{cu), j>1 (1.3)
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The first few members of the hierarchy (1.3) are

U = 2Uly + Uy, (1.4)
up = 3u* uy + 3ui + BUlyx + Uxxy, (1.5)
ur = 4ulu, + 12uu§ + 61Uy + 10U tyy + Slhlhorr + Usxrs, (1.6)

with (1.4) being just the Burgers equation.

There is much literature on the Burgers hierarchy. Olver [1] derived the hierarchy (1.3)
from the point of view of infinitely many symmetries. The work in [2] showed that the Cole-
Hopf transformation

W= (1.7)
w

transforms solutions of the linear equation
wy = a{:lw (1.8)

to that of (1.3). With the help of the Cole-Hopf transformation (1.9), Taflin [3] and Tasso
[4] showed, respectively, that the Burgers equation (1.4) and the second member (1.5) of
the hierarchy (1.3) can be written in the Hamiltonian form. More recently, Talukdar et al. [5]
constructed an appropriate Lagrangian by solving the inverse problem of variational calculus
and then Hamiltonized (1.5) to get the relevant Poisson structure. Furthermore, they pointed
out that their method is applicable to each member of (1.3). Pickering [6] proved explicitly
that each member of (1.3) passes the Weiss-Tabor-Carnevale Painlevé test.

This paper is devoted to the study of Backlund transformation for the Burgers
hierarchy. Backlund transformation was named after the Swedish mathematical physicist
and geometer Albert Victor Backlund(1845-1922), who found in 1883 [7], when studying the
surfaces of constant negative curvature, that the sine-Gordon equation

Uy =Sinu (1.9)

has the following property: if u solves (1.9), then for an arbitrary non-zero constant \, the
system on v

. uU+v
Uy = Uy — 21 8in >

(1.10)

+2 . U-v
Uy = —Up + — SIN
A 2
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is integrable; moreover, v also solves (1.9). So (1.10) gives a transformation u +— v, now
called Backlund transformation, which takes one solution of (1.9) into another. For example,
substituting the trivial solution u(x, t) = 0 into (1.10) yields one-soliton solution:

v(x,t) :4arctanexp<a—Ax— %t), (1.11)

where a is an arbitrary constant. By repeating this procedure one can get multiple-soliton
solutions. Some other nonlinear partial differential equations (PDEs), such as KdV equation

8]

Up = OUUy + Uxxy, (1.12)

modified KdV equation [9]
Uy = uzux + Usxx, (1.13)

Burgers equation (1.4) [10], and a generalized Burgers equation [11]
u+b(Huuy, + a(t)uy, =0, (1.14)

also possess Backlund transformations. Now Backlund transformation has become a useful
tool for generating solutions to certain nonlinear PDEs. Much literature is devoted to
searching Backlund transformations for some nonlinear PDEs (see, e.g., [12-15]). In this
paper, we give a Backlund transformation for each member in the Burgers hierarchy. As an
application, by applying our Backlund transformation to the trivial solutions, we generate
some new solutions of (1.3).

2. Backlund Transformation
First, the differential expressions P; have the following property.

Theorem 2.1. For an arbitrary constant A, let

Ox
uU=v+ T30 (2.1)
Then
i j+1
J\P] <U, . 6§v> + P]'+1 <ZJ Ce ,a; ZJ) (22)
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Proof. We use induction to prove (2.2).

First, for j =1,

Pl(urux) = uZ + Uy

Ux >2 'sz Uxx
-— 4
A+o A+0)> A+
(2.3)
~ X(0? + vy) + 0 + 3005 + Vyx
A+v
_ AP1(v,0x) + P2 (0, Uy, Uxx)
A+v )
So (2.2) is true for j = 1.
Next, fix a k > 1, and assume that (2.2) is true for j = k — 1. Then
k\ _ OUx k-1
Pk<u,...,axu> = <v + T30 + 6x>Pk,1<u,...,ax u>
AP (v,...,0510) + P (v, ..., 08
_ (’U + Ux + ax> k 1(Z) x Z)) k(v xv)
A+o A+o
(2.4)
0+ 0y) (AP (v, -, o5 10) + P(v,...,050))
B A+o
_AP(o,... ,050) + Pea (o, ..., 05 10) .
B L+v ’
that is, (2.2) is valid for j = k.
Therefore, (2.2) is always true for j > 1. O
Now we state our main result.
Theorem 2.2. If u is a solution of (1.3), then the system on v
vy = (A+0)(u-0),
(2.5)

o= A+ U)i(—A)f‘k <Pk <u, e, 8,’§u> —vP; (u, y -,aflu))

k=0

is integrable; moreover, v also satisfies (1.3). Therefore, (2.5) defines a Biicklund transformation u
v, in a unified form, for each member of the Burgers hierarchy (1.3).
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Proof. By (1.3) and (2.5) we have

j
_ _ ik 3 k-1
On = (A +0)(u v)g)( 1) <Pk(u ..... axu) vpk,l(u ..... ok u>>
+ (L +0)3,D; <v, .. .,a§v> (2.6)
j
_ 2y \j-k K\ _ k-1
(A +) kz:é( %) <Pk<u ..... 6xu> uP,H(u ..... ok u>>
j
— _ 1\ k k _ k-1
Ve = (A +0) (u U);;o( 1)/ (Pk<u,...,axu> ka_1<u ..... ok u>>
j .
+ (A +0) Y (-0, P <v ..... a@)
k=0

j-1 )
~o(A+0) 3 (1) o,y <v, .. .,a;v)

k=0
j .
~ (A +0)2u-0) Y (VP (u ..... a§u>
k=0
j
=A+0)(u-0) Y (N (Pe(u,...,05u) —oPey (u,..., 05 u
L R
=
+ (A +0)d,P; <v ..... o] v> ~ (A +0)2 Y (=)o, Py (v ..... a;v)
k=0
j .
~ A+ 02 -0) Y (V)P (u ..... a’;u>
k=0
J
=(A+v)(u-0) (—.A,)j_k Pe(u,..., 8§u -vPq(y,..., o5 lu
20 (r( )~k )
+ (L +0)0:P; <v ..... a§v>
J
-+ 0)2 (—/\)j_k P(u,..., aﬁu —ovPq(u,..., 8§‘1u ;
20 (r( )~k )
therefore v, = vyy; that is, (2.5) is an integrable system associated with (1.3).
From the first equation of (2.5) we have
u=v+ 2 (2.8)
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So
Ox axPO (U)
_p= X = X0 29
Po(u) - A+o A+o 29)
On the other hand, by (2.2)
A0xPir (v, ..., 05 0) + 0, P (v, ..., 050)
k _ k-1 — x x
Pk<u,...,6xu> ka_1<u,...,6x u> oo , k>1.
(2.10)
Substituting (2.9) and (2.10) into the second equation of (2.5) yields
v = axp,(v,...,aiv); 2.11)
that is, v also satisfies the Burgers hierarchy (1.3). O
3. Exact Solutions
In this section we always assume that .\ is an arbitrary nonzero constant.
From a known solution u of (1.3), the first equation of (2.5) gives
[(A+u)dx _ A j()L+u)dxdx — \e(t
v(x,t) = ¢ e ( ), 3.1)

[ elrmdxdy + c(t)

with the “integration constant” c(f) satisfying a first-order ordinary differential equation
determined by the second equation of (2.5).

Example 3.1. Take the trivial solution u(x,t) =1 of (1.3). Then from (1.2) we have
P, (u,...,a§u> =1 forj>1. (3.2)

So (2.5) becomes
vy =UA+0)(1-0),

(L +o)(1-0)(1- (1)) (33)

o= 1+

Solving (3.3) gives the following solution of (1.3):

e(1+A)x+(1+(—1)fAf*1)t + Ae€

v(x,t) = (3.4)

eI+ x+(1+(-1)/ ) _ e

where c is an arbitrary constant.
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Note that (3.4) is a traveling wave solution.

Example 3.2. By the Cole-Hopf transformation (1.7),
u(x,t) = 1 (3.5)
x
is a solution of (1.3). Then from (1.2) we have
P, <u,...,a§;u> =0 forj>1. (3.6)

So (2.5) becomes

Uy = (A+’0)<%—v>,

. i (3.7)
; - v
v = (L +v)<(—/\)]<; - v) - T>
Solving (3.7) gives the following solution of (1.3):
A(x+(=0)t) c
v(x,t) = Ae hl ),Le . (3.8)
(=1 + Ax)er@+ (0D — gc
Note that (3.8) is not a traveling wave solution.
Example 3.3. By the Cole-Hopf transformation (1.7),
2
== 3.9
u(x,t) p (3.9)
is a solution of (1.3) for j > 2. Then from (1.2) we have
P -2, p du)=0 forj>2 (3.10)
1(u,ux)—;, ]<u,..., xu>= or j > 2. .
So (2.5) becomes
2
x = -A' - ’
Uy = (L +0) (x v>
(3.11)

o = (A+ v)<(—)t)f<§ —v) +2(—)L)f—1<% - ;) - ﬁ#)
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Solving (3.11) gives the following solution of (1.3) for j > 2:

20(=1 + Ax) et 0D 4 e

v(x,t) = . . (3.12)
(2 = 20x + A2x2) e+ (1) — e
Note that (3.12) is not a traveling wave solution.
Example 3.4. By the Cole-Hopf transformation (1.7),
3
u(x,t) = po (3.13)
is a solution of (1.3) for j > 3. Then from (1.2) we have
6 6 j :
Py (u,uy) = L Po(u, Uy, Uyy) = it P; <u,...,8xu> =0 forj2>3. (3.14)

So (2.5) becomes

Uy = ()L+U)<%_U>,

(3.15)
Solving (3.15) gives the following solution of (1.3) for j > 3:

3A(2 = 20x + A2x2) DD 4 jee
v(x,t) = ( ) : . (3.16)
(=6 + 6Ax — 3A2x2 + \3x3) e x+(-1)1) — e

Note that (3.16) is not a traveling wave solution.

Remark 3.5. In general, for an arbitrary positive integer k,
k
u(x, t) = — (3.17)
x

is a solution of (1.3) for j > k. Substituting (3.17) into (2.5) gives the following solution of
(1.3) for j > k:

(Of (x,%2,...,x%) /0x) X+ CVD 4 e

f(x’ x2,..., xk)e)L(er(f/\)ft) — e

v(x,t) = (3.18)
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where

|
f(x, 2, ... ,xk> = (-1 k! + (1) klx + (—1)"‘2%)&8 b — kAR R 4 kK (3.19)
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