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Using the theory of uniform global attractors of multivalued semiprocesses, we prove the existence
of a uniform global attractor for a nonautonomous semilinear degenerate parabolic equation in
which the conditions imposed on the nonlinearity provide the global existence of a weak solution,
but not uniqueness. The Kneser property of solutions is also studied, and as a result we obtain the
connectedness of the uniform global attractor.

1. Introduction

The understanding of the asymptotic behavior of dynamical systems is one of the most
important problems of modern mathematical physics. One way to attack the problem for
a dissipative dynamical system is to consider its global attractor. The existence of the global
attractor has been derived for a large class of PDEs (see [1, 2] and references therein), for
both autonomous and nonautonomous equations. However, these researches may not be
applied to a wide class of problems, in which solutions may not be unique. Good examples of
such systems are differential inclusions, variational inequalities, control infinite-dimensional
systems, and also some partial differential equations for which solutions may not be known
to be unique as, for example, some certain semilinear wave equations with high-power
nonlinearities, the incompressible Navier-Stokes equation in three-space dimension, the
Ginzburg-Landau equation, and so forth. For the qualitative analysis of the abovementioned
systems from the point of view of the theory of dynamical systems, it is necessary to develop
a corresponding theory for multivalued semigroups.
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In the last years, there have been some theories for which one can treat multivalued
semiflows and their asymptotic behavior, including generalized semiflows theory of Ball
[3], theory of trajectory attractors of Chepyzhov and Vishik [4], and theories of multivalued
semiflows and semiprocesses of Melnik and Valero [5, 6]. Thanks to these theories, several
results concerning attractors in the case of equations without uniqueness have been obtained
recently for differential inclusion [5, 6], parabolic equations [7-9], the phase-field equation
[10], the wave equation [11], the three-dimensional Navier-Stokes equation [3, 12], and so
forth. On the other hand, when a problem does not possess the property of uniqueness, we
have a set of solutions corresponding to each initial datum. We can speak then about a set
of values attained by the solutions for every fixed moment of time. It is interesting to study
the topological properties of such set and, in particular, its connectedness. This property is
known as the Kneser property in the literature. The Kneser property has been studied for
some parabolic equations [9, 13-15], semilinear wave equations [11], and so forth. By results
in [5, 6], the Kneser property implies the connectedness of the global attractor. Although the
existence of global attractor and the Kneser property have been derived for some classes of
partial differential equations without uniqueness, to the best of our knowledge, little seems
to be known for nonautonomous degenerate equations.

In this paper we study the following nonautonomous semilinear degenerate parabolic
equation with variable, nonnegative coefficients, defined on a bounded domain Q C RN N >
2:

O _ v (p() V) + f) = g, x €Dt

U, =ur(x), x€e€Q, (11)

ul Q= O,
where u, € L?(Q) is given, and the coefficient p, the nonlinearity f, and the external force g
satisfy the following conditions.

(H1) The function p : Q — R satisfies p € L'(Q) and, for some a € (0,2), lim,_, , inf |x —
z|™*p(x) > 0 for every z € Q.

(H2) f: QxR — Risa Caratheodory function, that is, the function f (-, u) is measurable
and the function f (x, -) is continuous, and satisfies

|f(x,u)| < CilulP™" + hi(x), for some p >2, (1.2)
uf(x,u) > Colulf — ha(x), (1.3)
where C;,C, are positive constants; hj, hy are nonnegative functions such that

hy € L*(Q) and h; € L'(Q) (see Remark 4.2 on a comment about conditions of
hi).

(H3) g € Ly(R*,L*(Q)), where L}(R*, L*(Q)) is the set of all translation-bounded
functions (see Section 2.2 for its definition).
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The degeneracy of problem (1.1) is considered in the sense that the measurable,
nonnegative diffusion coefficient p(x) is allowed to have at most a finite number of (essential)
zeroes at some points. The physical motivation of the assumption (H1) is related to the
modelling of reaction diffusion processes in composite materials, occupying a bounded
domain Q, in which at some points they behave as perfect insulator. Following [16, page
79], when at some points the medium is perfectly insulating, it is natural to assume that
p(x) vanishes at these points. Note that, in various diffusion processes, the equation involves
diffusion of the type p(x) ~ |x|*, a € (0,2).

In the autonomous case, which is the case g independent of time ¢, the existence
and long-time behavior of solutions to problem (1.1) have been studied in [17-20]. In
this paper we continue studying the long-time behavior of solutions to problem (1.1) by
allowing the external force g to be dependent on time t. Moreover, the conditions imposed
on the nonlinearity f provide global existence of a weak solution to problem (1.1), but not
uniqueness. Let D, ,(u;) be the set of all global weak solutions of problem (1.1) with the
external force g, instead of g and initial datum u(7) = u,. For each 0 € X = H,(g), the
closure of the set {g(-+ h) | h € R*} in leoc(R+' L?(Q)) with the weak topology, we define the

multivalued semiprocess U, : R, x L?(Q) — 2@ as follows:
Uo(t, 7, ur) = {u(t) s u(-) € Dro(ur)}. (1.4)

We prove that U, is a strict multivalued semiprocess and then use the theory of multivalued
semiprocesses of Melnik and Valero [6] to prove the existence of a uniform global compact
attractor for the family of multivalued semiprocesses {U; } ;5. Finally, following the general
lines of the approach in [9, 11, 14, 15], we prove that the Kneser property holds for the set
of all weak solutions, that is, the set of values attained by the solutions at every moment of
time is connected. Thanks to the Kneser property, the uniform global attractor derived above
is connected in L?(Q). We summarize our main results in the following theorem.

Theorem 1.1. Under conditions (H1)-(H3), problem (1.1) defines a family of strict multivalued
semiprocesses {Uy },es, which possesses a uniform global compact connected attractor o in L?(Q).

It is worth noticing that under some additional conditions on f, for example, f, (x, u) >
—Cs for all x € Q,u € R, or a weaker assumption

(f(x,u) - f(x,0))(u-v) = -Clu-v]* VxeQuuveR, (1.5)

one can prove that the weak solution of problem (1.1) is unique. Then the multivalued
semiprocess U, turns to be a single-valued one and the uniform compact global attractor «#
derived in Theorem 1.1 is exactly the usual uniform attractor for the family of single-valued
semiprocesses [1].

The rest of the paper is organized as follows. In Section 2, for convenience of readers,
we recall some results on function spaces and uniform global attractors for multivalued
semiprocesses. Section 3 is devoted to prove the global existence of a weak solution and the
existence of a uniform global attractor of the family of multivalued semiprocesses associated
to problem (1.1). In the last section, we prove the Kneser property for the solutions. As a
result, we obtain the connectedness of the uniform global attractor.
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2. Preliminaries
2.1. Function Space and Operator

We recall some basic results on the function space which we will use. Let N > 2, a € (0,2),
and

4
;e(z,oo) if N=2,

R N c(2:2) =3 =0
N-2+«a "N -2 -

The exponent 2}, has the role of the critical exponent in the classical Sobolev embedding.
The natural energy space for problem (1.1) involves the space (<, p), defined as the
closure of C{°(€2) with respect to the norm

1/2
llayp = ([ peolvutar) . 22)
The space 9)(Q, p) is a Hilbert space with respect to the scalar product
(u,v) = J p(x)VuVuodx. (2.3)
Q

The following lemma comes from [21, Propositions 3.3-3.5].

Lemma 2.1. Assume that Q is a bounded domain in RN, N > 2, and p satisfies (H1). Then the
following embeddings hold:

(i) (R, p) — L?(Q) continuously,
(ii) D} (Q, p) — LP(Q) compactly if p € [1,27).

It is known (see [19]) that there exists a complete orthonormal system of eigenvectors
(ej, A;) of the operator A = div(p(x)V) such that

(ej,ex) =6jx, —div(p(x)Vej) = Xjej, jk=1,2,..., 0
O<hi<h<M3<..., Aj—+00, asj— co. '

2.2. The Translation-Bounded Functions

Definition 2.2. Let & be a reflexive Banach space. A function ¢ € LI (R*, &) is said to be
translation-bounded if

t+1
2 2
ol = Nollee e =sup | llplds < oo @9
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We will denote by Li(R*, &) the set of all translation-bounded functions in LIZOC(R+, &).
Let g € Li(R*,é) and H#,,(g) be the closure of the set {g(- + h) | h € R*} in LfOC(RJr,é) with
the weak topology. The following results are well-known.

Lemma 2.3 (see [1, Chapter 5, Proposition 4.2]). (1) Forall 0 € H#(g), ”O‘”iz < ||g||i2.
b b

(2) The translation group {T(h)} is weakly continuous on H,,(g).
(3) T(h)Hw(8) C Huw(g) for h 2 0.
(4) H(g) is weakly compact.

2.3. Uniform Attractors of Multivalued Semiprocesses

Denote RY, = {(t,7) : 0 < 7 < t}. Let X be a complete metric space, let P(X) and B(X) be
the set of all nonempty subsets and the set of all nonempty bounded subsets of the space X,
respectively, and let X be a compact metric space.

Definition 2.4. The map U : R}, x X — pP(X) is called a multivalued semiprocess (MSP) if
(1) U(t,7,-) = 1d (the identity map)
Q) U(t,t,x) cU(t,s,U(s,T,x)),forallx € X,t,5, T e R*, T<s<t

It is called a strict multivalued semiprocess if U (t, 7, x) = U(t,s,U(s, T, x)).

We consider the family of MSP {U,} ;5 and define the map Us : R} x X — P(X) by
Us(t, 7,x) = Uges Us(t, T, x), which is also a multivalued semiprocess. For B C X, denote

V1.0 (B) = UsrU,(t, 7, B). (2.6)

Definition 2.5. The family of MSP {Ug},cs is called uniformly asymptoticall upper
semicompact if for any B € B(X) and 7 € R, such that, for some T = T(B, T),Y;:/Z(B) =
Uges y%/G(B) € B(X), any sequence {¢,}, &, € Uy, (tn, 7,B), 0, € Z,t, — +00, is precompact in
X.

Definition 2.6. The family of MSP {U} s is called pointwise dissipative if there exists By €
B(X) such that, for all x € X,

dist(Ux(t,0,x),By) — 0, ast— oo. (2.7)

Definition 2.7. Let X and Y be two metric spaces. The multivalued map F : X — Y is said to
be w-upper semicontinuous (w-u.s.c.) at xq if for any € > 0 there exists 6 > 0 such that

F(x) C O.(F(xp)), VYx € Og(x0p). (2.8)

The map F is w-u.s.c. if it is w-u.s.c. atany x € D(F) = {y € X : F(x) #0}.
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Definition 2.8. The set & is called a uniform global attractor for the family of multivalued
semiprocesses Us if the following are satisfied.

(1) It is negatively semiinvariant, that is, & C Ux(t,0, +4).

(2) It is uniformly attracting, that is, dist(Usx(t,7,B),#) — 0,ast — oo, forall B €
B(X)and T > 0.

(3) For any closed uniformly attracting set Y, we have o/ C Y (minimality).

The following result comes from [6, Theorem 2] and [10, Theorem 3.12].

Theorem 2.9. Let F(R*, Z) be a space of functions with values in Z, where Z is a topological space,
and let X C F(R*, Z) be a compact metric space. Suppose that the family of multivalued semiprocesses
(U} ses satisfies the following conditions.

(1) On X is defined the continuous shift operator T(s)o(t) = o(t + s),s € R* such that
T(h)X C X, and for any (t,7) € R}, 0 € Z,5 € R*, x € X, one has

Us(t+s,T+s,x) =Ureo(t,T,x). (2.9)

(2) U, is uniformly asymtopically upper semicompact.
(3) U, is pointwise dissipative.
(4) The map (x,0) — Uy (t,0,x) has closed values and is w-upper semicontinuous.

Then the family of multivalued semiprocesses {U s} 55 has a uniform global compact attractor
A. Moreover, if X is a connected space, the map (x,0) — Uy(t,0,x) is upper semicontinuous with
connected values and the global attractor A is contained in a connected bounded subset of X, then 4
is a connected set.

3. Existence of Uniform Global Attractors
We denote
A =—div(p(x)V),
V=2 <T, T; 9(1)(Q,p)> N LF(7,T; LP(Q)), 3.1)

Ve =12 <T, T; 9! (Q,p)) +L7 <T, T; U’/(Q)>,

where p' is the conjugate index of p. In what follows, we assume that u, € L?(Q) is given.

Definition 3.1. A function u(x, t) is called a weak solution of (1.1) on (7, T) if and only if

uevyv, a—ueV*,
ot

Uy = Uy, ae. in Q, (3.2)

r% ) + IT Lz pYuVey + f(f (x,u),¢) = LT(g(t),sv)/

T

for all test functions ¢ € V.
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It follows from Theorem 1.8 in [1, page 33] that if u € V and du/dt € V* then u €
C([7, T]; L>(€2)). This makes the initial condition in problem (1.1) meaningful.

Proposition 3.2. For any T € R*,T > 7, and u, € L*(Q) given, problem (1.1) has at least one weak
solution on (7, T).

Proof. The proof is classical, but we give some a priori estimates used later.
Consider the approximating solution u,(t) in the form

un(t) = Zunk(t)ek/ (33)
k=1
where {e; }ﬁl are the eigenvectors of the operator A = —div(p(x)V). We get u,, from solving

the problem

<%l€k> + (A, ex) + <f(xrun)/ek> = (g,ek),

(3.4)
(un(T)/ek) = (u'r/ek)/ k= 1,...,n.
Using the Peano theorem, we get the local existence of u,. We have
1d ) ) ~ t \s
3 il * lunllayap + | FO0 1= | g(H)un: (3.5)

Using hypothesis (1.3) and the Cauchy inequality, we get

|

1 A
2 2 2 1 2
”un||L2(Q) + ”un“g&(Q,p) + CZHuTl”zP(Q) - ||h2||L1(§2) < 2—M||g(f)||L2(Q) + E”unllp(g)r (3.6)

N —
£

t

where A; > 0 is the first eigenvalue of the operator A in Q with the homogeneous Dirichlet

condition (noting that ||u||2%(1) @p) 2 .)L1||u||i2(9)). Hence

d 2 2 p 1 2
a”un”LZ(Q) + ||un”g(1)(glp) + 2C2||”n”yo(g) < )L_lllg(t)”p(g) + 2||h2||L1(Q)' (3.7)

We show that the local solution u,, can be extended to the interval [7, o). Indeed, from (3.7)
we have

d

1 2
E”un”iZ(Q) + Alllun”%Z(g) < 2||h2||L1(Q) + J\_l”g(t)”LZ(Q)' (3.8)
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By the Gronwall inequality, we obtain

2
||un(t)”L2(Q)

(= 2 (- 1 (" 2
< “un(T)”iZ(Q)e A (t-7) + J\_1<1 —e Ay (t T)>||h2||L1(Q) + rlf e A (t S)||g(5)||Lz(Q)dS (3.9)
T

1

2 2
< 2 ~Ai (t-7) < _ —/\l(t—'r)>
< I lze ™4 (1=l + s sl

where we have used the fact that

t t t-1
f e‘“t‘s)||g(s)||iz(g)ds < L_l e‘h(t‘s)||g(s)||iz(g)ds i L_z e‘“(*‘s)||g(s)||i2(g)ds +oe

T
t-1

t
< J‘t—l ”g(s)"iz(g)ds +e™h L_z ”g(s) ”iz(g)ds 4o

B B 2 1 2
<(1vetver gl = T sl
(3.10)

We now establish some a priori estimates for u,,. Integrating (3.7) on [7,t], T <t < T, we have

t t
2 2
IOl 0y + [ 1By +2C2 [ il gy
T T

, (3.11)
1
< Il + f g(8) |12yl + 20 = D)2l -
T
The last inequality implies that
{u,} is bounded in L* <T, T; Lz(Q)>,
{u,} is bounded in L? (T, T; 9, (Q,p)), (3.12)

{u,} is bounded in LP(7, T; LP(Q)).

Using hypothesis (1.2), one can prove that {f(x,u,)} is bounded in LY (1,T; LV (Q)). By
rewriting the equation as

du,
dt

=—Au, — f(x,un) + g, (3.13)



International Journal of Differential Equations 9

we see that {du,/dt} is bounded in V* and, therefore, in LV (r,T; 97 (Q,p) + LV (Q)).
Therefore, we have
U, —u in L? (T, T; %é(Q,p)),
duy _ du
dt dt
flcuw) = in I (7, T;17(Q),

in V*,
(3.14)

Auy = Au in I2(1,T;274(Q,p)),

up to a subsequence. Hence by standard arguments [22, Chapter 1], one can show that u is a
weak solution of problem (1.1). O

Denote by 9, ,(u,) the set of all global weak solutions (defined for t > 7) of problem
(1.1) with the external force g, instead of g and the initial datum u(7) = u,. We put X =
H,(g), so it is clear that T(s)X C =, where T(s)o = o(- +5) = g(- + 5),t > 0, and that this map
is continuous. For each o = g, € %, we define the map.

Us(t, T,ur) = {u(t) : u() € Drolur)}. (3.15)
Lemma 3.3. U, (t, T, u;) is a strict multivalued semiprocess. Moreover,

Us(t+5s,7+5,ur) =Ure)e(t, T,ur) Yur € 12(Q), s>0, t>7>0. (3.16)

Proof. Given that z € U,(t, T, u,), we have to prove that z € Us(t, s, Us(s, T, ur)). Take y () €
;s (ur) such that y(7) = u, and y(t) = z. Clearly, y(s) € Us(s, 7, ur). Then if we define
z(t) = y(t) for t > s, then we have z(s) = y(s) and obviously z(-) € 9;(y(s)). Consequently,
z(t) e Uy(t, s, Us(s, T,ur)).

Let now z € Uy(t,s,Us(s, T, ur)). Then there exist u € D,,(1;) and v € D, 5 (u(s))
such that z = v(t). Define the function

if ol
() = {u(r) if r € [1,5] 317)

v(r—s) ifref(st+s].

It is easy to see that y € ©,,(u;), so that z = y(t + s) € Us(t + 5,7, uz).

Let z € Uy(t+5s, T +s,u;). Then there exists u(-) € D45 (#r) such that z = u(t + s) and
v(-) = u(-+5) € Dr1(s)0 (Ur), so that z = v(t) € Ur(s)o(t, T, ur). Conversely, if z € Urr(s)0(ur),
then there is z € D 1(s)0(1z) such that z = u(t) and v(-) = u(-s +-) € Dris(ur) so that
z=v(t+s) eUy(t+s,T+s,u;). O

Lemma 3.4. Let conditions (H1)-(H3) hold and let {u,} C D+, (un (7)) be an arbitrary sequence of
solutions of (1.1) with initial data u,(t) — 1 weakly in L*(Q) and external forces g5, — o in =.
Then for any T > T and t,, — to,tn, to € (T, T], there exists a subsequence such that u, (t,) — u(ty)
strongly in L2(Q), where u(-) € Dr,5(n) is a weak solution of (1.1) with initial datum u(t) = 7.
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Proof. Repeating the proof of inequality (3.11), we see that the solution u, satisfies

t t
a1y + [ T Oy 00 + 22 [ i Ol gyt < i (9o
’ ° (3.18)

1 t
+ )L_lj‘ ”go'n(v)”iz(g)dv"'z(t_S)”hZHLl(Q)/
s

and a similar inequality holds for the solution u. Hence, by the arguments as in the proof of
Proposition 3.2 and the Aubin-Lions lemma [22], we infer up to a subsequence that

U, —u in L? <T, T; %é(Q,p)),

U, —u in L? 7',T;L2 Q)),
< ( )> (3.19)
u,(t,x) — u(t,x) fora.a. (t,x) e (r,T)xQ,
u, () — u(t) in L*(Q) uniformly on [7,T],
where u € D, (7).

Let now t, — to, with t,,ty € (7,T]. We will prove that u,(t,) — u(ty) strongly in
L?(Q). Since u, (t,) — u(ty) weakly in L?(Q), we have

l2e(t0) 172y < Lo inf [l (£)l172y - (3.20)

Thus, if we can show that lim suanmHun(tn)H%z(Q) < ||u(t0)||iz(g), then the proof will be
finished. It is easy to check that u, and u satisfy the following inequalities:

t
[ ()12 < N ($)[72() +2(t = )12l 1) + f (80,(0), un(0))do,
s
(3.21)

t
() 172y < ()72 + 2t = 8) a2l () + f (80(v), u(v))ds,
s
forall t > s,t,s € [, T]. Therefore, the functions

t
To(6) = 1 Ol 0y ~ 2l = [ (80, (6)0n(5)) s,
’ (3.22)

t
10) = 1)) - 21l = [ (8009 )

are continuous and nonincreasing on [7, T]. Moreover, J,,(t) — J(t) fora.a.t € (7,T).
We now prove that limsup J,(t,) < J(ty), and this will imply that

lim SuP””n(tn)”iZ(Q) < ||”(t0)||%2(g)r (3.23)

n— oo
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as desired. Indeed, suppose that {t,,} is an increasing sequence in (7, tp) such that J,(t,,) —
J(tm) as n — oo. We can assume that t,, < t,, so that

Ju(tn) = J(to) < Ju(tm) = J(to) < |Jn(tm) = J (m)| + 1] (tm) = J (£0)]. (3.24)

Hence for any ¢ > 0, there exist t,, and n(t,,) such that J,(t,) — J(ty) < € for all n > ny, and
the result follows. O

Theorem 3.5. Let conditions (H1)-(H3) hold. Then the family of multivalued semiprocesses
{Us(t, 7))} yes has a uniform global compact attractor A in L?(Q).

Proof. From (3.7), we obtain
d 2 2 P 1 2 h 3.25
Ol + 14Ol + 2C2Iu®I q) < Bl + 2Mhall)- (3.25)
Hence, similar to (3.9), we get
11Oy < 14O Bgye™ + o= (1= ™Y lall gy + ———< |32 326
2©Q) X 12(Q) )Ll 21lL1(Q) )Ll(l —e_)‘l) g Li- ( . )

The last inequality implies that there is a positive constant R such that

)72 < I14(0)[[F2qye™" + R2. (3.27)

Hence the ball By = {u € L?>(Q) : ull 2 <V R? + €} is an absorbing set for the map (¢, u) —
Us(t,0,u), that is, for any B € B(L*(Q)) there exists T(B) such that Ux(t,0,B) C By, for all
t > T(B).

We define now the set K = Ux(1,0,Bp). Lemma 3.4 implies that K is compact.
Moreover, since By is absorbing, using Lemma 3.3 we have

U,(t,T,B) =Us(t,t-1,Us(t-1,7,B))
(3.28)
= uT(t—l)O‘(]-/ O/ uT(T)O‘(t - 1 -7, 0/ B)) C UZ(L 0/ BO) C K/

forall o € 3, B € B(L*(Q)), and t > T(B, 7). It follows that any sequence {¢,} such that {¢,} €
Uy, (tn, T, Bo),0n € 3,t, — +oo, B € B(L*(Q)), is precompact in L*(Q).Itis a consequence of
Lemma 3.4 that the map U, has compact values for any o € X.

Finally, let us prove that the map (o, x) — U, (¢, T, x) is upper semicontinuous for each
fixed t > 7 > 0. Suppose that it is not true, that is, there exist ug € LZ(Q),t >17>0,00€%,e>0,
6, — 0,u, € Bs,(up),0n, — 0y, and &, € Uy, (¢, T,uy,) such that {¢,} ¢ Bo(U,, (t, T, up)). But
Lemma 3.4 implies (up to a subsequence) that¢, — ¢ € Uy, (t, T, ug), which is a contradiction.
The existence of the uniform global compact attractor follows then from Theorem 2.9. O
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4. The Kneser Property and Connectedness of the Attractors

Let D, 7(u;) be the set of all weak solutions of the problem (1.1) on (7,T) with the initial
datum u(7) = u,. In this section we will check that the set

Ki(ur) = {u(t) : u(-) € Drr(ur)} (4.1)

is connected in L?(Q).
We define a sequence of smooth functions ¢ : R, — [0,1] satisfying

1 if0<s<k,
¢r(s) = 40<¢r(s) <1 ifk<s<k+1, (4.2)
0 if s>k+1.

For every k > 1 we put fi(x,u) = ¢ ([u]) f(x,u) + (1 — g (|u]))|[ulP~?u. Then fi(x,-) € C(R,R)
and sup,, | fi(x,u) - f(x,u)| — Oask — oo, for all A>0.

Let p. : R — Rbe a mollifier, thatis, p. € C{°(R, R) such that supp p. C B, fR pe(s)ds =
1,pe(s) 20, forall s € R, where B, = {fu € R : |[u] < e}.

We define the functions f(x,u) = fR pe(s) fi(x,u — s)ds. Since, for any k > 1, fr(x,.)
is uniformly continuous on B.1, there exists ex € (0,1) such that, for any u satisfying |u| < k
and for all s for which |u — s| < ek, we have

| fi (e, 1) = fi(x,8)| < % (4.3)

We put f*(x,u) = f*(x,u). Then f¥(x,.) € C*(R,R), forall k > 1.
We now prove the following lemma.

Lemma 4.1. For all k > 1, the following statements hold:

sup fk(x,u)—f(x,u)| —0, ask— oo, YA>0, (4.4)
[ul<A
)fk(x,u)| < DijulP™ + Dy (x), (4.5)
f*(x,u)u > Dsul’ - Dy(x), (4.6)
f¥(x,u) > -Ds(k), VueR, 4.7)

where Dy € L*(Q) and Dy € LY(Q) are nonnegative functions, Ds(k) is a nonnegative number, and
the positive constants D1, D3 do not depend on k.

Proof. Because of (4.3), for any u such that |u| < k, we have

| £ ) = fulrw)| < fR pes (=) fi5) - fulww)lds < 7, (48)
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we obtain that for any A > 0 and any u such that |u| < A,
|fk(x,u) - f(x,u)| < |fk(x, u) - fk(x,u)| +feou) - fx,w)|, VE>A. (49)

Hence (4.4) holds.
We prove that fj satisfies conditions type of (H2). Indeed, we have

i Gy = () f Gy + (1= gl e
> k() (Calul? = ha () + (1= gse((ul)) P (4.10)

> Colul? - ha(x),
where C, = min{1, Gy}, hy € LY(Q), and

|, w)| < D(1f 0] + |l u])
< D(Calul™ + by () + ™) (4.11)

<D(Cy + D)|uf™! + Dhy(x),

for some constant D > 0.
Now we check that f¥ satisfies (4.5) and (4.6). Using the above estimates for fi, we
have

'fk(x,u)l = URPsk(S)fk(x,u - s)ds

<[ pu®lfetxu=s)lds
R
< f e, (5) (D(c1 +D)|u—sP + Dhl(x)>ds
R (4.12)
< IR Pe. (5) <6|u|’”_1 +Clsp + Dhl(x)>ds

< j pey(5) (Clul™ + ClexP™" + Dhi (x) ) ds
R

< Dy|ulf™t + Dy(x), where D; e L®(Q).
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On the other hand, using Young’s inequality and the estimates for fi, we obtain

fk(x,u)u = f Pe () fre(x, u—s)(u—s)ds + j Pe. () fre(x,u—s)sds
R R

~ ~ C /
2 fR pei () (Calu = 5" ~ () ) s - fR pe, “’(an)'fk(”— S + Ko|s|”>ds
> f Pe (5) <62|u -8 - Ez(?ﬁ'))ds - J‘ Pe. () <%|u —sP + ﬁh’ljl (x) + K0|€k|p>ds
R R

> [ pu® - sPds - Ta(w) - DI () - Ko
R

> Ds|ul’ - Dy(x), with Dy € L'(Q),
(4.13)

where in the last inequality we have used the fact that, for some M > 0,

ulf = [u—s+sP < M(ju-s]P +|s) < M<|u — s+ eZ). (4.14)

Let us show that f¥(x,u) > —Cs(k), for all u € R. Indeed, if |u| > k + 1, we have

Freu(x, 1) = afkéz, u) _ a(|ué|):2u> = (p-D)luP? 2 0. (4.15)
Then for |u| > k + 2, we get
Fiem = [ pulo)frutds 0, @16)
Finally, if |u| < k + 2, we have
f,’f(x,u)| < IR|peku(u - 9)|| fx(x,s)|ds < Ds(k), (4.17)
where we have used the above estimate for fr with noting that h; € L*(£2). O

Remark 4.2. In fact, if we are concerned with the existence of the uniform global compact
attractor in L2(Q), we only need to assume that i; € L' (Q). The stronger assumption, namely,
hy € L*(Q), is used to prove (4.7), which is nessceary for the proof of the Kneser property
and the connectedness of the uniform global attractor.

We are now in a position to prove the following theorem.
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Theorem 4.3. The set K;(u.) is connected in L*(Q) for any t € [7,T].

Proof. The proof is quite standard (see, e.g., [9, 15]), so we only give its sketch.

The case t = T is obvious. Suppose then, that for some +* € (1, T], the set K (u,) is not
connected. Then there exist two compact sets A;, Az in L*(Q) such that A U Ay = Ky (1),
A1 N Ay#0. Let ug, up € Drr(ur) be such that uy (t*) € Uy, up(t*) € Uy, where Uy, U, are
disjoint open neighborhoods of A;, A,, respectively.

Let uf(t, Y),i=1,2,be equal to u;(t) if t € [T, y] and be a solution of the problem

ou _ div(o(x)Vu) + f(x,u) = g(t,x), (Lx) € (y,T)*xQ,
ot (4.18)

ulaq =0, Ul = ui(y, x)

if t € [y, T]. Since Lemma 4.1 and Proposition 3.2, problem (4.18) has at least one weak
solution. It follows from (4.7) that this solution is unique. Also, the maps ui.‘(t,y) are
continuous on y for each fixed k > 1 and ¢t € [7,T]. For details of the proof of these facts,
see, for example, [9]. Using (4.6), one can prove that the functions u} satisfy the estimate

2 t 2 t
”uf(t) +2I ”uf(s) ds +2D3J ”uf(s) P
[2(Q) . 21(Q,0) , (@)
(4.19)
ke |? t )
< ”ui () o) +K L ||g(s)||L2(Q)d5 +1).
Now we put
T—(T-7)A if Ae[-1,0],
v = (4.20)
T+ (T-1)A if A€ [0,1]

and define the function

0 = uk(t,y(\)) if A€ [-1,0], wan)
uk(t,y(\)) if L€ [0,1].

We have ¢ (-1)(t) = u¥(t,T) = u1(t), o*(1)(t) = ub(t,T) = up(t). The map A — @*(1)(¢) is
continuous for any fixed k > 1, t € [7,T] (note that u’l‘(t, T) = u’z‘(t, 7)) and ¢*(-1)(t*) € U,
¢F(1)(t*) € Uy, so that there exists Ay € [-1,1] such that ¢* (Ax)(#) ¢ U; U U,.

Denote u*(t) = ¢ (Ax)(t). Note that, for each k > 1, we have either u*(t) = ulf(t,y(.)tk))
or uk(t) = u’z‘(t, ¥(Ak)). For some subsequence it is equal to one of them; say u’l‘(t, ¥(Ak)). Now
we will consider the function u*(t,y(Ak)), t € [, T]. We have

o) - {ul(t) if t € [7,y(A)], W)

uf (b, y (A (8)) if £ € [y(Me), T],
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where y(Ax) — 10 € [, T]. We define the function

P ot = |0 eyl (4.23)
R o) ifte (y(), T

By the continuity, w1 (y(Ax)) — u1(yo) as k — oo. Moreover, from (4.18), (4.5), and (4.6), one
can show that {#¥} isbounded in V, { f k(x,u*)} isbounded in L¥ (t, T; LP (Q)), and, therefore,
{du* /dt} is bounded in L¥ (7, T; V*). By the Aubin-Lions lemma [22], we can prove that u*
converges weakly to a weak solution u of (1.1) satisfying u(7) = u,.

Finally, we can prove also that u*(#*) — u(t*) in L*(Q) (see again [9]). From this we
immediately obtain that u(t*) ¢ Uy U U,, which is a contradiction. This completes the proof.

O
Corollary 4.4. If A C L*(Q) is an arbitrary connected set, then
Ki(A) = {u() : u() € D,r(A)} € [X(Q) (4.24)
is connected.
Proof. The proof is similar to the one of Corollary 7 in [9], so we omit it. O

We now give the proof of the main theorem.

Proof of Theorem 1.1. Under conditions (H1)-(H3), we have shown the existence of the
uniform global compact attractor «# of the family of processes {Uy},cs in Theorem 3.5. In
addition, U, is upper semicontinuous and has the compact values. Moreover, U, has the
connected values since Theorem 4.3. Since both L?(Q2) and X are connected, </ is connected
in L2(Q). O
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