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1. Introduction

Let p be a fixed prime number. Throughout this paper, the symbols Z, Z,, Q,, and C, will
denote the ring of rational integers, the ring of p-adic integers, the field of p-adic rational
numbers, and the completion of algebraic closure of Q,, respectively. Let N be the set of
natural numbers and Z, = N U {0}. Let v, be the normalized exponential valuation of C,
with [pl, = p™*®) = 1/p. Let UD(Z,) be the space of uniformly differentiable function on Z,.
For f € UD(Z,), the p-adic invariant integral on Z, is defined as

pN-1
> fx), (1.1)

=0

1) = [ s = Jim -

(see [1]). From the definition (1.1), we have

I(F) = 1(F) + £10), where (0) = L)

x fi(x) = f(x+1). (1.2)

X
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Let f,(x) = f(x + n), (n € N). Then we can derive the following equation from (1.2):
n-1
I(fu) =1(f) + 2. f'(0), (1.3)
i=0
(see [1]). It is well known that the ordinary Bernoulli polynomials B, (x) are defined as
[ee] tn
= ;)B"(X)E’ (1.4)

(see [1-25]), and the Bernoulli number B,, are defined as B, = B,,(0).
Let d be a fixed positive integer. For n € N, we set

X =Xy =lim(2/dpNZ),  Xi=1,

X* = Jocacdp, (a + dpZy); (1.5)
(ﬂrp):1

a+dpNz, = {x eEX|x= a(modde>},
where a € Z lies in 0 < a < dp™N. It is easy to see that
Ixf(x)dx = IZ f(x)dx, for f € UD(Zy,). (1.6)
P
In [14], the Witt’s formula for the Bernoulli numbers are given by

J‘ x"dx =B,, ne€Z,. (1.7)
ZP

Let y be the Dirichlet’s character with conductor d € N. Then the generalized Bernoulli
polynomials attached to y are defined as

a teat [e’e) tn
er(dt) = 3By (1.8)

a=1

(see [22]), and the generalized Bernoulli numbers attached to y, B, are defined as B, =
Bn,x (0) .

In this paper, we investigate the interesting identities of symmetry for the generalized
Bernoulli numbers and polynomials attached to y by using the properties of p-adic invariant
integral on Zy. Finally, we will give relationship between the power sum polynomials and the
generalized Bernoulli numbers attached to .
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2. Symmetry of Power Sum and the Generalized Bernoulli Polynomials

Let y be the Dirichlet character with conductor d € N. From (1.3), we note that

fxx(x)extdx_ Z X(l)e Z

(2.1)

where B, (x) are the nth generalized Bernoulli numbers attached to y. Now, we also see that

the generalized Bernoulli polynomials attached to y are given by
x (e
fxx(y)e( Wy = Zedtx ZBn x(x)
By (2.1) and (2.2), we easily see that

f X(x)x"dx = By, f X(v) (x +y)"dy = By, (x).
X X

From (2.2), we have

L /n e
Bn,x(x) = Z(E) By, x ¢

From (2.2), we can also derive

xt < . t (l/d n-1 t"
[ xwe = S e Z d Zx@)B( )

Therefore, we obtain the following lemma.

Lemma 2.1. For n € Z., one has

d-1 .
[ xeowax= = S (L)
X i=0 d

We observe that

1 +X X d ( ) Xtd ndt 1
([ st [ etonn) < P - S (S )

Thus, we have

%<J‘Xx(x)e("d+x)tdx - Ixx(x)ejddx> i <r§:1x<€)€k> K

k=0

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

2.7)

(2.8)
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Let us define the p-adic functional Tk (y, n) as follows:

Tv(x,n) = D x(0)€*, forkeZ,. (2.9)
=0

By (2.8) and (2.9), we see that
1 (nd+x)t xt B tk
- x(x)e dx—| y(x)e¥dx )= Z(Tk(x,nd— 1))—. (2.10)
ENJx X = k!
By using Taylor expansion in (2.10), we have
J y(x)(dn + x)*dx - f x(x)x*dx = kTt (y,nd - 1), for k,n,deN . (2.11)
X X

That is,

Bk,x(nd) - Bk/X = ka_1 (x, nd — 1). (2.12)

Let w1, w,,d € N. Then we consider the following integral equation:

W1 X1 +WH X wiwy d- d-—
d”xX(xl)X(x2)e< 14w, z)thC]dX2 B t(ed b 1) <z§x(a)ew1at> <2ix(b)€w2bt>.
a=0 b=0

[y edwrwartdx  (ewrdt — 1) (ewrdt — 1)
(2.13)
From (2.7) and (2.10), we note that
- f ety (i oo = 1) (.14)
Let us consider the p-adic functional T, (w1, w,) as follows:
T, (n, w2) = dffxxGx()etrsereid dx, 215

erdwl w2x3tdx3

Then we see that T\ (w1, w,) is symmetric in w; and w,, and

t dwywyt _ 1 wwyxt d-1 d-1
Ty (wn, w2) = (e(:ndt -1) (e?ufdt -1) < X(a)ewlat> <Zx(b)ew2bt>' (2.16)

a=0 b=0
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By (2.15) and (2.16), we have

d wzxztd
Tx(wl,Z{Jz) — (wilj X(X1)€w1(xl+w2x)tdx1> < erXX(xZ)e x2>
X

J’Xedwlwzxtdx

i k k
< Zle w2x>—> <ZTk(X,dw1 1) kf >
© lX('HJ2X)Tg l(xldwl 1)w f IE‘
<Z< il(e —1)! = g!

°° e e #
<Z<z> i (W2x)Tei (), dwy — 1w w} >E
=0 \i=0 !

(2.17)

From the symmetric property of T\ (w1, w>) in w; and w,, we note that

1 dw (7)™ 1t d
Ty (w1, w,) = (JZIXX(xz)eWZ(x2+wlx)tdx2>< 2/ xx (3 1

J'Xedwlwzxtdx
i 0 ktk
(g grom %)
2i=0 k=0 :
i i,X(ZULX)w;Tg_i (x, dws — 1)w1€_i€! i
i@ —i)! 71

yart < —o<l> wf ’Bzx(TULX')Tg l(X/de _1)>

By comparing the coefficients on the both sides of (2.17) and (2.18), we obtain the following
theorem.

(2.18)

Theorem 2.2. For wq,w,,d € N, one has

'MN

Il
(=}

¢
¢ i1 i
Z <i>Bi,x(w2x)T€—i(X/ dw; - 1w ws™ =

¢l
< ) lx(wlx)TZ 1(erw2—1)w2 wl .
i=0

(2.19)

1

Let x = 0 in Theorem 2.2. Then we have

4 4
Z( >leTgl(X,dw1—1)w Z( >B,XTg,(x,dw2—1)w2 wi (2.20)

i=0 i=0
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By (2.14) and (2.16), we also see that

ewlwzxt

Ty (w1, wr) = <

f X(xl)ewlxﬂdx dwleX(x2 wzxztdx2>
X

J’ edwiwaxt J 5

1 )(
= < wlwmf X(xl)ewlx”dx1>< Z:::ft ><ZX 1)€w21t>
)

piwaxt wi-1d-1
=< f X(xl)ewlxltdm

w1
ewlwzxt dwi;-1 )
= < f X(xl)e“”x”dxl>< > ewlltx(i)> (2.21)
w1 Jx 0

dw1

. Z X(l)j X(xl)ewl(x1+w2x+(w2/wl)i)tdx1

ew2(1+éd)tx(l + gd)>
=0 i=0

dw; -1 wktk
2
Z x(z)Zka<w2x+ —11> li!
oo /dw - . tk
= Z< Z X(I)ka<w2x+ —l> wy 1> o

k=0 i=0

From the symmetric property of T, (w1, w>) in w; and w,, we can also derive the following
equation:

TX(wl’ ZUZ) J’ edwiwaxt g x

wlwzxt ; dwlwzt 1 ,
(S J e mtan ) (S Zx@)e“’“
plorwaxt wy-1 d-1 )
< f X x )ewzxztdx2> < Z eu)1d€t> <Zx(i)ew1zt>

=0 i=0

de 1

= Z X(l)j X(xz)ewz(xz+w1x+(w1/wZ)i)tde

w1w2xtJ4 X . )ewzxztdx ><dw2jxx(x1)ew1x1tdm>

(2.22)

HT ZO Zka<w1x + —11> ]i!

k=0 w2

o (dwy-1 tk
=Z{ Z x(z)ka<w1x+—z>ZU§ 1}k'

i=0

By comparing the coefficients on the both sides of (2.21) and (2.22), we obtain the following
theorem.
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Theorem 2.3. For wq,w,,d € N, one has
dw1—1 de—l
> X()Biy (wzx + ﬂi) W= 3 y(i)Biy <w1x + ﬂi) wk !, (2.23)
i=0 w1 i=0 w2
Remark 2.4. Let x = 0 in Theorem 2.3. Then we see that
dw;—1 dw,-1
. w . k-1 _ . <w1 > k-1
1)B —1i )wy = 1)B —1 w5 . 2.24
; X() k,)(<u]1 > 1 ; X() k,x w, 2 ( )

If we take w, = 1, then we have

dw1—1

| d-1
% X(i)Bk,x<le>wi“1 - ;X(i)Ber(wli)' (2.25)

Remark 2.5. Let y be trivial character. Then we can easily derive the “multiplication theorem
for Bernoulli polynomials” from Theorems 2.2 and 2.3 (see [14]).
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