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1. Introduction

Let C be a subset of real Banach space X. Let T be a self-mapping of C and let F(T) denote the
fixed points set of T, that is, F(T) := {x € C : Tx = x}. Recall that a mapping T is said to be
asymptotically nonexpansive on C if there exists a sequence {b,} in [0, o) with lim, b, = 0
such that for each x,y € C,

|T"x - T"y|| < A +by)||x-y|, Vn>1. (1.1)

If b, = 0 for all n > 1, then T is known as a nonexpansive mapping. T is called

generalized asymptotically quasi-nonexpansive [1] if there exist sequences {b,}, {c,} in [0, o)
with lim,, _, o, b,, = 0 = lim,, _, , ¢,, such that

|T"x -p|| < A+bu)||x-p|| +cn, VYn>1, (1.2)
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for all x € Cand all p € F(I). If ¢, = 0 for all n > 1, then T is known as an
asymptotically quasi-nonexpansive mapping. T is called asymptotically nonexpansive mapping
in the intermediate sense [2] provided that T is uniformly continuous and

lim sup sup (|77~ T"y]| - - y]]) <0. 13

n—oo x,yeC
T is said to be (L — y) uniform Lipschitz [3] if there are constants L > 0 and y > 0 such that
|IT"x -T"y|| <L||x-y|", vn>1, (1.4)

for all x,y € C. A mapping T is called semicompact if any bounded sequence {x,} in C with
limy, . |[x4 — Tx,|| = 0, there exists a subsequence {x,,} of {x,} such that {x,,} converges
strongly to some x* in C.

Remark 1.1. Let T be asymptotically nonexpansive mapping in the intermediate sense. Put
Gn=sup, ec (IT"x -T"y|| - llx-yl) vO,¥n > 1.

If F(T) #, we obtain that | T"x - p|| < ||x—p||+ G, forall x € Cand all p € F(T). Since
lim, . o, G, = 0, therefore T is a generalized asymptotically quasi-nonexpansive mapping.

Recall that a mapping T : C — C with F(T) #O is said to satisfy condition (I) [4] if
there is a nondecreasing function f : [0,00) — [0,00) with f(0) = 0 and f(t) > O for all
t € (0, 00) such that ||[x — Tx|| > f(d(x, F(T))) for all x € C, where d(x, F(T)) = inf {|[x - p|| :
peF(T)}.

Fixed-point iteration processes for asymptotically quasi-nonexpansive mapping in
Banach spaces including Mann and Ishikawa iterations processes have been studied
extensively by many authors; see [3, 5-11]. Many of them are used widely to study the
approximate solutions of the certain problems. In 1974, Senter and Dotson [4] studied the
convergence of the Mann iteration scheme defined by x; € C,

Xpi1 = anTxpy + (1 - an),,, Vn2>1, (1.5)

in a uniformly convex Banach space, where {a,} is a sequence satisfying 0 < a < a, < b <
1 for all n > 1 and T is a nonexpansive (or a quasi-nonexpansive) mapping. They established
a relation between condition (1) and demicompactness.

Recall that a mapping T : C — C is demicompact if for every bounded sequence
{xn} in C such that {x, — Tx,} converges, there exists a subsequence say {x,} of {x,}
that converges strongly to some y in C. Every compact and semicompact mapping is
demicompact. They actually showed that condition (I) is weaker than demicompactness for a
nonexpansive mapping defined on bounded set.

Xu and Noor [12], in 2002, introduced a three-step iterative scheme as follows:

zp = anT"x, + (1 - an)y,
Yn =byT"zpy+ (1-by), , (1.6)

Xni1 = @y Ty + (1 - atn),,, n2>1,



Abstract and Applied Analysis 3

where {a,}, {bn}, {a,} are appropriate sequences in [0,1]. The theory of three-step iterative
scheme is very rich, and this scheme, in the context of one or more mappings, has been
extensively studied (e.g., see Khan et al. [6], Plubtieng and Wangkeeree [7], Fukhar-ud-din
and Khan [5], Petrot [13], and Suantai [14]). It has been shown in [15] that three-step method
performs better than two-step and one-step methods for solving variational inequalities.

In 2001, Khan and Takahashi [16] have approximated common fixed points of two
asymptotically nonexpansive mappings by the modified Ishikawa iteration. Jeong and
Kim [17] have approximated common fixed points of two asymptotically nonexpansive
mappings. Plubtieng et al. [18], in 2006, modified Noor iterations with errors and have
approximated common fixed points of three asymptotically nonexpansive mappings.
Shahzad and Udomene [10] established convergence theorems for the modified Ishikawa
iteration process of to asymptotically quasi-nonexpansive mappings to a common fixed point
of the mappings. Plubtieng and Wangkeeree [7], in 2006, established strong convergence
theorems of the modified multistep Noor iterations with errors for an asymptotically quasi-
nonexpansive mapping and asymptotically nonexpansive mapping in the intermediate sense.

Very recently, Khan et al. [6], in 2008, established convergence theorems for
the modified multistep Noor iterations process of finite family of asymptotically quasi-
nonexpansive mappings to a common fixed point of the mappings. For rerated results with
errors terms, we refer to [5-7, 17-21]. Inspired and motivated by these facts, we introduce a
new iteration process for a finite family of {T; : i = 1,2,...,k} of generalized asymptotically
quasi-nonexpansive mappings as follows.

LetT;: C — C (i = 1,2,...,k) be mappings and F := (L, F(T}). For a given x; € C,
and a fixed k € N (N denote the set of all positive integers), compute the iterative sequences
{xn} and {yin} by

Xn+1 = Yin = Akn L Y(k-1), + PknXn + YinUkn,

Yk-1)n = a(k—l)nT}:l_ly(k—Z)n + ﬂ(k—l)nxn + Y(k-1)nU(k-1)n,

(1.7)
Yan = @3n 15 Yon + PanXn + Yanllsn,

Yon = a2nT2ny1n + ﬂann + YonUon,

n
Yin = “1nT1 Yon t ﬂlnxn + YinUin,

where yo, = x, and {u1,}, {u2n}, ..., {tkn} are bounded sequences in C with {a;,}, {Bin}, and
{yin} are appropriate real sequences in [0, 1] such that a;, + fin + yin = 1 foralli =1,2,... k
and all n. Our iteration includes and extends the Mann iteration (1.5), three-step iteration by
Xu and Noor (1.6), the multistep Noor iterations with errors by Plubtieng and Wangkeeree
[7], and the iteration defined by Khan et al. [6] simultaneously.

The purpose of this paper is to establish several strong convergence theorems of the
iterative scheme (1.7) for a finite family of generalized asymptotically quasi-nonexpansive
mappings when one mapping T; satisfies a condition which is weaker than demicompactness
and we also weak convergence theorem for a finite family of generalized asymptotically
quasi-nonexpansive mappings in a uniformly convex Banach space satisfying Opial’s
property. Our results generalize and improve the corresponding ones announced by Khan
et al. [6], Fukhar-ud-din and Khan [5], and many others.
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2. Preliminaries

In the sequel, the following lemmas are needed to prove our main results.

A mapping T with domain D(T) and range R(T) in X is said to be demiclosed at 0 if
whenever {x,} is a sequence in D(T) such that {x,} converges weakly to x € D(T) and {Tx,}
converging strongly to 0, we have Tx = 0.

A Banach space X is said to satisfy Opial’s property if for each x in X and each sequence
{x,} weakly convergent to x, the following condition holds for x # y:

liffli?f llxcn — x|| < lifli?f |l2n — v]|- (2.1)

It is well known that all Hilbert spaces and I, (1 < p < o) spaces have Opial’s property
while L, spaces (p#2) have not. A family {T; : i = 1,2,...,k} of self-mappings of C with
F:= N5, F(T;) # @ is said to satisfy the following conditions.

(1) Condition (A) [22]. If there is a nondecreasing function f : [0,00) — [0, 00) with

f(0)=0and f(t) >0 forallt € (0,00) such that 1/k Zi;l lx — Tix|| > f(d(x, F)) for
all x € C, where d(x, F) =inf {||x - p|| : p € F}.

(2) Condition (B) [22]. If there is a nondecreasing function f : [0,00) — [0, 00) with
f(0) =0and f(t) > 0 for all t € (0, 00) such that maxi<;<k {||x — Tix||} > f(d(x, F))
forall x € C.

(3) Condition (C) [22]. If there is a nondecreasing function f : [0,00) — [0, 00) with
f(0) =0and f(t) > 0forall t € (0, 0) such that ||x — Tix|| > f(d(x, F)) forall x € C
and for atleastone T;, 1 =1,2,...,k.

Note that (B) and (C) are equivalent, condition (B) reduces to condition (I) when all but one
of T;’s are identities, and in addition, it also condition (Z).

It is well known that every continuous and demicompact mapping must satisfy
condition (I) (see [4]). Since every completely continuous T : C — C is continuous and
demicompact so that it satisfies condition (I). Thus we will use condition (C) instead of the
demicompactness and complete continuity of a family {T;:i=1,2,...,k}.

Lemma 2.1 (see [8, Lemma 1]). Let {a,}, {bn}, and {5, } be sequences of nonnegative real numbers
satisfying the inequality

ans1 < (1+064),, +bn, Yn=12,.... (2.2)

If >, 6, <ooand X7, by < oo, then

(i) lim,, _, o, a,, exists;

(ii) limy, o a, = 0 whenever lim inf,,_, o, a,, = 0.
Lemma 2.2 (see [7, Lemma 3.1]). Let X be a uniformly convex Banach space, {x,}, {yn} C X, real
numbers a >0, a, B € (0,1), and let {a,} be a real sequence number which satisfies

(i) 0<a<a, <P<1,forall n>ngand for some ng € N;

(i) im sup, _,  [lxxll < aand limsup, _, _ |lyall < a;

(iii) limy — o ||nxy + (1 — @) yull = a. Then lim,, _, . ||x, — y|| = 0.
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Lemma 2.3 (see [14, Lemma 2.7]). Let X be a Banach space which satisfies Opial’s property and let
{x,} be a sequence in X. Let u,v € X be such that lim,,_, o, ||x, — u|| and lim,,_, ., ||x, — v|| exist.
If {xy, } and {x,, } are subsequences of {x,} which converge weakly to u and v, respectively, then
u=o.

3. Convergence Theorems in Banach Spaces

Our first result is the strong convergence theorems of the iterative scheme (1.7) for a finite
family of generalized asymptotically quasi-nonexpansive mappings in a Banach space. In
order to prove our main results, the following lemma is needed.

Lemma 3.1. Let X be a Banach space and C a nonempty closed and convex subset of X, and {T; : i =
1,2,...,k} a finite family of generalized asymptotically quasi-nonexpansive self-mappings of C with
the sequences {bi, }, {cin} C [0, 00) such that 3,77, biy < oo and X771 ¢in < oo foralli=1,2,...,k.
Assume that F#Q and Y771 Yin < 0o for eachi = 1,2,...,k. For a given x1 € C, let the sequences
{xn} and {yin} be defined by (1.7). Then

(a) there exist sequences {v,} and {ei,} in [0, 00) such that 3771 v, < 0, 31724 €in < oo, and
lyin =PIl < (1 +0,) |0 = pll + €in, foralli=1,2,..., kand all p € F;
(b) limy, o, ||xn — p|| exists forall p € F;

(c) there exist constant M > 0 and {s;} in [0, 00) such that 3,2, s; < oo and ||Xp+m — p| <
M||x, —pll + X2, si forallp € Fand n,m € N.

Proof. (a) Letp € F, v, = maxy<i<k {bin} and d, = maxi<i<k {cin} for all n.
Since 3,77, bin < 0 and X2, cin < 0o, foralli =1,2,..., k, therefore ;7 v, < co and
>v2, dn < oo. For each n > 1, we note that
1 =PIl = lloraT{Yon + Prnxn + yintarn = |
< an|| T = pll + Proallxn = pll + yinl[1n = p|
< a1 (1+ bua) [|xn = pl| + @vacrn + Pualxn = pl + y1n||urn = p| (3.1)
< a1y (14 0,) || %0 = p|| + @rndn + Pra(1 +00) [0 = | + y1n]|1e10 = p||
< (L4 00) [l —pl| + e1n,
where e, = a1,dny + Y1nllu1n — p||- Since {u1,,} is bounded, 3,77 yin < o0 and X7 dy, < o0, we
obtain that > ; e1, < oo. It follows from (3.1) that
ly2n = pll < @2ul| T3y1n = pll + Paul|xn =PIl + y2ul|uze =
< a2 (1+00)[|[y1n = pl| + @2 + Poul| 0 = P + 2 [|2n = |
< aon(1+0) ((1+ 00) |20 = Pl + €10) + @2nddn + Pon (1 + 00)* |20 = Pl + y2u |20 - |
= (aon + Bon) (1 +02)*||xn = p| + @20 (1 + Vn)ern + aondn + You||ti2n = p|

< (1+v,)%||x0 = pl| + €2n,
(3.2)
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where ey, = ag, (1 +vy,)e1n + A2ndy + Youlltizn — p|. Since {1z, }, {v,} are bounded, >, €1, < oo,
S dny < oo, and Yo7, Yon < 00, it follows that >, es, < co. Moreover, we see that

lysn = pll < @su|| T3 y2n = || + Banl|xn = p|| + y3u| |13 = p||

< azn(1+vn)|[y2n = || + azndn + Panl|xn = Pl + y3n ||z = p||
< azn(1+vy) <(1+Un)2||xn - p” + 62n>+“3ndn + Pan(1 + Un)3||xn - p” + Y3n||u3n - P”

= (“371 + ,[5311) (1 + Un)3||xn - p” + a’a‘n(l + vn)QZn + azpdy + YSn”uSn - P”

<1+ Z771)3||xn - p” + €s3n,
(3.3)

where e3, = a3, (1 + vy)en + Azudy + Yanllusn — pl|. Since {usy,}, {v,} are bounded, 377, eay <
0, D1 dn < oo, and X772 13, < oo, it follows that 37, e3, < oco. By continuing the above
method, there are nonnegative real sequences {e;, } in [0, o0) such that 3,77, i, < oo and

|lvin =Pl < A +00) ||xn —p|| + € Vi=1,2,... k. (3.4)

This completes the proof of (a).
(b) From part (a), for the case i = k, we have

|xn —p|| < A+ vn)k”x,1 -p|l+exn, VYmpeF. (3.5)

It follows from Lemma 2.1(i) that lim,,_, ., ||x,, — p|| exists, forall p € F.
(c)Ift >0,then 1+t < efand so, (1+ t)k < eM, fork = 1,2,.... Thus, from (3.5), it
follows that

”xn+m - P” < (1 + Un+m—1)k ||xn+m—1 - P” + €k(n+m-1)

< exp {kUnim-1} ||xn+m—l - P” + k(n+m-1)

nem-1 n+m-1
S...Sexp{kzvi}”xn_p”"' Zeki
1=n =n

(3.6)

cexp {kzvf}uxn ol S
i=1 i=n

< Mljxn = pll + X,

i=n

where M = exp{k X%, vi} and s; = ey;. O
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Theorem 3.2. Let X be a Banach space and C a nonempty closed and convex subset of X and {T; : i =
1,2,...,k} a finite family of generalized asymptotically quasi-nonexpansive self-mappings of C with
the sequences {bi,}, {cin} C [0, 00) such that 377, biy < oo and 3,774 ¢in < oo foralli=1,2,...,k.
Assume that F #( is closed and Y5 yin < oo for each i = 1,2,...,k. Then the iterative sequence
{xn} defined by (1.7) converges strongly to a common fixed point of the family of mappings if and
only if lim inf, o, d(x,, F) = 0.

Proof. We prove only the sufficiency because the necessity is obvious. From (3.5), we have
llxn1 —pll < (1 + vn)k||xn —pll + ek, forallmand all p € F.
Hence, we have

d(xpa, F) < (1+ Un)kd(xn; F) + exn

Ko ~ (3.7)
:<1+Zk(k 1...(k r+1)vz>d(me)+ekn.

!
= r!

Since 3%, v, < oo, it follows that 32, S5 (k(k=1) --- (k—r+1)/r!)v", < o0.Since 32, ek, <
oo and lim inf, ., d(x,, F) = 0, it follows from Lemma 2.1(ii) that lim,, _,,, d(x,, F) = 0. Next,
we prove that {x,} is a Cauchy sequence. From Lemma 3.1(c), we have

v ~pll < Mllza —pll + S5, VpeE mme. 69

i=n

Since limy, _ ,d(x,, F) = 0 and .72, s; < oo, therefore for € > 0, there exists ny € N such that

0

€ €
d(xn, F) < 3 izznosi <y VYnzm. (3.9)
Therefore, there exists z; in F such that
€
l2ny = 21l < == (3.10)

4M’
From (3.8) to (3.10), for all n > ny and m > 1, we have

xnem = Xnll < | Xnem — 21|l + |30 — 1]

[o'e] [ole]
< Mlxn, — z1ll + D 5i + Ml|xn, — z1]l + D si (3.11)
i=n0 i=n() ’
€ € € €
<M—+-+M—+—-=c¢.

4M 4 4M 4

This shows that {x,} is a Cauchy sequence, hence x, — z € C. It remains to show that z € F.
Notice that

d(z,F) - d(xn, F)| < ||z = xall, Vn. (3.12)

Since lim,, , .d(x,, F) = 0, we obtain that z € F. O
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The following corollary follows from Theorem 3.2.

Corollary 3.3. Let X be a Banach space and C a nonempty closed and convex subset of X and {T; : i =
1,2,...,k} a finite family of generalized asymptotically quasi-nonexpansive self-mappings of C with
the sequences {bi,}, {cin} C [0, 00) such that 3,77, bin < 0o and X771 ¢in < oo foralli=1,2,... k.
Assume that F #Q is closed and 3,71 Yin < oo for each i = 1,2,...,k. Then the iterative sequence
{x}, defined by (1.7), converges strongly to a point p € F if and only if there exists a subsequence
{xn; } of {xn} converging to p.

Since an asymptotically quasi-nonexpansive mapping is generalized asymptotically
quasi-nonexpansive mapping, so we have the following result.

Corollary 3.4. Let X be a Banach space and C a nonempty closed and convex subset of X and {T; : i =
1,2,...,k} afinite family of asymptotically quasi-nonexpansive self-mappings of C with the sequences
{bin} C [0, 00) such that 3571 by < oo foralli=1,2,..., k. Assume that F#Q and > 1 Yin < o0
foreachi = 1,2,...,k. Then the iterative sequence {x,}, defined by (1.7), converges strongly to a
common fixed point of the family of mappings if and only if lim inf, _, . d(x,, F) = 0.

Remark 3.5. Theorem 3.2 generalizes and extends Theorem 2.2 of Khan et al. [6], for a finite
family of asymptotically quasi-nonexpansive mappings, Theorem 1 of Fukhar-ud-din and
Khan [5], and Theorem 3.2 of Shahzad and Udomene [10] for two asymptotically quasi-
nonexpanaive mappings to the more general class of generalized asymptotically quasi-
nonexpansive mappings.

Theorem 3.6. Let X be a Banach space and C a nonempty closed and convex subset of X and {T; : i =
1,2,...,k} a finite family of generalized asymptotically quasi-nonexpansive self-mappings of C with
the sequences {bi,}, {cin} C [0, 00) such that 3,77, biy < oo and 3,771 ¢in < oo foralli=1,2,...,k.
Suppose that F #@ is closed. Let x1 € C and {x,} be the sequence defined by (1.7). If 3.7 Yin < 0,
limy, o Xy — Tixpl| = O forall i = 1,2,...,kand {T; : i = 1,2,..., k) satisfies condition (C), then
{xn} converges strongly to a common fixed point of the family of mappings.

Proof. From lim,, o ||x, — Tixul| = O foralli = 1,2,...,kand {T; : i = 1,2,...,k} satisfying
condition (C), there is a nondecreasing function f : [0,00) — [0,00) with f(0) = 0 and
f() > 0forall t € (0,00) such that ||x, — Tj,x,|| > f(d(xy, F)) for some iy € {1,2,...,k}, it
follows that lim,, _, o, d(xy, F) = 0. From Theorem 3.2, we obtain that {x,} converges strongly
to a common fixed point of the family of mappings. O

4. Convergence Theorems in Uniformly Convex Banach Spaces

In this section, we establish weak and strong convergence theorems of the iterative scheme
(1.7) for a finite family of generalized asymptotically quasi-nonexpansive and (L—y) uniform
Lipschitz mappings in a uniformly convex Banach space. In order to prove our main results,
we need the following lemma.

Lemma 4.1. Let C be a nonempty closed and convex subset of a uniformly convex Banach space X and
{T;, i=1,2,...,k} afinite family of (L —y) uniform Lipschitz and generalized asymptotically quasi-
nonexpansive self-mappings of C with the sequences {bi,}, {cin} C [0, 00) such that 3,71 bin < o0
and X7y Cip < oo foralli=1,2,..., k. Assume that F £ and 3,77, Yin < oo foralli=1,2,..., k.
For a given x1 € C let {x,} and {yin} be the sequences defined by (1.7) with0 < 1 < ay < p <1,
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foralli=1,2,...,kandall n > ny and for some ny € N. Then
(1) limnﬁm”T}“y(]-_l)n —xu||=0forallj=1,2,...,k,
(ii) lim, o |Tjxn — xnl| =0 forall j =1,2,...,k,
(iii) limy— o ||[Yjn — xull = 0 forall j =1,2,... k.

Proof. Letp € F, v, = maxi<i<k {bin} and d,, = maxy<i<k {cin} for all n.
(i) From Lemma 3.1(b), we have that lim ,_, ||x, — p|| exists for all p € F. Suppose

that
Jlim [|xc, - p|| = a. (4.1)
From (3.4) and (4.1), we get that
lim sup ||yjn —p|| <@, forl<j<k-1. (4.2)
n—oo

Foreachje {1,2,...,k—-1} and n € N, we have

1Yin =PIl < @jn]| T}y -1 —P” + Binllxn = Il + yinlljn -

<ajn(1+vy,)

Y(joryn =P + @1+ va)ds (43)
+ (1= ajn) (L + o) |20 = p| + ¥jn (L +00) [ — |-
By using (4.3) and (1.7), foreach j = 1,2,...,k — 1, we have

llxne1 =Pl = [ @en (T Y10 = ) + Pien (X0 = P) + Yien (sen = ) |
< tien (1 + ) |y (k-1yn = p| + (1 = akn) (1 + 00) || 200 = p|
+ &k (1+ 02)dy + Yin ||tk = p|| (1 + 02)
< (dkna(k—l)n>(1 + Un)2||y(k—2)n - P”
+ (1 = an@e—yn) (1 + 00)%|| %0 = p|| + (ke + @ectyn) (1 + 0n)

+ (Yen|[ten = Pl + Yoenyn ||ty = p[]) (1 + 00)?

< (akn“a«l)n e “(j+1)n> (1+20) D ||y - p|
+ (1 ~ Qkn®(k-1yn "+ “(j+1)n) (1+ ) ) x|
+ <akn t X k-1t + a(].+1)n> (1 + Un)(kij)dn

+ (Venlltn =Pl + Yovml[sgen =Pl + -+ YGunyallgenm = ) 0+ 0a) 7.
(4.4)
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Since0 < <ay, <p<l1,foralli=1,2,...,kand all n > ny, we have that for all n > ny and
allj=1,2,...,k-1,

éjn
kI

n = n+l ™ %
E: .p”_ [lxne1 —p|| +nT]f (4.5)

d
7 (Lo,

[l = |l < =+ lyim —pll +

where &j, = akn + Ag—1yn + -+ + A(r1yn and Bju = Yinllkn — Pl + Ye-vnlltbie-1yn — pll + -+ +
Yi+1)nllte(+1yn — pll. Since lim, . o ||x, — pll = a and lim,, _, o, B}y, = limy, , oo dyy = lim;, . o, v, = 0,
it follows that

a<liminf ||y —-p|, Vi=1.2,..., k-1 (4.6)
n—oo
From (4.2) and (4.6), we have
nlijrgo lyin—pll=a= nlgr;o lxn—pl, Vi=12..., k-1 (4.7)

That is, foreach j =1,2,..., k, we have

| @jn (7Y (-1 = P+ Yin (i = %0) ) + (1= ) (5 =P+ Yjn (0 = x)) | = 2. (4.8)

n— oo

Since

T2y = 2+ 0 i = 20) || S IT7Y 1y =PI+ Vit = |

< +vn)||Y(joayn ~ p” + dy + Yjn||tjn — x|, (4.9)
[l =+ Vi (in = 20) | < |20 =PIl + Vi ll4jn = xa
it follows that
lim sup ||T]?‘y(]-_1)n =P+ ¥jn(tjn—xn)|| < a, (4.10)
lim sup ||xn—p+an(ujn_xn)|| <a, V] = 1/2/~--/k’ (411)
From (4.8) to (4.11), we can conclude from Lemma 2.2 that
Tim | Ty, - x| =0, V=12, k. (4.12)
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(i) It follows from part (i) in the case j = 1 that lim, . [|T{'x, — x,|| = 0. For j =
2,3,...,k, we obtain from part (i) that

T]?’xn - Xp

< ||T}’xn =Ty ()| + ||Tfy<i—1>n = Xn

Y
< L=yl + [Ty - 0
; (4.13)
< L(a(goaya| Ty -2y = | + G|y = 20
+ ”Tfy(]._l)n —xu/l = 0 asn — oo.
Therefore,
lim ”Ti"xn —xd|=0, Vj=12,.. k. (4.14)
n—oo
Since
”xn - zjn” S lxns1 = Xull + || X041 — T]'n+1xn+1
n+1 n+1 n+1
+ | Tj Xnal —T]- Xl + | T]. X —Tjxy
(4.15)
< akn”Tlgy(k—l)n - xn” + Ykn”ukn - xn” +|[Xne1 — T;Hlan
Y
+ L(akn”T]zly(k—l)n - xn” + Yin || thien — xn”)Y + L| T;lxn —Xul| ,
it follows from (i) and (4.14) that
lim || Tjx, - x| =0, Vj=1,2,... k. (4.16)
n— oo
(iii) Since lim; —, ¥j» = 0 and
19jn = xull < @jn| Ty (j-1)n = Xu|| + Vinl|tn = xu]| (4.17)
forall j € {1,2,...,k}, (iii) is directly obtained by (i). O

Theorem 4.2. Let C be a nonempty closed and convex subset of a uniformly convex Banach space X
satisfying the Opial’s property, and {T;, i =1,2,...,k} a finite family of (L—y) uniform Lipschitz and
generalized asymptotically quasi-nonexpansive self-mappings of C with the sequences {bi,}, {cin} C
[0, 00) such that >, 1 by < oo and 3774 cin < oo forall i = 1,2,..., k. Assume that F #Q and
S Yin < oo foralli =1,2,...,k. Fora given x; € C let {x,} be the sequence defined by (1.7)
with0 <n < ay, <p <1, foralli=12,...,kandall n> nyand for someny € N. If I - T;,
i=1,2,...,k, is demiclosed at 0, then {x,} converges weakly to a common fixed point of the family
{(Ti:i=1,2,...,k}.
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Proof. By Lemma 4.1(ii), we have lim,, ., ||Tix, — x,|| = 0, foralli = 1,2,..., k. Since X is
uniformly convex and {x,} is bounded, without loss of generality we may assume that x,, —
u weakly asn — oo for some u € C. Since I - T;, i = 1,2,...,k, is demiclosed at 0, we have
u € F. Suppose that there are subsequences {x, } and {x,, } of {x,} that converge weakly
to u and v, respectively. Again, as above, we can prove that u,v € F. By Lemma 3.1(b),
lim, o ||x, — u]] and lim, _, . ||x, — v|| exist. It follows from Lemma 2.3 that u = v. Therefore
{x,} converges weakly to a common fixed point of {T; :i=1,2,...,k}. O

Theorem 4.3. Under the hypotheses of Lemma 4.1, assume that the family {T; : i = 1,2,...,k}
satisfies condition (C). Then {x,} and {yjn} converge strongly to a common fixed point of the family
of mappings forall j =1,2,..., k.

Proof. From (3.5), we have
| ns1 = p|| € A +0)*||xn —p|| + €kn, Vn,p€F. (4.18)

Therefore,

d(xp1, F) < (1 +v,)d(xn, F) + €gn
k 1) (ke — 4.19
= <1+Zk(k D--(k r+1)v£>d(xn,F) + ekn- “1)

!
= r!

Since 7 v, < oo, it follows that >,7; Z’;zl(k(k -1 (k-r+1)/r)v], < oo. Since
>ooq ekn < 00, we obtain from Lemma 2.1(i) that lim,,_,, d(x,, F) exists. By Lemma 4.1(ii),
we have lim,, o [|Tix, — x,|]| = O foralli = 1,2,...,k. Since {T; : i = 1,2,...,k} satisfies
condition (C), there is a nondecreasing function f : [0,00) — [0,00) with f(0) = 0 and
f(t) > 0forallt € (0,00) such that ||x, — Ti,x,|| > f(d(x,, F)) for some iy € {1,2,...,k},
it follows that lim,_,,d(x,, F) = 0. By Theorem 3.2, we can conclude that {x,} converges
strongly to a common fixed point g of the family {T; : i = 1,2,...,k}. From Lemma 4.1(iii),
we have lim,, . ||yjx» —xu[| =0 forall j =1,2,..., k, and we obtain that lim, _, ., ¥, = q for all
i=12,... k. O

Remark 4.4. The family of generalized asymptotically quasi-nonexpansive mappings in
Theorem 4.2 and 4.3 can be replaced by a family of asymptotically quasi-nonexpansive
mappings. Lemma 3.1 and 4.1 generalize and improve [6, Lemma 3.1], [19, Lemmas 3.4
and 3.5], [18, Lemma 2.3], [7, Lemma 4.2], and [17, Lemma 3.3] to a finite family of
(L = y) uniform Lipschitz and generalized asymptotically quasi-nonexpansive mappings.
Theorem 4.2 generalizes and improves [6, Theorems 3.2 and 4.2], [18, Theorem 2.9],
[17, Theorem 3.1], and [21, Theorem 1] to the more general class of a finite family of
(L - y) uniform Lipschitz and generalized asymptotically quasi-nonexpansive mappings.
Theorem 4.3 generalizes and improves [6, Theorem 3.3], [7, Theorem 4.3], [5, Theorem 2],
[18, Theorem 2.4], [19, Theorem 4.2], [17, Theorem 3.2], [10, Theorem 3.4], [20, Theorem 2]
and [21, Theorem 2] by using condition (C) instead of condition (A) or semicompactness or
completely continuous or compactness to the more general class of a finite family of (L — y)
uniform Lipschitz and generalized asymptotically quasi-nonexpansive mappings.

Remark 4.5. From Remark 1.1, Theorems 3.2 to 4.3 hold true for a finite family {Ti}f=1 of
asymptotically nonexpansive mappings in the intermediate sense.
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