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1. Introduction

Computer Aided Geometric Design (CAGD) is a branch of applied mathematics concerned
with algorithms for the design of smooth curves/surfaces. One common approach to the
design of curves/surfaces related to CAGD is the subdivision scheme. It is an algorithm to
generate smooth curves and surfaces as a sequence of successively refined control polygons.
At each refinement level, new points are added into the existing polygon and the original
points remain existed or discarded in all subsequent sequences of control polygons. The
number of points inserted at level k + 1 between two consecutive points from level k is
called arity of the scheme. In the case when a number of points inserted are 2,3,...,n the
subdivision schemes are called binary, ternary, ..., n-ary, respectively. An important review
of the different subdivision schemes, which range from binary to any arity, can be found
in [1-3]. Due to good properties of the 4-point binary and ternary subdivision schemes [4—
9], much attention has been given to extend their ability in modelling curves and surfaces.
For example, the 4-point ternary interpolating subdivision scheme [8] can generate higher
smoothness than the 4-point binary one [6] by using the same number of control points.

Now a days, the variety of subdivision schemes investigated; our interest is in the
direction of quaternary schemes. The goal of this paper is to construct 4-point quaternary
subdivision scheme having the higher smoothness and approximation order but smaller
support than existing 4-point binary and ternary schemes.

Here we present a 4-point quaternary approximating subdivision scheme. A polygon
¥ = {fF},ez, is mapped to a refined polygon f**! = { f*1}., by applying the following four
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subdivision rules:

K+l _ . <k k k k
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where the weights {a;} are given by
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The paper is organized as follows. In Section 2 we list all the basic facts about quaternary
subdivision schemes needed in the paper. Sections 3 and 4 are devoted for analysis of
proposed scheme and its properties, respectively. Finally, in Section 5, comparison of our
scheme with other existing 4-point schemes is presented. Some examples reflecting the
performance of our scheme by setting the shape parameter to various values are also offered.

2. Preliminaries

A general compact form of univariate quaternary subdivision scheme S which maps a

polygon f* = { fF},., to a refined polygon f**! = { fF*1}._, is defined by
fit =Y aiff, i€l 2.1)
jez

where the set a« = {a; : i € Z} of coefficients is called mask of the scheme. A necessary
condition for the uniform convergence of the subdivision scheme (2.1) is that

> ayp,=1, p=0,1,23. (2.2)
JEZ

A subdivision scheme is uniformly convergent if for any initial data f* = {f? : i € Z}, there
exists a continuous function f, such that for any closed interval I C R, that satisfies

lim sup
k=0 jegky

fi=f (4"‘1') | =0. (2.3)

Obviously f = §* f°.
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For the analysis of subdivision scheme with mask a, it is very practical to consider the
z-transform of the mask,

a(z) = Z a;z', (2.4)

i€Z

which is usually called the symbol of the scheme. Since the scheme has mask of finite
support, the corresponding symbol is Laurent polynomial, namely, polynomial in positive
and negative powers of the variables. From (2.2) and (2.4) the Laurent polynomial of a
convergent subdivision scheme satisfies

a(l) =4, a<62i””/4> =0, p=123 (2.5)

This condition guarantees existence of a related subdivision scheme for the divided
differences of the original control points and the existence of associated Laurent polynomial:

473

&) —
a(z) = ——————
) 1+z+22+23

a(z). (2.6)

The subdivision scheme S; with symbol a'V)(z) is related to scheme S with symbol a(z) by
the following theorem.

Theorem 2.1 (see [1]). Let S denote a subdivision scheme with symbol a(z) satisfying (2.2). Then
there exists a subdivision scheme Sy with the property

Afk =S Af, (2.7)

where f* = SKfO and Af* = {(Af¥); = 45(fk, - f¥) : i € Z}. Furthermore, S is a uniformly
convergent if and only if (1/4)S; converges uniformly to the zero function for all initial data f°, in

the sense that

lim <3151>k fO=0. (2.8)

k— o0

Theorem 2.1 indicates that for any given subdivision scheme S, with a mask «a
satisfying (2.2), we can prove the uniform convergence of S by first deriving the mask of
(1/4)S; and then computing ||((1/4)Sl)i||OQ fori =1,2,3,...,L, where L is the first integer
for which ||((1/4)S1)" ]|, < 1. If such an L exists, S converges uniformly. Since there are four
rules for computing the values at next refinement level, we define the norm

S]], = max{Z|zx4j+p|, p=0, 1,2,3},

JEZ
(2.9)
1 L
<15n) :max{z bl[f;;i :i:0,1,...,4L—1},
o j€z
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where

1 Lt _
b[n,L]( )= — m (4, 2.10
2= E[a () (2.10)

473 4z° !
(n) = — = gD =( —- > 1. 2.11
a"(2) <1+z+zz+z3>a ) <1+z+z2+z3> a(z), nz @11

Theorem 2.2 (see [1]). Let S be subdivision scheme with a characteristic G-polynomial a(z) =
(1+z+2%+2%)/42%)" q(z) , q € U. If the subdivision scheme S,, corresponding to the U-
polynomial q(z), converges uniformly then S* f0 € C"(R) for any initial control polygon f°.

Corollary 2.3. If S is a subdivision scheme of the form above and (1/4)S,,,; converges uniformly to
the zero function for all initial data f° then S* f° € C™(R) for any initial control polygon f°.

Proof. Apply Theorem 2.1 (2nd part) to Theorem 2.2. O

Corollary 2.3 indicates that for any given quaternary subdivision scheme S, we can
prove S* f0 € C" by first deriving the mask of (1/4)S,,,; and then computing [|((1/4)S,+1)"]l.,
fori =1,2,3,...,L, where L is the first integer for which ||((1/4)Sn+1)L||°O < 1. If suchan L
exists, then S* f0 € C".

Theorem 2.4 (see [10]). The approximation order of a convergent subdivision scheme S which is
exact for P, (set of polynomials at most degree n) is n + 1.

3. Smoothness Analysis of Proposed Scheme

This section is devoted for analysis of 4-point quaternary approximating subdivision scheme
by using Laurent polynomial method. The following result shows that scheme is C?
continuous.

Theorem 3.1. The 4-point quaternary approximating subdivision scheme (1.1) is C> for any w in
(0,1.5).

Proof. For the given mask of proposed scheme S

a={a}

3 001—1w7—3w15—5w7—7w5—5w
Sl T64 6477128 64 7128 64 32 64 16 64

49 1 57 7 29 13 29 13 57 7 49 1 (3-1)

128 " 61 128 " 61 64 T 64 61 T 64 128 T 64 128 T 64

5 5 7 7 15 5 7 3 1 1
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the Laurent polynomial is

a(z) =z7° (1 +z+2%+ 23>§1(z), (3.2)

12 =\6s " & )* 128 32 16 32 128 32
7 + 1w)z‘1+<7 + 1w>+<1+lw)z+<1+lw>z2+<1+lw>z3
64 ' 64 64 " 16 8" 16 64 " 16 64 " 64

+ 13—1w zt+ l—lw 2+ i—lw 2%+ l—lw z’
128 32 16 32 128 32 64 64 '

(3.3)
From Laurent polynomial (2.10) for L = n =1 and (3.2), we have
iy = ey o 2 o) e, (3.4)
4 1+z+22+28

For C° continuity of S we require that the Laurent polynomial a(z) satisfy (2.5), which it
does, and ||(1/4)S,]|, < 1. The norm of scheme (1/4)S; is

1
“151

. :max{z

plil|:i=01,23¢. (3.5)
jez.

This implies for -7.75 < w < 8.0

H}I& ; =max({R, ¥y, 83} <1, (3.6)
where
R1:2'61_4_61_4w +2 614+61_4w'
) = %8—3%60 +|6—4+%w‘+ %—;—Zw, (3.7)
ISR B N S

Therefore (1/4)S; converges uniformly. Hence, by Corollary 2.3, S*f° € C°. By (3.4) the
Laurent polynomial of scheme S; can be written as

aWV(z) =z73 <1 +z+2%+ z3>§2(z), (3.8)
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where

&H(z) = (l - lw)z_2+ (2 - lw)z_1 + i + Ez+ <i+ 1a)>z2
2277 \16 16 32 1 32" 32 328

6
(3.9)
+ (i + 1w>23 P N (i - lw)z6 + (l - lw>z7
32 8 32 32 32 16 16 16 ’
Utilizing (2.10) forn =2 and L = 1 and (3.8) we get
b (2) = 1 (2) = o —a(z) = r(2) (3.10)
4 1+z+2z2+23 ’ '

For C! continuity of S it needs that V) (z) satisfy (2.5), which it does, and ||(1/4)S,||,, < 1.
The norm of scheme (1/4)S; is

1 .
“Zsz = max{z bl :i=0, 1,2,3}. (3.11)
o jez
This implies for —3.75 < w < 4.25
1
||152 = max{N4,R5} < 1, (312)
where
1 1 3 1 3 1 1
4 = E—Ew‘+|3—+§W'+I?§—BW|, RB—Z‘ (313)

Therefore (1/4)S, is uniformly convergent. Hence, by Corollary 2.3, S* f° € C'. Now from
(3.10) Laurent polynomial of scheme S, is

a®(z) =273 (1 +z+2%+ z3>§3(z), (3.14)
where
/1 1 1, 1 5 1, 1 o 1, /1 11\,
&(z) = <4 4w>z+82 +4wz +4z +4wz +82 + 1 1v)%- (3.15)

With the choice of n =3 and L = 1, and by (3.14)

Z3

1
b[311] = — 3) =
(2) 4“ (2) l+z+22+28

a®(z) = &(2). (3.16)
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For C? continuity, it is necessary that Laurent polynomial a®(z) satisfy (2.5), which is
incidentally true, and also for first integer value of L > 0 for which ||((1/ 4)S)H, < 1.

1 BAll .
“153 =max{z bl.+4].| :1=0,1,2,3}. (3.17)
© JEZ
This implies for -1.5 <w < 2.5
1
HZS3 = maX{N6,R7} < 1, (318)
where
1 1 1 1
R()_'ZI_Z(U + Zw, N7—Z. (319)

Therefore (1/4)S; converges uniformly. Hence, by Corollary 2.3, S* f* € C2. Now from (3.16)
Laurent polynomial of scheme S3 can be written as

a®(z) =273 (1 +z+2%+ z3>§4(z), (3.20)
where
&(z)=(1-w)zt+ (—% + w)z5 + (—% + w>26 +(1-w)z’. (3.21)

With the choiceof n =4 and L =1, we have following by (3.20)

3

b (z) = }L““)(Z) = a®(z) = &(2). (3.22)

1+z+22+23

For C® continuity, it is necessary that Laurent polynomial a®(z) satisfy (2.5), which is
incidentally true, and also for first integer value of L > 0 for which ||((1/ 4)SHH, < 1:

1
“ 154 i+4j

. :max{z

jez.

b[4’1]| 1i=0, 1,2,3}. (3.23)

This implies for 0 < w < 1.5

1
||154

=max{Rs, N9} < 1, (3.24)
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where

(3.25)

Therefore (1/4)S, converges uniformly. Hence, by Corollary 2.3, S* f° € C°. O

3.1. Holder Exponent

From the above discussion, we conclude that our scheme is C°. In the following paragraph we
generalize its smoothness based on Rioul’s method [11] and Hassan et al. [8] (in generalize
sense). We conclude that scheme has Holder regularity Ry = 3+ 0 for all 7 > 1, where d7is

defined by
Ul
47" = H <41154> (3.26)
For the convenience of computation, we set 77 = 1. Since by (3.24)
1 1-w, 0<w<0.75,
” =S4 = 1 (3.27)
Plle -3 075cw<ls,
we obtain that Holder regularity against w of the 4-point quaternary scheme is
3 -log,(1-w), 0<w<0.75,
(3.28)

R(w) = 1
3 -log, <w - E)' 075 <w < 1.5.

Figure 1(a) shows a graph of the Holder exponent against w. Notice that the highest
smoothness of the 4-point quaternary scheme is achieved at w = 0.75, and its Holder exponent
is Ry = R(0.75) = 4. Figure 1(b) shows the result of proposed scheme (1.1) after four
subdivision levels. In this figure the control polygon is drawn by dotted lines. The thin solid
line is produced by setting w = 0.75, and the bold solid line is produced by setting w = 0.02.

3.2. Subdivision Rule for Open Polygon

When dealing with open initial polygon f° = {f? :i=0,..., N}, it is not possible to refine the
first and last edges by rule (1.1). However, the extension of this strategy to deal with open
polygon requires a well-defined neighborhood of end points. Since the first and last edges
can be treated analogously, it will be sufficient to derive the rules only for one side of the
open polygon. To this aim, we see that if we define just one auxiliary point f°, = 2 — f7
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Holder exponent
(e8]
&

0 0.5 1 1.5

(a) (b)

Figure 1: (a) Graph against Hoder exponent and parameter 0 < w < 1.5 for a 4-point quaternary scheme.
(b) The dotted lines are control polygon; whereas the bold and thin solid lines are produced by setting
w = 0.02,0.75, respectively.

as extrapolatory rule in the initial polygon f°. Then the first edge fXf¥ of the nonrefined
polygon { f ik :i=0,...,45NY} can be refined by the following rules:

(])(Jrl = (26{1 + az)fé( + (“3 - al)flk + “4f2k’
11 = (Qas + ae) f§ + (a7 — as) ff + asf},
1= (2a + az) f& + (a6 — ag) fF + asf¥,

§+1 = (2[14 + a3)fé< + (aZ - a4)f{c + a1f2k'

(3.29)

Remark 3.2. Subdivision rule (3.29) for last edges does not affect the convergence of the
proposed scheme to a continuously differentiable limit. It is sufficient to show that, taken
% = 2f) - fJ and f° = 2f) - f7, and refining the polygon f by (1.1), after k steps of
subdivision the expression of the point f¥, turns out to coincide with f¥ =2fk - fF.

4. Basic Properties of the Scheme

In this section, we discuss approximation order and support of basic limit function of 4-point
quaternary approximating scheme.

4.1. Approximation Order

Here we show that the approximation order of proposed scheme is five. The following lemma
based on the technique of Sabin [12] is needed to follow up the claim.

Lemma 4.1. The proposed 4-point quaternary subdivision scheme reproduces all the cubic
polynomials for w € (0,1.5) and quartic at w = 0.75.
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Proof. We carry out this result by taking our origin the middle of an original span with
ordinate ..., (-5)", (-3)",(-1)",1",3",5",.. .. If y = x", then we have,

[y] =..., 1 (-5)" + a2 (-3)" + a3 (-1)" + as(1)",

a5(—5)" + lX6(—3)n + ay 1)” + E[g(l)n,

ay(=5)" + az(=3)" + ax(-1)" + a1 (1)",

(_
(_
as(=5)" + a7(=3)" + as(-1)" + as(1)",
(_
( (4.1)

a1(=3)" + ax(-1)" + az(1)" + a4(3)",

ag(-=1)" +a7(1)" + ag(3)" + as(5)",

ay(-D)" +o3(D)" + a23)" + 1 (B)", ...,

where a3, ay, ..., ag are defined by (1.1).
If y = x!, then
[y] =..., —2.75,-2.25,-1.75,-1.25,-0.75,
-0.25,0.25,0.75,1.25,1.75,2.25,2.75, . ..

4.2
[6y] =...,0.5,0.5,0.5,0.5,0.5,0.5,0.5,0.5,0.5,0.5,0.5, . .. (4.2)

4] -0

where 6 represents the differences of the vertices.
If y = x?, then

[y] =...,9.875 - w,7.375 - w,5.375 — w, 3.875 — w, 2.875 — w, 2.375 — w,
(4.3)
2.375 — w,2.875 — w, 3.875 — w, 5.375 — w, 7.375 — w, 9.875 — w, . ...

Taking further differences, we get [6°y] = 0.
If y = 2%, then

[y] =..., —39.875 +8.25w, -27 + 6.75w, —17.5 + 5.25w, —10.625 + 3.75w,
—5.625 +2.25w,-1.75 + 0.75w, 1.75 — 0.75w, 5.625 — 2.25w, (4.4)
10.625 - 3.75w, 17.5 - 5.25w, 27 — 6.75w, 39.875 — 8.25w, . . ..

This implies that [6*y] = 0.
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If y = x*, then

[y] =...,173.75 = 52w, 109.75 — 40w, 65.75 — 28w, 35.75 — 16w,
19.75 - 10w, 14.75 — 10w, 14.75 — 10w, 19.75 — 10w, (4.5)
35.75 - 16w, 65.75 — 28w, 109.75 — 40w, 173.75 — 52w, .. ..

By taking differences, we have

[64y] = 6— 61,3+ 61,3 + 6,6 — 60,6 — 61w,
-3+6w,-3+6w,6—-6w,... (4.6)

6°y] =0, atw=075.

Thus the proposed scheme has cubic in all w € (0,1.5) and quartic precision at w = 0.75 €
(0,1.5). O

The theorem is an easy consequences of Lemma 4.1 and Theorem 2.4.

Theorem 4.2. A 4-point quaternary approximating subdivision scheme has approximation order 5.

4.2. Support of Basic Limit Function

The basic function of a subdivision scheme is the limit function of proposed scheme for the
following data:

{1, i=0,
= 4.7)
0, i#0.

Figure 2(a) shows the basic limit function ¢ = S®f_ of proposed scheme. The following
theorem is related to the support of limit function.

Theorem 4.3. The basic limit function ¢ of proposed 4-point scheme has support width s = 5, which
implies that it vanishes outside the interval [-5/2,5/2].

Proof. Since the basic function is the limit function of the scheme for the data (4.7), its support
width s can be determine by computing how for the effect of the nonzero vertex f; will
propagate along by. As the mask of the scheme is a 16-long sequence by centering it on that
vertex, the distances to the last of its left and right nonzero coefficients are equal to 8 and 7,
respectively. At the first subdivision step we see that the vertices on the left and right sides
of f(} at 8/4 & 7/4 are the furthest nonzero new vertices. At each refinement, the distance on
both sides is reduced by the factor 1/4. At the next step of the scheme this will propagate
along by 8/4 x 1/4 on the left and 7/4 x 1/4 on the right. Hence after k subdivision steps the
furthest nonzero vertex on the left will be at 8(1/4+1/4> +---+1/4%) = (8/4) (Z;-‘z_oll /47) and
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1.4
1.2
1
0.8
0.6
0.4
0.2
0 .
-0.2

-0.4
-5-4-3-2-10 12 3 45

(a) Basic limit functions (b) Close curves (c) Open curves

Figure 2: The effect of parameter on the shape of the basic limit function/limit curve of the proposed
scheme. Doted lines show control polygons; whereas solid lines indicate basic limit functions/curves. (a)
Here, w = 0.75,2.40, and 3.75 from origin to the top. (b) and (c) w = 1.45,1.25, 1.00, 0.75, 0.50, 0.25, and 0.05
from left to right.

1.2 1.2
1 1
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
or 0 ~ N
-0.2 -0.2
-4 -3 -2-10 1 2 3 4 -4 -3 -2-10 1 2 3 4
(a) Binary 4-point [7] (b) Ternary 4-point [9]
1.2
1
0.8
0.6
0.4
0.2
0
-0.2

-4 -3 -2-10 1 2 3 4
(c) Proposed

Figure 3: Support width of for binary, ternary, and proposed 4-point approximating schemes has been
shown in (a), (b), and (c), respectively.

on the right will be at 7(1/4+1/4?+---+1/4%) = (7/4) (25;011/47). So the total support width
is (8/4)(X201/4) + (7/4)(X7201/47) = (15/4)(1/(1 - 1/4)) =5. O

5. Comparison and Application

In Table 1, we compare some properties of proposed 4-point subdivision scheme with those
of other 4-point schemes having smaller arity.
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(a) Level 1 (b) Level 2 (c) Level 3
Figure 4: It shows the comparison at 1st, 2nd, and 3rd level of binary, ternary, and quaternary 4-point

approximating schemes. Dotted lines indicate initial control polygons, whereas dashed, thin solid, and
bold solid continuous curves are generated by binary, ternary, and quaternary schemes, respectively.

Table 1: Comparison of proposed 4-point scheme with other 4-point schemes.

Scheme Type Approximation order Support cr
Binary 4-point [5] Interpolating 4 6 1
Binary 4-point [6] Interpolating 4 6 1
Binary 4-point [7] Approximating 4 7 2
Ternary 4-point [4] Interpolating 3 5 2
Ternary 4-point [8] Interpolating 3 5 2
Ternary 4-point [9] Approximating 4 5.5 2
Proposed scheme Approximating 5 5 3

In Figures 2(b) and 2(c), we illustrate performance of our scheme by setting the shape
parameter to various values, which illustrate how this parameter affect the shape of limit
curve. Moreover, Figures 3 and 4 show the comparison of support width and approximation
order of proposed scheme with other existing 4-point approximating schemes.

Acknowledgments

The authors are pleased to acknowledge the anonymous referees whose precious and
enthusiastic comments made this manuscript more constructive. First author pays special
thanks to Professor Deng Jian Song (University of Science and Technology of China) for his
continuous research assistance. This work is supported by the Indigenous PhD scholarship
scheme of Higher Education Commission Pakistan.

References

[1] N. Aspert, Non-linear subdivision of univariate signals and discrete surfaces, Ph.D. thesis, Ecole
Polytechnique Fédérale de Lausanne, Lausanne, Switzerland, 2003.

[2] N. Dyn and D. Levin, “Subdivision schemes in geometric modelling,” in Acta Numerica, pp. 73-144,
Cambridge University Press, Cambridge, UK, 2002.

[3] K. P. Ko, A Study on Subdivision Scheme-Draft, Dongseo University, Busan, South Korea, 2007.

[4] C. Beccari, G. Casciola, and L. Romani, “An interpolating 4-point C? ternary non-stationary
subdivision scheme with tension control,” Computer Aided Geometric Design, vol. 24, no. 4, pp. 210-
219, 2007.



14 Abstract and Applied Analysis

[5] C. Beccari, G. Casciola, and L. Romani, “A non-stationary uniform tension controlled interpolating
4-point scheme reproducing conics,” Computer Aided Geometric Design, vol. 24, no. 1, pp. 1-9, 2007.

[6] N. Dyn, D. Levin, and J. A. Gregory, “A 4-point interpolatory subdivision scheme for curve design,”
Computer Aided Geometric Design, vol. 4, no. 4, pp. 257-268, 1987.

[7] N. Dyn, M. S. Floater, and K. Hormann, “A C? four-point subdivision scheme with fourth order
accuracy and its extensions,” in Mathematical Methods for Curves and Surfaces: Tromse 2004, M. Daehlen,
K. Morken, and L. L. Schumaker, Eds., Modern Methods in Mathematics, pp. 145-156, Nashboro
Press, Brentwood, Tenn, USA, 2005.

[8] M. F. Hassan, I. P. Ivrissimitzis, N. A. Dodgson, and M. A. Sabin, “An interpolating 4-point C? ternary
stationary subdivision scheme,” Computer Aided Geometric Design, vol. 19, no. 1, pp. 1-18, 2002.

[9] K. P. Ko, B.-G. Lee, and G. J. Yoon, “A ternary 4-point approximating subdivision scheme,” Applied
Mathematics and Computation, vol. 190, no. 2, pp. 1563-1573, 2007.

[10] N. Dyn, “Interpolatory subdivision schemes and analysis of convergence & smoothness by the
formalism of Laurent polynomials,” in Tutorials on Multiresolution in Geometric Modelling, A. Iske, E.
Quak, and M. S. Floater, Eds., chapters 2-3, pp. 51-68, Springer, Berlin, Germany, 2002.

[11] O. Rioul, “Simple regularity criteria for subdivision schemes,” SIAM Journal on Mathematical Analysis,
vol. 23, no. 6, pp. 1544-1576, 1992.

[12] M. Sabin, “Eigenanalysis and artifacts of subdivision curves and surfaces,” in Tutorials on
Multiresolution in Geometric Modelling, A. Iske, E. Quak, and M. S. Floater, Eds., chapter 4, pp. 69-92,
Springer, Berlin, Germany, 2002.



