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Let D" be the unit polydisc of C", ¢(2z) = (¢,(2),...,9,(z)) be a holomorphic self-map of
D", and y(z) a holomorphic function on D". Let H(D") denote the space of all holo-
morphic functions with domain D", H*(D") the space of all bounded holomorphic
functions on D", and B(D") the Bloch space, that is, B(D") = {f € H(D") ||| fll =

[ £(0)] +sup ,cpn Z [(0f/0zi)(2)I(1 - 1Zk|?) < +00}. We give necessary and sufficient con-

ditions for the welghted composition operator yC, induced by ¢(z) and y(z) to be
bounded and compact from H®(D") to the Bloch space B(D").
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Creative Commons Attribution License, which permits unrestricted use, distribution,
and reproduction in any medium, provided the original work is properly cited.

1. Introduction

Let D" be the unit polydisc of C". The class of all holomorphic functions with domain
D" will be denoted by H(D"). Let ¢ be a holomorphic self-map of D", the composition
operator C, induced by ¢ is defined by (C, f)(z) = f(¢(z)) for z€ D" and f € H(D").
If, in addition, v is a holomorphic function defined on D", the weighted composition
operator ¥ C, induced by y and ¢ is defined by yC,(z) = v(z) f(¢(2)) for z in D" and
f e H(D").

A function f holomorphic in D" is said to belong to the Bloch space B(D") if

I fllas = | £(0) |+supz

zeD" 1

(z)‘ 1- |z]?) < +c. (1.1)

It is easy to show that %B(D") is a Banach space with the norm || - [l (see, e.g., [1]).
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Asusual, H*(D") denotes the space of all bounded holomorphic functions on D" with
the norm || flle = sup,cp» | f(2)[, that is,

(D) = {f € HDM | 1l = sup | f2)] < oo]. (1.2)

zeDn

Weighted composition operators between H*(D) and the Bloch space B(D) were in-
vestigated in [2] which was the starting point for our investigations for the case of n-
dimensional settings. The corresponding results for the unit ball were obtained in [3].
Composition operators between Bloch type spaces on the unit ball are investigated by Shi
and Luo in [4]. In [5] the second author investigated the composition operators from
H*=(D") to the Bloch space &B(D"). Composition operators between Bloch spaces on the
unit polydisc are investigated in [6, 7] where some sufficient and necessary conditions are
given so that C, be compact on the Bloch space. The following statement was formulated
in [7]:1et ¢ = (¢1,...,9,) be a holomorphic self-map of D", then C, is compact on %B(D")
if and only if for every ¢ > 0, there is a § € (0,1) such that

2
%Z '%<e, (1.3)

1- |gi(2)|?

whenever dist(¢(z),0D") < §. However, the proof of necessity contains a gap. More specif-
ically, if (z/) jen is a sequence in D" such that ¢(z/) — dD" as j — oo, and if inequal-
ity (3.13) in [7, page 289] holds, then one cannot omit consideration of the case when
lp1(z/)| # 1as j — co.

The method in [5] can be used to correct the proof of the results. For some basics
on composition operators, see, for example, [9]. Closely related results devoted to some
operators on the polydisc can be found, for example, in [8, 10-12].

In this paper, we study the weighted composition operator from H®(D") to the Bloch
space on the polydisc. The main results in the paper extend in [2, Theorems 2 and 3]
(where one-dimensional case was considered) and those ones in [5]. The proofs are mod-
ifications of the corresponding ones in [2, 5].

TaEOREM 1.1. Let ¢ = (¢1,...,94) be a holomorphic self-map of D" and y(z) a holomor-
phic function on D". Then yC, : H*(D") — B(D") is bounded if and only if the following
conditions are satisfied:

(i) y € B(D");

(ii)

EAk

8<p1 7<oo
1- | gi(2)|?

(1.4)

sup [4(2)| 3. | 2(z)]

zeDhn k=1

THEOREM 1.2. Let ¢ = (¢1,...,94) be a holomorphic self-map of D" and y(z) a holomor-
phic function of D". Then yC, : H*(D") — RB(D") is compact if and only if the following
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conditions are satisfied:
(i) yCy : H*(D") — B(D") is bounded;
(ii)

S (1= |z

8_1//(2)' =0(1) (as¢p(z) — oD"); (1.5)
k=1

0zk

(iii)

)| >

k=1

g 1- |z .
7(2)'7 =o0(1) (asg@(z) — oD"). (1.6)

9z 11— |gi(2)|?

Throughout the remainder of this paper C will denote a positive constant, the exact
value of which may vary from one appearance to the next.
2. Auxiliary results

In this section we prove some auxiliary results which we use in the proof of the main
results. The first two lemmas could be folklore. For a proof of the first lemma see, for
example, [5].

LEmMa 2.1. Let f € B(D"). Then

f@] = O] +1fla > In—. (2.1)
perl Ea

A proof of the following lemma can be also found in [5]. We present here another
proof for the benefit of the reader.
Lemma 2.2. If f € H®(D"), then

i(z)' _o<;>, (2.2)

0zk 1- |z’

that is, the inclusion H®(D") C B(D") holds. Moreover, there is a positive constant C inde-
pendent of f such that

I fllos < Cll flleo- (2.3)

Proof. For k € {1,...,n}, let u = (z1,...,2k—1, Uk> Zk+1>--->Zn). Assume that f € H*(D"),
then by a well-known result, we have

fo=] I ), (2.4)
lugl <1 (

1 - zaag)’

where dm(-) is the normalized Lebesgue area measure on the unit disk.
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Hence,
of J 2tk f (1)
——(z2) = —d . 2.5
3 | T m ) (2.5)
By [13, Theorem 1.4.10], we have
‘%(z)‘ szj IOy < W M= (2.6)
0zk lug | <1 |1—Zkﬁk| 1- |Zk|
which implies that
o)
sup (1- |z|”) ‘ al(Z) < Cllf . (2.7)
zeDn Zk
Therefore, we have
I flla < |fO)] +Cnllflle < (1+Cn)llflle (2.8)
as desired. O

LEmMA 2.3. Suppose that yC, : H*(D") — B(D") is bounded. Then the operator yC,, :
H>(D") — B(D") is compact if and only if for any bounded sequence ( fi)ren in H®(D")
converging to zero uniformly on compact subsets of D", one has limi .« ||y C, fill = 0.

Proof. Assume that yC, is compact and assume that (fi)ren is a sequence in H* (D")
with sup,cy |l fillo < 0 and fi — 0 uniformly on compact subsets of D", as k — co. By
the compactness of yC, we have that the sequence (yCy(fi))ken has a subsequence
(yCy(fx,,))men which converges in %B(D"), say, to f. By Lemma 2.1 and | f(0)[ < || fll»
we have that for any compact K C D" there is a positive constant Cx independent of f
such that

|y Cy(fe)(2) = f(2)| < CillyCy(fi) - f

for all z € K. This implies that yC,( fx,)(z) — f(z) — 0 uniformly on compact subsets of
D", as m — 0. Since fi, — 0 on compacts, by the definition of the operator yC, it is easy
to see that for each z € D", lim,, .. ¥ Cy (i, )(2) = 0. Hence the limit function f is equal
to 0. Since this is true for arbitrary subsequence of ( fy)xen, we obtain that yCy(fi) — 0
in B(D"), as k — oo.

Conversely, let (hi)ken be any sequence in the ball Ky = By~ (0,M) of the space
H>(D"). Since sup;.y 17kl < M < o0, the sequence (hy)kewn is uniformly bounded on
compact subsets of D" and hence normal by Montel’s theorem. Hence we may extract
a subsequence (hy;)jen which converges uniformly on compact subsets of D" to some
h € H(D"), moreover h € H*(D") and ||hll« < M, hence the sequence (hx, — h)jen is
such that [[h, — hlle < 2M < o0, and converges to 0 on compact subsets of D". By the
hypothesis we have that

- (2.9)

yhy, o9 — yhog (2.10)

in B(D"). Thus the set yCy(H ) is relatively compact, as desired. O
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3. Proof of the main results
Let w = ¢(z) in this section. Now we prove the main results of this paper.

Proof of Theorem 1.1. Suppose that (i) and (ii) hold. For a function f € H*(D"), we have

P 0z
<Y 0-lal?) l”(z) | flp(@)]|
k=1
n o n f a(PI 5
¥ @] 5292 | | 50| (1 -
33 Ivia)l| 5 (902 %)
s afpz |z |° 2
< Iyl fllo + (2) ~ lpu(2)
vl f };g Z|‘ Hazk '1—|<PI(Z| loi(z)]7)
< Iyl flle+11flla S aq” \sz'z
k=11=1 —|§01(Z)|

(3.1)

Since by Lemma 2.2 || fllg < Cll| fll« for every f € H®(D") and by conditions (i) and
(ii), it follows that the last quantity above is bounded by some constant multiplied by
| 1l o. Hence, the operator yC, : H*(D") — AB(D") is bounded.

Conversely, suppose that yC, : H*(D") — $B(D") is bounded, that is, there is a con-
stant C (e.g., C = ||y Cyllg~_g) such that

lwCofllg < Cllflleo (3.2)

for all f € H*(D"). Taking f(z) =1 and f(z) =z, [ € {1,...,n}, it follows that y €
PB(D") and

sup > |y(2)| (1 |z]|?) 'a z)'<oo (3.3)
zeDn k=1
foreveryl e {1,...,n}.
For fixed I (1 <1 < n) and A € D", if ¢;(1) # 0, we define the following family of test
functions

1 o)’
(2) = ——=—. (3.4)
/ 1-¢i(M)z
It is easy to see that f € H*(D") and || f || < 2. Therefore we have
" 1) d
200Gy llae—n = WCo lla > 3 L1200 g0y 1 - )
11_|(Pl(/1)| (3.5)

oy 2
Swla-1m?
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From this and since v € B(D"), we obtain

-y
sup ) ———————
Aemwg 1- oV

1

(A)' LoD | (1= [Ae]?) < o0, (3.6)

Thus, for a fixed § € (0,1), by (3.6) we have that for each [ € {1,...,n}

sup{i [y

reor LS 1 o) |2

a—"’;u)’(l— A l?) s o) ] >5}<oo. (3.7)

For A € D" such that |@;(1)| < §, we have

S 0]
k=1 1— |‘Pl(/1)|2

0 0
w0 = s Sl Fwfo- )
(3.8)

Hence, by (3.3) we have

- vy
sup { —
AeDr kzl 1- ||

Consequently, by (3.7) and (3.9), for each [ € {1,...,n}

aq)z

)‘1—|/\k| )] < }<oo. (3.9)

" 1- (M| | 9
sup vV | ———— | o
)Le[[))”,goz()t)%olgl 1- |<p1()t)|2

(}t)’ <. (3.10)

If ;(A) = 0 for some [ € {1,...,n}, set f(z) = z;. From (3.2) it follows that

a‘Pl 1- |Ak| 8_1// 991 _ 2
A) ] ’82k ’ —_p W oz Mei(A) +w () 22 (A)'(l [A]7) <C. (3.11)

Hence for any z € D", we have

SR 1- |z
su (2) —(2) ‘ —— =<, (3.12)
ze |l// | k,lZ::1 0zk 1- |g01(Z) |2
which completes the proof of the theorem. O

Proof of Theorem 1.2. Assume that yC, : H*(D") — %B(D") is bounded, and that (1.5)
and (1.6) hold. Further, assume that a sequence (f;) jen is such that sup jeN [l fillo <Cand
f; converges to zero uniformly on compact subsets of D". We need to prove ||y C, f;lla —
Oas j— oo.
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Since yC, : H*(D") — B(D") is bounded, by Theorem 1.1 we have

supz (1- |z ’ C, (3.13)
zeDhn k=1
2
sup |y(2)] Z (p’( )'ﬂ <C (3.14)
zeD" k=1 1-|pi(z) |2

Conditions (ii) and (iii) imply that for every & > 0 there exists an r € (0,1) such that

S (1 |l —z)'<e,
k=1
3<Pz 1- |z’ (319
'“Z'klzl oz ‘1_|¢l(z)|2“
whenever dist(¢(z),0D") < r. Hence we have
& 9(vCof) _ 2
S0
<> -zl ‘”(z ) 1£(92) |
k=1
0 0
+ 3 Iyl | Lo H“’l |a-120Y
k=1
2 3<P1 (1-]z]?)
< i - SC)
Il 3 011 @ gl 3. 1yl || {2 <c
(3.16)

whenever dist(¢(z),0D") < r, where the last inequality comes from (3.15) .

On the other hand, let E = {w € D" : dist(w,0D") > r}. Then, E is a compact subset of
D". Hence, f;j(w) — 0 uniformly on E as j — oo, and from this and by the Cauchy estimate
we have that (dfj/dz)(w) — 0 uniformly on E as j — co. Hence

Z ¢f1) ‘ 1—|Zk|2)
k=1
" of; 0
= 3 vl | L gien| | L@~ 12l
k:n ; (3.17)
30l L@ 1500
= 0zk
C(sup|f](w)|+zsup afJ (w) ‘)SCS,

|= 1W€E
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where we have used inequalities (3.13) and (3.14). Since lim; . ¥(0) f; (¢(0)) = 0, by us-
ing (3.16) and (3.17) and the fact that ¢ is an arbitrary positive number, we obtain that
lim;_.« [lyCy filla = 0. Hence, by Lemma 2.3 the implication follows.

Suppose that yC, : H*(D") — %B(D") is compact. Then yC, : H*(D") — B(D") is
bounded. We need to prove (1.5) and (1.6).

First we prove (1.5). Assume that (1.5) fails, then there is a sequence (z/) jen in D"
such that w/ = ¢(z/) — dD", as j — 0, and & > 0, such that

S (1= 1))

k=1

oy , .
a—Zk(zf) ‘ > g (3.18)

for all j € N. Since yC, is bounded, by Theorem 1.1, we know that v € 9B(D"). Hence
there is a subsequence of (z/)jen (we keep the same notation (z7) jen) such that for any
ke {1,...,n},

(1- 1% (3.19)

W
azk(z)

converges to a finite number as j — co. We may assume that for every [ € {1,...,n} there
is finite limit lim; . le |, where wl denote ¢;(z7), and we may assume that

lim (1 |2/, |)
g

0

l//
a— z’)

=& >0 (3.20)

for some kg € {1,...,n}.
We construct a sequence of functions (g;) jen satisfying the following conditions:
(a) (gj)jen is a bounded sequence in H* (D");
(b) (gj)jen tends to zero uniformly on compact subset of D";
(©) lyCogjllan = 0,as j — oo,
and by Lemma 2.3 we will arrive at a contradiction.
Since w/ — D" it follows that there is s € {1,...,n} such that |w!| — 1 as j— 0. We
use the following test functions:

1_|W5| 1—|Ws|

l—wﬁzs (1-wlz)’

g,i(2) = (3.21)

It is easy to see that (gwg) jen is a bounded sequence in H*(D") and 8, (z) = 0 uniformly
on compacts of D". By Lemma 2.3, it follows that ||1pC¢gWSj g — 0as j — oo.
On the other hand, we see that 8, (p(z/)) =1and

0g,,)

5. (@) =0. (3.22)
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Combining (3.18) and (3.20) with these, we have

‘ 1// ; agwﬁ a(Pl
lyCog,illay Z; (Z’)g (<P(Z’))+V/(Z’)lzzlajvl( (’))(—TZk(Z’)
=S -1 | 2 @)
k=1
Z(1_|k0~ ZIZ ‘—>£1>0 as j — oo,
(3.23)

which is a contradiction.
Now assume that (1.6) fails, then there is a sequence (z/) jen in D" such that wl =
¢(z/) — dD" as j — o0, and &, > 0 such that

lezf

k=1

N 7|2
a(’” ‘¢>s (3.24)

azk 1-|oi(2) |*

for all j € N. On the other hand, by Theorem 1.1, we know that (1.4) holds. Hence, there
is a subsequence of (z/) jen (we keep the same notation (z/)) such that

a(Pl(]‘ 1_|Zl{|2
)
1- () |

3 (3.25)

ly(z))]

for any k,l € {1,...,n}, converges to a finite number as j — co. Also we may assume that

for every [ € {1,...,n} there is finite limit lim; ., lejl. From (3.24) and (3.25), without
loss of generality we may assume that

2
-
991 (i )"Z"" — &3>0, (3.26)

: j
]l-l_nolo v ()] 0z,

for some ko € {1,...,n}.
As above we construct a sequence of functions (f;)jen satisfying the following condi-
tions:
a) (fj)jenis a bounded sequence in H*(D");
) (fj)jen tends to zero uniformly on compact subset of D";
() 1Y Cpfilla =0, as j — oo,
arriving at a contradiction.

Case 1. Assume that IW{I —lasj— o and

ji2 j2y 172
f(e) =1l —(“'ll') . (3.27)

1
1 *W{Zl 1 *W{Zl
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Then fW{ (z) is a bounded sequence in H*(D") and fw{ (2) — 0 uniformly on every com-

pact subset of D". Moreover, fW{ (w]) =0and

of,; (w) w ot
oz 21— W) oa @=0,1#1 (328

We show that ||1//C¢fW{ lg - 0 as j — oo. Let

" f} 991 () ()
Ir () 7) (1- 12 |%) | =2 H ‘ 3.29
i, (@) = ly(&) kZI |211%) 5. (3.29)
Then we have
]7 ] - |Zk| ang j
lvCoflla = It (2)) —WZ Z Nk T wi| | 5 (2)
. .|j (3.30)
1 . Zko aq)l ‘ 83
> — J Z)| — =>0
3 @) | | )| —

as j — co. From which the result follows in this case.

Case 2. Assume that Iw{\ —p<lasj— oo.Since w/ — dD" thereisanl € {2,...,n} such
that lejl — lasj— oo Ifthereisak, € {1,...,n} and & > 0 such that

o9 1_|Zli|2
azk,( )‘7. 5 =& >0, (3.31)

lim [y (27) ]
]4'00
then we obtain a contradiction using the following test function:

g.,(2) = 1_~W1| (1_)Wl| ) (3.32)

: l—wlzl l—wlzl

similarly as in Case 1.
Hence, we may assume that

lim [y (27) | a"”(f')\%ﬂ (3.33)
j—oo 0zk 1-— |(Pl(zj) |2 ’ ’
foreachk € {1,...,n}.
Set
fi(@=(a ) LA |Wl| (w{+2)< |Wl| ) (3.34)
! l—wlzz 1—lel
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It is easy to see that || fwlj lo < 12 and that fwlj (2) — 0 uniformly on every compact subsets
of D". Moreover, fwlj(q)(zf)) =0and

oy, oy 2rwl W 91, (@)
a—m(¢(zj)):1’ a—zl(q)(zf)): 2 0wl 9z =0, (m#1,D.
(3.35)
We show that HI//Cq,lej lg - 0as j — oo. Let
" f ang ;
j . b 41
13 0= 12| FE e 3 @)
- (3.36)
)Y (1-1417)| 32 @)
g “1 ) oz '
We have
oo 4 af, . wi(z
< @) | X (- 121 | S o) 24
HvCotylla + 1 (0| 3 (1=121%)
z dpi(2/) || 2+ w)
SW/(Z] Z (Plz H Wl (1_|T1Z’V|]|2)
k=t "y : (3.37)
+lyCofylla+ | £y (0@ Y | SE ) (1= 1217)
k=11 %%k
§ |Zk| opr
<3 |21_| Zrlme)
0 .
HllyCosiylla +IAy M S [ 2 ) |- 14 1)
k=1
As we have already proved
lim N yl-1zl?) =o. (3.38)
9(z)-0D" = | 0z
Hence we have that
_"’ () |- 14" =0 (3.39)
]ﬂoo

Letting j — co and using (3.33) and (3.39), it follows that

liminfI; < liminf||u/C(/,fwlj l|op- (3.40)
j—oo j—oo
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On the other hand, Iw{ | < p < 1 for sufficiently large j. Thus we have that

8g01 j |Zk |”
1-p?)es/2<(1-p ‘ ‘ _
(1-p%)es ( |azk0 1—|(p121|
. " ; 0 )
j 11219 iy T
= W(Z)lgl(l 121 |5, )| =1
for sufficiently large j.
Combining (3.40) with (3.41), we obtain that
0<(1-p*es/2 < liminf||1//C¢fW{||%, (3.42)
]—VOO
and so ||1,UC<hWlj I = 0, as j — co. From Cases 1 and 2, we obtain
AN
11m|1//z] |27 (z )'_0 (3.43)
oo 1= [ w 2

Hence, condition (1.6) holds, finishing the proof of the theorem.
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