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We obtain the general solutions of the cubic functional equation 3[g(x+ y) + g(x — y) +
6g(x)] =2g(2x+y)+2¢(2x — y) +g(—x— y) + g(—x+ y) + 6g(—x) and the Jensen-qua-
dratic functional equation f((x+ y)/2,z+w)+ f((x+ y)/2,z—w) = f(x,2) + f(x,w) +
f(y,2)+ f(y,w).
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1. Introduction

Throughout this paper, let X and Y be vector spaces.
A mapping g : X—Y is called a Jensen (resp., quadratic) mapping if g satisfies the func-
tional equation 2g((x+ y)/2) = g(x) + g(y) (resp., g(x+y) + g(x — y) = 2g(x) +2g(y)).

Definition 1.1. A mapping f : X X X—Y is called Jensen-quadratic if f satisfies the system
of equations

2f<x+Ty,z) = 2+ f(12),
flo,y+2)+ flx,y—2) =2f(x,y)+2f(x,2).

(1.1)

When X =Y = R, the function f : R x R—R given by f(x,y):=axy®+by? is a so-
lution of (1.1). In particular, letting x = y, we get a cubic function g: R—R given by
g(x):= f(x,x) = ax® + bx>.
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For a mapping g : X—Y, consider the cubic functional equation

3[glx+y)+g(x—y)+6g(x)]

=2¢(2x+y)+2¢g2x—y)+g(—x— y) + g(—x+y) + 6¢(—x). (1.2)

For a mapping f : X X X—Y, consider the functional equation

f(xer)”Zer) +f(x;yyz_w) =f(x2)+ flx,w)+ f(y,2) + f(y,w). (1.3)

In this paper, we find out the general solutions of (1.2) and (1.3), and investigate the
relation between them.

For more detailed definitions of the functional equation and the Hyers-Ulam stability,
we refer the reader to [1-4].

2. Solution of the cubic functional equation (1.2)

LEmMA 2.1. A mapping g : X—Y satisfies
glx+y)+glx—y) =2g(x) +2g(y) (2.1)
forall x,y € X if and only if
§Rx+y)+g(2x—y) = glx+y) +g(x —y) +6g(x) (2.2)

forallx,y € X.

Proof. 1f g satisfies (2.1), then g(0) = 0. Letting y = x in (2.1), we get g(2x) = 4g(x) for
all x € X. Thus one can easily see that

g2x+y)+g(2x—y) =2g(2x) +2g(y)
= 8g(x) +2g¢(y)
= 2g(x) +2g(y) + 6g(x)
=glx+y)+glx—y)+6g(x)

(2.3)

forallx,y € X.
Conversely, if g satisfies (2.2), then g(0) = 0. Setting y = 0 and y = x in (2.2), respec-
tively, we gain

g(2x) = 4g(x), g(3x) = 9g(x) (2.4)

for all x € X. Letting y = 2x in (2.2) and using (2.4), we know that g is even. Replacing y
by 2y in (2.2), we get

g2x+2y)+g(2x—2y) =g(x+2y)+g(x —2y) +6g(x) (2.5)
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for all x, y € X. By (2.2) and the above equality, we have

g2x+2y)+g(2x-2y) =gy +x)+ g2y — x) +6g(x)
=g(y+x)+g(y—x)+6g(y)+6g(x) (2.6)
=g(x+y)+g(x—y)+6g(x)+6¢(y)

for all x,y € X. By (2.4), we obtain that g satisfies (2.1). O

THEOREM 2.2. A mapping g : X—Y satisfies (1.2) if and only if there exist a symmetric
multiadditive mapping M : X X X X X—Y and a symmetric biadditive mapping B : X X
X—Y such that g(x) = M(x,x,x) + B(x,x) for all x € X.

Proof. Assume that g satisfies (1.2). Let g.(x) := (g(x) + g(—x))/2 and g,(x) := (g(x) —
g(—x))/2 for all x € X. Then g, and g, also satisfy (1.2). Since g, satisfies (1.2) and is even,
g satisfies (2.2). By Lemma 2.1, g, satisfies (2.1). By [5], there exists a symmetric biaddi-
tive mapping B : X X XY such that g.(x) = B(x,x) for all x € X, where the mapping B
is given by

B(x,y) = [+ ) — gl y)] 27)

for all x, y € X. Since g, satisfies (1.2) and is odd,

2x+y)+2,(2x —y) =2g,(x+ y) +2g,(x — ¥) + 12g,(x) (2.8)

for all x € X. By [6], there exists a symmetric multiadditive mapping M : X X X x X =Y
such that g,(x) = M(x,x,x) for all x € X, where the mapping B is given by

M(x,y,2) = i[go(x+y+2) —x+y—2)—gx-—y+2)+gx-y-2)] (2.9

for all x, y,z € X. Obviously, we obtain that

g(x) = go(x) + ge(x) = M(x,x,x) + B(x,x) (2.10)

forall x € X.

Conversely, we may assume that there exist a symmetric multiadditive mapping M :
X X X X X—Y and a symmetric biadditive mapping B : X X X—Y such that g(x) = M(x,
x,x)+ B(x,x) for all x € X.
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Then we obtain that

3[glx+y)+g(x—y)+6g(x)]
= 3[M(x+y,x+y,x+y) +B(x+y,x+y)

+M(x—y,x— y,x—y)+B(x— y,x — y) + 6M(x,x,x) + 6B(x,x)]
24M (x,x,x) + 18M(x, y,y) + 24B(x,x) + 6B(y, y)
2M(2x+y,2x+ y,2x+y) +2B(2x + y,2x + y)

+2M(2x — y,2x — y,2x — y) +2B(2x — y,2x — y) (2.11)

+M(—x—-y,—x—y,—x—y)+B(-x—y,—x—y)
+M(—x+y,—x+y,—x+y)+B(—x+y,-x+y)
+6M(—x,—x,—x)+6B(—x,—x)
= 2g(2x+y) +2g(2x — y) +g(—x — y) + g(=x+ y) + 6g(—x)
forallx,y € X. O
3. Solution of the Jensen-quadratic functional equation (1.3)

LemMa 3.1. Ifa mapping g : X—Y satisfies (2.1) for all x, y € X, then it also satisfies
gxty+z)—glxty—2z)=gx+z)—gx—2)+g(y+z)—gly—2) (3.1)
forallx,y € X.
Proof. Replacing x and y by x+ y and z in (2.1), respectively, we gain
gx+y+z)+gx+y—2z) =2g(x+y)+2¢(2) (3.2)
for all x, y,z € X. Replacing y by y —zin (2.1), we get
glxty—2)+glx—y+2) =2¢(x) +2¢(y - 2) (3.3)
for all x, y,z € X. Subtracting the latter from the former, we have
gx+y+z)—glx—y+z)=2g(x+y)+2¢(z) —2g(x) —2¢(y — 2) (3.4)

for all x, y,z € X. Exchanging y and z in the above equation and using the fact that g is
even, we obtain

gx+ty+z)—glx+y—2)
= 2g(x+2z)+2g(y) —2g(x) —2g(y — 2)
=gx+tz)—glx—2)+g(y+z)—gly—=2)
+gx+z)+glx—2)+2¢(y) —gly+2) —g(y —z) —2g(x) (3.5)
=glx+tz)-glx—2)+g(y+z)-gly—2)
+2g(x) +2g(z) +2¢(y) —2¢(y) —2g(z) —2g(x)
=glx+z)—glx—2)+g(y+2)—-gly—2)

forall x,y,z € X. O
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THEOREM 3.2. A mapping f : X x XY satisfies (1.1) if and only if there exist a multiad-
ditive mapping M : X X X X X—Y and a symmetric biadditive mapping B: X X XY such
that f(x,y) = M(x,y,y) +B(y,y) and M(x, y,z) = M(x,z,y) forall x, y,z € X.

Proof. We first assume that f is a solution of (1.1). Let x € X be arbitrarily fixed. Define
& X-Y byg(y) = f(x,y) forall y € X. Then g is a quadratic mapping. By [5], there
exists a symmetric biadditive mapping By : X X X—Y such that g.(y) = Bx(y,y), where
the mapping By is given by

Bu(y,) = £ 18y +2) ~ gy~ 2)] (36)

forall y,z € X.
Define

M(x, y,z) := Bx(y,2) — Bo(y,2) (3.7)
for all x, y,z € X. Replacing x by 2x and letting y = 0 in the first equation in (1.1), we get
f(2x,2) =2f(x,2) — f(0,2) (3.8)

for all x,z € X. By the first equation in (1.1) and the above equation, we know that

M(x+y,z,w)

Bx+y(zaw) — Bo(z,w)
= i[gw(ﬁ W) — Gery(z—w)] - i[go(ﬁ w) — go(z—w)]

- i[f(x+y,z+w)—f(x+y,z—w)] - i[f(o,z+w)—f(0,z—w)]

= é[f(2x,z+w)+f(2y,z+w)—f(2x,z—w)—f(Zy,z—w)]

—i[f(0,2+w)—f(0,z—w)]
1 1 (3.9)
= Z[f(x,z+w)—f(x,z—w)]+Z[f(y,z+w)—f(y,z—w)]
—%[f(o,z+w)—f(0,z—w)]
= ezt w) — gz =]+ gy 2+ w) — gy(z—w)

~ Lgoz+w) — golz —w)]

By(z,w) + By(z,w) — 2By(2, w)

M(x,z,w) +M(y,z,w)



6  Abstract and Applied Analysis
for all x, y,z,w € X. By the second equation in (1.1) and Lemma 3.1, we see that

M(x,y+z,w) = B(y+2z,w) —Bo(y+z,w)

1[go(y+z+w)—go(y+z—w)]

:i[gx(y+z+w)—gx(y+z—w)] 2

1

= [feytz+w) — f(x,y+z—w)]

1 [0, y+z+w)— f(0,y+z—w)]

1
4
= i[f(x,y+w)—f(x,y—w)+f(x,z+w)—f(x,z—w)]

- i[f(o,y+w) —FOy =)+ F(O, 2+ w) — F(0,2— w)]
= i[gx(y+W)—gx(y—W)]+i[gx(Z+W)—gx(z—W)]

—i —i[go(Z+W)—go(Z—W)]
= By(y,w) + Bx(z,w) — By(y,w) — Bo(z, W)

[go(y+w)—go(y—w)]

= M(x,y,w) +M(x,z,w)
(3.10)

for all x,y,z,w € X. Since g, is quadratic for all x € X, one can easily obtain that
M(x,y,z) = M(x,z,y) for all x, y,z € X. Thus M is multiadditive.

Conversely, we assume that there exist a multiadditive mapping M : X x X X X—Y and
a symmetric biadditive mapping B : X X X—Y such that f(x,y) = M(x,y,y)+B(y,y)
and M(x, y,z) = M(x,z,y) for all x, y,z € X. Since M is additive in the first variable,

+ +
2f<x2y,z> = 2M<¥,z,z) +2B(z,2)

= M(x,2,z) + M(y,2,z) +2B(z,2) (3.11)
=fx2)+ f(y.2)
for all x, y,z € X. Since M is multiadditive and odd in each variable,

flo,y+2)+ fle,y—2) =M, y+z,y+2)+ M(x,y — 2,y — 2)
+B(y+z,y+z)+B(y—2zy—2)
(3.12)
=2M(x,y,y)+2M(x,z,z) + 2B(y,y) + 2B(2,2)

=2f(xy)+2f(x,2)

forall x,y,z € X. O
THEOREM 3.3. A mapping f : X X X—Y satisfies (1.1) if and only if it satisfies (1.3).
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Proof. 1f f satisfies (1.1), then
F(FFhe) w1 (5P w)

[fxz+w)+ f(y,z+w)] +

[fz=w)+ f(y,z—w)]
(3.13)

N = N =
N = N~

[fz+w)+ fz=w)]+=[f(r,z+w)+ f(y,z—w)]

fx,2)+ f,w)+ f(y,2)+ f(y,w)

forall x, y,z,w € X.

Conversely, assume that f satisfies (1.3). Choosing x = y =z = w = 0in (1.3), we have
f(0,0) = 0. Letting y = x and z = w = 0 in (1.3), we get f(x,0) = 0 for all x € X. Putting
w = 01n (1.3), we obtain

2f(x;y,2> = f(x2)+ f(5.2) (3.14)

for all x, y,z € X. Taking y = x in (1.3) and replacing z by y and w by z, we have
fo,y+2)+ flx,y—2)=2f(x,y)+2f(x,2) (3.15)
forall x,y,z € X. O

4. The relation between (1.2) and (1.3)

THEOREM 4.1. Let g: X—Y be a mapping satisfying (1.2) and let f: X X X—Y be the
mapping given by

1
floy)i= gt y)+gle—y) = 28(x) +28(y) +2g(=y)] (4.1)
forallx,y € X. Then f satisfies (1.3) and
() = f(x,%) (42)
forallx € X.
Proof. Lettingx = y = 01in (1.2), g(0) = 0. Putting y = 0 in (1.2), we have
g(2x) = 6g(x) — 2g(—x) (4.3)
for all x € X. Setting y = x in (4.1), (4.2) holds by (4.3). By Theorem 2.2, there exist a
symmetric multiadditive mapping M : X X X X X—7Y and a symmetric biadditive map-

ping B : X X X—Y such that

g(x) = M(x,x,x) + B(x,x) (4.4)
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for all x € X. By (4.4), we obtain that

g(% +z+w) +g<¥ —z—w) _2g<x-£y) +2g(z+w)+2¢(—z—w)

+g<x+Ty +z—w) +g<x+Ty —z+w) —2g<%) +2g¢(z—w)+2g(—z+w)

+ + + + +
= M(%‘FZ‘FW,%‘FZ'FW,%'FZ‘FW) +B<¥+Z+W,¥+Z+W>

m__m__m__) (’”J’__x*)’__)
+M(zzw,zzw,zzw+B2zw,2zw

_ZM(x+y x+y x+y>_2B(x+y x+y>

27 27 2 27 2
+2M(z+w,z+w,z+w)+2B(z+w,z+ w)
+2M(—z—w,—z—w,—z—w)+2B(—z—w,—z—w)

+ + + + +
+M(¥+z—w,%+z—w,¥+z—w)+B<¥+z—w,¥+z—w)

+ + + + +
+M(¥—z+w,¥—z+w,¥—z+w) +B<x2y —z+w,¥—z+w>

_ZM(x+y x+y x+y)_23(x+y x+y)

27 2 2 272
+2M(z—w,z—w,z—w)+2B(z —w,z — w)
+2M(—z+w,—z+w,—z+w)+2B(—z+w,—z+w)

=6[M(x,2,2) + M(x,w,w) + M(y,2,2) + M(y,w,w) +2B(z,z) + 2B(w,w)]

=M(x+z,x+z,x+z)+B(x+z,x+2)+M(x—z,x—2z,x—2)+B(x —z,x — 2)
—2M(x,x,x) — 2B(x,x) +2M(2,2,2) + 2B(2,2) + 2M(—2z,—2z,—2z) + 2B(—2z,—2)
+M(x+w,x+w,x+w)+Bx+w,x+w)+M(x—w,x—w,x—w)+B(x—w,x—w)
—2M(x,x,x) — 2B(x,x) + 2M(w,w, w) + 2B(w,w) + 2M(—w, —w, —w) + 2B(—w, —w)
+M(y+z,y+2z,y+2)+B(y+z,y+2)+M(y—z,y—2,y—2)+B(y — 2,y — 2)
—2M(y,y,y) —2B(y,y) +2M(z,2,2) + 2B(z,2) + 2M(—2,—2,—2) + 2B(—2,—2)
+M(y+w,y+w,y+w)+B(y+w,y+w)+M(y—w,y—w,y—w)+B(y —w,y —w)

—2M(y,y,y) —2B(y,y) +2M(w,w,w) + 2B(w,w) + 2M(—w, —w, —w) + 2B(—w, —w)
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=g(x+z)+g(x—2z)—2g(x)+2¢(z) +2g(-2)
+g(x+w)+glx—w)—2g(x)+2g(w)+2g(—w)
+g(y+2)+g(y—2z)—2g(y) +2g(z) +2¢(-2)

+g(y+w)+g(y—w)—2g(y)+2g(w)+2g(—w)
(4.5)

forall x, y,z,w € X.
By (4.1) and the above equality, f satisfies (1.3). O

THEOREM 4.2. Let f: X X X—Y be a mapping satisfying (1.3) and let g: X—Y be the
mapping given by (4.2) for all x,y € X. If f and g satisfy (4.1) for all x,y € X, then g
satisfies (1.2).

Proof. Lettingx = y = z=w = 01in (1.3) and then using (4.2), we have g(0) = 0. Putting
y = x in (4.1) and then using (4.2), we obtain that g satisfies (4.3). By (1.3) and (4.1), we
know that

g(HTy +z+w) +g(¥—z—w) _2g<x+Ty) +2g(z+w)+2¢(-z—w)

+g<X+T)/ +z—w> +g(x+Ty —z+w> —Zg(g) +2g(z—w)+2g(—z+w)

= gx+2z) +g(x —z) - 2¢(x) +2¢(2) + 2¢(~2) (4.6)
+g(x+w)+glx—w) —2g(x) +2g(w) +2g(—w)

+g(y+2z)+g(y—2z)—2g(y) +2g(z) +2g(-2)

+g(y+w)+g(y —w)—2¢(y) +2g(w) +2g(—w)

for all x,y,z,w € X. Replacing x, y, z, and w by 0, 0, x, and y, respectively, in (4.6), we
obtain that

g+ y)+glx—y)+g(—x+y)+g(—x—y) = 2[glx) +g(-x) +g(y) +g(=»)] (4.7)

for all x, y € X. Replacing x, y, z, and w by 2x, 0, y, and 0, respectively, in (4.6), we see
that, by (4.3),

2[glx+y)+g(x—y)+4g(x)] = g2x+y)+gQ2x—y)+g(y) +g(—y) +4g(—x) (4.8)
for all x, y € X. From the above two equalities, we conclude that

3[glx+y)+g(x—y)+6g(x)] = 2g(2x+y)+2g(2x— y)+g(—x — y)+g(—x+y)+6g(—x)
(4.9)

forallx,y € X. (]
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