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Modules of systems of measures on polarizable
Carnot groups

M. Brakalova, I. Markina and A. Vasil’ev

Abstract. The paper presents a study of Fuglede’s p-module of systems of measures in
condensers in polarizable Carnot groups. In particular, we calculate the p-module of measures in
spherical ring domains, find the extremal measures, and finally, extend a theorem by Rodin to
these groups.

1. Introduction

Let Q be a bounded domain in a polarizable Carnot group G, a particular
case of which is the Euclidean space R™, n>2, and let Dy and D; be two disjoint
compacts in the closure Q of €. The triple (£2; Dy, D) is called a condenser in
G, and the compacts Dy and D; are called its plates. Two important quantities
intimately related to the condenser (§2; Do, D;) are the module of the family of
curves I'(2; Dy, D7) connecting the compacts Dy and D; in €2, and the module of
the surfaces X(€2; Do, D1) separating Dy and D; in Q.

Let (X,9t,m) be an abstract measure space with a fixed measure m: MM —
[0, 4+00] defined on the o-algebra 9 of subsets of X. We denote by M the system
of all measures p in X, whose domains of definition contain 9, and by E some
subset of M. The definition of the p-module of a system of measures given by
Fuglede in [13] (see Definition 1, Section 2.1) is a nice and useful generalization
of the notion of the p-module of a system of curves or surfaces. The extremal
system of measures EgCFE and the extremal function in this definition are known
explicitly only in few trivial cases although they play an important role. Thereby,
it is well known that the module of the family of all locally rectifiable curves I' in
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a spherical ring domain Q=R in R™, n>2, connecting two boundary concentric
spheres of radii a, b, 0<a<b<oo, is equal to the module of the family of radial
curves I'g connecting these boundary spheres, and that the family I’y is extremal.
In the same spirit, the family of concentric spheres of radii r, a<r<b, separating
the boundary spheres is extremal for the module of all Lipschitz separating surfaces
in Rgp, [15], [43], [45], and [47]. The extremal functions are also known.

After a thorough analysis has been developed on Carnot groups, see e.g., [18],
[19], and [46], analogous problems can be formulated for these groups. The only
locally rectifiable curves on Carnot groups are so-called horizontal curves. In order
to define a ring domain on a Carnot group one can use an analogue of the Euclidean
norm which is a homogeneous function with respect to the anisotropic dilation dg,
5>0, respecting grading of the corresponding Lie algebra. Unfortunately, the radial
curves (. (considered as functions of s) are not horizontal in general. On the
Heisenberg group, Kordnyi and Reimann [24] found another family of ‘radial’ curves
which are horizontal and orthogonal (in a correct sense) to the spheres defined as
the level sets of the homogeneous norm. It was also shown that this family of curves
is extremal for the ring domain. The existence of a homogeneous norm and of the
corresponding horizontal family of radial curves was proved for some other classes
of Carnot groups in [2], which received the name polarizable Carnot groups. In
Section 3 we show that the family of concentric spheres separating two boundaries of
the spherical ring domain is extremal for the p-module of all separating sufficiently
smooth countably rectifiable surfaces in this ring domain on polarizable Carnot
groups. We also present the extremal function.

Finding the extremal function and the extremal system of measures for the
p-module is, in general, a quite difficult task, possible to be completed only in
few cases. A result by Rodin [38] provides a method for finding the extremal
function that leads to an explicit calculation of the 2-module of an extremal family
of curves in the plane. In Section 4, we prove an extension of Rodin’s theorem [38]
to polarizable Carnot groups.

2. Module of a system of measures and polarizable groups

In this auxiliary section we give some necessary definitions used to obtain the
main results in what follows.

2.1. Module of a system of measures

Recall that we consider an abstract measure space (X,9t,m) with a fixed
measure m: M—[0,4oc] defined on the o-algebra M of subsets of X. The set



Modules of systems of measures on polarizable Carnot groups 373

M is the collection of measures p in X, whose domains of definition contain 9.
With an arbitrary system of measures £'C M we associate the class of measurable
functions p: X —10, oo] satisfying the condition

(1) / pdu>1, pek.
X

We call such p an admissible function, and we write pAp if (1) holds for a measure g,
and pAE if (1) holds for every peE.

Definition 1. For 0<p<oo, the p-module M,(FE) of the system of measures F
is defined as

M(B)=ing [ o7 dim,

interpreted as +oo if the set {p: pAE} is empty.

If a property holds for a system E, except for some subsystem E°CE with
M,(E®)=0 we say that the property holds for M,-almost all p.

We call a system of measures Ey, EgCE extremal for the module M,(E) if
there is a measurable function pg: X — [0, 00| such that

/pod,uzl and Mp(E):Mp(EO):/ phdm,
X X

for Mp,-almost all p€ Ey. The function pg is called the extremal function.

Definition 1 is a natural generalization of the concept of the module of a family
of curves or surfaces in R", n>2. Given a family I' of locally rectifiable curves or
a family of Lipschitz surfaces in the space X=R", one can regard 91 as the Borel
o-algebra, m as the Lebesgue n-dimensional measure, and p as the one-dimensional
Hausdorff measures on curves or the surface measures on Lipschitz surfaces. The
construction for these cases was carefully developed in [13, Chapter 2] and [34]. The
module of a system of measures introduced in Definition 1 possesses the properties
formulated in the following proposition.

Proposition 2. [13, Chapter 1] Let M be a system of measures p in a mea-
sure space (X, M, m), such that the domains of p contain M. We write i for the
completion of u. The following properties hold

(1) M,(E)<M,(E') if ECE" and E,E'C M;

(2) My(B) <2, My(E,) if E=UZ, By, and E,CM;

(3) If ACX and m(A)=0, then u(A)=0 for My-a.a. peM;

(4) If peLP(X,m), then p is fi-integrable for M,-a.a. peM;
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(5) If l|pi —pll e (x,m)—0, then there is a subsequence p;;, such that
/ |pi; —pldit — 0 for My-a.e. e M;
X

(6) Let ECM. Then M,(E)=0, if and only if, there exists a non-negative
function pe LP(X, m), such that

/pdu:—i—oo for every u€ E;
X

(7) If p>1 and ECM\{u=0}, then there exists a non-negative function p,
such that

/ pPdm=Mpy(E), and / pdp>1 for Mp-ae. pekE;
X b's

(8) If p>2, E1CE>C... are sets of complete measures, and E=|\JFE;, then
MP(E)Zlimi_)OO Mp(Ez)

2.2. Polarizable groups

Definition 3. A Carnot group G is a connected simply connected Lie group,
whose Lie algebra g is nilpotent and possesses a stratification g:@ézl V;, where
V1,V;]=Vj41 for all jeN with V;={0}, whenever j>I. The positive integer [ is
called the step of the group.

We assume that the underlying layer V; is endowed with an inner product
(-, Jo. Let Xj,...,X; be an orthonormal basis of V; with respect to this in-
ner product. The vector fields Xi,..., X} are usually called horizontal, and a
sub-bundle HG of the tangent bundle T'G of the group G with the typical fiber
H,G=span{X(g), ..., Xx(9)} CT,G, g€G, is called the horizontal sub-bundle. As a
consequence, any vector v€ H,G is also called horizontal. The inner product (., .)o
on V7 defines a left-invariant sub-Riemannian metric on G, which we denote by the
same symbol, by means of left translations, |[v|Z=(v,v)o for vE H,G. Let us use
the normal coordinates of the first kind, where an element g€ G is identified with
(T1,eeey Ty Lot 15 -oy b ) ER™ by the formula

k m
g=exp (Z Xt Y tiTi> ;
i=1

i=k+1
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where Tk41, ..., I, denote a set of vectors extending the horizontal basis X7, ..., X
to the entire basis of g. The stratified structure of the Lie algebra naturally defines
the dilation §,, s>0, that can be written as

659 = 65 (mla ooy Ly tk+17 ey tk+dim(V2)a ey tk+zé;11 dim(V;)417 """ tm)

_ 2 2 1 1
= (ST1, ey SThy St g1, vy S Lhgdim(Va)s o S t,H_Z;;ll dim(V;) 41 S tim)s

in the introduced coordinates. As a simply connected nilpotent group, admitting
dilations ds, G is globally diffeomorphic to g=R"™, m:Zé:l dim V;, via the expo-
nential map, see [10, Proposition 1.2]. The number m is the topological dimension of
the group. The sub-Riemannian metric induces a distance function d.. on G called
the Carnot-Carathéodory distance in a similar way as for the Riemannian metric.
The Hausdorff dimension of the metric space (G, d..) is equal to Q:Zf::l idim V;,
see [32]. The number @ is called homogeneous dimension of G, and it will play an
important role in the forthcoming calculations. The Haar measure on G is induced
by the exponential map from the Lebesgue measure on g=R™. A norm Ng on the
group G is called homogeneous if it is given by a homogeneous function of order
one with respect to the dilation d5: Ng(ds9)=sNg(g) for all geG.
The horizontal gradient Vg is the unique horizontal vector field such that

(Vof,v)o=wv(f), forany section v of HG, feC™(G).

The horizontal gradient is expressed in the orthonormal basis X1, ..., X} as Vo f=
(X1f7 cey ka)

Given a domain U CG, a function u€ C?(U) (or, more general, a distribution u)
is called p-harmonic if it satisfies the p-sub-Laplacian equation

k
(2) Agpu:=Y_ X;([Voullf > X;u) =0,

=1

in U, and oo-harmonic if it satisfies the co-sub-Laplacian equation

Ao’oou = <V0||V0’U,||8, V0u>0 = O,

N | =

in U. By a result by Folland [9, Theorem 2.1], there exists a unique fundamental
solution us in any Carnot group G of the homogeneous dimension (>3 to the Kohn
sub-Laplacian A2, which is smooth away from zero and homogeneous of degree
2—Q: ug005=5>"uy.
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Definition 4. (See [2].) We say that a Carnot group G is polarizable if the
fundamental solution ugy of the Kohn sub-Laplacian A o has the property that the
1

homogeneous norm Ng=u5 ¢ associated with uy is oo-harmonic away from zero

in G.

Examples of polarizable groups are R™, n-th Heisenberg group H"™, and
H (eisenberg)-type groups introduced by Kaplan [21], which definition will be given
in Section 2.2.2. The main result of [2] states that it is possible to carry out a
construction of some sort of spherical coordinates in any polarizable group in the
same way as it had been done in [24] for the Heisenberg group.

Let G be a polarizable Carnot group, and let Ng be the norm from Definition 4.
We denote by Z the characteristic set of the function Ng,

Z:={0}u{g € G\{0} | VoNa(g) =0}
The radial flow is a solution to the Cauchy initial-value problem in G\ Z

NG(¢(8’ g)) . VONG(¢(Sa g))
IVoNG (s, 9)IIF’

0
& ¢(S7g) =
#(1,9)=g.

(3)

Proposition 5. (See [2].) The flow ¢ satisfies the following properties:
(i) Ng(o(s,9))=sNg(g) for s>0, and ge G\ Z;
(i) [[(0/0s)||o is independent of s, i.e.,

NG(g) ,)\(g)—l

1(8¢/0s)]lo = IVoNa(6(s, 9o

for a non-zero real-valued function A on G\ Z;

(iii) det D,p(s,g)=s% for s>0 and ge G\ Z, where Dy¢ denotes the differ-
ential of the map ¢(s,-):G\Z—G\Z, where G\ Z is considered as a domain in
R™.

Definition 6. An absolutely continuous curve c: I—G is called horizontal if
the vector %C(S) is horizontal, i.e., %C(S)EHC(S)G for all s€l, when it is defined.

The solution ¢ to the Cauchy problem (3) is a horizontal curve simply because its
tangent vector % is proportional to the horizontal gradient of some function,
namely, of the homogeneous norm.
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We remark that if ¢: I—G is a horizontal curve whose locus belongs to the
level set of the function Ng, then

4 Ne(e(r)) = <V0NG7 de(r) >O =0.

dr dr

We say that the horizontal gradient is orthogonal to the level set meaning that it
is orthogonal to any horizontal curve (whose locus belongs to the level set) with
respect to the inner product (., .)g. As a consequence, we conclude that the flow ¢
solving the Cauchy problem (3) is orthogonal to the level set of the function Ng,
where the orthogonality is understood with respect to the inner product (., .)g of
the tangent vector to the flow and the tangent vectors to the horizontal curves lying
on the level set.

Note that not all Carnot groups are polarizable. It is known that the funda-
mental solution u to 2-sub-Laplacian always exists, but its norm N(u)=u!/(=?)
is not necessarily oo-harmonic. An example of such kind of groups can be the
anisotropic H-type groups, see reasoning in [2]. Anisotropic H-type groups were
studied, for instance, in [5] and [7]. Now we continue with examples of polarizable
groups.

2.2.1. Euclidean space

First of all, notice that G=RF is a Carnot group of step 1, where the Lie
algebra is given by the space Vi=span{Xj,..., X} with Xj:%j. Since all the
commutators of X;, j=1,...,k vanish, the spaces Vo=...=V;={0} are empty. The
exponential map is a map identifying R* with V;. The Kohn sub-Laplacian ALY
is the usual Laplacian Ay, whose fundamental solution us(x)=|z|>~* defines the
homogeneous norm Ngx (x)=|z|, which is the Euclidean norm of an element x€R¥.
It is trivial to check that || is an co-harmonic function. The radial flow ¢(s, x)=sz,
r€RF is a solution to the corresponding Cauchy problem (3).

2.2.2. H-type groups

Definition 7. We say that a Carnot group G is of Heisenberg type (H-type) if
its Lie algebra g=V1 @ V5 of G is 2 step, and if it is endowed with an inner product
(., .), and admits a linear map J: Vo—End(V7), compatible with the inner product
in the following sense:

(1) V1 is orthogonal to Vs,

(2) (JzUV)=(Z,|U,V]) for all ZeV, U,V €V, and

(3) J2=—||Z||*1dy, for all Ze Vs, where ||Z||>=(Z, Z).
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The inner product (., .)o on V; is the restriction of (., .) to V4.

Let G be a group of H-type. Since the exponential map of G is an analytic
diffeomorphism, we can define real analytic mappings uv: G—V; and z: G—V5 by
g=exp (u(g)+2(g)), g€G. The function

(4) Ne(g9) = (Ilu(g)l|*+16]12(9)*)

is a homogeneous norm on G. It is well known that N¢ is smooth on G\{0}, see [21,
Theorem 2]. It was shown in [2, Proposition 5.6] that H-type groups are polarizable
with the norm N¢, defined by (4).

1/4

2.2.3. Heisenberg group

A typical example of an H-type group is the Heisenberg group.

Definition 8. The n-dimensional Heisenberg group H" is a nilpotent Lie group
whose underlying manifold is R?"*!, and whose Lie algebra b is graded

(1) h=V1 @ Vs, where dim(V;)=2n, and dim(V2)=1, and

(2) b admits the following commutation relations:

Vi, Vi]=Va,  [V1, V2] = [V, Vo] = {0}.

We choose a basis X1,...X,,Y1,...Y,, of V an element Z of V5, such that [X;,Y;]=2
for j=1,...,n, and otherwise zero. Define the linear map J: V3 —V; by J(X;)=Y;,
J(Y;)=—X;. The inner product (., .)y, on V5 is chosen such that (Z, Z)y,=1. The
inner product (., .)y, is defined by setting

<U1,U2>V1 =qa if [Ul,JUQ} =aZ, aeR

for U;,U>€V;. Now it remains to check that the conditions of Definition 7 hold
for the inner product (., .)=(., v, +(., -)vs, and the map Jz is given by Jz=
(z,Z)12].

Using the normal coordinates of the first kind g=(z,y,t), z,yeR"™, teR, we
write the homogeneous norm in the form (4).

3. Extremal measures on polarizable groups

3.1. The p-module of T'(R.p; Sa, Sp) on polarizable groups

Let G be a polarizable group and let
B,={g9€G|Ng(g9)<r}, S,={9€G|Ng(g)=r}.
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We want to present the extremal function and the extremal family of curves for the
condenser (Rgp; Sq,Sp) in the problem of the p-module.
A result by Kordnyi and Reimann [24] gives an explicit value of

M, (T'((Rap; Sa»Sp))), in H,

where p=4 is the homogeneous dimension of H'. The p-module of the family of
curves for the spherical ring domain in H-type groups and in polarizable Carnot
groups, in terms of p-capacity is given in [2] and [6]. The value of the p-capacity in
the Carnot groups, see Definition 17, and of the p-module of the family of curves
connecting S, and S, in the spherical ring domain coincide, see [28]. We give
here a brief calculation of M, (I'(Rap; Sa, Sp)) in a polarizable Carnot group, for the
completeness.

We recall that if ¢: [a,b]—G is an absolutely continuous curve in a Carnot
group G, which is not horizontal for some open interval IC|[a,b|, then it is non-
rectifiable. It was shown in [35] that even ¢ is only continuous and rectifiable, the
tangent vector ¢(s) exists and is horizontal for almost all s€[a,b]. Thus, we can
restrict ourselves to horizontal curves computing the p-module of a family of curves,
because the p-module of a family of non-rectifiable curves vanishes [13]. Note also
that any system of curves for 0<p<1 has vanishing p-module [13].

Let ¢ be a solution to the Cauchy problem (3) satisfying the initial data
#(1,8)=¢, £€51. The existence of the radial flow ¢(-,¢): (0,00)—=G solving (3),
allows us to write the integral over G in terms of spherical coordinates. Namely,
the following proposition holds.

Proposition 9. [2] Let G be a polarizable Carnot group. There exists a unique
Radon measure dv on S1\ Z, such that the integration formula

(5) [ @g=[ [ st asan)
G sz Jo
is valid for all f€LY(G), where dg denotes the Haar measure on G.

Observe that the only information one needs is the existence of homogeneous
norm N¢ satisfying Proposition 5 in order to carry on the construction of spherical
coordinates and forthcoming calculation of M, (I'((Rab; Sa,Ss))) on a polarizable
Carnot group. The following theorem is a reformulation of a result from [2].

Theorem 10. Let G be a polarizable Carnot group of Hausdorff dimension
Q with a homogeneous norm Ng associated to Folland’s solution to the Kohn sub-
Laplacian. Let T=T(Rap; Sa,Sp) be a family of horizontal locally rectifiable curves
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connecting the boundaries S, and Sy in Rg,. Then,
MP(F) = 051 (p)Cib_p(pv Q)a

for p>1, where
b
Csl(p)—/SM MP(€)dv(€), and cab(p,Q):/a s7=1 ds.

Proof. Let us use the integration in spherical coordinates (5) in order to cal-
culate the module of I'. For all admissible functions w we have

b b
1</¢(.,£)w:/a @(p(s,))NE) Hds — )\(g)g/a (s, ) ds,

where \(&) 1= 2208) ) — ToNawGeE $€51- Holder’s inequality implies

b P b b p—1
AP < (/ (ws%)s_% ds) < (/ wPs91 ds) (/ s7t ds) .

Therefore, f: P (P(s,€))s97 L ds>Cup(p, Q) PA(E)P, and

b
/ o (g) dg = / / P(6(5, )52~ ds dv(€) > Cap(p, Q)" Css, (p).
Rab S1\Z a

If we denote the family of curves generated by the radial flow ¢ by I'g, then I'y is
a subfamily of I'. Taking infimum over admissible functions we obtain

(6) My (T) = My(To) > Cap(p, Q) 7 Cs, (p).
In order to find an upper bound for M, (I') we choose the extremal function

given by

0 w= {(<T+1)cab<p,Q>)—1 IV (NG oy 7+1=2=2, p#Q,

Cab(paQ)_l ||v0(1OgNG)||O7 p:Q

Considering wy along the flow ¢(s, &) of radial curves we obtain

@0(6(5,€)) = Cap(p, Q)" 571 A(€),

where Ng(¢(s,€))=s. Using formula (5), we calculate
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b
/ o dg= / . | ot )s2  dsdute)

b 1

— Cu(p. Q)" /S BRICREG / 7 ds = Cu(p. Q) PCs, ().

The function wy is admissible for I" as it will be shown in Lemma 11. Finally, we
have Mp(F)SfRab Wg dg:cab(pvQ)lipCSH (p) U

Lemma 11. The function wqy defined by (7) for all p>1 is admissible for the
module M,(T") of the family of curves connecting S, and Sy in the spherical ring
domain Rgp.

Proof. Let v: [0,1,]—@G be a curve from I' parametrized by arc-length ||¥]o=1
satisfying the boundary conditions a=N¢g(7(0)) and b=Ng(v(l,)). Then, by the
Schwarz inequality, we have (VoNg,¥(s))o<[[VoN¢|lo for almost all s€[0,1,]. It
follows that

L = = / " (y(s)) ds

l"f
> (r4+1)Cap(p, Q) " / (T )NE(()) (Vo Ne ((5)), 4 (s))o ds

l’Y
= (+0)Culr. Q) [ ENG o) s,

for p#Q. Since N5S™'(v): [0,1,]— Ryp is absolutely continuous, the Fundamental
Theorem of Calculus results in

JEE (e [ " dS)_1(NZ;“(V(H))—NZ:“(V(O))) =

Similar calculations prove the result for p=Q. 0O

Corollary 12. (See [2].) The family of radial curves Ty satisfying (3) is the
extremal family for the module Rqp, of the spherical ring domain Rgy, in polarizable
Carnot groups. The function wq given by (7) is extremal. Moreover, calculating the
integral Cop(p, Q)1 7P, we obtain

)= {csxp)(f;_?')p1|<bv;‘f—ap—?>1p, Q.
Cs, (p)(log £)1=9, p=Q.
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As it was mentioned, the H-type groups are polarizable [2, Proposition 5.6],
and the form of the homogeneous norm is given by (4). The value of the constant
Cs, (p) for H-type groups was explicitly calculated in [2] and it is given by

okti/2 F(kzlﬂ)

N R GRGE ,
D7 Jop MO G

where k=dim V;, [=dim V5. The details for the Euclidean space can be found
in [15], [43], and [47].

3.2. The p-module of a family of separating sets in Ry

Let us define separating sets in a topological sense and describe the associated
system of measures. Let Dy, D; be disjoint compact sets in the closure Q of a
domain 2€G. We denote Q*=QUDyUD;.

Definition 13. We say that a set o separates Dy from D; in Q if

1. 0N is closed in €;

2. There are disjoint sets Uy and Uy which are open in Q*\ o such that Q*\o=
UyuU;, DoCcUy and D CU;.

Let ¥ denote the class of all sets that separate Dy from D;. With every o CY we
associate a complete measure 4 in the following way. For every Hausdorff H@~1-
measurable set ACG we define

w(A)=H? 1 (AnoNQ),

where H971 is the (Q—1)-dimensional Hausdorff measure taken with respect to the
sub-Riemannian metric on the group. Thus the system of measures E associated
with the collection ¥ is the family of measures i, defined above. From the properties
of the Hausdorff measure, it is clear that the Borel sets in G (here 0N is closed in €2,
and therefore, is Borel) are py-measurable. We use the notation M,(X) for the g-
module of the family of measures E associated with the collection ¥=%(Q; Dy, D1)
of sets separating Dy and D; in . Thus, according to Definition 1 for any given
1<g<oo,

My(¥) = inf / p? dg,

where dg is the Haar measure in G and pAY means that p is a non-negative Borel
function such that meQ pdu>1 for every ceX.
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Let X=X(Rup; Sa, Sp) denote the class of sets o that separate S, from S in
Ra.p CG and such that oNR,, has locally finite H @-1_Hausdorff measure. The
subset ¥'CY of separating sets such that HP 1(0'NR,,) =00, o’€X’ will have
vanishing ¢g-module. The class ¥ is not empty, since it contains intrinsic G-regular
hypersurfaces, see [11]. Let us specify these measures on spheres S in detail. The
integration formula (5) implies that the volume element dg along the flow defined
by ¢ can be written as
-1

99

Os

09

dg =59 dsdv(¢) =591 s

ds = s97INE) dv(E)N(E) 7 ds.
0

dv@)\

0

Hence, the measure duq (£)=A(€) dv(€), £€S; is absolutely continuous with respect
to the Radon measure dv(§) and represents a (Q—1)-dimensional element of a
surface measure on the unit sphere S;. The element of the surface measure on the
sphere S, of radius s is given by dus=s97IA(¢) dv(£). The part A(¢)~!ds defines
the element of length of the curve ¢(-,£) and was used in the previous section.
In the case G=R", we obtain that A(£)=1, and du;=dv is the Euclidean surface
measure element on the unit sphere.

Theorem 14. Let G be a polarizable Carnot group of Hausdorff dimension

Q with the homogeneous norm Ng associated to Folland’s solution to the Kohn

sub-Laplacian. Let E be the family of measures associated to the collection %=
S(Rap; Sa, Sy) of sets separating S, and Sy, in Rap. Then for ¢>1, we obtain

My (B) = My (%) = Kap(q, Q) K 5 (),

where
b
(8) Ksl(q)z/ AT (€) dv(€)  and Kab(q,Q):/ S(1-0)(@-1) g
S1\Z a

Proof. Let p be an admissible function for the family E. Then, for any sphere
Ss, a<s<b, we have

< (f S\Zp(cb(s,é))dus)q -(/ I COEING aie))

Thus

7
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Then, we arrive at the inequality

b b 1-¢
/ p? dg:/ sQflds/ p? de/ s(t—0(@=1) </ AT (E) dv(f)) .
Rab a Sl\Z a Sl\Z

Making use of notations (8), we come to a lower bound for the module M, (X) of
the family of separating sets

Mq(2> > Mq(EO) > Kab(Q? Q)K31 (q)liqv

where X0=%0(Rap; Sa, Sp) is the family of spheres Ss={ge G| Ng(g)=s} for a<s<b
which separate the boundaries of the spherical ring domain Rgp.

Now we turn to the estimation of M,(X) from above. The extremal function
in this case is given by the following expression

(r+1) K51 @) [Vo (NG @) T, 7=(a-1)(1-Q), ¢

©) =4 .
K5 (a)| Vo(log No(g))1§ " -

Q
Q-1

Q
Q-1-
Restricting the value of pg to the sphere Ng(g)=s we conclude that

po(p(5,€)) =po(g) = K5 (q)s'~ON77 (¢).
Thus,

b q
/ o dg=K357(g) / $Q-1+a(1-@) g / AT (€) dv(€) = Kap(a, Q)KL (q).
Rap a Si\Z

The function pg is admissible for the family of separating sets as it will be proved
in Subsection 3.3. Finally, taking the infimum over the admissible functions, we
obtain

M) < [ phdg=Kunla QKL (o).
Ray
This finishes the proof. [
Corollary 15. The family Yo of the spheres {Ss,a<s<b} is the extremal
family for the module My(X) of sets ¥ separating the spheres S, and Sy in the
spherical ring domain Rg, on polarizable Carnot groups. The function py given

by (9) is extremal. In particular, fS' podus=1 for any sphere Ss, a<s<b.

Let us observe the following relations revealed by Theorems 10 and 14.
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Corollary 16. For %—&—%:1, Theorems 10 and 14 imply
L. Kab(q: Q)=Cas(p, Q),

2. Ks,(9)=Cs,(p),

3. My (T)M (2)=1,

4. po=C% " (p,Q)C5 0)wh ", p#Q

S

3.2.1. Relations between M,,(T'), M,(X), and the capacity cap,(Rab)-

Before we proceed to show that the function pg is admissible for the family E,
we recall the relations between M, (T"), My(X), and the capacity cap,(Rap). We say
that a function u: Q2—R belongs to the Sobolev space WP (Q) if ue LP(Q) and the
horizontal gradient Vou exists in the sense of distributions and ||Voullo€ LP(€2).

Definition 17. Let € be a domain in G, and let Dy, Dy be two disjoint compacts
in the closure Q of Q. A function u€ W1?(€) is called admissible for the condenser
(Q; Do, Dy), if u|p,=0 and u|p, =1. The value

cap,(€; Do, D) = inf/ | Voull§ dg,
Q

where the infimum is taken over all admissible functions u is called a p-capacity of
the condenser (£2; Do, D1).

The relations between the admissible function u for the p-capacity of a con-
denser (Q; Dy, D7), and the admissible function p for the p-module of a family of
curves connecting Dy and D, is as follows. Let p be an admissible function for the
family of curves connecting Dy and D;. Then the function u(z)=min{1, inf [ 5, P}
is admissible for the p-capacity of the condenser (2; Dy, D), where the infimum is
taken over all locally rectifiable curves S, in {2 connecting Dy and the point z€.
Moreover,

|Vu|<p almost everywhere in 2.

This immediately implies the inequality
cap,,(%; Do, D1) §/ |Vul|P de S/ pP dx < M,(T),

by taking infimum on the right-hand side over all admissible functions p for the
p-module. On the other hand, if v is an admissible WP-function for the p-capacity
of (2; Do, D), then

o) = {|Vu(:1c)|, xS,
0, zeR™\Q
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is an admissible function for the module M, (T") of the family of curves connecting
Dy and D1, that implies the inequality

Mp(F)S/ p”dxz/ |VulP dx < cap, (2 Do, D1)

upon taking infimum over all admissible functions u for the p-capacity.

Let us also mention a relation between the extremal functions wg, pg for the
modules M,(I') and My(X), and the extremal function w for the p-capacity of
the condenser (Rgp; Sa,Sp). It is well known that the variational equation for the
problem of finding the p-capacity on a polarizable Carnot group G (and particularly
in R™) is the p-sub-Laplacian equation, and the extremal function w for the p-
capacity is a solution to the p-sub-Laplace equation in G with prescribed boundary
values on Dy and D;. It was shown [2], that the function

alg) = cp]\fé+17 T—l—l:%, for p#£Q,
cqlog Ng, for p=0Q,

is a fundamental solution to the p-sub-Laplace equation on G for some appropriate
choice of constants, see [6] for an analogous result on H-type groups. One can easily
check that

Nt (g)—amt!
(10) u(g) = Tyl gl g€ Rap

is extremal for the p-capacity of (Rap; Sa, Sy). In the case p=@Q we substitute N(T;+1
by log Ng.

3.3. Admissibility of pg for M, (X)

In this section we will show that the function pg defined in (9) is admissible for a
system E of Hausdorff measures H?~! associated with a family X of sets separating
S, and Sy in R,,. The core idea of the proof is to show that if u is an extremal
function for the p-capacity of (Rap; Sa, Sp), then ||V0u||10’_1 is an admissible function
for My(X) with %+%:1. This method goes back to Gehring [15] who proved a
similar result for R3, which was extended for the n-capacities and n-modules by
Ziemer [47] in R™. Later, Shlyk [43] generalized the proof to R™ for arbitrary values
of p#n. The same result was implicitly presented in [1] for R™, and in [28] for
arbitrary Carnot groups. Here we want to follow the ideas of Gehring [15].
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Theorem 18. Let ¥ be a family of sets separating S, and Sy in Ry, 0€X,
and let u be the extremal function for the p-capacity of (Rap; Sa,Sy). Let E be the
family of (Q—1)-dimensional Hausdorff measures H®~1 associated with ¥. Then
the integral [ IVou(g)|[h~" dHR(g) exists for M,(E)-almost all measures from
E and

— _ 1 1
) [ IV HO 0) > capy (R Sos i), S +E =1,

The proof is preceded by two lemmas. Before we formulate the statement of
the first lemma let us describe some constructions which we will use. Let o€, and
let >0 be such that S<dist(c, OR,p). We denote by o(8)={g€ Rap|dist(g,0) <[}
and by d(g)=dist(g,o). Here the distance is understood as dist(g,n)=Ng(n~'g),

1
g,m€G. By construction, the norm Ng=uj 9 is smooth away from the identity of
G due to the smoothness of the solution us. This guarantees that the function d is

at least Lipschitz in G.

Lemma 19. Let u be the extremal function for the p-capacity of the condenser
(Rab; Sa, Sp), and let c€X. Then

/ V0@~ 1¥o0(9) o g 225 cap, (Rt S, )

Proof. Denote by R the closure of R, and by A€ the complement to A in G.
Let Fy be a component of 0N Ry, containing S,, and let F; be a component of
o°NRyp containing Sp. Let

Ep={g€ Ruy |0<dist(g, Ff) < B}, k=0,1.

Then EyCFy, EcUE; Co(8), and it is sufficient to show that

/ IVou@) |~ [Vod(g) o dg > B cap, (Rap: S, ). k=0,1.

Ey
We focus ourselves only on the case k=0. The case k=1 is treated analogously.
Define
0, if ge F§=F1Uo,

U(g) :min{ﬂv dlSt(gv FOC)} = inanFg dlSt(ga n)a if QEEOa
5, lfgéFo\EO
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The function v is Lipschitz, from the class LP(Rg), and

[Vod(9)|lo>0, almost everywhere in Ey,

Vov =
Vou(g)llo {O, in  Rap\Ep.

Thus, the function w=v—fu is almost everywhere differentiable and belongs to the
class LP(R,p). We use w as a test function on Ry, and obtain

0= / IVou(g) |15~ (Vou, Vow)o dg = / IVou(g) 152 (Vou, Vov—BVou)o dg.
Rab R

ab

This, together with the Cauchy-Schwarz inequality, implies

| Vo)l 190d@)lo dg = [ [1¥ul@)l Vov(a)llods

Rap

> [ 19l (Voula). Tov(o))o de
ab
=6 [ IVoul9)[f dg=Fap, (R Su: 5. O
Rab
If we were pass to the limit in

1 _
T / IV0u(g) 21V od(g)]| dg > cap, (Rap: Sa, Si)
o(B)

as §—0, we could finish the proof of Theorem 18 at once. In order to show that
the limit exists, we consider the sequences of continuous functions f,.(g) converging
to |[Vou(g)|[5~" g-almost everywhere as 7—0 and such that the limit

i a1
55 /., HOIV) g [ 1:(6)dH s 50

exists. We define the integral mean of || Vou(g)|[5~" in the ball by

1

— u p—1 )
(12) 6= GBS, IF0IE de)

We also recall the co-area formula for the Carnot groups. Let U be a domain
in G. Let feL'(U) be a non-negative function, and let v be a real valued Lipschitz
function in U, see [18], [22], and [27]. Then

+oo
W [ S@NeGldse)= [ [
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Lemma 20. The integral mean (12) satisfies the inequality

[ 116 4O = cap (B Su. ),
whenever r<dist(o, 0Rap)-

Proof. If H271(¢)=00, then there is nothing to prove and we can assume that
H% l(0)<oo. Let B, r be positive numbers such that S+r<dist(o,0Rap). Let
L, (0)=no be the left translation of the set o by an element n€G. Then, changing
variables and using Fubini’s theorem we come to

/ fr(9)IVod(g)llo dg(g)
o(8)

1 p—1
- B /B . 80 /  IFoutngl Vool (o)

Observe that d(g)=dist(g, o)=dist(ng, no)=dist(¢, no), with »=ng. Then, making

change of variables {)=ng, we write the last integral in the form

-
g(B(g,7))

(14)

/ dg(n) / IV ou() |2 [ Vo dist (1, no) o de(e)
(0,r) no(B)

—; " p—1
-~ | o, 1 /W_)w) IVou()ll§~ I Vod(w) o de(v)

> 23 cap,(Rab; Sa, Sb)s

where the last inequality follows from Lemma 19. Moreover, applying the co-area
formula (13), we obtain

Q-1
[ @IV sty [ | O ) s

Let F'(s) denote the interior integral in the right-hand side,
Fo)= [ 4QaHTQ, Ced o)

Since the manifold structure of the group G coincides with R" we can define poly-
hedral sets. If o€X is the boundary P of a polyhedral set P in G, then it is
obvious that

Fls) = / FQOAHE Q) 5 FO)=2 [ (O dHOT(C), as 50
d—1(s) oP
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since the function f,. is continuous on G. Moreover

cop, (o 50,50 < I 55 | 1 (@) Vool gt
1 B8
(15) :/131%%/0 F(s)ds= apr(OHQ_l(O'

Let now 0 €Y. be an arbitrary set. Since H?~!(c)<oo it is of finite G-perimeter,
see [12], and can be approximated by polyhedral sets, see [33]. Let U=G\ o contain-
ing Sp. The set U is of finite G-perimeter and can be approximated by polyhedral
sets {P;}. There is an index 4o such that S, CP; and S, C Ry \U for all i>ig. Let
0*U denote the reduced boundary of U, then the inclusions 0*U COU Co imply

/ F(QdHYN Q) > [ f(QdH N = tim [ £(Q) dHOL(Q)

o*U = Jop,
> cap,(Rab; Sa; Sp)

by (15), that finishes the proof. O

Proof of Theorem 18. Let c€X. We can assume that for any r<ro<dist(0Fp,
ORyp), the support of f,. belongs to Ryp. Then,

fr— ||V0u\|€_1 g-almost everywhere as r — 0,

and [, f1dg< [ [[Voullfdg<oo. The Lebesgue dominated convergence theo-

rem implies that f, converges to |[Voul[5™" in L9(Rap) as r—0. Therefore, there is
a subsequence (that we will denote by the same symbol) f,., such that

/ ‘fr—||Vou||§71| dH?™' 50 asr—0,

for M,(E)-almost all measures p€FE by Theorem 2, item (5). Thus, the integral
I, [ Voul[5~ " dHO~! exists, and moreover, inequality (11) holds. [

Corollary 21. The function pg defined in (9) is admissible for the module
M, () of the family of sets separating S, and Sy in Rap.

Proof. As it was mentioned, the function (10) is extremal for cap,,(Rap; Sa;, Sb)
and wo=||Voullo by (7). Therefore,

cap, (Rap: Sa. Sp) = /

IVoull? dg = / wh dg = My (T,
Rab Rab
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where I'=T"(Rup; Sa, Sp) is the family of all locally rectifiable curves connecting S,
and Sy. Moreover, po=C?"(p, Q)Cs_ll(p)Hvoqu*l as (9) shows. Thus, for any
o €3, we obtain

[ i =i 0.5 ) [ IVl an

>C% 7 (p,Q)C5 (p) cap,(Rab, Sa, S)
>CPH(p,Q)Cs (p) My(D)=1. O

3.3.1. Historical overview

Lowner introduced 3-capacity in R? in the late 50’ see [26], and showed that
caps(£; Do, D1)>0. Gehring [15] proved that the Lowner 3-capacity (or the con-
formal capacity) for a ring domain in R?, coincides with the module M3(I') of a
family of curves, which was calculated by Viisild earlier in [45], and that it is also
equal to the module M3 /o (£)72 of the family of compact piecewise smooth surfaces
¥ separating Dy and D; in a bounded domain QCR3. The latter notion was used
by Sabat [41] in his study of quasiconformal maps in R3. The restriction to smooth
surfaces was relaxed in [25] provided that the admissible functions behave suffi-
ciently nice. Later in 1966-68, Ziemer showed that the module M, (T") of a family
of curves connecting Dy and D; in a bounded domain QCR"™ is in the following
relation with the module M_»_ (%) of the family of sets separating Dy and Dy [47]:

n—1

n—1

(16) (Mo (1) ™ (M2, (B)) T =1.

n—1

In order to relax the conditions on admissible functions, the method of symmetriza-
tion in [14] and surface-theoretical approximation theorems permit to consider gen-
eral separating sets, see [8]. Shlyk showed in [43], that for a rather general condenser
(€; Do, D) in R™, the equality (16) can be extended as follows

1 1

(a7) ()7 (My(2) T =1, =

1.

For further interesting generalizations for modules in R™ see [1]. Some extensions
to the Carnot groups can be found in [29]-[31], and for arbitrary metric measure
spaces, for instance, in [42].

Ziemer proved [48], [49], that the capacity cap,(§%; Do, D1) coincides with the
module M,(I'(2; Dy, D)) of the family of curves connecting Dy and D; in €,
where the domain QCR™ is assumed to be bounded. Hesse [20] extended his result
to unbounded domains. In particular, he showed that the set of the admissible
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functions for the p-module of a family of curves can be restricted from non-negative
Borel measurable functions in R™ to lower semicontinuous L,-functions in R™, which
are continuous in €, provided that DoUD; C. Shlyk [44] generalized the result of
Hesse from a connected open set (domain) €2 to an arbitrary open set in R".

4. Rodin’s theorem for polarizable Carnot group

Let G be a polarizable group of topological dimension m, of homogeneous
dimension @, and let ¢(s, &) be a solution to the Cauchy problem (3), where £€.5].
Then the curves ¢(s, ), s€[a, b] connect the spheres S,=¢(a,S1) and S,=¢(b, S1),
and we denote the spherical ring domain by R,; and the family of curves by T'y.

Theorem 22. Let f: G—=G be a Cl-smooth orientation preserving contact
map, and let ce(s)=f(#(s,€)). Set 1/p+1/q=1, p,¢>1, and

g(g):/b (”Cf(t)HO)quSQ—l ds, 5651.

Jps@—1

Then

w0 = 75 (Jl,lci%“‘l) Cof 6. 9€ Run

y=f(é(s,€))eR,,=f(Rap), is the extremal function for the p-module M,(f(Ty)),
which is calculated to be Mp(f(Fo)):fR,ab o dy= [\ = =€) dv(€).

Proof. Let us first observe that fc po=1. Indeed,

C P
[ - [ nentecoas=1 [ (L) e
Lo N o g
g/(stQl Jrs ds=1,

for all £€57\ Z. Therefore, pg is admissible for f(T'g) and

(15) (o)< [ e

On the other hand, for any p admissible for f(T'g) we have sz p>1, and therefore,

/ (o) 20
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This implies that

ﬁ /ab[(PPo)Of] l[¢ello ds > 0.
Then
/Sl\z /ab((P—Po)Pg_lof)stQl ds dv(€) > 0.
Equivalently,

J

The Holder inequality yields

1/p (p-1) 1/q .
( / ppdg> ( / Py ng) > / ppy dg> / po dg,
:].I) Ri}.b R:xb R:zb
/.

Taking the infimum in the above inequality over all admissible p we conclude that

(19) My(f(T0) > / o de.

’
Rab

ppf " dg > / rp dg.
R,

’
ab

or since (p—1)g=p,

pP ng/ po dg-
R

’ ’
ab ab

Comparing (18) and (19) we see that the function pg is extremal for the module
M,(f(To)). Now we can calculate the p-module as

(o) = [

b
o dg:/ / [ogo f] Jys?~t ds du(€)
R SN\Z Ja

’
ab

[ (Do T o
/:91\3/a e (g) <Jf3Q—1) Jps® ™ dsdv(§)

— [ e@ane. ©
SI\Z

Remark 23. Let u: D—G, —&=u(0), be a parametrization of the unit sphere
S on a rectangular DCR™~! and let J, be the Jacobian. Then by making use of
the change of variables we obtain

Mo = [0 do©)= [ 6P (@) ds

Si\Z D
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The classical Rodin’s theorem [38, Theorem 14] corresponds to the case p=n=2
and a rectangular domain €2 in the plane. Rodin’s theorem provides an estimate
from below of the module of a family of curves by the module of its subfamily, which
can be used in a several ways. For example, it was used by Rodin and Warschawski
to characterize the boundary behavior of conformal maps, see, e.g., [39] and [40].
On the other hand, such estimates were used in R? to obtain conditions under
which p-homeomorphisms of the half-plane possess homeomorphic extension to the
boundary, see [3], [16], and [17].

Rodin’s theorem for G=R" was studied at [4] and it was proved for a wider
class of condensers. In particular,

e Q=[a,b]x D is a cylinder in R”, where D is a compact set in R"~1, Dy=
{a}xD, D;={b}x D, and u=id.

e A spherical ring domain Q=R,; in R™ bounded by the concentric spheres
S, and Sy of radii a and b respectively. Then S;=u(D) is the unit sphere in R™,
SapdsE=su(h), £€5.

e A conical cylinder Q={(Btz,t) : z€ DCR" !, t€la,b], 3>0}.

Various possibilities of the regularity assumptions for the homeomorphism f were
also considered in [4]. For instance, f can be assumed to be a WP-Sobolev homeo-
morphism, p>1, and such that the Jacobian J; >0 almost everywhere in Q2. Another
option is to consider quasiconformal homeomorphisms f, which are W1 ™-Sobolev
and of bounded distortion, see details in [4].

Further, we present a couple of examples.

FEzample 24. Let us start with a spherical ring Ry, CR™ bounded by the unit
sphere S7 and a sphere S, of radius r, 1<r<mw. Recall that Ry, is given by the
spherical transformation u: (61, ...,0,,-1,)— (&, s)=(x1, ..., ,), where 61 €[0,27),
0r€[0,7], k=2,3,...,n—1, s€[l,r], and

r1 = ssinfy sinfs...sinf,,_1,
T9 = scosfsinby...sinf,,_q,

r3 = scosfysinfs...sinf,_q,

T, =8scosl,_1.
The Jacobian J, of the spherical transformation u is

Ja(O1, .. 0p_1,5)=s""tw=5""1sinbsin?f3...sin" "2 6,,_;.
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Let us define the twisting map f: Ri,.— Ry, by the shear transform
uflofou: (01, 02, ceny Hn_l, S) — ((91 +S*1), 92, ceey Qn_l, S),

i.e., the boundary sphere S; remains unchanged while the spheres S rotate by an
angle s—1, s€(1,r] by the element of SO(n)

cos(s—1) sin(s—1) 0 0 ... 0
—sin(s—1) cos(s—1) 0 0 ... 0
0 0 10..0
0 0 00..1

Observe that Jy=J,-1,f0u=1, and the radial intervals from I’y are mapped onto
the curves ¢(s) with |¢|=+v/14+s2. Theorem 22 implies that

e(g):/ (1452)? s(n=D0=a) 4,
1

As we see the value of the integral does not depend on £€S; and we denote it by K.
The p-module of f(T) is

(o) = [

A ) A :Kl—p/ dH" ' = K'"Puw(S)).
S1

S1

Since f(I'o) is a subfamily of the family I'=T'(Sup; S, Sp), then M,(f(To))<
M, (T"). Taking into account that

py ()=  (Bma) IS —aB T R(Sy),  for pitn,
’ (logb/a)!~"w(S1), for p=n,

we obtain correct inequalities

(1+2) 415 a2 L (5 1), pe 1, e,
1 lp—n|

and

" (1442) 26D
/(—|—+dﬁzlogr7 p=n>2.
1
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Ezample 25. In this example we consider the spherical ring domain Rj,=
{(w1,22,t): 1<Ng(z1,22,t)<b} in the Heisenberg group H=H' with respect to
the homogeneous norm Ny. For (x1,2z2,t) €S, we write (z1,22,t)=¢(&, s), E€S1,
where {=u(f, o) and 6€]0,27), o€ (—n/2,7/2). Thus the spherical coordinates are
given by

(20) 1 =svcosacosl, xo=sy/cosasingd, and t=s’sina,

0€(0,2m), ae(—n/2,7/2), s€[l,b]. The horizontal vector fields in the polar form
are

0 0 g 2 . 0 sing 0
Xl—6—331—4—2x2§—\/cosa<cos(0—oz)£—|—;sm(@—oz)a—SCOS(%%>7

0 0 . 0 2 0 cosf O
Xg—a—:rQ—ZfL']_&— COSO{(SID(@-O{)%—ECOS(G—a)a—a+m%).

The horizontal norm of the horizontal gradient of a smooth function f(0,«,s) is
calculated as ||Vof|lo=(X2(f)+X3(f))"/?. The 3-dimensional Hausdorff measure
element on the sphere S\ Z, written in polar coordinates is dus=s3/cos a dadf.
In particular, the area of the unit sphere .S; is calculated as

Area(S1) = 427 T G)

The radial flow ¢(s,&)=¢(s, 0, ) in H orthogonal to the sphere S;\ Z is a solution
to the initial-value problem (3) in the particular case of the homogeneous Heisenberg
norm Ny, given by

(s) = sy/cosacos (f—tana log s) ,

X1 =S
x2(s) = sy/cos asin (0 —tan « log s) ,
t(s)=s

[

sin «,

where 1<s<b, and 6€(0,27), ac(—n/2,7/2) are fixed. The horizontal norm of
b (s, 0,0)==2¢(s,0,a) is (5,0, a)|o=cos™ /2 a.

An analogue to Theorem 22 and Remark 23 can be formulated for the spherical
ring domain in H as follows. Let I'y denote the family of curves ¢on(+): [1,b]—H
given by radial flow ¢(s, 8, «) for every fixed a€(—n/2,7/2), €0, 27). In order to
preserve the horizontal nature of the families of curves we require from a smooth
map f: H—H to be the contact map, that is a map whose differential preserves the
horizontal planes span{X;(g), X2(g)} for all geH, see, for instance, [23].
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Proposition 26. Let f: H—H be a C'-smooth orientation preserving contact
map, and let coo(s)=f(¢(s,0,a)). Set 1/p+1/q=1, p,q>1, and

b : a
E(Q,a):/l <%) Jys*\ecosadr, a€l-m/2,7/2], 6€[0,27).

Then

1 évalo N B
pO(y)*€(97a) (stg,\/m) f ’ OZG( 7T/2,7T/2)7 QE[O,QW),

y=f(x1,22,t)=f(0(0, 0, s)) € R}, =f(Rusp), is the extremal function for the p-module
My,(f(To)) which is calculated as

/2

2
Mp(f(ro)):/Rl p{)’dy=/_ /2/0 P9, ) d do.

Let us now calculate the p-module of f(I'y), where f is a contact C'-smooth
orientation preserving map. If we try to create a twisting map similarly to Exam-
ple 24 in the spherical coordinates (20) written as

utofou: (0,a,s) = (+w(s),a,s), w(l)=0,

i.e, the boundary sphere S; remains unchanged while the spheres Ss rotate to the
angle w(s), s€(1,b], then the condition of horizontality for the curves f(¢gq(-)) is
quite rigid, which leads us to w(s)=0. Let us try to modify the twisting map by

utofou: (0,a,s)— (f+tan alogs+wi(s), atws(s),s), wi(l)=wy(1)=0.
Then the image cgo(s)=f(doa(s)) is written in coordinates as

x1(8) = sy/| cos(a+wa(s))|cos(0+wi(s)),
x2(8) = sy/| cos(atwa(s))|sin(@+wi(s)),

t(s) = s sin(a4ws(s)).

The horizontality condition =2(&xy —&oz1) is equivalent to
w1 =—=—ws—— tan(a+ws).
1 %2 3 ( 2)

For example,

1-s

wa(s)=s—1 and w(s)= . _/ tan(a+7—1)
1

T

dr.
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léoa(s)] _L 4t
620 =9/ cos(ats—1)°

In Proposition 26 we calculate

b 2 qa/2
4+S 1
00,a)="0(a)= S LA 3-a 2(1=9) g,
(0,a)=4(c) /1 <4cos(a+s—1)> s°7(cos a) S

Then Jy=1 and

and the p-module of f(T'g) is

w/2
M, (o)) =2 [ L@
—m/2
Unfortunately, the integral inequality which follows from the monotonicity of the
module M, (f(Ty))<M,([To)=M,(T) is quite difficult, and there is very little hope
to obtain simple inequalities as in Example 24.

Let us mention here works [36] and [37], where the author used the techniques
of the module of a family of surfaces to solve an extremal problem in some class of
contact quasiconformal maps between ring domains in the Heisenberg group.
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