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Weighted weak type (1, 1) estimates for singular
integrals with non-isotropic homogeneity

Shuichi Sato

Abstract. We prove sharp weighted weak type (1,1) estimates for rough singular integral
operators on homogeneous groups. Similar results are shown for singular integrals on R? with the
generalized homogeneity.

1. Introduction

We consider singular integrals defined by kernels homogeneous with respect to
non-isotropic dilations, which generalize homogeneous singular integrals studied in
Calderén-Zygmund [3]. In this note we deal with weighted weak type boundedness,
for rough singular integrals on R? with generalized homogeneity and for rough
singular integrals on homogeneous groups; we shall prove analogues of a result of
Vargas [30] concerning weighted weak type (1, 1) estimates for homogeneous singular
integrals on R2.

Let P be an n xn real matrix whose eigenvalues have positive real parts. A dila-
tion group {A;}+>o on R™ is defined by A;=exp((logt)P). We assume n>2. Then,
there is a norm function r on R™ associated with {A;};~0, which is non-negative,
continuous, even on R™ and infinitely differentiable in R™\{0}; furthermore it sat-
isfies

(1) r(Aix)=tr(x) for all t>0 and z€R™;

(2) r(x+y)<Ni(r(z)+r(y)) for a positive constant Ny;

(3) if E={axeR™:r(z)=1}, then ={A€R": (B0, §)=1} for a positive symmet-
ric matrix B, where (-, -) denotes the inner product in R™.
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We have a polar coordinates expression for the Lebesgue measure:

[ f@)de= /0 /Z F(A0) 1 dS(0) dt

with y=trace P and dS=w dSy, where w is a strictly positive C*° function on ¥
and dSy is the Lebesgue surface measure on Y. Also, there are positive constants
c1,Co,d1,ds, a1, a0, 81 and P such that

ez <r(x) <eslz|**  or dl|ac|ﬁl <r(z)< cl2|nc|ﬁ2

according as r(z)>1 or r(z)<1, where |-| denotes the Euclidean norm. Let S"~!=

{z€R"™:|x|=1} be the unit sphere with the Euclidean norm. The Lebesgue surface

measure on S ! will be denoted also by do. See [2], [21] and [28] for more details.
We denote by Llog L(X) the Zygmund class on ¥ with the norm defined as

1912 10g L _inf{/\ >0: /Z|Q(0)/)\| log (2+4]2(0)/A|) dS(8) < 1}.

Also, we consider the L(X) spaces. We write HQ”q:(fz |Q2(0)]4 dS(@))l/q, 0<g< oo,
[[€2]| oo =supges [£2(6)]-

Let Q be locally integrable in R™\ {0} and homogeneous of degree 0 with respect
to the dilation group {A:}. Thus Q(A;x)=Q(z) for 0 and ¢>0. We assume the
cancellation property

(1.1) /Eg(a) dS(6) =0.

Let K(x)=r(x)"7Q(z"), where 2'=A, ;)1 (x) for 270, and define the singular
integral

(1.2) Tf(z)=p.v. - flz—y)K(y) dy.

Then it is known that T is bounded on LP(R™) for all pe(1,00) if Q€ Llog L(X).
A proof of this based on [10] can be found in [22], where a wider class of singular
integrals including the one in (4.1) below is treated. Also, the following result is
known (see [24]).

Theorem A. Letn=2 and Q€ Llog L(X). Then T is of weak type (1,1) on R?.
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For QeL(S" 1), let

(13)  Ma(f)e)=supt /| _Hallow) o =/

Put Mo ,(f)=[Ma(|f|*)]'/*, s>0. We then recall a result of Vargas [30] on R? with
the usual isotropic dilation and the Euclidean norm.

Theorem B. Let QeL(S'), ¢>1, [ Qdo=0, and let T be defined as in
(1.2) with n=2 and K (z)=Q(2")/|z|* (2'=x/|z|). For a weight w define

W () = 19137 Ms Mg 5 Mp (w) (2) 1|21 Mp (w) (=),

where Be(1,00), 1/8+1/8 =1, QO)=(—0), Ms(f)=[M(|f|°)]*/? with M denot-
ing the Hardy-Littlewood maximal operator on R2. Then

sup Mw({z €R?: |Tf(z)| > A}) SC/]RJf(x)’W(x)dx

A>0

for a positive constant C independent of Q, where w(E)= [, w(x) dz.

Theorem B is generalized to higher dimensions by [12] on the basis of [26]. In
this note we shall extend Theorem B to the cases of singular integrals on R? with
generalized homogeneity and singular integrals on homogeneous groups.

We regard R™ as the underlying manifold of a homogeneous group. The mul-
tiplication is given by a polynomial mapping and there is a dilation family {A:}:~o
on R™ such that each A; is an automorphism of the group structure with the form

At,]j: (talxl’tGQmQ’ ...,ta"afn), xTr = (1:17 .-.71»'7L)7

for some real numbers ag, ..., a, satisfying 0<a; <as<...<a,. We denote by H the
homogeneous group. Thus H is equipped with a homogeneous nilpotent Lie group
structure, where Lebesgue measure is a bi-invariant Haar measure, the identity is
the origin 0, z~'=—2 and multiplication zy, x,ycH, satisfies

(4) At(zy):(Atx)(Aty)v x,yEH, t>0;

(5) if z==zy, then z1=x14y1 and zr=xp+yr+ R (z,y) for k>2 with a poly-
nomial Ry(x,y) depending only on z;,y;, 1<, j<k—1;

(6) r(xy)<Na(r(z)+r(y)) for a positive constant Ns.

We may assume that X=S5""1 where ¥ is as in (3). The space H with a left
invariant quasi-metric d(x,y)=r(z"1y) can be regarded as a space of homogeneous
type. We refer to [5], [8], [13], [20] and [29] for more details.
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If we define the multiplication
(z,y,u) (99/7 Yy, Ul) = ($+1'/7 y+y' utu'+ (my'—ym’)/?),

then R? with this group law is the Heisenberg group H;, which is an example of
homogeneous groups. Dilations A;(x,y,u)=(tx,ty,t?u) (2-step) and A}(z,y,u)=
(tz, %y, t3u) (3-step) are automorphisms on H;. The Euclid space R™ with the usual
addition is also a homogeneous group; for the associated dilation A;=exp((logt)P),
we may choose any diagonal matrix P with entries in ascending order.

The convolution on H is defined by

frg(x /f g(y~'z) dy.

Let K(z)=r(z)~7Q(2’') be the homogeneous kernel associated with {A4;} as above
and define

(1.4) Tf(e) =pav.f K@) =pov. | F)K
Then, in [29], the following two results are proved.

Theorem C. Suppose that Q€ Llog L(X). Then, T is bounded on LP(H) for
all pe(1, 00).

Theorem D. Let Qe Llog L(X). Then, T is of weak type (1,1) on H.

Theorem A follows from Theorem D when the matrix P is diagonal.
A result similar to Theorem C is proved in [25] for the maximal singular inte-
grals T, defined by

T.f(z)= sup
N,e>0

/ flay™") K (y) dy‘-
e<r(y)<N

We shall prove weighted versions of Theorems A and D, generalizing Theorem B.
Let w be a measurable, almost everywhere positive function on R™, which we call a
weight function. We denote by LP(w) (p>0) the space of all measurable functions

f on R™ such that
1/p
Il e w) = (/Rnﬁ(ﬂc)!pw(x) dx) < o0

and by LY (w) the weak L!(w) space of all those functions f which satisfy
| F1l 2100 () :ig%)\w({x eR™: |f(:£)| > A}) < oo,

where we recall that w(E)= [, w(z) dx
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Let B(a,s)={x€H:d(a,z)<s} be a ball in H with center a and radius s.
Note that |B(a, s)|=cs?, where |S| denotes the Lebesgue measure of a set S and
c=|B(0,1)]. If s=2* for some k€Z (the set of all integers), then S=B(a,2*) is
called a dyadic ball. Also, we write a=xg, k=k(S). We define 7B(a,s)=B(a,Ts)
for 7>0.

Let Ap,, 1<p<oo, be the weight class of Muckenhoupt on H defined to be the
collection of all weight functions w on H satisfying

-1

S%p<|B|_1/Bw(x)dx) <B|_1/Bw(x)_1/(p_l)dx)p < 00,

where the supremum is taken over all balls B in H. Let M be the Hardy-Littlewood
maximal operator defined as usual by

M (z)=sup|B|"! / 1£(9)] d,
B B

where the supremum is taken over all balls B in H containing x. We then recall
the class A; is defined to be the family of all weight functions w on H satisfying
Mw<Cw a.e. (See [1], [8] and [14].)

For functions Q2 on ¥ and f on H, we define a maximal function

M@ =supe [ |1 [00) | dy

t>0

generalizing (1.3). Some weighted estimates for Mq, T, T, analogous to those in
the Euclidean case of [9] and [31] are shown in [25].
Put M, (£)=[M(f1")]"/%, 5>0, and Mo,s(f)=[Ma(|f|")]/*. Then

(1.5) Mo, (F)<(19011/2)" " May(f), if s<t;
(1.6) Moo (/) <ClQ0ly* Mg (f) i g>1.

We have the following result.

Theorem 1.1. Let weAs and S€(1,00). Suppose that T is as in (1.4) with
Qe L1(X) for some q, 1<g<oo. Then, there exists a positive constant C' independent
of Q0 such that

1T fll £roe ) < C/H‘f(xﬂ(HQ”é/ﬁ/MﬂMQ,g(w)(x)‘F||QHqM,B(w)($)) da.

Here g(z)=g(z~1). See [6], [7], [12], [15], [16] and [26] for relevant results. By
Theorem 1.1 and (1.5) we can easily prove the weighted weak type estimates for T
analogous to Theorem B (see Remark 2 of [12]).
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Corollary 1.2. Suppose that Q€ LL(X) for some 1<g<oo and w? €A;. Then
T is bounded from L*(w) to LY (w).

This follows from Theorem 1.1 with 8 sufficiently close to 1 and (1.6).
To prove Theorem 1.1, we use the following weighted L2-estimates.

Theorem 1.3. Let Q,q,T,w,B be as in Theorem 1.1. Then, there exists a
constant C' independent of q and Q) such that

1/2
_ 2
1T L2y < C QU129 ( L@ 3515 w0)2) dx) .

To state results with Q€ Llog L(X), we consider the maximal function
M7 (f)(x) =sup Mp(f)(),

where the supremum is taken over all the functions F€ L'(X) with ||F||;=1. Put
M (f)=[M*(|f]*)]*/*. Then we have the following.

Theorem 1.4. Let T be as in (1.4) with Q€ Llog L(X). Suppose that we Ay
and €(1,00). Then

1T fll 1o () < C”Q”LlOgLHf”Ll(]VIﬁME(w))
for a constant C' independent of ().

Let A;(M*) be the collection of all the weight functions w such that
M*w<Cyw a.e. for some constant C,. Then, if w satisfies that w™e€A;(M*)
for some 7>1 and Q€ Llog L(X), by Theorem 1.4 it follows that T" is bounded from
L'(w) to LY*°(w) on H.

To prove Theorem 1.4 we apply the following.

Theorem 1.5. Let w, B, Q and T be as in Theorem 1.4. Then

ITfllz>w) < ClU L10g LI F Il 22 (25 015 (w))
with a constant C independent of 2.

Remark 1.6. Let Mq(f) be as in (1.3). Let w(x)=|z|*, €LY, ¢>1. Then,
Mo (w)(z) <C||Q||qw(z) if —n+(n—1)/g<a<0 (see [19]). In the case of the Eu-
clidean structure, this observation and Theorem 1.1 will be used to get a better
result when w(x)=|z|* than the one Corollary 1.2 can provide (see [27] for relevant
results).
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Proofs of Theorems 1.3 and 1.5 will be given in Section 2. Theorem 1.3 will
be shown by applying two parameter Littlewood-Paley type decomposition of T'
depending on ¢>1 in the theorem (see (2.4)), which is introduced in [25], and using
the decay estimates (Lemma 2.3) which can be proved through orthogonality via
convolution. Such two parameter decomposition is needed at the present stage
of the research, since in general homogeneous groups Fourier transform estimates
cannot be applied as effectively as in the Euclidean situation of [10] (see the proof
of Theorem 4.3 in Section 4) and the group convolution may be noncommutative.
Theorem 1.5 will be proved by extrapolation using Theorem 1.3.

In Section 3 we shall prove Theorems 1.1 and 1.4. We apply the Koranyi-Vagi
version of the Calderén-Zygmund decomposition f=g-+b. The evaluation of T'g can
be accomplished by the weighted L? estimates of Theorems 1.3 and 1.5 as usual.
To treat Tb we apply a result of Tao [29] (Proposition 3.4). We interpolate with
change of measures, between unweighted estimates shown from the result of Tao
(Lemma 3.2) and weighted estimates which can be obtained by a straightforward
computation (Lemma 3.3), to prove some key estimates. The interpolation is a vari-
ant of the methods of Vargas [30]. Since Vargas’s interpolation arguments cannot
be applied directly to get necessary estimates for the proofs of the theorems, we
need to further develop the idea of the methods and suitably modify the arguments
to be adapted for the present situation (see also [11] and [12]).

We shall consider singular integrals on R? with generalized homogeneity defined
by (1.2) in Section 4. We are able to prove results analogous to those stated above
for singular integrals on H (Theorems 4.1-4.4). To prove analogues for Theorems 1.1
and 1.4 (Theorems 4.1, 4.2), we apply Proposition 2.1 of [24], which will play a role
similar to the one Proposition 3.4 performs in the proofs of Theorems 1.1 and 1.4.

In Section 5, we focus on the case of R™ with the Euclidean structure and give
an application of Theorem 1.4. We shall show a sharp weighted weak type (1,1)
estimate conjectured in [9].

2. Proofs of Theorems 1.3 and 1.5

Let ¢ be a non-negative, ~smooth function on H with support in B(0,1)\
B(0,1/2) satisfying [ ¢=1, ¢p=¢. For p>2, define

Akzépk—1¢—6pk¢, keZ,

where 0,¢(z)=t"7¢(A;'z). Note that supp(Ag)CB(0,pF)\B(0, 0" 2), Ap=A,
and ), Ap=0, where ¢ is the delta function.
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For any p>2 we can find a sequence {1;};cz of non-negative functions in
C§°(R) such that

supp(¢;) C{teR:pf <t <p/*2},
Z%-(t)zl for t>0,
JEZ

[(d/dt)™;(t)| <cplt|™™  for m=0,1,2, ...,

where ¢, is a constant independent of p, which is possible as p>2.
Define the operator S; by

(2.1) S]-F(x):(log2)_1/ooc Y (t)6,F () dt /t.
Then S;Ko(x)=r(xz) 7Q(2")¥,(r(x)), where
Ko(z)=K(2)xD,(x), Do={xeR™:1<r(z)<2},

U, (s)=(log2)~? 1 W;(ts)dt/t.
1/2

Here x g denotes the characteristic function of a set E. It follows that >
K. Thus

jez SiKo=

Tf=Y f*S;Ko.
J

We have the following L? estimates.

Lemma 2.1. Suppose that 1<q<oo, p=27 and QeLi(X). Then, for j,keZ
we have

1 %5 Ko*Akll2 < O 27 M|l 1£]12
for some positive constants C, e independent of q and ).
This is proved in [29] when g=o00. The result for the whole range of ¢ is shown

in [25] by further developing the methods of [29).
We use the weighted Littlewood-Paley inequalities given in [25].
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Lemma 2.2. Let weA,, 1<p<oo. Then

zk:fk*Ak (zk:|fk|2)1/2
(23) H(gvmkﬁ)m

where Cy, ,, is independent of p>2.

SC]LU)
Lr(w)

)

(2.2) ‘
Lr(w)

<CpwllfllLr(w)
Lr(w)

To prove Theorem 1.3, we apply a Littlewood-Paley decomposition depending
on p and obtain a decomposition of T' analogous to the one used in [10] in the case
of the Euclidean structure. We write

(24) Tf: Z Uk1,k2f7

k1,k2

where
Uk o f =D F5 Dk 1548 Ko Aryyjs ki, ko €Z.
J

This two parameter decomposition is to be compared with (4.2) based on the Fourier
transform. Lemma 2.1 enables us to get the following estimates.

Lemma 2.3. Let QeL(X), 1<q<oo, and p=27. Then, for any integers
ki1, ko we have
1Uky ks fll2 < Cq'27sl2=<lR=l Q) | £l

with some positive constants C' and € independent of q¢ and €.
See [25, Section 4]. We give a proof for completeness.

Proof of Lemma 2.3. Let L;=S5;Ky. We may assume that all the functions
under discussion are real valued. We note that Lemma 2.1 and duality imply

£ ApxLyllz < Cq'27 M0l | £]]2-

If we apply this estimate and Lemma 2.1 for L; and E along with Young’s inequality
and the evaluations

Akt % Ayrgr 1 < Cmin(1, p==WI=71=9) AL < O,

which hold for some positive constants C, ¢ independent of ¢ and can be proved
easily, then we obtain
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(|3 (A% L) (D # Ao )+ (L Dy 150

2, _ . el —c
<O(¢[[2lg) 27> min(1, p==F =719 || 7|5,

Similarly, by the associative law of convolution the same quantity can be estimated
as

~ 2,_
Hf*Ak1+j*(Lj*Ak2+j)*(Ak2+j’*Lj')*AlﬂJrj'| 9 SC(q/HQHq) 2 26|k2|||f||2~

Thus, taking the geometric mean we have
1 5 Aoy Ly g Ay g L+ Ay v |2
< C(q'l10]) 2 27518 min (1, =05 1=00/2) ]
Obviously, a similar estimate is valid for
1 # A Lo A e gy Lk Dy |2

Thus, applying the Cotlar-Knapp-Stein lemma we can reach the conclusion. [

On the other hand, since we Ay, applying (2.2) of Lemma 2.2 with p=2 we
have

1/2
(2.5) ||Uk17k2f||m<w>sc(2|f*Aklﬂ*stou%z(w)) |
7

We note that

%8s Kol < [ ( / o
H \Jpd <r(y—tz)<pit3

N
S/M?M(Z pir2m (=
H m=1

(2.6) |Q((yflx)/)|w(x) d:c) dy,

X\/
pizm=1<r(y=lz)<pizm

where N is determined by 2V =1 < p? <2V therefore N ~log p. From this we can see
that

1 Ay 5% Koll 22y < C(log p) |1 [|1F% Ay 51 S5 Kol | 11

(2.7) < C(log p) 2|1 11 f  Aky 451172 a1 ) -
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Combining the inequalities (2.5) and (2.7), we have

1/2
1Uky ko f N 22(w) < C(log )l (Z f*Ak1+j||%2(MQ(w)))

J

1/2
(2.8) < C(log p) 121 £l 2 (31, 2y ()

where the last inequality follows from (2.3) of Lemma 2.2 with p=2 and the fact that
MgMg(w) is in Ay and hence in A,, if it is finite a.e. Let 0<f<1. Interpolating
with change of measures between the estimates in Lemma 2.3 and (2.8), we get

C(1-0)e 0 _
Uk ko fll L2 w0y < Cq'2 (1=6) (IleleD||QH1/2||QH(1, 6Hf||L2(M,3MQ(w)6)-

Thus by (2.4)

0/2 11—
(2.9) ITfl L2 ey < Z 1Uky ko fll 2 (wey < oq' |9y QUL N1 £z (Mo a0

for any we Ay and 6€(0,1). For we Ay we choose §€(0,1) sufficiently close to 1
such that w'/?c Ay and 6>1. Then by (2.9) with w'/? and 6 in place of w and
B, respectively, we have

0/2 _
IT 220wy < CENIQUT 21212 NN L2 s My )

Since |||, <S(X)Y7||Q,, from this and (1.5) the conclusion of Theorem 1.3 fol-
lows.

Applying extrapolation methods using Theorem 1.3, we can show Theorem 1.5
as follows. Decompose Q€Llog L(X) as Q=Y ;7 ¢xQ, where each €, satisfies
(1.1), supg>q [|Qkll141/x <1 and {cx} is a sequence of non-negative real numbers
such that > p-; ke <oo (see [23]). By Theorem 1.3 we have

1-1/(2 1/(2
1T fll 2wy < €D kerll i 182 1200 P2 L2 aisnty oy, o)
k=1

<C (Z kck) 11122 (ags 25 )
k=1

Taking the infimum over the sequences {c;}, we can get the conclusion of Theo-
rem 1.5, since it is not difficult to show the infimum is equivalent to the norm of €2
in Llog L.
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3. Proofs of Theorems 1.1 and 1.4

For >0, Qe L4(X) and a positive integer s, let

(3.1) Qs (2") =2(2") xgai/10), 527 (2)-

For a weight w, define wo =3, Mg (w). Theorem 1.1 will be deduced from
the following.

Proposition 3.1. Let weAs, fe(1,00). Suppose that QELI(X) for some
g>1 and T is as in (1.4). Then, there exist positive constants C and n independent
of Q such that

1T fll oo (wy < CNfll oy
with
W = |Q[|3/7 M Mg 5 (w)+[|2 g Mp(w)+M (wa,,).

Indeed, note that
[, <27°001Q, 9|0 7
and hence ||, [ <2750~ ,. Thus by (1.5)

Mg (w) < C2m0=0/8 QL8 Mg o (w).

s
Consequently, by summation in s, meSCHQHé/ﬂ Mg, 45(w), which will be used to
get the conclusion of Theorem 1.1.

Assuming that f is smooth and compactly supported, we shall show that

w({zeH: |Tf(x)’ >AN) <CAY fllprwry  for all A>0,

where W is as in Proposition 3.1. To prove this we may assume that ||Q||,=1 and
A=1. By the Calderén-Zygmund decomposition at height 1, we have a family F of
disjoint dyadic balls B, an associated family {Qp}pes of disjoint sets and functions
g,b such that

(3.2) f=g+0b;

(3.3) BCQpCB* with B*=xB for some »>1,;

(3.4) c\B\g/ \f|§/ |f|<C|B| for some ¢,C>0;
B B

(3-5) [9lloc <C, - MgllLr ) CIfll (2103
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(3.6) b=> " bu, bl ) <CIIfll e
BeF
(3.7) supp(bp) CQp, /bBZOa [bsllL<C|B|,

where v is any weight function (see [18, Section 2], [8], [13] and [20]). We may
assume without loss of generality that F has a finite cardinality.
We have
{l’ cH: |Tf((£)| > ].} C 01U02U03,

where

01 ={xcH:|Tg(x)| >1/3},

ng{er: Z

s<Cp

ng{meH: Z

s>Co

Z bp*Sk(B)+sKo()
BeF

Z bB*Sk(B)-&-sKO(x)

BeT

>1/3},

>1/3}.

Here S; is defined as in (2.1) with p=2 and we recall that k(B) denotes the radius
of B. We assume that the positive constant Cj is sufficiently large. This may imply
that bp *Sy(p)+sKo is supported in an annulus {c128B) s <r(z5'z) <c 2kB)+s+3}
(c1, c2>0), if s>Cy.

Applying Theorem 1.3, by Chebyshev’s inequality and the first part of (3.5)
we have

w(01) <C|Tgl1Z2(w) < Cllgllizgwyy < CllgllLrwny,

where Wi=MpgM¢ 5(w) Since Wy € Ay if it is finite a.e., using the second part of
(3.5), we see that

(3.8) w(01) <Cllgllrowyy S ClfllLrarewyy S CNFllLrwn)-

Note that O; is contained in E=|Jz CB for some C'>0, since supp(S;Ky) is
contained in {27 <r(z)<2/73} and supp(bg) in B* (see (3.7) and (3.3)). Therefore,
by (3.4) we have

w(02) <w(E)< Y w(CB)
B
SCZ\Bh%fM(w)gC’Z/ |f(2)| M (w)(2) dz
B B /B

(3.9) <Ol fllzr (s w))s
where infp M (w)=inf,cp M (w)(x).
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To prove Proposition 3.1, it remains to show w(O3) <C||f||L1w) with W de-
scribed there. In the following arguments, s is a positive integer greater than Cjp,
where Cj is as in the definition of Os.

Lemma 3.2. Let n>0 and

Ls(z) = xp 2 (r(@))r(2) 7795 (), Qo (2) =Q(2") xqjai<am) ()

Then, if n is sufficiently small, we have

erH:

for some constants C,e>0, where F' is any subset of F.

Z bp*SkB)+sLs(T)

BeJ’

>1H <C27° > |B|

BeJ”’

Lemma 3.3. Let Ly, F be as in Lemma 3.2. Then
H: 1) <C2m Bl inf M (w).
w({xe > })_C Z| |1% (w)

BY'
In proving Lemma 3.2 we need a result of [29]. To recall the result, we introduce
a function ¥ p defined as

Z bB *Sk(B)+SLS (l‘)
Beg’

V() =1 (Ag-rw) (x5'2))

with a non-negative, smooth function 1y on H such that supp (1) C{d~! <r(x)<d},
Yo(z)=11if 2/d<r(x)<d/2 for a sufficiently large positive number d and ||1g]|co <1.
Also, let B be a finite family of disjoint dyadic balls such that

(3.10) > IBl<1.

BeB

Then, the following result is shown in [29].

Proposition 3.4. Let B be as in (3.10) and let bg be a function satisfying
(3.7) for each BEB. Suppose 1<p<2. Then, there exist a positive number ey and
a set E4CH such that

|Es|<C27%0%;

1/2
sczsos(z |B|fB||§)

BeB

Z Y25 B(bB*Sk(B)+s/B)

BeB

Lr(H\E.)

for any functions fp in L*(H).
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Proof of Lemma 3.2. We observe that by dilation invariance we may assume
c< ey |BI<1 for some positive constant c. Then, if d is sufficiently large so that
thosp is identically 1 on the support of bp*Sy(p)+sLs, using Proposition 3.4 with
B=F" and fg=L; for all B along with Chebyshev’s inequality, we get

{vem: =

§|E5+Hx€H\ES:

Z bB *Sk(B)—i-sLs (SL')

BeJ’

Z bp*Sk(B)+sLs()
Bed

)

p/2
§02505+02p505(022”5 > |B|)

BeJ’

< 2~ ¢€os +02—psgscp/22pns’

which will prove Lemma 3.2, if 7 is small enough, since ) 54 [B|>c. O

Proof of Lemma 3.3. If we apply (2.6) with p=2 and bp*Sj(p)+sLs in place
of gxS; Ko, since [Q; [<2"%, we see that

108 *Sk(By+sLsl L1 (w)
(3.11) < 02”5/ ‘bB(y)’ <2_(k(3)+5)”/ w(x) dm) dy.
B r(y—la)<2R(B)+5+3
If z€ B,yeB* and r(y~'z)<2FB)+s+3 then
r(zilx) < Ngr(zflmB) +N22r(x§1y) —|—N22r(y*1x) < C2R(B)ts,
which implies

sup 27 (F(B)+)y / w(z) dr < Cinf M (w).
yEB* r(y—1lz)<2k(B)+s+3 B

Using this in (3.11) and applying the last property of bg in (3.7), we see that

(3.12)  |Ibp*SkBy+sLsll £ (w) < C2" i%f M (w) / ‘bB(y)} dy < C2"°|B] i%f M (w).
B*

Now Lemma 3.3 follows from (3.12) and Chebyshev’s inequality. [

Lemmas 3.2 and 3.3 are used to prove the following estimates.
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Lemma 3.5. For a>0, put

~af.

Z bB*Sk(B)—i-sLs (1‘)
BeJF

Eg_{er:

Then we have

3.13 i ) de <02 ST Bl min (w25, inf M
(3.13) /Emln(w(:b) u) da %| |m1n<u in (w))

s
1

for all u>0, where € is as in Lemma 3.2 and w is any weight function.

Proof. For u>0, set

Fu={BeFinf M(w) <u2~}

and FE=F\F,. Let a>0 and

By = {QCEHZ Z bp*Sk(B)+sLs(x) >a},
BeF,

E;ﬂ:{xGH: Z bB*Sk(B)JrSLS(x) >a},
BeTg

Then, E;CE, o/2UE, o/2> and hence

/E min(w(z),u) do < / min (w(z), u) der/ min (w(z), ) dz

Ey1/2 E’

w,1/2
< / w(x) da:+/ udx.
Eyi/2 !

u,1/2

s
1

From Lemma 3.3, we easily see that

<C2m” i — (98 . s
/Eu,l/Qw(x)dxC2 Z|B‘I%fM(w) 2 Z|B|m1n(u2 ,1%fM(w)),

BeF, BeF,

Also, Lemma 3.2 implies that

/ udr < Cu2™*° Z |B|=C Z |B|min(u2_es,i%fM(w)).

u,1/2 Bege Bege

Combining these estimates, we get the conclusion of Lemma 3.5. [
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Multiply both sides of the inequality in (3.13) by u=1*? (€(0,1)), and inte-
grate them over (0,00) with respect to the measure du/u. Interchanging the order
of integration on the left hand side, performing termwise integration on the right
hand side, and using the formula

o0
d
/ min(E,u)u‘Hg—u:caEg (2>0),
0 u

we then get

0 < ns —(1—0)es : 0
/Sw(x) dr <2 3 BP2 inf M (1)

1 BeF

< 27270y inf M (w /\f )| da
Be&"

< Consg—(1—0)es /‘f(x)’M(w)(m)‘g dz,

where the second inequality follows from (3.4). Substituting w'/? for w and reducing
7, if necessary, we get

(3.14) w(E) < 0210552 / 1 (2)| Mo (w)(x) de.

Similarly, we have for any 6€(0,1)

(3.15) w(E; 5-s5:) <C27 | f |21 (a0 ()

where & and 7 are sufficiently small positive constants depending on 6 and c¢s is
chosen so that Zs>c cs27%=1. This can be achieved by applying the proof of
(3.14) to a version of EY, where €2} _ is replaced by c; 12559*

We note that

{er: >

Jorje y s

Z bp*Sk(B)+sLs

s>Co  BEF 5>Co
since Y <¢, cs27% =1. Therefore, (3.15) implies that
w({er: Z Z b*SkB)+sLs(T) >1}>
s>Co' BeF
S Z Ca2 os
s>C
(3.16) <C 27 FllLr o w)) < CIFILr (a1, o ) -

s>Co
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Next, let
Ry(z) =xXp1,2) (r(@))r(2) 7 Qs (2'),
where Q, ; is as in (3.1). Arguing similarly to the proof of (3.12) in view of (2.6)
(with p=2), we have

7,8

1055 S5y Ball 1) < C /Q 1bs(y)|Ms. (w)(y) dy.

Combined with (3.6), this implies

> 3 IbasSumieRilin <€ [ )] Y Mo, (w)o)dy

s>Co BeF s>Co

(3.17) S ClSfllpr 1 (wan)-

Noticing Ko=Ls+ R for all s, by (3.16) and (3.17) with Chebyshev’s inequality,
we have

(3.18) w(03) <O fllzr (s ) FCN L1 (M (war )

for any fe(1,00). Thus we have w(O3)<C| f||L1(w) as claimed, which combined
with (3.8), (3.9) completes the proof of Proposition 3.1.

We now proceed to the proof of Theorem 1.4. We may assume that ||Q| 105 L =1.
Furthermore, arguing as in the proof of Proposition 3.1, the proof of Theorem 1.4
can be also reduced to the estimates of w(0;), i=1,2,3, where each O; is defined
similarly. By Theorem 1.5 we have

(3.19) w(01) O fllLr (v nr (w))-
Also
(3.20) w(02) <O fll L1 (ar (w))-

Further, similarly to the proof of (3.18), we obtain
(3.21) w(05) <C /H (@) [Mp (w) (2) + M (wq,) (2] da,
where wq ,, is defined as above from €, ; in (3.1) with |||, replaced by |||z 10g

and 7 is sufficiently small. We observe that

(3.22) woy <CM* (W) Y (|2 4] < CM* (w),

s>1
since we assume that ||Q||1 105 ,=1. Using this in (3.21) we have
(3.23) w(03) < C| fllzr(mswy) +C N fll Lt (v ar+ (w)) -
The conclusion follows from (3.19), (3.20) and (3.23).
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4. Singular integrals on R? with the generalized homogeneity

In this section we consider singular integrals on the Euclid space R™, with the
usual addition, associated with the non-isotropic dilations A;=exp((logt)P), where
P is not restricted to diagonal matrices. Similarly to the case of R™ considered as
a homogeneous group with a diagonal matrix P, we can also define the maximal
operators M, My, Mq, Mq,, M*, M} in this context with a norm function r
related to {A:}. Also, the Muckenhoupt class A,(R") is defined as in Section 1.

We have results on R? analogous to Theorems 1.1 and 1.4 in Section 1.

Theorem 4.1. Suppose that we€ As(R?), f€(1,00) and Q€ LI(X) for some q,
1<g<oo. Let T be as in (1.2) with n=2. Then

I esom <O [ 5@ 1037 M Moy ) @)+ Mo ) 0)
for some positive constant C' independent of €.

Theorem 4.2. Let QeLlogL(X) and let T be as in (1.2) with n=2. If
weA2(R?) and Be(1,00), then
ITf1l Lo (w) < ClIQU L1og LI L1 (a5 25 ()
with a constant C independent of €.

We also have an analogue of Corollary 1.2 in the present context.
To describe results on L? estimates, we introduce a kernel L on R™ defined by

L(y)=h(r(y))K(y), Ky) =ry)2y),

where h is a bounded function on Ry =(0,00) and K is a homogeneous kernel as in
(1.2). We consider a singular integral operator S on R™ defined by

(4.1) Sf(z)=p.v. . flz—y)L(y) dy.

Then, we have the following results, which are stated more generally than needed
for the proofs of Theorems 4.1 and 4.2.

Theorem 4.3. Let Q€ L1(X), 1<q<oo, he L°(R) and let S be as in (4.1).
Suppose that we A2(R™) and fe€(1,00). Then

1/2
_ 2
IS £l 22(w) < C4'[|Alloo 12215~/ 7 (/R |f ()] MﬁMﬁ,ﬁ(w)(l’)df”)

for a positive constant C' independent of q, 2 and h.
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Theorem 4.4. Suppose that we A3(R™) and f€(1,00). Let S be as in (4.1)
with Q€ Llog L(X) and he L>®(Ry). Then, there is a constant C' independent of
and h such that

1S £11L2(w) < Cllhlloo 1l 2 10g LI F Il 22 (115 0175 (w)) -

A result similar to Theorem 4.3 can be found in [17]. Theorem 4.4 can be
derived from Theorem 4.3 by an extrapolation argument similar to the one that
proves Theorem 1.5 from Theorem 1.3.

We give a proof of Theorem 4.3 using Fourier transform estimates, which differs
from the proof of Theorem 1.3 in Section 2 in that it allows the presence of the
function h in the kernel L.

Proof of Theorem 4.3. We apply methods of [10]. Let E;={zeR":2/ <r(z)<
201 GEZ. Set

Lj(z) = L(z)xz, (2)-

Let Af=exp((logt)P*), where B* denote the adjoint of a matrix B. A norm func-
tion s(&) will be defined from {A}} in the same way as r(x) is defined from {A;}.
Let  be a non-negative function in C*° (R, ) such that

oo

supp(p) C 2712, Y (@)’ =1, t>o0.

k=—o0

Define the operator Dy by
(Drf) (€)= (255(£) f(6),

where f(€)=[ f(x)e 274 dz is the Fourier transform. We write

Sf: Z ka7
k=—o0
where
(4.2) Urf= > Djrr(Li*Djsrf).
Jj=—00

Then, it is known that

(4.3) Uk fll2 < ClIR]lso €225/ || £]]2
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for some >0 (see [10], [22]). Since we also have weighted Littlewood-Paley inequal-
ities with operators { Dy} analogous to Lemma 2.2, arguing similarly to the proof
of (2.8), we have

(4.4) US| 22 () < ClBY oo QU111 22 (2 2 )

Applying interpolation with change of measures between (4.3) and (4.4) and arguing
similarly to the proof of Theorem 1.3, we can obtain the conclusion. [J

To prove Theorem 4.1, we show a version of Proposition 3.1 relevant to The-
orem 4.1 by using a Calderén-Zygmund decomposition f=g+b analogous to (3.2)
and arguing similarly to the proof of Proposition 3.1. To treat T'g we apply Theo-
rem 4.3 with n=2 and h identically 1. A version of the set Oy of Section 3 can be
handled similarly. Also, to prove an analogue of (3.16), we apply Proposition 2.1 of
[24], which is analogous to Proposition 3.4, in the same way as Proposition 3.4 is
used in proving (3.16), along with an interpolation argument with change of mea-
sures similar to the one used in the proof of (3.16). Finally, it is obvious that an
analogue of (3.17) can be shown also in the present context. Combining results,
we complete the proof of the result analogous to Proposition 3.1, which implies
Theorem 4.1.

Also, we can prove Theorem 4.2 arguing similarly to the proof of Theorem 4.1
with suitable modifications using Theorem 4.4 with n=2 and h=1 and with an
observation similar to (3.22), as we prove Theorem 1.4 from the procedure of the
proof of Theorem 1.1 with suitable adjustments in Section 3.

Remark 4.5. To prove Theorem 4.3 we applied a Littlewood-Paley decomposi-
tion adapted to a fixed lacunary sequence. On the other hand, the Littlewood-Paley
decomposition used in the proof of Theorem 1.3 is adapted to a lacunary sequence
depending on ¢. This is needed to get the required estimates of Theorem 1.3 through
the two parameter decomposition in (2.4).

5. Weighted weak type estimates with 2 in Llog L

In this section, we review Theorem 1.4 for the case of R™ with the usual addi-
tion, the isotropic dilation and the Euclidean norm.

Let A;(Ry) be the A; class on Ry. We recall a weight class introduced by [9].
Define

A (R™) ={w(z)=v(|z|):v is in A;(R) and is decreasing or v> € A;(Ry)}.
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For ¥ =5""1 let

¢

My (f)(z) =supt™! / ’f(ac—i—té’)’ dt.
>0 0

Then, it was noted in [9] that My (w)<Cw uniformly in #€S™~ ! if we A;(R™), by

the arguments based on results of [4]. Thus it follows that

Mp(w)(z) = supt~" /|y<t w(z—y)|F(y)|dy

<O [ Myw)@)|F@)]do(0) <O Flu(z),
§n-
and hence M*(w)<Cw whenever we A; (R™). Therefore, since it is easy to see that
w” €A1 (R™) for some 7>1 if we A;(R™), Theorem 1.4 implies the following.

Corollary 5.1. Let

Tf(z)=p.v. - f(w—y)% dy

with Qe Llog L(S"™') satisfying [g._. Qdo=0. Suppose that we Ay (R™). Then

1Tl e ) Sl 10g LIl 21 ()

where C' is a constant independent of 2.

This is foreseen in [9, p. 879, (e)]. If wy(z)=|z|*, then woeA;(R™) for
—1<a<0. So, T is bounded from L!(w,) to LY*°(w,) if —1<a<0 (the range
of a is sharp). This result on the power weights follows from [27] combined with
[26]; see [16] for the two dimensional case. Our treatment of Theorem 1.4 provides
a different proof.
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