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Uniform exponential stability of the Ekman
spiral

Yoshikazu Giga and Jiirgen Saal

Abstract. This paper studies stability of the Ekman boundary layer. We utilize a new
approach, developed by the authors in a precedent paper, based on Fourier transformed finite
vector Radon measures, which yields exponential stability of the Ekman spiral. By this method
we can also derive very explicit bounds for solutions of the linearized and the nonlinear Ekman
systems. For example, we can prove these bounds to be uniform with respect to the angular
velocity of rotation, which has proved to be relevant for several aspects. Another advantage of
this approach is that we obtain well-posedness in classes containing nondecaying vector fields
such as almost periodic functions. These outcomes give respect to the nature of boundary layer
problems and cannot be obtained by approaches in standard function spaces such as Lebesgue,
Bessel-potential, Holder or Besov spaces.

1. Introduction and main results

In this note we apply a new approach to rotating boundary layers developed
in [12] in order to examine stability of the Ekman boundary layer problem

Ov—vAv+wez xv+(v-V)v==Vq in (0,T)xG,

) divo=0 in (0,T7)x@G,
v=U¥|5¢ on (0,T)x0G,
V|t=0 =10 in G.

Here e3=(0,0,1)”, v>0 is the viscosity coefficient, and weR is the Coriolis param-
eter, which equals twice the angular velocity of rotation. For G we will consider
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simultaneously the half-space R? or a layer, i.e., we have G=R? x D with D=(0, d)
and either a finite fixed d€(0,00) or d=o0o. The vector field U is the so-called
Ekman spiral (introduced by the geophysicist Ekman [8]) given as
. . T

(2) U¥(23) =Us (1—6_”/‘5 cos %, e *3/9gin %, 0) , x3>0.
System (1) is known to be a well-established model for the layer arising in a rotating
system (e.g. the earth) between a straight geostrophic flow (e.g. wind) and the
surface on which the no slip condition is imposed.

Observe that in the above model rotation about the x3-axis is assumed, whereas
U, denotes the total velocity of the flow, blowing in direction of the x;-axis. The
parameter 0 denotes the layer thickness given by §=+/2v/|w|. By geostrophic ap-
proximation (see [23]) (1) is a reasonable model at least for the upper part of the
northern hemisphere. The couple (U, p¥) with pressure
(

p 302) =—wUs T2

represents a stationary solution of system (1). Note that UZ(0)=0, i.e. system (1)
is subject to Dirichlet conditions at the lower boundary, and that U is oscillating
and nondecaying in the tangential direction. We note that remarkable persistent
stability of U¥ is observed in geophysical literature.

As for the Ekman problem, the tangentially nondecaying and oscillating be-
havior is typical for geostrophic boundary layer problems. To give respect to this
fact, it seems natural to consider this type of boundary layer problems in classes
containing nondecaying functions. Hence, the frequently performed L? approach for
1<p<oo to the corresponding mathematical models fails in this situation. Giving
account to this fact, in [12] an operator theory on spaces of Fourier transformed fi-
nite vector-valued Radon measures is developed. These spaces in particular include
nondecaying such as almost periodic functions (see Remark 2.9).

A further advantage in dealing with Fourier transformed quantities lies in the
fact that all performed calculations and estimations become rather explicit. As a
consequence we can derive detailed information on how the solution depends on
involved parameters such as time, viscosity, layer thickness, and angular velocity
of rotation. In particular, we obtain that the corresponding bounds are uniform in
the angular velocity of rotation. This turned out to be relevant for several reasons
such as, for instance, the investigation of statistical properties of turbulence, cf.
[22] and [25]. It also represents the basis for the examination of rapidly oscillating
limits as w— o0, cf. [1]-[3], [5], [16], [18]-[20] and [26]. We refer to [12] for a more
extensive motivation of the importance of the uniformity in w and the functional
setting chosen here in general.
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Mathematically, an approach to stability in time is given in [6] and to asymp-
totic stability in [15]. These two papers consider the problem in the L? setting,
which, of course, does not include nondecaying perturbations of U¥. We refer to
[4], [5], [14], [17] and [24] for more mathematical literature on the Ekman problem
dealing also with vanishing Rossby and Ekman numbers and with stratification. For
a spectral analysis of the linearized problem we refer to [13] and [21]. Local-in-time
well-posedness in the homogeneous LP-valued Besov space B&’I(RQ, LP(R,)) is ob-
tained in [10]. By the fact that almost periodic functions are contained in Bgo 1(R?),
this represents the first result in a space including nondecaying functions. This
local-in-time well-posedness is recovered in [12] in the Fourier transformed Radon
measure setting, however, with much more explicit bounds on the solution. In par-
ticular, the derived quantities such as the existence interval of the solution as well
as its bound are uniform in w, which is not possible in By ;(R?,LP(R,)). The
approach developed in [12] also gives access to instability of the Ekman problem for
large Reynolds numbers as demonstrated in [9].

Next, we formulate our main results. For a rigorous definition of the appearing
spaces we refer to Section 2. Let My(R?, L?(D)?3) denote the space of finite L?(D)3-
valued Radon measures with no point mass at the origin. We consider its Fourier
image, i.e.,

FM,(R?, L2(D)*) = {Fu: pr€ Mo(R?, L2(D)*)}

and equip it with its canonical norm. It can be shown that FMg(R?, L?(D)3)C
BUC(R?, L%(D)?) (see Lemma 2.8(iii)) and that this space includes almost periodic
functions (see Remark 2.9). Let £>0. Then FM,(R? L?(D)3):=FM,(R?, L?(D)3)
for ¢=0. For ¢>0 and a sum-closed frequency set F; (see Definition 2.4) we also
consider the space

FM,(R?, L*(D)?) := {v € FM(R?, L*(D)?) : supp ® € F }.

Note that the Helmholtz projection P is bounded on FM,(R?, L?(D)3) for £>0 (see
Proposition 3.3(a)). Thus we may define its solenoidal part as

FM, , (R?, L*(D)?3) := P(FM,(R?, L*(D)?)), £>0.

Next, we set ug:=vo—U¥, u=v—UF and p:=q¢—p?. Then (v,q) solves (1) if and
only if (u,p) solves the transformed system

Opu—vAutwesz xu+(UF -V ut+u?03UF +(u-V)u=—Vp in (0,T)xG,
divu=0 in (0,7)xG,
u=0 on (0,T)x0G,

ult=0="muo in G.

(3)
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The Stokes—Coriolis-Ekman operator Agcg is defined as the full linear operator
of the linearized Cauchy problem associated with (3) (see Section 3 for a rigorous
definition, in particular Proposition 3.4). For Agcg we prove the following theorem,
which is our main result for the linearized Ekman problem.

Theorem 1.1. Let v,Uy >0, 6=1/2v/|w|, d>0, {>0 and set Xo:=L?(0,d)3.
Assume that the Reynolds number Re of the Ekman spiral satisfies

Uld 1

< —=.
v V2
Further we assume that ¢=0 implies d<oo, and that £>0 implies d=oco. (This
means that either we consider a layer (d<oo) or the half-space R3 and Fourier
transformed initial data supported in a sum-closed frequency set Fy.) According to
the two cases we set

(4) Re:

v(1—+v/2Re)

2 Y
Ep = d

v(1—V2Re)?, (>0.

(=0,

Then the Cy-semigroup (exp(—tAscr))i>0 on FM; . (R?, X5) satisfies
(i) llexp(—tAscr)ll2@Em,., 12, x2)) <€, 1>0;

(ii)

IV exp(—(Asce—¢r) - Juoll 2 (r, ,FM, (B2, X5)) < ;
\/v(1—v2Re)

(iii)

Pl @, ey,
||VeXp(_(ASCE_€£) ')*fllL?(RJMFME(]R?’Xz)) S H L (R FM({(R Xz))’

v(1—+/2Re)

for all ugeFM, »(R?, X5) and feL'(R;,FM, ,(R? X)), where

t
g f(0)i= [ glt=9)f(5)ds.
0
In particular, all estimates are uniform in weR.
Remark 1.2. The physically most relevant case for the layer height is d>4.

Based on Theorem 1.1 and a fixed point argument, in Section 4 we derive the
following main result for the full nonlinear Ekman problem (1).
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Theorem 1.3. Let the assumptions of Theorem 1.1 be satisfied, and let UF
be the Ekman spiral given in (2). Then for every vo€FM, ,(R?, X2)+U¥ such that

7v(1—v/2Re)
21/43vd '

7v(1—v2Re)VE
21/43 '

if {=0 and d < o,
||U0—UE||FM0(L2) <

if >0 and d= 0,

there is a unique global (mild) solution v of (1) satisfying
exp(2e, - )(v—UF) € BC((0, 00), FMy , (R?, X>)),
exp(eg - )V(v—U¥) € L?((0,00), FMp(R?, X3)).
In particular, the Ekman spiral is exponentially stable. More precisely, we have
[0(t) = U || pa, (r2,x,) < 2exp(—2e0t)|[vo—U" |[pmy(r2,x,), ¢ >0.
In addition, all estimates above are uniform in weR, i.e., with respect to the angular

velocity of rotation.

Remark 1.4. By standard bootstrap arguments it can be proved that the solu-
tion v given by Theorem 1.3 enjoys higher regularity in FM,(R?, X5). By this fact
we can recover the pressure via

Vg=(I—-P)(vAv—wezxv—(v-V)v).
Then it can be shown that
(v,q) € C™((0,00) x R* % (0, d)),

i.e., (v,q) is the unique classical solution of problem (1).

2. Vector-valued Radon measures

Here we introduce notation and recall basic ingredients on X-valued Radon
measures. For basic theory we refer to [7]. The theory related to boundary layers is
developed in [12]. Therein also the proofs of the results listed below can be found.

We use standard notation throughout this article. The symbols R, C and
Z denote the sets of reals, complex numbers and integers, respectively. We also
write N={1,2,3,...} for the natural numbers and set Ny:=NU{0}. The symbols
X, Y and Z usually denote Banach spaces, whereas Z(X,Y) stands for the set
of bounded linear operators from X to V. If X=Y, we write .Z(X). Let GCR"
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be a domain. As usual L?*(G,X) and H*(G,X)=W"2(G, X) denote X-valued
Lebesgue and Sobolev space respectively. The space C°(G, X) is the set of smooth
and compactly supported functions. We will also write C'(G, X), BC(G, X) and
BUC(G, X) for the spaces of continuous, bounded and continuous, and bounded
and uniformly continuous functions, respectively. The ball in R™ centered at zg
with radius R>0 is denoted by B(zo, R).

The Fourier transformation on the space of rapidly decreasing functions S(R™)
in this note is defined as

(&) =Fu(é) = L /n e y(x)dz, ueS(RM).

(2m)n/2 [

As usual, its extension by duality to the space S'(R", X):=Z(S(R"), X) of tem-
pered distributions is again denoted by Fu or 4 for ueS'(R", X).
Next we recall some basic definitions related to X -valued measures, cf. [7].

Definition 2.1. Let X be a Banach space, {2 be a set, & be a o-algebra over €2,
and pu: o/ — X be a set function.

(i) The function p is a vector-valued (or X -valued) measure if it is o-additive,
that is, if it satisfies

u( QAJ) Ziu(Aj)

for all pairwise disjoint sets A;ea7, j=1,2,....
(ii) The variation of an X-valued measure u is defined as

| (O) ::sup{ Z le(A)]|x : II(O) C & is a finite decomposition of (’)}
Ae(0)

for Oe/. (Note that II(O) is a decomposition of O€o/ if ANB=g for all A, Be
I(O) with A#B, and U yeqy0) A=0.)

(iii) The quantity |u|(R2) is the total variation of p. If |u|(2)<oo, then p is
called finite or of bounded variation.

Next we define X-valued Radon measures. For this purpose let Q CR™ be open,
&/ be a o-algebra over €2, and denote by #(f2) the Borel o-algebra over 2. Recall
that n: & —[0,00) is a Radon measure if it is Borel regular, that is, if B(Q)C.o/
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and if for each ACQ there exists a Be€A(Q?) such that ACB and n*(A)=n*(B),
where n* denotes the outer measure associated with 7 given by

(5) " (A) ¢=inf{z77(Ej)i{Ej}jeNC% and AC | J Ej}

j=1 j=1
Also observe that in the sequel we identify a measure n by its outer measure, so
that 1 is complete in the sense that all subsets B of a set A€« satisfying n(A)=0
belong to 7.

Definition 2.2. Let QCR"™ be open, X be a Banach space, and &/ be a o-
algebra over ). The set function p: &/ — X is a finite X -valued Radon measure if
p is an X-valued measure and if the variation |u| is a finite Radon measure. The
set of all finite X-valued Radon measures is denoted by M (2, X).

From now on assume X to have the Radon—Nikodym property and QCR"™ to be
open. By p,€L'(Q, X, |u|) we denote the Radon-Nikodym derivative of a measure
peM(Q, X) with respect to (2,7, |p]). Then we have the representation

wO)= [ pudid. Oca.

Note that by definition each vector Radon measure is well-defined on #(2). By
this fact, for every v €BC(Q, Z(X,Y)), where Y is another Banach space, its mul-
tiplication by an arbitrary pe M (€, X) can be defined as

(6) ulw(0):= [ vp.dil, Oea.

The properties of this quantity are summarized in the following lemma.

Lemma 2.3. ([12, Lemma 2.6]) Let QCR"™ be open and let X, Y and Z be
Banach spaces having the Radon—Nikodym property. Furthermore, let e M(Q, X)
and the functions ¥, p€BC(Q, Z (Y, Z)) be given. Then

) el |=lullepuly <lal 192y,

(i) pulweM(©,Y),

(if) (ul) [@=nl (609

By the intention to introduce the Fourier transform of vector Radon measures,
from now on we assume Q=R". Note that the fact that the Schwartz space S(R™) of
rapidly decreasing functions with its canonical topology is continuously and densely
embedded in Coo (R™):={v€C(R"):limp—0 Supgs\ g(o,r) |v()|=0} gives us

Z(C(R"), X)— Z(S(R"), X)=S'(R", X).
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Thus, in the sense of the identification
N’—>T;u Tuf::NLf(Rn)ﬂ

we have the embedding
M@R", X)— S'(R", X).

This allows for the definition of the space of Fourier transformed Radon measures
FM(R", X) 1= {ji: p€ M(R", X)},
which we equip with the canonical norm
lullene = 17~ |-

Observe that replacing the Fourier transform by its inverse in the definition does
not change the value of the norm, i.e., we have || - |pm=||F - |pm=|F - ||pr. In
order to define multipliers with symbols not necessarily continuous at the origin,
we also introduce the spaces

MO(Rna X) = {:u € M(an X) M({O}) = 0}7
that is, the subspace of Radon measures with no point mass at the origin and
FMo(R"™, X):={fi: p € Mp(R"™, X)}.

Related to exponential stability we introduce further subspaces. These rely on
sum-closed frequency sets, which are defined as follows.

Definition 2.4. We say that FCR"™ is a sum-closed frequency set in R™, if

(i) F is closed;

(i) 0¢ P

(i) F+F:={z+y:z,ye F}CFU{0}.
For a sum-closed frequency set with distance £4/2>0 from zero in the sequel we write
F,.(Y) For consistency we also set F,=R"\{0} if /=0. The class of all sum-closed
frequency sets in R"™ is denoted by #™.

Typical examples of sum-closed frequency sets are (see also [11]):

(i) Countable sum-closed frequency sets in R™ for which pairwise distances
between frequency vectors are uniformly bounded away from zero. This case corre-
sponds to almost periodic initial data.

(1) Observe that this differs from the definition of F; in [11] by the factor /2.
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(if) The set Z™\{0} or more general
n
F:= {Z mja; :m=(mq,...,My,) € Z"}\{O},
j=1

where a={ay, ..., a,} represents a basis of R™. This case corresponds to periodic
initial data. Indeed, supp 4¢ is contained in the above F' for some a if and only if
ug is periodic. Clearly, this is a special case of (i).

(ili) The set {z€R™:x;>¢} for je{l,...,n} and €>0. Note that this example
provides non-real-valued initial data only.
We also rigorously clarify what we mean by the support of a vector measure.

Definition 2.5. Let X and Y be Banach spaces having the Radon—Nikodym
property. For pueMy(R"™, X) we set

N,:= U O,
OCR" open
p=0 on O

where we recall that vanishing of a vector-valued measure is canonically defined as
pu=00n 0 <= pu(E)=0for ECO.
The support of u is defined as
supp p = WNM

Remark 2.6. Note that the support of u defined above coincides with the sup-
port of u regarded as a tempered distribution.

In the sequel we will frequently make use of the following observation, mostly
without any further notice.

Remark 2.7. Let X and Y be Banach spaces having the Radon-Nikodym prop-
erty. For e BC(R"\ {0}, Z(X,Y)) and peMy(R™) we have

supp p|o C supp pi.

Proof. Let OCR™ be open and such that p=0 on O. Since My(R", X) is a
Banach space (see Lemma 2.8(i)), the latter is equivalent to |u|(O)=0. As p|o by
Lemma 2.3(i) is obviously continuous with respect to ||, this yields u|o=0 on O.
Consequently, we have N, CN,|,, which implies that

supp u| 0 =R"\ N, |, CR"\ N, =suppp. 0O
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Now let £>0. For £{=0 we set FM,(R", X):=FM,(R", X). For £>0 and a
sum-closed frequency set Fye.#" we also define the space

FM(R™, X ) :={ue FMy(R", X):supp @ C Fy}.
Next, we list some useful properties of the spaces just introduced.

Lemma 2.8. ([12, Lemma 2.12]) Suppose X, X1 and X5 are Banach spaces
having the Radon—Nikodym property and that Xi-Xo— X with an embedding con-
stant less or equal to one. Then the following assertions hold:

(i) The spaces M(R™, X) and My(R"™, X), and thus also the spaces FM(R", X)
and FM(R™, X) for £>0, are Banach spaces.

(ii) For all ueFM(R™, X3) and veFM(R"™, X1) we have that

—n/2

HU'UHFM(R",X) <(2m) HUHFM(R”,XQ) ”UHFM(R”,Xﬂa

i.e., FM(R", X5)-FM(R", X;)=FM(R", X). In particular, (FM(R", X),-) is an
(abelian) algebra (with unit), if (X,-) is an (abelian) algebra (with unit).
(i) We have

(7) FL'(R", X) —FMo(R", X) — B2 ;(R", X) — BUC(R", X),
where B’gQ,l(R”,X) denotes the homogeneous Besov space.

Observe that the space FM,(R"™, X), £>0, is not an algebra, but at least we
obtain by Lemma 2.8(ii) that

FM,(R", X5) - FM,(R", X;) — FM(R", X),
which is crucial to handle nonlinear terms.

Remark 2.9. The fact that the product & a€My(R™, X) for Dirac measures
0t to €ER™\ {0}, and a€ X, gives rise to another interesting class of functions con-
tained in the space FMy(R™, X). In fact, every sequence {a;}jenCX satisfying
> =1 llaj|lx <oo defines for each sequence of frequencies {);}jenC Fy an element

(x — Z ajew‘jz> € FMy(R"™, X),
j=1

by the fact that Zj’;l Ox,a;€Mo(R™, X). This class of almost periodic functions
is significant for applications to rotating boundary layers as explained in the intro-
duction.
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For ceBC(R™"\{0}, Z(X,Y)) we define
(8) op(o)f:=F 'flo, feFMy(R", X).

We recall three results from [12], which allow for a transfer of L?-boundedness to
the FM-setting. First, as a consequence of the theory for vector measures developed
above we obtain the following multiplier result.

Proposition 2.10. ([12, Proposition 2.13]) Let £>0. Let X and Y be Banach
spaces having the Radon—Nikodym property and suppose that

o € BC(R™\{0},.2(X,Y)).

Then op(o) as defined in (8) is bounded from FMy(R", X) to FMy(R",Y) and we
have

lop(o) || 2n, (7, ), FM, (&2, v)) = |10 || oo 7 2 (X, v)) -

Remark 2.11. If H; and Hy are Hilbert spaces, Plancherel’s theorem implies
that the right-hand side of the equality in Proposition 2.10 equals the operator norm
of op(o) in Z(L*(R", Hy), L?(R", Hy)). Hence in this case we have

lop(o) |2 (Mo (R, 11 ), FMo (B2 12)) = (| [|loo = [loD(0) | 2 (L2 (R 111), L2 (R H2)) -

In the last part of this section the domain R™ is essentially fixed. So we
occasionally suppress R™ and simply write FM(X) instead of FM(R", X) and so
on. In applications we will often use the fact noted in the above remark for the case
that H; and Hy are certain L2-spaces. In the same spirit the following lemma will
turn out to be helpful.

Lemma 2.12. ([12, Lemma 2.15]) Let >0, JCR be an interval, and let Hy
and Ho be Hilbert spaces. Assume that

Le Z(L*(R", Hy), L*(J, L*(R", H2)))  with || L|| 2(r2(#,),22 (1,02 (2))) < M
is an operator with a symbol oy, satisfying
or € C(R™\{0}, Z(H,, L*(J, Hy))).
Then

Le g(FMZ(Rna Hl)’ LQ(Jv FM@(R”, HQ)))’ ||L||$(FM£(Hl)»Lz(JyFMe(Hz))) <M.



116 Yoshikazu Giga and Jiirgen Saal

Remark 2.13. In [12] Proposition 2.10 and Lemma 2.12 are established for the
case /=0. However, in view of Remark 2.7, under the action of operators having
a suitable symbol representation, FM,(R", X) is a closed invariant subspace of
FMy(R™, X). Therefore these two results readily generalize to the case £>0.

We will also make use of the following general result on operator-valued con-
volution.

Lemma 2.14. ([12, Lemma 2.16]) Let X and Y be Banach spaces, 1<p<oo,
Te(0,00], and set J=(0,T). For g £ (X,L?(J,Y)) and feL'(J, X) we have

(tHg*f(t) :=/Ot g(t—s)f(s) d5> eL’(JY)
and

9) lgxfllee vy < N9llzx.ooaynllfllx)-

Remark 2.15. Observe that (9) is sharper than the usual Young inequality by
the fact that || - [ 2(x,Lr(s1v)) < - [lzr (1, 2(x,v)), but the converse in general is not
true. Indeed, (9) provides an estimate for singular integral operators, which is not
possible with the standard Young’s inequality.

3. Proof of Theorem 1.1

The major advantage of working with d<oco or £>0 lies in the fact that ex-
ponential decay of the Stokes—Coriolis—Ekman semigroup can be provided. This
follows as a consequence of Poincaré’s inequality, which is valid in these situations.
Let £>0, d€(0, 00| and as before we set G=R? x (0, d) and Xo=L?(0,d)3. Similarly
to the FM-setting we put

L}(G)? = L}(R?, X3) := {v € L*(R? X3) :supp ¥ € F,}.

We emphasize that here v is regarded as a function v: R?— X, with supp o CR?.
Also note that L?(G)=L?*(G) if £=0, see Definition 2.4.
Lemma 3.1. Let either £=0 and 0<d<oo, or £>0 and d=oo. Then
d
ﬁ”quLj(G)% =0,
JullL2(eys < 1
NG IVullzz(gys, €>0,

for all ue L2(G)3. The assertion remains true, if we replace L2(G)> by the space
FM,(R2, X5).
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Proof. The inequalities in case when ¢=0 (i.e. d<o0) are standard, since we
can apply the one-dimensional Poincaré inequality in the zz-direction. For ¢>0
we give a proof in the FM-setting. By Plancherel’s theorem the L2-case follows
similarly.

We observe that by definition supp @CR?\B(0,¢v/2). Since 1<[¢|/¢v/2 on
R2\ B(0, ¢v/2) this gives us in view of Lemma 2.3(i),

[al(B(0, R)) = (lal[1) ({¢vV2 < [¢] < R})
13 1.
g( D) (tva<ia<my) = slali€lo. R
for R>/+/2 and u€FM,(R?, X3). Thus we have, for u€ FM,(R?, X5),
[ullemix,) = Jim [a|(B(0, R))
= lim |u Zg} (0,R)) = i||VU||F1\/1(X2)- g
E\/§ 02
In order to estimate the crucial perturbation arising from the Ekman spiral,
also the following Poincaré type inequality will be used, cf. [12, Lemma 3.7]. Its

proof is a simple consequence of the fundamental theorem of calculus.

Lemma 3.2. We have, for a,d>0 and veC([0,d)),

o 1/2
—()/a d/ _op / / Q.
e v|[L2(0,0) S e xdr ) [[V][L20,0) < 51V lL2(0,0)-
0

Next, we recall existence of the Helmholtz decomposition and the Stokes—
Coriolis-Ekman semigroup in the FM-setting. We define solenoidal fields as

FM,(R"1, X))

= Il
(10) = {ue FMg® (R”—l, m W’W(D)> divu=0 and u3|g@n-1xp) 20}

k=0
and gradient fields as

(11) Grm={Vp:pe€ Li, (R" ' x D) and Vp e FM,(R" ', X,)}.

In [12, Lemma 3.4] the following was established.
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Proposition 3.3. Let d€(0,00] and £>0. We have the Helmholtz decomposi-
tion
FM,(R?, X5) =FM; , (R?, X)®Gry.

The associated Helmholtz projector P: FM,(R?, X2) —FM, ,(R?, X3) admits a sym-
bol representation op=F PF~eBC(R?\{0}, Z(X2)) such that

[Pl 2@m(xs)) = o]l r2,2(x,)) = 1.

Applying P to the first line of (3), the resulting linear operator is given as
ASCE:AV+Bw+BE with

A,u=—PAu, Stokes operator,
B,u=wPe3 xu, Coriolis part,
Bpu=P(U¥*.V)u+Pu9;U%, Ekman part.

We call Agcg with the domain

PD(Ascr) = {u € FM,,(R" 1, X5): 0% € FM,(R" 1, X3),

aeNp, |af <2 and ulggn-1xp) =0}

the Stokes—Coriolis—Ekman operator. In [12, Theorem 3.6] the following proposition
was proved.

Proposition 3.4. Let d€(0,00] and £>0. Then the Stokes—Coriolis—Ekman
operator Ascr 1is the generator of the holomorphic Cy-semigroup (exp(—tAscg))t>o0
on FMy ,(R?, X3) having the symbol representation

Oexp(—t(Ascetro)) = feXp(—t(ASCE-i-)\o))]:_l S BC(RQ\{O}, X(Xg)), t>0,
for Ao>0 sufficiently large.

Remark 3.5. Again we note that, concerning the statements in Propositions 3.3
and 3.4, in [12] only the case /=0 is treated. However, since we have suitable symbol
representations, also here the argument performed in Remark 2.13 applies to the
general case.

The space Lig (@) and the Stokes—Coriolis-Ekman operator Agcg in Lig(G)
are defined accordingly. Now we prove Theorem 1.1 in the L?-setting.
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Proposition 3.6. Let v, Uy, d, ¢, §, Re and ey satisfy the relations given in
Theorem 1.1 and set G=R?x (0,d). Then the Cy-semigroup (exp(—tAsck))i>0 on
L} ,(G) satisfies

(i) llexp(=tAsce)ll 2z () <e

(ii) [V exp(—(Ascr—er) Juoll 2, 2(c) <lluoll 2y /y/v (1 V2 Re),

for all uOEL?,U(G) and t>0. In particular, all estimates are uniform in weR.

—2¢eyt
)

Proof. For uge L] ,(G), according to Proposition 3.3(b) we may set u(t):=
e~ tAsceqy,. Then u solves

u'+Ascgu=0 in (0, 00),
u(0)=wug.

Multiplying the above equation with u, integrating with respect to =, and taking
into account the skew-symmetry of B, and Bl we obtain

(12) 5 @+ Va3 + (@’ ()00, u(t) =0, ¢>0.

Note that by (2), for the derivative of the Ekman spiral we obtain

cos +s n 3
3G 23
) )
B3 UP (23) = =27/ | os T3 _gin 23
) )
0
The third term in (12) we estimate as
|(u?(£) DU, u(t))] < ZHU )2 (05U ) |[]le” 200 (1) |

\/iUoo —(- —(- j
<5 Do llem B @)l 20u (#)|2
=1

< V20U 8| Vu(t)|3,
where we twice applied Lemma 3.2 with «=24. Inserting this into (12) we deduce

1d

(13) 2dt

||t )||%+u(1—\/§Re) [Vu(t)||2<0, t>0.
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Combining estimate (13) with Poincaré’s inequality from Lemma 3.1 and keeping
in mind that v—+/2U46>0 due to assumption (4), we deduce

d
(14) Il < =20 (1-V2Re) [Vu(®)|3 < —dec|u(®)]l3, ¢>0.

By virtue of Gronwall’s lemma we therefore obtain
(15) lu(®)ll2 < e ||uoll2, t=0.

Thus (i) is proved. Multiplying (13) with e?*¢! and integrating over t€R, yields
due to (15) that for ¢>0,

> g 1 > 13 d
/0 ||eetVu(s)||§ds§2V(l_\/§Re)/0 2=t Ulu(t)|2 dt

1 oo
< — | |uol3+2¢ / et ||lu(t 2dt>
< sy ol 2z [ o

1
—————luoll3.

= V(l—\/iRe)

Thus the proposition is proved. [
We turn to the proof of Theorem 1.1.

Proof of Theorem 1.1. The proof is completely analogous to [12, Theorem 7.10].
For the reader’s convenience we repeat the steps. First recall that in [12, Lemma 3.9]
it is proved that

(1) (f/HUTSCE (t7 f/)) EC(RQ\{O}a X(XQ))v t20, and

(2) (ngUTSCE( : 75/)) GC(RQ\{O}v X(XQ’ LQ((()? T)’ XQ)))
for every T'€(0,00), where or.., =F exp(—tAgscr)F ! denotes the symbol of the
Stokes—Coriolis-Ekman semigroup. Note that by Plancherel’s theorem we have

ol Loe (®n, 2 (a1, 1)) = l0P(O) |2 (L2 P 1) L2 (R 1))

for Hilbert spaces H; and Hs. Using this fact, Proposition 3.6(i), Lemma 3.3, and
(1) we observe that

OTsce (t)UP € BC(R2\{O}73(X2))
and
”UTSCE(t)O'PHL‘”(RQ,:%’(Xg)) §672E[’ta t>0.

Proposition 2.10 then yields (i).
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Next, from Proposition 3.6(ii) we infer
1
v (1 -2 Re)

for all T>0. Setting Hi=Hy=Xo, J=(0,T), L=exp(—(Ascr—¢¢)-)P and M=
1/4/ 1/(17\/5 Re) we therefore see that relation (ii) is obtained as a consequence of

Lemma 2.12 and (2).
In order to see assertion (iii) observe that (ii) implies that for 7'>0,

|V exp(—(Asce—¢e) ) Pll 2 (r2(r2,x5),L2((0,7), L2 (82, X5))) <

1
IV exp(—(Asce—er) - )l 2@, @2, x2),L2((0.7). M, (B2 X)) S —Feeer
v(1—v/2Re)
Thus, by setting p=2, g=V exp(—(Ascr—¢e¢) ) as well as X=FM, ,(R?, X»), and
Y =FM,(R?, X5), Lemma 2.14 yields

1
|V exp(—(Asce—ee) - )*f||L2((0,T),FM(Xz)) < —Hf||L1((0,T),FM(X2))
v(1—+v/2Re)

for T>0 and all feL'(R,,FM;,(R? X5)). Hence Theorem 1.1 is proved. O

4. Proof of Theorem 1.3

Again we assume that either /=0 and 0<d<oo, or £>0 and d=o0. We define
the space

E:={veBC(R;,FM;,(R? X3)): Vv e L*(R;,FM, ,(R? X>))}
equipped with the norm

sup,sg [l ut) | pmx,)
[[v]le =

u(l—\/iRe)

+ ||68£ ’ Vu(t)||L2(R+,FM(X2))~

Observe that for u€E and T'€(0,00) we have ueL?((0,T),FM,(R? H*(0,d)%)),
and hence u(t,z’,-)|s0,4) and therefore also u|sg is well-defined. For fixed initial
value ug€FMy , (R?, X5) we further set

B, ={veE:v|pg=0 and v|i—¢g =uo and ||v||g SMHU0||FM(X2)}~
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On B,, we consider the map

Hu(t) :=exp(—tAscr)uo —/Ot exp(—(t—s)Ascr)P(u(s)-V)u(s)ds, t>0.

Observe that we have to show that the application of P and of the semigroup to
the nonlinear term is well-defined in FM, ,(R?, X5). This will be confirmed below

after (17).
We will show that H is contractive on B, for suitable M >0. To this end, we

estimate

ll€*¢* Hu(t) | pm(x)

< lexp(—t(Asce —2¢¢))uollFm(x.)

+/0°° ||exp(—(t—s)(ASCE—2£¢))Pe28“(u(s)-V)u(s)HFM(X2) ds

(16) < Iluollentixg) + / 12 (u(s)- V7 )u(8) |t xca) s
0

where we applied twice Theorem 1.1(i) and then Proposition 3.3. Due to the relation
u(s, 2, - )|ac,q)=0 we obtain, for A>0,

1/2 1/2
(s, @', Yz o < V2luls, o', )15/ [05u(s, 2, |55 00

1
< 5(Auu< et 310006, o
=t [lu(s, 2", - )lx.
By the fact that H{(0,d)3, equipped with || - ||x, and L2?(0,d)3 enjoy the Radon—

Nikodym property, we can estimate the nonlinear term due to Lemma 2.8(ii) as

€24 (u(s)- V)u(s) |l rm(x,)

< ey lu(s) dju(s) lencx)

Jj=1

3 1

< 2eps Y )\ N v V

=€ 2\/§7r( HU(S)HFM(L2)+/\” U(8)||FM(L2))” u(s)|[Fm(xs)
s 3 1/2

< ere ||u( )HF{\/I(XQ)”VU( )HFM(XQ)’

221

1/2 1/2
where we have set )\:||Vu(s)||F/M(X2)/||u( )HFq\/I(X2
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In order to be able to further proceed in a unified way for the two different
cases /=0 and />0 we let

Vd, (=0,
ri= 1
Wa

By Lemma 3.1 we can then continue the above calculation to the result

£>0.

EyS 37’ E¢S
(17) €2 (us)- V)u(s) lpmcxs) < gr7z—lle™ " Vauls) [Eaex)-

Now we confirm that the nonlinear term even belongs to FM,(R?, X5) so that
application of P and afterwards of the Stokes—Coriolis—Ekman semigroup on the
space FMy ,(R?, X5) is well-defined. For, first we write

(u-V)u=divuu®.

Since supp @ C Fy and Fy is a sum-closed frequency set, we have supp Fuu® C F,U{0},
and hence

supp F divuu® C Fy.

(Observe that FuuT is well-defined as a convolution, cf. [12, Lemma 2.11]; see also
[11].) In other words, we have indeed (u-V)ueFM,(R?, X3).
Plugging (17) into (16) gives us

3r
2ept . 2
sup le™ " Hu()l[rmxz) < luollrmexa) + 577z lle™ VullLa @, pucxa))

3r
(18) < ||u0||FM(X2)<1+M2M||UO||FM(X2)>-

Next, we derive by utilizing Theorem 1.1(ii) and (iii) that
le=" V Hull L2 (g, pycxe))

<||[Vexp(- (Asce—¢e))uoll L2, FM(X2))
(7
0

2 1/2
dt)
FM(X2)
1

< m(nwnmxw [ 1w s e ds)

/0 exp(—(t—s)(Asce—er)) Pe**(u(s)-V)u(s) ds
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1 ( 3r
L —F— ||Uo||FM(X2)+7—4||6”SVUH%2(R FM (X )))
v(1—V2Re) 27/im T

1 3r
(19) <—||u0||FM(X2)<1+M2m|UO|FM(X2))7

~/v(1-V2Re)

where we estimated the nonlinear term again using (17). Collecting (18) and (19)
we arrive at

1 3r
——————|wollrm(xs) (1+M27—4”u0||FM(X2)>~
1/1/(1—\/§Re) 27/

Thus, choosing M=2/4/v(1—v2Re) and |luo|rm(x,) <mv(1—Vv2Re)/2/43r we
see that H(B,,)CB,,. Utilizing the expansion

[Hulle <

(u-Vu—(v-V)v=((u—v)-V)u+(v-V)(u—v),

in a very similar way it can be shown that H is contractive, if the condition on ug
is strict. The contraction mapping principle then proves Theorem 1.3.
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