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Reiteration theorems with extreme values
of parameters

Pedro Ferndandez-Martinez and Teresa Signes

Abstract. We consider real interpolation methods defined by means of slowly varying
functions b and symmetric spaces F, for which we present extreme reiteration theorems. As an
application we identify, for all possible values of §€ [0, 1], the interpolation spaces (L1, Llog L)g p 1
and (Lexp7 LOO)G,b,E-

1. Introduction

Many important results in analysis are based on the action of certain linear
operators between LP spaces. Quite often, optimal versions of these results require
some knowledge about these operators in spaces close to Ly or L.,. The associated
extremal spaces are not always part of the classical families, and more general
Orlicz or Lorentz classes enter into play, see e.g. [3], [7], [9], [24], [32], [35] and [37].
Interpolation theory is a useful tool in all these problems, but it becomes necessary
to extend the classical methods to include also these extreme situations (see e.g.
[22] and [28]).

The real interpolation method admits not only numerical parameters, but also
functional parameters, which fit better to these general situations, see [21] and [31].
A quite general family of functional parameters is given by t?b(t), where 0<0<1 and
b(t), t>0, is in the family of slowly varying functions (see Definition 2.1 below).
A further extension is possible by allowing the secondary parameter in the real
interpolation method, an L, space, to be any rearrangement-invariant space E.

The theory of real interpolation, which considers simultaneously these two
extensions was developed in [15] and [17]. There, we considered spaces of the form

(Xo,X1)6,p,E
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with 0<0<1, a slowly varying function b(t) and a general rearrangement-invariant
space E. For this method we proved a number of reiteration theorems, by appro-
priately using Hardy-type inequalities, integral estimates and norm equivalences of
slowly varying functions. Although these results cover and extend many known
reiteration theorems, there are some extreme cases, which have not been studied,
namely, the interpolation spaces

(1) (Xo, (X0, X1)o,a,7)op,e and  ((Xo, X1)1,a,7, X1)0,6,E,

where a and b are slowly varying functions, E and F' are rearrangement-invariant
spaces, and 6¢€[0,1].

These extreme reiteration spaces are typically difficult to handle, and are only
known in the literature in some special cases. In [20], Gémez and Milman studied
(1) for the classical interpolation parameters (i.e. a=b=1, and E and F' within the
L, spaces), but only in the simpler case of ordered couples X; C Xj. More recently,
Cobos, Fernandez-Cabrera, Kithn and Ullrich considered in [10] some particular
cases of slowly varying functions a and b, still for ordered couples, and F and F
within the L, spaces. More general results are due to Evans, Opic and Pick [13]
who obtained reiteration theorems for general Banach couples (Xg, X7) when a and
b are broken-logarithmic functions. See [1] and [11] for other recent results.

One of the difficulties of these extreme interpolation cases is the need of lim-
iting Hardy-type inequalities, which in infinite-measure spaces must hold in the
whole interval (0,00). As explained in [13], such global inequalities cannot hold for
functions like b(t)=1+|logt|, which have the same behavior near 0 and near co. In
[13] this problem is overcome for the case of broken logarithms by requiring powers
of different signs at 0 and co.

For a general slowly varying function b(¢), t>0, explicit formulas are not avail-
able, but we develop a procedure to prove such inequalities when certain “indices”,
related with the behavior of b(¢) near 0 and oo, have different signs. More precisely,
we assume that b(t?)~b(t), and define the related functions By and B, by

Bo(u) =b(e' /%) and Boo(u) =b(e/*"1) for 0<u<1.

Then, under appropriate conditions in the extension indices of By and B, we prove
limiting Hardy-type inequalities in the whole line (0, 00); see Lemma 3.6. Moreover,
these Hardy inequalities hold not only for L, norms, but also in the richer family
of rearrangement-invariant spaces FE.

Suitable conditions on the extension indices of By, By, and ¢g (the fundamen-
tal function of E) will lead to explicit equivalences of the form

16(3)| 50,0~ DR (ED)  and  [o(3)] 50y ~ b PR(E(D), >0,
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where £(t)=1+|logt|, t>0, as well as to additional limiting estimates (see Lem-
mas 3.2 and 3.5). These simple formulas will play a crucial role in proving the main
results of the paper, namely explicit identities for the extreme reiteration spaces in
(1) for all possible values of #€]0,1]; see Theorems 5.5 and 5.6.

As in our previous papers [15] and [17], we shall use a direct approach, which
follows the classical methods to establish reiteration results. First, we obtain general
Holmstedt-type formulas for the couples (Xo, (Xo, X1)o0,q,r) and ((Xo, X1)1,q,#, X1)-
The second step in this process consists of establishing a formula of change of vari-
ables (see Lemma 5.1).

Putting together all the previous ingredients we shall see that the resulting
spaces in the reiteration formulas (1) lie outside the original scale, and to describe
them new interpolation functors are needed (see Definitions 5.2 and 5.3).

Finally, to illustrate our results, we include some applications to spaces of
Lorentz—Karamata type Lo,z and L gy. For example, if we work on a finite
measure space, our results applied to the ordered Banach couple (Lj, L) enable
us to identify the interpolation spaces (L1, LlogL)gp g and (Lexp, Loo)o,p,r for all
possible values of 6€[0, 1], which seems to be a new result in the literature. We can
also identify the interpolation spaces between the Schatten ideals S, and S, and
the Macaev ideals S,, and Sp,.

The paper is organized as follows. In Section 2 we review basic concepts
about rearrangement-invariant spaces and slowly varying functions. In Section 3
we provide the essential lemmas (equivalence lemma, limiting estimates and limit-
ing Hardy-type inequality). The description of the interpolation method X 0.b,F
and general Holmstedt-type formulas for the K-functional of the couples (Xj,
(Xo0,X1)op,e) and ((Xo,X1)1,6,2,X1) can be found in Section 4. The extreme re-
iteration results appear in Section 5, and applications to interpolation of Lorentz—
Karamata type spaces are presented in Section 6. Finally, in Section 7 we show
interpolation formulas for the couples (Lq,LlogL) and (Lexp, L), and also for
(Soo, Sw) and (S, S1).

Throughout the paper we shall write f<g instead of f<C'g for some constant
C>0. The functions f and g are equivalents, f~g, if f<g and g<f. We also say
that a function f is almost increasing (almost decreasing) if it is equivalent to an
increasing (decreasing) function.

2. Preliminaries

We refer to the monographs [4] and [14] for the main definitions and properties
concerning rearrangement-invariant spaces and interpolation theory. Recall that a
Banach function space E on (0, 00) is rearrangement-invariant (r.i.) if, for any two
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measurable functions f and g,
geFand f*<g* = feFEand|fle<lyle,

where f* and g¢g* stand for the decreasing rearrangements of f and g. Following
the approach of [4], we assume the Fatou property in Banach function spaces; then
every r.i. space E is obtained by applying an exact interpolation method to the
couple (L1, Lso).

2.1. Measures

Throughout this paper we will handle three different measures on (0, 00).
The usual Lebesgue measure dt, the homogeneous measure dt/t and the measure
dt/tl(t), where £(t):=(1+4]logt|), t>0. Following [12], we use letters with a tilde for
spaces with the measure dt/t and with a hat for the measure dt/tf(t). For example,
the spaces Ly and ﬁl are defined by the norms

° dt e dt
e, = [ 1O and 1A, = [ 0l

respectively, while Loo and Lo, coincide with Lo,. More precisely, if the space
E=EFE((0,00),dt) is obtained by the interpolation functor F from the basic couple
(L1, L) as E=F (L1, L), then

E=F(Ly,Ls) and E=ZF(Ly,Ly).

Sometimes we need to restrict the space to some partial interval (a,b)C (0, 00).
Then we use the notation E(a,b), E(a,b) and E(a, b). Such spaces can be obtained
by applying the functor F to the couples (Li(a,b), Loo(a,b)), (L1(a,b), Lo(a,b))
and (L1 (a,b), Lo (a, b)), respectively. Moreover the norms in E and E(a,b) can be
related in the following way: || f||£(a,p)=|f(t)X(a,p)(t)||£. Using this notation, we
can write

1flle ~ 1 zon +f et  for all £>0.

The same is true for £ and E.

Since f(s)eE(t,00) if and only if f(1/s)€E(0,1/t), t>0, we shall often prove
our assertions only for f in the space E(O,t), extending them to F (t,00) through
the operator s f(1/s). We also observe that || f(s)| z=|f(1/s)| 5 for all feE.

The norms of the spaces E, E and E can also be directly connected without
the use of interpolation functors. For measurable functions f: (0,00)—(0,00) we
have

||f||E(o’t) =[fe™)Bqogt,00), ift<1,
||f||E'(1,t):Hf(eu)HE(O,logt)7 1ft>1,
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while

£ 50,0 = 1€ Baog e(t) 00y, T E<T,

150 = 1FE Dlpoiopae, Ht>1

2.2. Extension indices

Given an everywhere positive finite function ¢ on (0,a), 0<a<oo, we denote
its associated dilation function by

0<t<oo.

o(ts)
my(t) = sup ,
AP( ) 0<s<min{a,a/t} (p(S)

If m(t) is finite everywhere then the lower and upper extension indices of ¢ exist
and they are defined as

1 1
— Jim 28" e (1) and p,= lim 08l e (1) .
t—0 logt t—oo  logt

In general, —oo<m,<p, <00, but if ¢ is increasing we have 0<m, <p, <oo, and if
¢ is quasi-concave then 0<w,<p,<1. Moreover, if 0<7,<p, <00, then

o(t) ~ / o(s) 2

S

and if —oco<m,<p,<0 the function ¢(t) is equivalent to [, ¢(s)ds/s. Note also
that both indices remain the same after replacing () by arbitrary equivalent func-
tion. As an example, ¢(t)=t*¢(t)?, a, BER, has Te=Pp=0.

The following properties of extension indices can be easily proved:

(i) If p(t ) t(’w( ), for all c€R, then m,=0+my and p,=0+py.

(i) If p(t)=a(t)(t) then my,>7mo+my and py, < pa+py.

(iii) If (¢ ) Y(t~1) then m,=—py and p,=—my.

(iv) If p(t)=1/%(t) then m,=—py and p,=—my.

(v) If p(t)=0(2(t)) then m,>mymy and p,<papy-
From (i) it follows that the ratio ¢(t)/t” is almost increasing for any o<, and
almost decreasing for any o> p,,.

An important function in any r.i. space E is its fundamental function pg(\)=
X (0,0l 2, which is continuous and quasi-concave. Moreover, the space E always
admits an equivalent renorming such that ¢ becomes concave and the derivative
@'y exists a.e. and is decreasing. In particular, 0< T <ppy <1.
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2.3. Slowly varying functions

Following [18] we give the definition of slowly varying functions.

Definition 2.1. A positive and Lebesgue measurable function b is slowly varying
on (0,00) (notation beSV) if, for every €>0, the function ¢°b(t) is almost increasing
on (0,00) while the function t~¢b(t) is almost decreasing on (0, c0).

Powers of logarithms, ¢*(t)=(1+|logt|)®, a€R, are slowly varying in (0, c0).
More generally, broken logarithmic functions, defined as

o el

with (o, B) €R? are also in SV. Two further examples are the iterated logarithms
b(t)= (fo...ol)*(t), «a€R, t>0,
and the family of functions
b(t) =exp(|logt|*), «a€(0,1), t>0.

The latter have the special property of growing faster to infinity than any positive
power of a logarithm.

For equivalent definitions and further examples of slowly varying functions see
[6] or [25]. Some basic properties are summarized in the following lemma.

Lemma 2.2. Assume b,b1,b2€SV. Then the following are true:

(1) b1b2 €SV, b(1/t)eSV and b" €SV for all reR.

(ii) b(t*b1(t))€SV for any a>0.

(i) If € and s are positive numbers, then there are positive constants c. and
C. such that

ce min{s™%, s°}b(t) < b(st) < C. max{s®, s~ }b(t).

In particular, m,=pp=0.
(iv) bof~bog if f and g are positive finite equivalent functions on (0,00).
(v) Let E be an r.i. space and a>0. Then, for t>0,
[[s%b(s)

~t*b(t) and ||sTb(s) ~tYD(t).

”E(o,t) HE(t,oo)

(vi) The functions

Do(t):=11b(s)[| 5o,y and Poo(t):=10(s)]| 5t,00): >0,
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are slowly varying functions, for all r.i. spaces E.
(vii) For any t>0 and any r.i. space E,

b0 < I0(5) 50 and B(E) S 100 5oy
We refer to [18] for the proof of (i)—(iv). Properties (v)—(vii) are proved in [15].

Remark 2.3. The property (iii) above implies that if b€ SV is such that b(¢9)=0
(b(to)=00) for some 1o>0, then b=0 (b=00). In particular, if [|b]| 5, ;) <oc then
”bHE(O,t) <oo.for a'll't>(? and if ||b||E(1,OO)<oo tl‘len ||bHE(t’OO)<oo for all £>0. These
facts appear implicitly in the theorems of Section 4.

3. Equivalences of norms and Hardy-type inequalities

In this section we consider slowly varying functions b such that b(t?)~b(t).
All previous examples, except b(t)=exp(|log|*), satisfy this condition. For every
beSV as above, we define new functions By and By, by

Bo(u)=b(e"Y") and B (u)=b(e!/* 1), for0<u<l,

or equivalently by the formula

3) bt) = {Bo(l/é(t» if t(0,1),

Boo(l/ﬁ(t);, if te (1, 00).

For example, if b(t)=¢(*#)(t) then By(u)=1/u® and Bu,(u)=1/u?, u€(0,1). The
condition b(t?)~b(t) implies that By and B, satisfy the A, condition, that is
Bo(t)~Bp(2t) and By (t)~Bs(2t). Hence the extension indices of By and Bo,
exist and are both finite.

3.1. Equivalences of norms
Next we study the counterparts of the equivalences in Lemma 2.2(v),

(4) 15°0(5) | 0.0y ~ £°B(8) and s~ B(8)] ) ~ D)

||E(t,oc)

in the limit case a=0. First we study the simple case ||€(s)*"||E(1 y» t>e, and
deduce afterwards the general case.
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Lemma 3.1. Let E be an r.i. space and choose 0 <, , then

166)~ 0.y ~ 1€08) 7 3wy ~ £~ 0 (£(1))

for all te(e, 00).

Proof. We shall distinguish two different cases: ¢<0 and 0<o<m,,. Assume
first 0 <0, then for all t>1,

160) "l 1.0 = 11609) " X108l 31,0y < 6O~ Iixap (€l
= (1) X (Oaog0) (W) | £ = £(1) 7 pr(log 1) <€)~ pr((1)).

On the other hand
165 U0y 2 16) 7 5wy = 0V~ Iy €l

(5) =0(Vt) "lIX (2 rogt10gt) WE 2 )T @r (),

where the last inequality uses the quasi-concavity of ¢ and the fact t>e. This
proves the equivalence for o <0.

For the case 0<o<m,,, we may assume without loss of generality that the
function ¢ is concave. Then the Lorentz space A, is included in E (see [14,
p. 118]) and ¢ (s)<¢gr(s)/s. So,

1€(5) 7 1514y = NX+w) "N B010g ) = 1™ | B, 08)) < MU My (1,002)
ot) ot) d
[ wrebwdus [ s
1 1 u

The condition 7,, >0 implies that ff(t) u pp(u) du/uSL(t) “pr(L(t)), which
gives the estimate from above. The estimate from below is similar to (5),

(6) 160)" "Nz, = 16() "N By Z LB 7 X (vap ()2 2 () pr(£(t). D

We now establish the limiting case of (4) for a=0, generalizing to slowly varying
functions on r.i. spaces the results from Lemma 6.1 from [13].

Lemma 3.2. Let E be an r.i. space, beSV be such that b(t?)~b(t) and let By
and Bo, be its associated functions defined by (3).
(1) If p.. <Tpp <Py <TB,, then

15() 1 0.0) ~ bOPEEL), >0,
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(ii) If pBy <Tpp <pPyr <TB.., then the equivalence is
16(3) o0y ~BOPE(ED), >0,

Proof. We split (0,00)=(0,1)U[1, e]U(e,o0) and we shall establish (i) on each
interval. For the first interval we may quote Lemma 2.1 of [33], which under the
conditions b(t?)~b(t) and p,, <7p,, gives that

16(t7) 1 501, = I16(te™) |1 ~ b(E)p (E(8))  for all t€ (0, 1).

Then the change of variables s=t7 yields (i) on the interval (0,1).
When t€(l,e], the monotonicity of the functions b(t)/t and ¢g(£(t)) implies
that

15|50y ~ 1~ D)2 (€(1).
Finally let t€ (e, 00). Observe that
16C) | 50,y ~ 100 1 50,1y T N0 51,4y ~ LH1B() | 510

Then to establish (i) on the interval (e, 00) it suffices to show that for all t>e,

(7) LSb(t)ee((1))
and
(8) 16C) | 51,0y ~ 0(D) P (£(1))-

Consider the function f(t)=Bs(1/t)pEr(t), t>0, whose indices satisfy
0<—pB +Tpp <y <ps<—TR_ +pp, < O00.

Then f is almost increasing and therefore f(¢(t))=b(t)¢or(¢(t)), for t>e, is almost
increasing too. In particular we have (7) for all t€ (e, 00).

Take now pp_<0<m,, so that the function t~7By(t), t>0, is almost de-
creasing. Then, for all t€(e, 00), we have

s = | B (5

where last inequality uses Lemma 3.1. A similar argument yields the reverse in-
equality

1 " .
E(1,t) % Boo <E(t)) LN ™ N 51,0 ~ 0B (E(E)),

L
(Vi)

This establishes (8) and concludes the proof of (i).

15(5) 51,0y 2 10(3)| 5wty 2 B ( )e(ﬂ)”w(s)—“nmﬂ ~b(t)p(U(D)).
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Finally, (ii) follows from (i) by using the function b(t)=b(1/t), t>0, and recall-
ing that ||g(t)||z=1lg9(1/t)||5 for all ge £. O

Below, we shall also use the following lemmas.

Lemma 3.3. Let beSV be such that b(t?)~b(t). If the associated function Bg
satisfies that mp, >0, then

t ds
/Ob(s)T(s)wb(t) for all t € (0,1).

Proof. Changing variables ¢(s)=1/u we obtain

[z (@)=L w0

Since g, >0, we have (see [14, p. 57])

/Ol/eo:) L NBO(ﬁ) =b(t). O

Lemma 3.4. Let beSV be such that b(t?)~b(t). Then

K ds
/\/Z b(s) S0(s) 2b(t) for allte (e,o00).

Proof. Since £(t) is increasing in (1, 00), we get

t ds 1 t ds
/ﬁms)% > 5 /ﬁ b(s) .

Hence it is enough to estimate the second integral from below by b(¢)¢(t). Take
a€R such that pp_ <a. Then the function t~“By(t), t>0, is almost decreasing
and we have, for all t€ (e, 00),

[0 s o

Arguing as in (5) and (6) and using that b(t)~b(v/t ), one obtains that

/ "o % 200yt
\/Z S

for all te(e,00). O
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3.2. Limiting estimates
Let E be an r.i. space, béSV and a€R. Lemma 2.4 from [15] asserts that

ds
s

I5Hs) o6z S | 5"bls)elo)

and
b6y S [ 5°60s) T
t

S

for any quasi-concave function ¢ and any t€ (0, 00). Next we state better estimates,
when a€{—1,0}, which will play a crucial role later on.

Lemma 3.5. Let E be an r.i. space, ¢ be a quasi-concave function and let
beSV be such that b(t?)~b(t).
(i) If the associated function By satisfies mp, >0, then

I~ be)el 0 % | 5 Hpa (Ul 515

for any t€(0, 00).
(ii) If Boo satisfies mp, >0, then

16()2 ()| 51,00y /t h b(s)w(s)cpE(f(s))%

for any t€(0,00).

Proof. First we prove (i) for t€(0,1). Using Lemma 3.3 and that the function
s—=(s)/s is almost decreasing, one get

s bs)ols) v ote) [ Ui 5 [ et

for all s€(0,1). Hence

s~ 0(s) ()| 50,0y S H/OS T'b(7)p(T) 7-Z(TT)

E(0,t)

for all 0<t<1. Therefore, in order to obtain (i) for t€(0, 1), it is sufficient to verify

that
dr

| e

S [ T e

E(0,t)




238 Pedro Fernandez-Martinez and Teresa Signes

for all 0<t<1. Observe that

‘ dr

S dr
| nen=5

/0 X(O,s)(T)T_ b(T>§0(T)T€(T)

<

E(0,t)

E(0,1)

_ H / t Koo (I H)olr)

E

for all 0<t<1. Then, using the general Minkowski inequality, see [14, p. 45], and the

velation |x(0.c-)(7)5=Ix(0.108(1/m (@)l 5= (l0g(1/7)) S @ (€(r)), for all 7>0,
we obtain the result.
If ¢t lays in the interval [1, e] it is easy to check that

I~ b ez~ 1~ | 5 bepe(tls) i

Finally, if t€ (e, 00) then
I5710(s)2(8) | 50,0 ~ 157 0(8)(5) | 50,09 F Il 0(8) () 5y

,V/Oe s7(s)p(s)pr(l(s))

ds
sl(s)

Hence to finish the proof it is enough to verify that

1571 5(5)e(3) ] ey

) HS_lb(S)SD(S)HE(e,t)S/ T‘lb(T)cp(T)cpE(f(T))Tj(TT)

for all t€ (e, 00). Lemma 3.4 and the fact that ¢(s)/s is almost decreasing yield the
inequalities

sTHh(s)p(s) S s o(s) /s b(T)Tj(TT) 5/8 T_lb(T>9"<T)Tj(TT)

for all s€(e, 00). Now taking norms on E(e, t), for all t>e, and using the connection
between the norms of the spaces, we get

I~ 0506 e 5 | | T beetr) Z()

Vs E(e,t)

<|| [ et s (7

E(1,00)

= | [ e e ()i

E
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for all t>e. Using now the general Minkowski inequality, see [14, p. 45], and the
estimate ||X(€u/2,e“)(7—)||E:HX(10gT,210gT) (U)HE:QDE(IOgT)SQOE(K(T))v for all 7>e,
we establish (9) for all t>e.

In order to prove (ii), we consider the slowly varying function b(t)=b(1/t), t>0,
and the quasi-concave function @(s)=s¢(1/s). We observe that

)

Then, by (i) and the change of variables s=1/7, we obtain (ii). In fact,

16()(5)l| 51 00 = =572 50,171

E(t,00)

e s
IS | 5 BB 75

~ [T snetresttn) S

3.3. Limiting Hardy-type inequalities

When a>0, general Hardy-type inequalities, involving b€ SV and an r.i. space E,
were obtained in [15]. Namely

Sl fO)ll s
E

Sl f(0)ll g
E

Htab(t) /0 " f(s)ds

tb(t) /too f(s)ds

hold for each measurable positive function f on (0,00). These inequalities were a
cornerstone for the reiteration results of [15] and [17]. Now we focus on the limit
case a=0 in which the power function disappears; then an additional logarithmic
term comes out and the measure used is dt/tl(t). Recall that E=E(dt/té(t)).

Lemma 3.6. Let E be an r.i. space, bSV be such that b(t?)~b(t), and let By
and By be its associated functions.
(i) If pp,<0<mp_, then

_ St f (@)@l g
E

Joe) [ 690

for any positive measurable function f on (0,00).
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(ii) If pp. <0<mp,, then

o [ s

for any positive measurable function f on (0,00).

Sb@) (@)

Proof. In order to prove (i) we consider the operator

oo [ e

We claim that T is bounded from L; into I:l, and from L., into Ly,. Actually, let
g€ Ly, then
dt

Y bogls) ds
Ials, = | \b(t) [ e

Flg(s)l ([ b(t) dt ds o ds
<[ S (L % )sit~ [ o0z o
2(ii) applied to the r.i. space E=L,
and to the slowly varying function b(t)=b(t)/¢(t). Observe that p5,=1+ps, and
g =l+7B,
Let us estimate the norm ||7: Loo— Loo||. Choose g€ L. Then

where last inequality follows from Lemma 3.
)

S

b V(s

<ol oo [ e @~ ol

ITgllz.. =sup|b
t>0 t>0

In order to prove last inequality take the slowly varying function b(t)=1/b(t)l(t). Tts
associated functions are Bo(t)=t/By(t) and Boo(t)=t/Bo(t), with indices mg =
1=pp,, pg_=1-mp.. Then, we can apply Lemma 3.2(i) with b and E=L; to

obtain
[ht L
o b(s)l(s) s b(t)

Now, since E is an interpolation space for the couple (f,l, L) we have that
the operator

T -F—F

is bounded. It suffices to choose g(t)=tb(t)f(t)¢(t), t>0, to complete the proof

of (i).
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In order to show (ii) we proceed similarly. First we prove that the operator

Tg(t)=b(t) /t ) bé)(ifs) %

is bounded from L; to L; and also bounded from L., to L.,. As a matter of fact,

> 1g(9)| Sh(t)dt\ ds e ds
ol < [ ([ G0 T ) s~ i =l

The last inequality follows from Lemma 3.2(i) applied to the slowly varying function
b and to the r.i. space E=L;. Similarly using Lemma 3.2(ii), with b and E=L,,
we get

ds

> 1
T < sup b(t —_— .
Tl <ol supb) [ 5 T~ gl

Now the same interpolation argument as above yield that
T:F—F
is a bounded operator and taking g(t)=tb(¢)f(¢)¢(t), t>0, we establish (ii). O

Remark 3.7. As a special case we recover various results stated in [13,
Lemma 4.2], corresponding to a broken logarithm b and E=L,. See also [30].

Remark 3.8. See [26] and [27] for Hardy-type inequalities in weighted r.i. spaces.

4. Interpolation methods and generalized Holmstedt-type formulas

Let )?:(Xo, X1) be a compatible couple of Banach spaces, that is, Xy and X;
are Banach spaces continuously embedded in some common Hausdorff topological
vector space. We equip Xo+X; with the norm K(1,-), where

K(taf):K(t7f7X07X1):lnf{Hf0||Xo+t||f1”X1 :f:f0+f17fi€Xi7i:0al}

is the Peetre K -functional. We refer to the well known texts [4], [5], [8] and [14] for
basic concepts on interpolation theory.
The following interpolation methods were introduced in [15] and constitute an

extension of the well known real interpolation method with a functional parameter
(see, e.g. [21] and [31]).
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Definition 4.1. Let X=(Xo, X;) be a compatible Banach couple, E be an 1.i.
space, beSV and 0<#<1. The real interpolation space Xg,l%EE(Xo, X1)o,p,5 con-
sists of all f in Xy+ X7 for which

I fllo.o. =t b(t) K (2, Pz <oo.

The space X, 0,b,E is a Banach space. It is also an interpolation space provided
that

0<f<1, or 9:Oand||b||5(1oo)<oo, or Qzland||b||é(01)<oo.

Moreover, if none of the previous conditions hold, then X, o.0,6={0}.
In [15] and [17] we identified the reiteration spaces

(X 09,b0,E05 X 01,01,1)0,0,E

for almost all possible values of 6y, §; and 6 in [0,1]. Our interest now is to study
the extreme cases

(X0, Xopy,5)005 and  (X1,p0.50, X1)0.6,5

that were not covered in [15] and [17]; notice that both spaces of the couple are
now very close to X, or to X7, respectively. In order to identify these interpolation
spaces we relate the K-functional of the underlying couples through generalized
Holmstedt-type formulas collected in the following theorems.

Theorem 4.2. Let X=(Xo, X1) be a compatible Banach couple and E be an
r.1. space. Let b€SV be such that Hb||E(1 o0y <00 and choose p(t )—||bHE(t , t>0.
Then

K (p(t), f: Xo, Xoa.) ~ o) K (5. )| 5000

for all fEXO—i-XO’b,E and t€(0,00).
Proof. Given fe&Xo+X; define

(PO = 0K (s, N0y >0,
(@O = B E (s, Hll gy >0

In the first stage we prove the inequality

(10) K (p(t), f: Xo, Xo,5,5) S p(t)(QF)(2).
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Let fEXo—f—)?o)b,E and t>0. Choose a decomposition f=g+h in Xy+X; such that

191l xo +tlI Al x, <2K(2 f).

It is easy to check that for all s€(0, 00),

K(s.h) _ K(t.f)

(11) K(s,g)<2K(t,f) and . < .
Then
(12) 9l xo S2K (L, f) ~ K (&, f)p)Ib]l 51,00y S PENQS)().

Besides, for the term ||Al|, , = we have the estimate

Ihllx, , . < (PR)(®)+(QF)(0)+(Qg)(0).

Here (Ph)(t) can be estimated by (Qf)(¢) using (11), Lemma 2.2(v) and (vii), and
the monotonicity of K(t, f),

(PR)(®) = 1b()K (5, M)l 50 <K (F, £)15505) | 50,0
~ Kt b S K Dbl 5y S (QF)0).

Using the monotonicity of the K-functional it is easy to prove that (Qg)(t) S(Qf)(t)
and so ||hllg, , . S(Qf)(t). This, combined with (12), proves (10).
The second part of the proof deals with the reverse inequality

(13) p()(@QF () SE(p(t), f; X0, Xob.p)-

Fix t>0 and let f=g+h be any decomposition of f in X0+)70,b7E. Then

Q1) <(Qg)(1)+(Qh) (1) < (Qg) () +Ihl %, , -

Since
(Q0)(E) = I5(5)K (5, )| 50y < bl 5 00y 1910 = 28 0

we have that p(t)(Qf)(t)<|lgllx, +p(t)||2] 5, , .- Taking infimum over all possible
representations of f we establish (13). O

Next we take care of the K-functional for the couple ((Xo, X1)1,p,5, X1). Al-
though it can be proved in a similar way as Theorem 4.2, we shall use a symmetry
argument.



244 Pedro Fernandez-Martinez and Teresa Signes

Theorem 4.3. Let X=(Xo, X1) be a compatible Banach couple and E be an
r.i. space. Let beSV be such that Hb”E(o 1) <oo and consider the function p(t)=
”bHE(O,t)’ t>0. Then

(1) K (p(t), : K15 X0) ~ 157 0(5) K (5. 50,

for all f€X 1 r+X1 and t€(0,0).

=b(1/t). Then P(t):”E(S)HEu/t,oo)' Using

Proof. Consider the function b(t)
1.2] and [15, Lemma 3.4])

the equalities (see [4, Proposition 5.
K(t, f; Xo, X1) =tK(t™", f; X1, Xo) and (Xo, X1)1,6,8 = (X1, X0)05, 2>
together with Theorem 4.2 we have
1
K(p(t), f; (X0, X1)1p,5, X1) = P(t)K(m» fi X, (leXO)O,b7E>

~ [[6(s) K (s, f3 X1, Xo) || 51 1,00

Hence (14) follows using that ||f(s)||E(0’t):||f(1/s)HE(l/tm) and the relation be-
tween the K-functionals again. [

Remark 4.4. The Holmstedt-type formulas in Theorems 4.2 and 4.3 hold for
more general parameters b than slowly varying functions. In fact it is only needed
that

HSb(S)HE(O@ < t||b(s)||§<t7oo) for all ¢ > 0.

5. Reiteration theorems

In the present section we identify the interpolation spaces

(X0, Xopr, 5 )ope and (X150 X1)0.0.E

for all possible values of #€[0,1]. To do so we will need a formula for a change of
variables, which is stated in the next lemma. Recall again that E=E(dt/tl(t)).
We say that a function f belongs to the family F if it has the following property:

if o~1p,  then fop~ foy.

For example, potential functions, slowly varying functions and the K-functional
belong to F. In particular, if €SV and 0<0<1, then f(t)=t=%b(¢t)K(t,-) belongs
to F.
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Lemma 5.1. Let E be an r.i. space, b€SV be such that b(t?)~b(t) with asso-
ciated functions By and B

() If Py <Ton <pon<mi. and p(t)=1/b(t)p(€(t)), >0, then
|fopllz~ 1171l

for all fEE belonging to F, with equivalence constant independent of f.
(il) If pBo <Tpp <P <mp, and p(t)=b(t)pp(((t)), t>0, then

Iforllg ~I1fllz

for all fEE belonging to F, with equivalence constant independent of f.

Proof. We prove (i). A similar argument proves (ii). We observe that by an
interpolation argument, it suffices to show the equivalence of the norm for F=1L,
and F=L

Let ®¢(u)=(Bo(u)¢r(1/u))~t, 0<u<1. By properties of the indices

O<7T<PE_pBo <o, < Pog SpLPE_T‘-Bo < oo.

Then there exists a smooth function ¥o~®, such that w¥((u)~Po(u) for all 0<
u<l1, Up(1)=Py(1) and lim, o To(u)=0 (see [34, Lemma 2.1]). Hence,

/O%(l) / £ (o (u Z / | (o (u

Since feF,
Wo(l
/ |—~/ £ (@o(u
0

Now using the change of variables u=1/£(t) and the fact that ®q(1/4(t))=p(t), for
all 0<t<1, we obtain that

(15) /w rn %~ [ty = [ istoto)

On the other hand, we consider the function ®.,(u)=(Bs(1/u)pr(u))~! for
1<u<oo. By hypothesis

0<TBy =Pop STho S Pboy < PBo ~Tipp < OO

As before, there exists a smooth function W, ~® ., such that u¥/_(u)~¥(u) for
all 1<u<00, Uuo (1) =P (1) and lim,, 00 Yoo (u)=00. Then

L 05 = [ = du [ 1)l

Voo (1) $ U
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Using that f€F, the change of variables u=£(t), 1<t<oo, and that ®,(£(t))=p(¢),
for all 1<t<o0, we have

as) [T [ @) = [ o)

Voo (1) s

Summing up (15) and (16) we get

Iz, ~ 1 forllz,

(observe that ¥o(1)=V(1)). The same is true in the case E=Ly, that is || f|| 5. ~
|fopllL... Hence, using the interpolation properties of the space E, we obtain the
inequality

[ferllz SIf1 5

The reverse inequality can be proved using the same techniques with inverse
functions. O

We can now consider the extreme reiteration problem. To this end, we need
to introduce the space X, ob.5 and the spaces £ and R with respect to the measure

dt Jt0(t).

Definition 5.2. Let X=(Xo, X;) be a compatible Banach couple, E be an r.i.
space, beSV and 0<6<1. The space )?0 ».p consists of all f in Xo+X; for which
the norm

Hf”e,bﬁ = ||t_9b(t)K(tv f) HE

is finite.

When E=L,, 1<g<oo, the space )?9 ».p coincides with the interpolation space
Xop(e)e1/a(0,6 While Xy 1 =Xop1...

Definition 5.3. Given a compatible Banach couple X =(Xj, X;), a real para-
meter 0<6<1, two r.i. spaces E and F, and a,beSV, we define the space YﬁbE,a’F
as the collection of all those elements fe€ Xqy+ X; for which

1F1 250 = 0ONs™a(s) K (5, )]l (0.0 || 5 < 00

=R . . .
Analogously, the space Xy}, 5 , p consists of all those elements in Xo+X; for which
the norm

1£1l:0,6,5,0,7 = 16ONIs™ als) K (5, )l 1,000 | 2

is finite.
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These spaces can also be identified when E=F=1L,.

Lemma 5.4. Let X=(Xo, X1) be a compatible Banach couple, a,b€SV, 1<
q<oo and 0<0<1. Then

Xa,b,iq,a,Lq :Xe,aéx,Lq and Xo,b,Lq,a,Lq = X0,a<1>o,an
where ®o(t)=1b(s) /0" (s)|| 1 0.0y @nd Poo(t)=D(5)/€9(5)]I 7, (1,00

The proof is omitted since it is an easy consequence of Fubini’s theorem (see [15,
Lemma 6.7]).
The first reiteration result is described in the following theorem.

Theorem 5.5. Let X=(Xy,X1) be a compatible couple, E and Ey be r.i.
spaces, and b,b; €SV with by satisfying by (t)~by(t?). Assume that Ey and the as-
sociated functions of by, B1 and B o satisfy

PBio < Top, < Por, < TB1,00
Then, for any 0<0<1, we have the equality
(17) (X0, X0,61.5, )06, = Yo,éﬁv
where b(t)=(by(t)pg, (L(t)))?b(1/by(t) o, (€(t))), t>0. In case 0=1, we have that
- =R
(18) (X0, X0,61,2:)1,6,5 = X 0.pop, B,b1, 515
where p(t)= (b1 (t)pr, (£(t)))L, t>0.
Proof. By Lemma 3.2(ii) we know that [|b1]| 5, (£,00) ~b1(t)er, (€(t)), t>0. Hence

we take
1

~ (e, (1)

Choose f€(Xo,Xo,.5, )0b.2- Then by the generalized Holmstedt-type formula,
Theorem 4.2, we know that

Rp), 1) = K (pl0), f: Xoy Ko, ) ~ O I01 () (5, ) 5,0
Thus, using Lemma 5.1(i) with F(t)=tb(t) K (t, f) €F, we establish the equivalence
1l ixo s 52900 =I5B K (s, Dll g ~ 0 b K (p(0), £l 5

~ o) b(p(O)1b1(5) K (5, f)l| 3, 1,00 | -

t>0.

p(t)
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Consequently, for =1 we obtain (18). On the other hand, to get (17) for 0<f<1
it suffices to prove that

L= p()" = b(p(0) 161 (5) K (5, )| 3, 1,000 | 3 ~ IDOK (2, )| -

First we prove the inequality <. Observe that the function ©(t)=p(t)'~?b(p(t)),
t>0, satisfies ©(t)~O(t?), and has as associated functions

B@Q(U) = @(el—l/u) _ (Bl.,o(u)<PE1 (1/u))9_1b(p(el_1/“)),

Booo(1) = O(e"/" 1) = (By e (0o, (1/0))"~ b(ple /),
for 0<u<1. Moreover, the indices of Bg o and Bg o satisfy

PBo,e < (0_1)(7T31,oo ~Peog, ) <0< (0_ 1)(p31,0 —Top, ) < TBe,o:
Hence Lemma 3.5(ii) and the Hardy-type Lemma 3.6(ii) yield

IﬁHP(t)lf)b(p(t))/tm bl(s)%gs))ff(s,f)ﬁ ]

E

S o) blp) K (t, )l 5= (8 K (t, /)]l 5-

For the reverse inequality we use the monotonicity of the K-functional and the
equivalence [|b1| 5, oo)Np(t)_la t>0, to get

12 o) b(p() K (¢, F)1510) 15, .oy | 5~ BOK (@ D O

The remaining case is studied in the following theorem. Although it can be
proved using a symmetry argument, we shall follow similar techniques to those used
in Theorem 5.5.

Theorem 5.6. Let X=(Xy,X1) be a compatible couple, E and Ey be r.i.
spaces, and b,bo €SV with by satisfying bo(t)~bo(t?). Assume that Eq and the as-
sociated functions of by, Bo,o and By o, satisfy

PBo, < Tom, < Pom, <TBy,-

Then, for any 0<0<1, we have the equality

(19) (X160, 50, X1)op,8 =X 5 5

where B(t):(bo(t)goEo (E(t)))l’ab(bg(t)cpEo (£(t))), t>0. In the case 0=0 we have
= =L

(20) (X1,00,E05 X1)0,6,E = X1 pop, B,bo, Fo

where p(t)=bo(t)p g, (¢(t)), t>0.
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Proof. Let p(t)=bo(t)¢r, (£(t)), t>0, and choose f&(X1p,.5,, X1)o.0.2- Since
p(t)NHbOHE(O £ (Lemma 3.2(i)), the generalized Holmstedt-type formula, Theo-
rem 4.3, assures that

R(p(t), 1) = K (p(t), 5 Koo X0) ~ 15 05 K (5, P 3y 001
Now, using Lemma 5.1(ii) with F(t)=t’b(t)K(t, f)€F, we obtain the equivalence

10 oo xirnn e =I5B E (s Dll 5~ l10() B K (p(t). |5

~ o)~ 8(p(®) 15~ Bo()K (5, Dl 3y 0 | 5
This establishes (20). In other to prove (19) for 0<0<1, it suffices to show that

L= o) b(p(t)) s~ bo()K (5, )| 5, 0.y 1 5 ~ D@V K (E, )| -

The proof of the inequality 2 follows easily from the monotonicity of the K-
functional and the equivalence HbO”EO(O t)wp(t), t>0,

L[|t p(t) = b(p() K (5, )1bo(5) | 5y 0,001 5 ~ 1t BV E (L, ) -

For the reverse inequality we take the function ©(t)=p(t)~%b(p(t)), t>0, which
satisfies ©(t)~©(t?), and has as associated functions

Boa(n) =6(c )= (Boow)e, (i))eb@(el—w)),

Bo (1) = O(!/~1) = (Bo,oow)m (1))_91)@(&/“-1»,

u

for 0<u<1. These functions satisfy the inequalities

PBe,o < —9(71’3070 _pLPEO) <0< _e(pBO.oo _71-50}30) < TBe, oo "

We are now in a position to apply Lemma 3.5(i) and the Hardy-type inequality,
Lemma 3.6(i), to get

_ ¢ 1 PEo(£(s)) ds
1< o0 000ot0) [t s, 0% |

E

St @) o (p(O) K (8 Nl g =1 DO K )]l 5
and the proof is complete. [
Remark 5.7. If we choose b, by and b; to be broken logarithmic functions, F,

Ey and E; to be Lg-spaces and 0<f<1 in (17) and (19) we recover Theorems 7.6
and 7.9 of [13].
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6. Applications to spaces of Lorentz—Karamata type

Let (€, i) denote a o-finite measure space with a non-atomic measure p. Let F
be an r.i. space and b€SV. We introduce the Lorentz-Karamata type space Lo p £,
as the set of all measurable functions such that

112w s, = 108 7 (B)l| 5 < 00

The space Logp,p is non-trivial if and only if [|b]| 5, ,)<oo. See [16] for more
information. Similarly, the Lorentz—Karamata type space L g) consists of all
p-measurable functions such that the norm

11z b, e = 1E0() S ()| 5

is finite. See e.g. [17]. In this case the condition ”b”Eu o0y <00 assures that the
space is non-trivial.
Since

t
Kt FiluLo) = [ J(&)ds=tf (). t>0,
0
and
[o@) f @l g~ 6@ f*(Dllg. t>0,
(see e.g., [12, Lemma 2.16]), we have the equalities
(L1, Loo)1,0,E = Loop, e and (L1, Loo)op,E = L(1p,5)-

Therefore, we may use the reiteration theorems of the previous section to es-
tablish interpolation formulas for Lorentz—Karamata type spaces.

Corollary 6.1. Let E and Eq be 1.i. spaces, and b,by €SV with by satisfying
bi(t)~b1(t?). Assume that Ey and the associated functions of by, Bio and B s
satisfy

PBi o < Top, < PoE, < TB1,00

Then, for any 0<6<1,
(L1, L1,y,80))0.6,8 = (L1, Loc)g 50

where b(t)=(b1(t)pm, (¢(t))?b(1/b1 (e, (£(1))), t>0.
For the limit case =1 we have the equality

R
(L1, L(vr,B0)) 16,8 = (L1, Loo) 3 501

where p(t)=(by(t)¢r, (£(t))) "L, t>0.
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When the r.i. space E is equal to a Lebesgue space L,, 1<g<o0, and under the
conditions of Corollary 6.1, for any 0<6< 1, one obtains the following interpolation
equality for classical Lorentz-Karamata spaces L1 ¢;):=L(1,6,1,) (see [18] and [29])

(L1, L(l,bl,El))eub»Lq = L(l,q;b#)7

where b# (£)=(by(t)pp, (€(£)))?b(1 /by (t) s, (L()¢-1/(t), t>0. And if 6=1 and
E]_ :Lq, then

(L1, L(Lq;bl))lvban = L(l,q;bl%)’

where o (t)=[[b(L/b1 ()01/(8))//9(8) |1, .17+ t>0-

Corollary 6.2. Let E and Ey be 1.i. spaces, and b,by €SV with by satisfying
bo(t)~bo(t?). Assume that Eq and the associated functions of by, Bo,o and By e
satisfy

PBo o < Tog, < Por, <TBo,-

Then, for any 0<0<1,
(Loo,bg,an Loo)@,b,E = (Lla Loo)LE’Ea

where b(t)=(bo(t)pm, (¢()))' ~7b(bo(t) @, (¢(t))), t>0.
For the limit case =0 we have the equality

c
(Loo,bo,Eos Liso)o,b,2 = (L1, Loo)17bop,E7b07EDv
where p(t)=bo(t)p g, (¢(t)), t>0.
Again if we consider the Lebesgue space L,, 1<¢<oo, under the conditions

of Corollary 6.2, for any 0<6<1, we have the following interpolation equality for
classical Lorentz—Karamata spaces Leo,g:6:=Loob,L, in the extreme cases

(Loo by, Bos Lioo) 0,6,y = Lioo,qsp#

where b# (t)=(bo(t)pr, (£(t))) ~0b(bo(t) o, (L(t)))E1/9(t), t>0. If =0 and Ey=
Lg, then we have the equality

(Loo,gibo» Lo )0,b,1, = Lioo,gib o

where @ (1) =[b(bo(4)£/9(8)) /C/(1) | £, 1 ey 1>0.
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7. Ordered couples

In this section we assume additionally that the couple X =(Xo, X1) is ordered
in the sense that X;— Xy. A typical example is Xo=1L1(2) and X;=L(12), where
(Q, 1) is a finite measure space.

Following [17, Section 7], we define the space (Xo, X1)g,5, in this case.

Definition 7.1. Let X=(Xy, X1) be a compatible couple with X; < Xy, E be
an r.i. space, b be a slowly varying function on (0,1), and 0<6#<1. The real inter-
polation space Xy g consists of all f in X, for which the norm

1 £lle.s, = NIt~ b K (t, )l 50,1,

is finite.

Similarly, replacing the interval (0,00) by (0,1), one defines the spaces )?9 b. B

Xﬁ,bﬁ,a,F and )sz’E,a’F as in Definitions 5.2 and 5.3, respectively.

For the definition of slowly varying functions on (0, 1) it is enough to replace
the interval (0,00) by (0,1) in Definition 2.1. We will use the notation SV(0,1).

Observe that if we take beSV(0,1), a space E(0,1) and an ordered couple
(X0, X1), X1 Xy, it is possible to show that all the previous results of this article
remain true if we omit all assumptions concerning the interval (1, c0).

Let Xo=L1(Q, 1), X1=Loo(2, ) and let (Q, ) be a finite measure space with
w(Q)=1. Then,

(L1, Loc)oa,L, =Llog L and (L1, Leo)1,et)-1,0.. = Lexp-

Remember that Lo, Lexp <> Ly~ Llog L— Lq. Thus the couples (L1, Llog L) and
(Lexp, Loo) are also ordered couples. Moreover, the function by (t)=1, t€(0,1), and
the space L; satisfy the conditions of Theorem 5.5, and the function bo(t)=£(t)"?,
t€(0,1), and the space L, fulfill the hypotheses of Theorem 5.6. So, we can apply
the previous extreme reiteration results to get the following corollaries.

Corollary 7.2. Let E be an r.i. space and let beSV(0,1). Then, for 0<0<1,
we have the equality

(Lla L log L)@,b,E = (L17 LOO)07E,E7
where b(t)=00 (£)b(1/£(t)), 0<t<1. Moreover, in the limiting case =1, we have
(Lla Llog L)l,b,E = (Lh Loo)

R~ —~
0,5,E,1,Ly’

where b(t)=b(1/4(t)), 0<t<1.
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In particular, for 0<0<1 and 1<q¢<oo, we get the classical Lorentz—Karamata
spaces

(L1, Llog L)o b, = L(1,g0%)
where b# (t)=¢0=1/9(t)b(1/£(t)), 0<t<1, and

(L1, Llog L)1p.1, = L1190

for @o(t)=[b(1/4(5))/€(5) |, 0.0)> 0<t<1.
The intermediate space (L1, L log L)g,l’Lq7 when 0<f<1 and 1<¢<oo, was
identified by Bennett in [2].

Corollary 7.3. Let E be an r.i. space and let beSV(0,1). Then, for 0<0<1,
we have the equality

(Lexp7 Loo)@,b,E = (Ll, Loc)lj,jja

where b(t)==1(t)b(1/L(t)), 0<t<1. Moreover, in the limit case =0, we have
(Lexp7 LOO)O,ZLE = (Lla Lm)ié,ﬁ,e(t)*l,Lw’
where b(t)=b(1/L(t)), 0<t<1.

Again, for 0<6<1 and 1<g<oo, we obtain the classical Lorentz—Karamata
spaces

(Lexpa Loo)@,b,Lq = Loc,q;b# )

where b# (t)=¢=1=1/9(¢)b(1/£(t)), 0<t<1, and
(Lexpa Loo)O,b,LOo = Loo,oo;f(t)—hbma

where @ (t)=|[b(1/4(s))[|7__ 1,1y, 0<t<1.

Another classical example of an ordered couple is that formed by the operator
ideals S, and Sy. Let H be a Hilbert space and let S, be the Banach space of all
bounded linear operators acting from H into H. For T €S, the singular numbers
of T are

$p(T)=1nf{||T—R||x : R € Soo with rank R <n},

neN. For 1<g<oo, the Schatten ideal S, is formed by all those T'€S,, having

finite norm
0 1/q
I7ls, = (X sury)
n=1
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See [19] and [23]. Other ideals that appear in the literature as suitable end point
ideals for the scale of Schatten ideals S, are the Macaev ideals defined as (see [19]
and [28])

S={T esutmn: T, =i = o]
" SMZ{TESoo(H)ZHTHSMZigg{f(n)_l sk(T)}<oo}.

=
||M:
L

It is well known that
[t]
K(t,T;51,8)~ Y sn(T),
n=1

where [t] is the integer part of ¢, see [23]. Therefore

(SocsS1)0,1,0, =Sw  and  (Soo, S1)1,6(6)-1,0.. = SM,

see [28, p. 68] and [36]. Thus, the Macaev ideals S,, and S play the role in
the theory of ideals of the spaces LlogL and Lex,. The following corollaries are
consequences of the previous results.

Corollary 7.4. Let E be an r.i. space and let beSV(0,1). Then, for 0<0<1,
we have the equality

(Scs Sw)ob,E = (S0, 51)0 5.5
where b(t)=00(t)b(1/L(t)), 0<t<1. Moreover, in the limit case 0=1, we have

(Sooa Sw)l,b,E = (S007 Sl)?,é,@,l,lzl’
where b(t)=b(1/L(t)), 0<t<1.

Corollary 7.5. Let E be an r.i. space and let beSV(0,1). Then, for 0<0<1,
we have the equality

(Sam, 81)0,0,8 = (Soc, S1)1 5 5
where b(t)=00~1(t)b(1/£(t)), 0<t<1. Moreover, in the limit case §=0, we have

(SM7 Sl)O,b7E = (Sooa Sl)fg,ﬁ,é(t)*l,Lx’

where b(t)=b(1/L(t)), 0<t<1.
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