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Regularity of the local fractional maximal
function

Toni Heikkinen, Juha Kinnunen, Janne Korvenpaa and Heli Tuominen

Abstract. This paper studies smoothing properties of the local fractional maximal oper-
ator, which is defined in a proper subdomain of the Euclidean space. We prove new pointwise
estimates for the weak gradient of the maximal function, which imply norm estimates in Sobolev
spaces. An unexpected feature is that these estimates contain extra terms involving spherical and
fractional maximal functions. Moreover, we construct several explicit examples, which show that
our results are essentially optimal. Extensions to metric measure spaces are also discussed.

1. Introduction

Fractional maximal operators are standard tools in partial differential equa-
tions, potential theory and harmonic analysis. In the Euclidean setting, they have
been studied in [3], [4], [5], [28], [30], [32] and [37]. It has been observed in [28] that
the global fractional maximal operator M., defined by

(11) Mauta)=supr® | Juy)]dy,

r>0 B(z,r)
has similar smoothing properties as the Riesz potential. More precisely, there is a
constant C, depending only on n and «, such that

(1.2) [DMyu(z)| < CMy_1u(zx)

for almost every x€R™. This implies that the fractional maximal operator maps
LP(R™) to a certain Sobolev space. If the function itself is a Sobolev function, then
the fractional maximal function belongs to a Sobolev space with a higher exponent.
This follows quite easily from the Sobolev theorem using the facts that M, is
sublinear and commutes with translations, see [28, Theorem 2.1]. The regularity
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properties of the Hardy—Littlewood maximal function, that is (1.1) with «=0, have
been studied in [6], [10], [18], [19], [25], [29], [31], [33], [35] and [47].
This paper studies smoothness of the local fractional maximal function

Magu()=supr® £ Ju(w)]dy,

B(z,r)
where the supremum is taken over all radii r satisfying 0<r<dist(z, R™\Q2). In this
case, the family of balls in the definition of the maximal function depends on the
point x€€) and the same arguments as in the global case do not apply. For the
Hardy-Littlewood maximal function, the question has been studied in [26] and [19],
see also [34]. For the local Hardy-Littlewood maximal operator Mg with a=0 we
have

(1.3) |[DMau(z)| < 2Mgq|Dul(z)

for almost every z€€). In particular, this implies that the maximal function is
bounded in Sobolev space W1P(Q2) when 1<p<oo.

The situation is more delicate for the local fractional maximal operator M, o
with @>0. One might expect that pointwise estimates (1.2) and (1.3) would also
hold in that case. However, this is not true as such. Instead of (1.2), we have

|IDM gy qu(z)| < C(My—1 0u(z)+Sa—10u(z))

for almost every x€), where C' depends only on n. The local spherical fractional
maximal function is defined as

Sa—1,0u(z) =sup ro‘_l][ lu(y)| dH" " (y),
OB (x,r)

where the supremum is taken over all radii  for which 0<r<dist(z, R™\). Norm
estimates for the spherical maximal operator are much more delicate than the cor-
responding estimates for the standard maximal operator, but they can be obtained
along the lines of [40] and [42]. These estimates are of independent interest and
they are discussed in Section 2. Consequently, the local fractional maximal function
belongs locally to a certain Sobolev space.

We also show that

|[DM g qu(z)| <2Mq 0

Du|(z)+aMq_1 qu(x)

for almost every €. This is an extension of (1.3), but again there is an extra term
on the right-hand side. Because of this the local fractional maximal function of a
Sobolev function is not necessarily smoother than the fractional maximal function
of an arbitrary function in LP(€2). This is in a strict contrast with the smoothing
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properties in the global case discussed in [28]. Moreover, we show that M, qu has
zero boundary values in the Sobolev sense and hence it can be potentially used
as a test function in the theory of partial differential equations. In Section 4, we
construct several explicit examples, which complement our study and show that our
results are essentially optimal. Another delicate feature is that the local fractional
maximal operator over cubes has worse smoothing properties than M, o defined
over balls.

In the last section, we extend the regularity results of the local fractional max-
imal operator in metric measure spaces. As in the nonfractional case [2], we use a
discrete version of the maximal operator, because the standard maximal operators
do not have the required regularity properties without any additional assumptions
on the metric and measure. In the metric setting, fractional maximal operators

have been studied for example in [13], [14], [15], [20], [22], [38], [39] and [48].

2. Notation and preliminaries

Throughout the paper, the characteristic function of a set E is denoted by Xg.
In general, C' is a positive constant whose value is not necessarily the same at each
occurrence.

Let QCR™ be an open set such that R\ Q#@ and let a>0. The local fractional
mazximal function of a locally integrable function w is

Mo gu(z) =supr® ][ ()| dy,
B(z,r)

where the supremum is taken over all radii r satisfying 0<r<dist(z, R"\Q). Here

]{BU(y) dy:ﬁ/Bu(y)dy

denotes the integral average of u over B. If a=0, we have the local Hardy—Littlewood
mazximal function

Mou()=sup [ fu(y)]dy.
B(z,r)
When Q=R", the supremum is taken over all >0 and we obtain the fractional maz-
imal function Mgyu and the Hardy-Littlewood mazimal function Mu. A Sobolev-
type theorem for the fractional maximal operator follows easily from the Hardy—
Littlewood maximal function theorem.
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Theorem 2.1. Let p>1 and 0<a<n/p. There is a constant C>0, indepen-
dent of u, such that
[Maull L@y < Cllull Lo ).

for every ue LP(R™) with p*=np/(n—ap).

Now the corresponding boundedness result for the local fractional maximal
function follows easily because for each ue LP(f2), p>1, we have

(2.1) [Ma,oull L) < [Mal(uXe)|l Lo @) < ClluXallr@n) = CllullLe )

The local spherical fractional maximal function of u is

Saqu(@)=swpr® £ Juy)|dH (),
OB (z,r)

where the supremum is taken over all radii r for which 0<r<dist(x, R™\ ). Observe
that the barred integral denotes the integral average with respect to the Hausdorff
measure H" 1. When Q=R", the supremum is taken over all >0 and we obtain
the global spherical fractional maximal function S,u.

The following norm estimate for the spherical fractional maximal operator will
be useful for us.

Theorem 2.2. Let n>2, p>n/(n—1) and

. {n—l 2n }
0 <o <min ,N— .
p (n—1)p

Then
(2.2) [Saull Lo@ny < Cllull Lo @n),
where p*=np/(n—ap) and the constant C depends only on n, p and a.
For a=0, this was proved by Stein [46] in the case n>3 and by Bourgain [9]
in the case n=2. For a>0, the result is due to Schlag [40, Theorem 1.3] when n=2

and Schlag and Sogge [42, Theorem 4.1] when n>3. In [40] and [42] the result is
stated for the operator

1I<r<2

Su(z)= sup ][ lu(y) | dH™ (1),
OB (z,r)

but the corresponding result for S, follows by the Littlewood-Paley theory as in
[9, pp. 71-73], [45, Section 2.4] and [41, Section 3.1]. In particular, Theorem 2.2
implies that the local spherical fractional maximal operator satisfies

(2.3) |Sa,0ull Lr+) < CllullLe ().
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We recall the definition of the Sobolev space
WhP(Q)={ue LP(Q): |Du| € LP(Q)},

where Du=(D1u, ..., Dyu) is the weak gradient of u. The weak partial derivatives of
u, denoted by D;u, i=1,...,n, are defined as such functions v; € L{ (Q) that satisfy

loc
/u&p dxz—/vigodx
o O Q

for every e Cg°(§2). The Sobolev space with zero boundary values Wy () is the
completion of C§°(§2) with respect to the norm

1/p
lullwip) = </ IUIpd:er/ | Dul|? dx) .
Q Q

3. Derivative of the local fractional maximal function

In this section, we prove pointwise estimates for the weak gradient of the local
fractional maximal function. By integrating the pointwise estimates we also get the
corresponding norm estimates.

We define the fractional average functions u$*: Q—[—o00, 00], 0<t<1, 0<a<oo,
of a locally integrable function u as

(3.1) u () = (t6(x))° ][ uly) dy,

B(z,té(x))

where §(z)=dist(z, R™\2). We start by deriving an estimate for the weak gradient
of the fractional average function of an LP-function.

Lemma 3.1. Let n>2, p>n/(n—1), 0<t<1 and

. [n—-1 2n
1<a<min ,M— +1.
p (n—=1)p

If weLP(Q), then |Dug|€ LY(Q) with g=np/(n—(a—1)p). Moreover,

(3.2) |Dug (z)| < C(Ma—1,0u(x)+Sa—1,0u(x))

for almost every x€Q, where the constant C' depends only on n.

Proof. Suppose first that ue LP(Q)NC>(Q2). According to Rademacher’s the-
orem, as a Lipschitz function, ¢ is differentiable almost everywhere in 2. Moreover,
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|Dé(x)|=1 for almost every €. Writing w,=|B(0,1)|, the Leibniz rule gives

Dy () = Di(wy (t6(2))* ™) /B oy

o (t5(2))* " D; (/B u(y) dy), i=1,..m,

(z,t6(x))

for almost every z€, and by the chain rule

D; (/ u(y) dy) :/ Dju(y) dy
B(x,t5(x)) B(x,té(x))

+tDi(5(a:)/ u(y)dH " (y), i=1,..,n,
OB(z,té(x))

for almost every z€(). Here we also used the fact that

0 _
a_/ u(y) dy:/ u(y) dH" " (y).
" JB(z,r) OB(x,r)

Collecting the terms in a vector form, we obtain

Du () = wy 4o (a—n)3()* "~ Dé(x) / uly) dy
B(z,té(x))

o (t5(x))7 / Duly) dy

B(z,té(x))

(3.3) o (t5(2))* D6 (x) /(9 oy a1 (y)

for almost every x€€). Applying Gauss’ theorem to the integral in the second term

/ Du(y) dy= / u(y)v(y) dH" (),
B(z,té(x)) OB(z,té(x))

where v(y)=(y—=x)/td(z) is the unit outer normal of B(x,td(x)).
Modifying the integrals into their average forms, we obtain

D) = a-mies) o f iy

we have

) ][ () () dH ()
OB(z,té(x))

(3.4 e e f )
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for almost every x€€). For the boundary integral terms, we have used the relation
between the Lebesgue measure of a ball and the Hausdorff measure of its boundary
H =Y OB(z,7))=nw,r" L.

Taking the vector norms in the identity of the derivative and recalling that
0<t<1 and |D§(x)|=1 for almost every x€Q, we obtain

D) < anles@) e iy

+n(t5(93))“’1][ u(y)| lv(y)| dH" " (y)

OB(z,té(x))
o |Do(z)]
6(z)  JoB(ats(x))

+n(td(x)) Ju(y) dH" " (y)

< n(to(z))o! ][ [u(y)| dy

B(z,té(x))

(@)1 [ ju)ane )

OB(z,té(x))

(@) [ ju)an )
OB (z,té(x))
< C(Ma—1,0u(x)+Sa—1,0u(x))
for almost every €. Thus, (3.2) holds for smooth functions.
The case ueLP(Q) follows from an approximation argument. For ue LP(£2),
there is a sequence {(;}32, of functions in LP(Q)NC*°(2) such that p; —u in LP(Q)
as j—o0. Definition (3.1) implies that

ug(x) = lim ()7 (),

Jj—o0
when z€€). By the proved case for the smooth functions, we have
(3.5) [D(g;)¢ (2)] < C(Ma-1,00(2) +Sa-1,00;(2)),  §=1,2,...,

for almost every z€). This inequality and the boundedness results (2.1) and (2.3)
imply that
[1D(¢)§ e < C([[Ma-1,00;lLa@)+[Sa-1,00;l L))
< Cllejllne @) j=1,2, ...,
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where g=np/(n—(a—1)p) and C' depends only on n, p and a. Thus, {|D(p;){*}72,
is a bounded sequence in L7(2) and hence has a weakly converging subsequence
{ID(@;, )5 1152, in L(S2). Since (p;)§ converges pointwise to uf', we conclude that
the weak gradient Duy exists and that |D(pj, )| converges weakly to |Du@| in
L1() as k—oo. This follows from the definitions of weak convergence and weak
derivatives.

To establish (3.2), we want to proceed to the limit in (3.5) as j—o0. By the
sublinearity of the maximal operator and (2.1), we obtain

[Ma-1,00j —Ma-1,0ullLi) < [[Ma-1,0(¢; —u)l|lLa(a)
SCH@J_U’HLP(Q% j:1727
Analogously, by (2.3), we get
[Sa-1,00; —Sa-1.0ullLa@) SCllp;—ullLr), F=1,2,....

Hence Mq_1,0¢j+Sa—1,0p; converges to Mqa_1,0u+Sa—1,0u in LI(Q) as j—oo.

To complete the proof, we need the following simple property of weak conver-
gence: If fry—f and gp—g weakly in L9(Q) and fr<gx, k=1,2,..., almost every-
where in (2, then f<g almost everywhere in Q. Applying the property to (3.5) with

fe=1D(g;,)¢] and  gp=C(Ma-1,00j, +Sa-1,00j,),

we obtain (3.2). This completes the proof. [

The weak gradient of the local fractional maximal function of an LP-function
satisfies a pointwise estimate in terms of a local fractional maximal function and
a local spherical fractional maximal function of the function itself. The following is
the main result of this section.

Theorem 3.2. Let n>2, p>n/(n—1) and let

. [n—1 2n
1 <a<min ,n— +1.
p (n—=1)p

If ue LP(QY), then |DM, qu|€ L1(Q) with g=np/(n—(a—1)p). Moreover,
(3.6) |[DM g qu(z)| < C(Mao-1,0u(r)+Sa—1,0u(x))

for almost every €, where the constant C depends only on n.

Proof. Let t;, j=1,2,..., be an enumeration of the rationals between 0 and 1

and let
uj=lulg,, j=1,2,...
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By Lemma 3.1, we see that [Du;|€L(Q) for every j=1,2,... and (3.2) gives us the
estimate

|Duj(z)| < C(Mao1 ou(z)+Sa—10u(z)), j=1,2,..,

for almost every z€. We define vy, : Q—[—00, 0] as the pointwise maximum

v (z) = 113;%{: uj(z), k=1,2,....

Then {vy}° , is an increasing sequence of functions converging pointwise to M qu.

Moreover, the weak gradients Duvy, k=1,2, ..., exist since Du; exists for each j=
1,2,..., and we can estimate
— . < .
IDui@)] = |D mas wy(2)| < max, D, @)
(37) < C(Mozfl,ﬂu(x)+Sa71,flu($))v k:1727"°7

for almost every ze€.
The rest of the proof goes along the lines of the final part of the proof for
Lemma 3.1. By (3.7), (2.1) and (2.3), we obtain

||D’Uk;||Lq(Q) < C(HMQ_LQUHLQ(Q)+||Sa_17QUHLq(Q)) < C||u||Lp(Q), k=1,2,....

Hence {|Dvi|}72, is a bounded sequence in L9(Q) with vy — M, qu pointwise in
Q as k—oo. Thus, there is a weakly converging subsequence {|Duvy,[}32; that has
to converge weakly to |DM,, qu| in L1(Q) as j—o0. We may proceed to the weak
limit in (3.7), using the same argument as in the end of the proof of Lemma 3.1,
and claim (3.6) follows. O

Corollary 3.3. Let n>2, p>n/(n—1) and 1<a<n/p. If QCR"™ is an open
set with |Q|<oo and u€ LP(Q), then My que Wh1(Q) with g=np/(n—(a—1)p).

Proof. By (2.1) we have M, qu€LP (Q) and moreover |DM,, qu|€L(2) by
Theorem 3.2 because

n . [n—1 2n
— <min ,M— +1.
p p (n—1)p

Since g<p*, we have

[Ma.ull sy <197 VP | Ma,gul| ooy < 00

by Holder’s inequality. Hence M, que Wh4(Q2). O
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Next we will show that the local fractional maximal operator actually maps
LP(Q2) to the Sobolev space with zero boundary values. For this we need the fol-
lowing Hardy-type result proved in [27, Theorem 3.13].

Theorem 3.4. Let QCR", Q#R", be an open set. If uc WLP(Q) and

then ueWy* ().

Corollary 3.5. Let n>2 and QCR™ be an open set with |Q|<oco. Further-
more, let p>n/(n—1) and 1<a<n/p. If ueLP(Q), then My queW, " (Q) with
g=np/(n—(a—=1)p).

Proof. By Corollary 3.3, M, queW1h4(Q). It suffices to show that

(3.8) A(%)qu<oo.

The claim then follows from Theorem 3.4. Since
M qu(z) < dist(z, R"\Q)My_1 qu(x)

for every z€€, inequality (3.8) follows from (2.1). Hence Mg que W, % (Q). O

Next we derive estimates for Sobolev functions. In general, Sobolev functions
do satisfy neither any better inequality for weak gradients nor better embedding
than LP-functions, but since no spherical maximal function is needed in the Sobolev
setting, the estimate holds also when 1<p<n/(n—1). The following is a variant of
Lemma 3.1.

Lemma 3.6. Let n>2, 1<p<n, 1<a<n/p and 0<t<l. If |Q]<occ and ue
WhP(Q), then |Du$|€ L4(Q) with g=np/(n—(a—1)p). Moreover,

(3.9) |Dug(x)| < 2Mq o|Du|(z)+aMq—1 ou(z)

for almost every x €.

Proof. Suppose first that ue WHP(Q)NC>(Q). Equation (3.3) in the proof of
Lemma 3.1 holds in this case, as well, and modifying the integrals into average
forms we obtain
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D) =@ st f )y

aD(S(m) n—1 _ U

T (t5(2))° ]{3 oy D)y

for almost every z€Q.
In order to estimate the difference of the two integrals in the parenthesis, we
use Green’s first identity

| e )= [ () dol)+Duty)-Doty) dy
OB (z,r) v B(x,r)

where v(y)=(y—z)/r is the unit outer normal of B(z,r). We choose r=td(x) and
v(y)=|y—=|?/2. With these choices

ov

Du(y) =y—u=, g(y) =r, Av(y)=n

and Green’s formula reads

_ 1
][ u(y) dH"™ 1(y)—][ u(y) dy = —][ Du(y)-(y—z) dy.
OB(z,t6(x)) B(x,t5(z)) " JB(x,té(x))

Taking the vector norms in the identity of the derivative and recalling that
|Dé(x)]=1 almost everywhere and 0<t<1, we obtain

D @) otes@) T
Do) 1

snito@) e Duty)l el dy

- (#5(2))° ][ Du(y)| dy

B(z,té(x))

< a(t(s(z))a*l][ lu(y)| dy

B(z,té(x))
+(t5())° ][ Du(y)| dy-+(t5(x))° ][ Du(y)| dy
B(z,t8(z)) B(x,t6(x))
< aMgy_1.0u(z)+2Mq 0| Dul(x)

for almost every z€€Q. Thus, (3.9) holds for smooth functions.
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The case ueW () follows from an approximation argument. For ue W1?(Q),
there is a sequence {;}52, of functions in WP(Q)NC>(Q) such that ¢;—u in
WP(Q) as j—oo. By definition (3.1) we see that

() = lim (5)7' (),
j—oo
when x€€). By the proved case for smooth functions we have
(3.10) 1D(¢) (2)] < 2Ma 0| Dpj|(x) +aMa—1,0pi(7),  G=1,2,..,
for almost every z€. Let next p*=np/(n—ap) and g=np/(n—(a—1)p). Then
[ fllzac) <Clfll Lo+ for any feLr (Q) since g<p* and ||<oco. The estimate
(3.10) and the boundedness result (2.1) imply that
ID(e)¢ llzai@) < 2| Mool Dojl|| oy +HellMa-1.00il Lae)

< CHMa79|D%0j|HLP*(Q)+04|\Ma—179<ﬁj”m(n)

< ClD; e ) +Cllesll e ()

SC”ng‘le,p(Q), j:1,2,...,

oo

where C' depends only on n, p, @ and [Q|. Thus, {D(¢;){}52, is a bounded sequence
in L9(Q) and has a weakly converging subsequence {D(y;, )} ;. Since (¢;)§
converges to ug* pointwise, we conclude that the Sobolev derivative Duf* exists and
that D(¢j, )¢ = Duy weakly in L9(§2) as k—o0.

To establish (3.9), we want to proceed to the limit in (3.10) as j—oo. This
goes as in the proof of Lemma 3.1, and we obtain the claim. O

The following is a variant of Theorem 3.2 for Sobolev functions.

Theorem 3.7. Letn>2, 1<p<n and 1<a<n/p. If |Q|<oco and ue WHP(Q),
then Mo que Wh1(Q) with g=np/(n—(a—1)p). Moreover,

|[DM gy qu(z)| <2Mq 0| Dul(x) +aMy—1 ou(x)

for almost every xeQ).

The proof is analogous to the proofs of Theorem 3.2 and Corollary 3.3, but
using Lemma 3.6 instead of Lemma 3.1.

Remark 3.8. If Q is bounded with a C'-boundary, then Theorem 3.7 holds
with the better exponent p*=np/(n—ap) instead of ¢. Indeed, in this setting we
have the Sobolev inequality

lull ) < Cllullwrr @),
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where r=np/(n—p) is the Sobolev conjugate of p, and we can estimate
[DMaoull po+q) < 2HM0¢,Q|DU|HLp*(Q)+a||MUt—1,QuHLP*(Q)
< C||Dul| e ) +Cllull o)
< C||Dul| e ) +Cllullwrr o)
< Cllullwrr(a)-

In the second inequality, we used (2.1) and the fact that p* can be written as
p*=nr/(n—(a=1)r).

4. Examples
Our first example shows that the inequality
(4.1) |[DM g qu(z)| < CMqy_10u(x),

for almost every xz€€), cannot hold in general. Hence, the term containing the
spherical maximal function in (3.6) cannot be dismissed.

Ezample 4.1. Let n>2 and Q=B(0,1)CR". Let 1<p<oo, a>1 and let 0<
B<1. Then the function
u(z) = (1—|a)~7/?
belongs to LP(Q)NLY(Q). When 0<|z|<p and p is small enough, the maximizing
radius for the maximal functions M, qu(z) and M,_1 qu(z) is the largest possi-
ble, i.e. 1—|z|. To see this, it suffices to consider Mqu and averages without the
fractional coefficient. Let f: {(x,r):r>0 and |z|+r<1}—R be given by

= u n=ly)— U
far) = ][83(“) () dH" 1 (y) ]{3 Ly

which is continuous because w is continuous. Since f(z,r)—o0o0 as —0 and r—1,
there exists p; >0 such that f(x,r)>1 whenever |z|<p; and 1—-2p;<r<l-—|z|.
Then let g: B(0, p1)—R be given by

o) = Mou(z)— _max ]{3 Ly

0<r<1—-2p;
which is continuous as u is continuous. Since ¢(0)>0, there exists p2 >0 such that
g(x)>0 when |z|<ps. This implies that
Mou()> f  uty)dy
B(z,r)

for every 0<r<1—|z| whenever |z|<min{p1, p2}=p.
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Thus, by (3.4) in the proof of Lemma 3.1,

DMagn(@) = (=) fr(=ia)™ f )y
n(1—|z[)>t u(y)v(y) dH™ "
e )

e
a1 et ][ u(y) dH" (y)
2| OB(z,1—|z|)

for almost every = with |z|<p. By symmetry, the contribution from the integral in
the second term has the same direction z/|x| as the first term, whereas the direction
of the last term is opposite. Thus, all the terms lie in the same line of R™ and it
is sufficient to compare the vector norm of the first term and the sum of the latter
terms. For the first term,

x
(71704)—(17|ac\)“*1 ][ u(y) dy‘ =|n—a|Ma_1 0u(z) <M,
|z B(a,1—|z[)

where M depends only on n, p, a, 8 and p. For the latter terms,

]{93(%1_“ u(y) (u(y)—;—|> d”H"—l(y)‘ > % ]ém wly) A (1),

where S(x) is the half sphere S(z)={y€dB(z,1—|z|):(y—x)-2<0}. Further, when
|z| <&,

n(1-la ' f OLARE Crmes

which goes to co as e—0. We conclude that for small values of |z|, the boundary
integral terms dominate, and thus (4.1) cannot hold.

The next example shows that Theorem 3.7 is sharp. There are domains QCR",
n>2, for which M, o(W1P(Q))gWh4(Q) when §>g=np/(n—(a—1)p). This is
in strict contrast with the global case, where M, : WHP(R™)— WP (R™) with
p*=np/(n—ap), see [28, Theorem 2.1].

Ezample 4.2. Let n>2, a>1 and (a—1)p<n. Let
Q:int< U QkUCk),
k=1

where

Qr=1[k,k+27Fx[0,27%]""1 and Cp=[k+27% k+1]x][0,27 3!
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is a corridor connecting Qx to Qr+1. We will show that for every

np

i g = 7
1=4 n—(a—1)p

there exists ue W?(Q) such that
IDMa qul ¢ LY(R).

Let ¢>q and let p=ng/(n+(a—1)q). Then p>p. Define u such that u=2"/? on
Qr and u increases linearly from 2F7/? to 2k+1)n/P on Cy. Then it is easy to see
that ue WhH?(Q).

If xé%@k, where %Qk is a cube with the same center as () and with side
length half the side length of Qf, we have that

M ou(x) :dist(ac,R"\Qk)agkn/ﬁ.
Hence, for almost every xz€ %Q;€7
|DMQ,QU(JC)\ = adist(z, R”\Qk)a—lgk"/ﬁ > Cok(n/p—at1) _ C’Qk”/‘j,

which implies that
/ | DM o qu(z)|? dmZC’Z/ 2"F dx = 0.
Q@ k=1 2@k

Define the local fractional maximal function over cubes by setting

Magu(w)= s v [ uw)ldy,
Q(z,r)CQ Q(z,r)
where
Q(z,r)=(r1—r,x147) X . X (Tp—71, Ty +7)
is the cube with center x=(x1,...,x,) and of side length 2r. As noted in [28], in
the global case the maximal operator over cubes behaves similarly as the maximal
operator over balls. Somewhat surprisingly, in the local case, the smoothing prop-

erties of the maximal operator over cubes are much worse. Indeed, we show that
there are domains QCR" such that M, o(LP(Q))ZWH?(Q) when p>p.

Ezample 4.3. Let Q=(0,2)x(—1,2)""! and let u: Q—R be of the form u(z)=
v(x1), where v is non-negative and continuous. If Q(z,r)C, then

1 xT1+T
ro‘][ lu(y)| dy= =1 / v(t) dt.
Q(z,r) 2 T1—7T
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Hence, for a>1 and z€(0,1)", we have

o 1 2:121
A4mgu0®::§x?_1j/ o(t) dt
0

and
__ 1 21‘1
Dy Mg ou(z)= 5(oz—l)z‘f‘_2 / v(t)dt+x8 o (21).
0

It follows that
Dlea,Qu(SC) > Cv(21),

for xe(%, 1) x (0,1)"~1, which shows that Dlﬂa,gu cannot belong to a higher
LP-space than u.

In all our results in Section 3 we assumed that a>1. Our final example shows
that, in the case 0<a <1, M, qu can be very irregular, even when u is a constant
function. Indeed, we show that for any >0, there exists a domain 2 such that the
weak gradient of the fractional maximal function of a constant function does not
belong to L"(Q).

Ezample 4.4. Let n>1, 0<a<1 and r>0. We will construct a bounded open
set QCR"™ such that, for u=1, we have

M qu=dist(-,R"\Q)“

and the weak gradient of M, qu does not belong to L"(2). Let 8 be an integer
satisfying f>n/(1—a)r, and let

Q=B(0,2)\|J Sk,

k>1
where
Sp={27F 4 2Bk =1 28kyn

If €Sy, and y€S; with z#£y, then the balls B(x, 2~ T#%=1) and B(y,2-1+AI-1)
are disjoint. For each y€ B(z, 2~ +A*=1)\ {2}, we have M, qu(y)=|y—=|*, which
implies that

DM qu(y)| = aly—z|*~! > C2~ Ak

It follows that
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PMautldy = / DM qu(y)|" dy
/Q ‘ ( )| ];I;k B(x,2—(1+8)k-1) | )l
>0 9fkng-(HMkng-(1+5)(a-rk
k>1

=Y 2Bk
E>1
= OO’

and hence the weak gradient of M, qu does not belong to L"(f2).

5. The local discrete fractional maximal function in metric space

In this section, we study the smoothing properties of the local discrete fractional
maximal function in a metric space, which is equipped with a doubling measure.
We begin by recalling some definitions.

5.1. Sobolev spaces on metric spaces

Let X=(X,d, ) be a locally compact metric measure space equipped with a
metric d and a Borel regular, doubling outer measure . The doubling property
means that there is a fixed constant c;>0, called a doubling constant of yu, such
that

w(B(x,2r)) < cap(B(x, 7))

for each ball B(z,r)={yeX:d(y,z)<r}. We also assume that nonempty open sets
have positive measure and bounded sets have finite measure. We say that the
measure p satisfies a measure lower bound condition if there exist constants Q>1
and ¢; >0 such that

(5.1) w(B(z,7)) > ¢r?

for all ze X and r>0. This assumption is needed for the boundedness of the
fractional maximal operator in LP.

General metric spaces lack the notion of smooth functions, but there exists
a natural counterpart of Sobolev spaces, defined by Shanmugalingam in [43] and
based on upper gradients. A Borel function ¢>0 is an upper gradient of a function
u on an open set QC X, if for all curves ~ joining points  and y in €,

(5.2) () —u(y)| < / gds,

~
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whenever both u(z) and u(y) are finite, and f,y g ds=o00 otherwise. By a curve, we
mean a nonconstant, rectifiable, continuous mapping from a compact interval to X.

If g>0 is a measurable function and (5.2) only fails for a curve family with
zero p-modulus, then g is a p-weak upper gradient of u on €. For the p-modulus on
metric measure spaces and the properties of upper gradients, see for example [7],
[16], [23], [43] and [44]. If 1<p<oco and ue LP(Q), let

1/p
ol = ([ auint [ an)
Q g Ja

where the infimum is taken over all p-weak upper gradients of u. The Sobolev space
on {2 is the quotient space

N2P() = {u: [[ull v (@) <o0}/~,

where u~w if and only if ||u—v||y1.»(0)=0.
For a measurable set £ C X, the Sobolev space with zero boundary values is

NyP(E)={u|lp:ue N"P(X) and u=0 in X\ E}.

By [44, Theorem 4.4], also the space N& P(E), equipped with the norm inherited
from NP(X), is a Banach space. Note that we obtain the same class of functions
as above if we require u to vanish p-quasi everywhere in X\ F in the sense of p-
capacity, since Sobolev functions are defined pointwise outside sets of zero capacity,
see [43] and [8].

In Theorems 5.1 and 5.8, we assume, in addition to the doubling condition,
that X supports a (weak) (1, p)-Poincaré inequality, which means that there exist
constants cp>0 and A>1 such that for all balls B, all locally integrable functions
u and for all p-weak upper gradients g, of u, we have

1/p
][Iu—uBlduSCPT<][ gﬁdu> ;
B AB

1
uzud:—/ud
B]i )

is the integral average of u over B.

In the Euclidean space with the Lebesgue measure, N*?(Q)=W%?(Q) for all
domains QCR"™ and g, =|Du| is a minimal p-weak upper gradient of u, see [43],
[44] and [16]. Standard examples of doubling metric spaces supporting Poincaré
inequalities include (weighted) Euclidean spaces, compact Riemannian manifolds,
metric graphs, and Carnot—Carathéodory spaces. See for instance [17] and [16], and
the references therein, for more extensive lists of examples and applications.

where



Regularity of the local fractional maximal function 145

The following Hardy-type condition for functions in Sobolev spaces with zero
boundary values has been proved in [1] and in [24].

Theorem 5.1. Assume that X supports a (1,p)-Poincaré inequality with 1<
p<oo. Let QCX be an open set. If u€ NYP(Q) and

/sz<(m(?;(fg)(\9)>p dp(x) < oo,

then ue Ny (Q).

5.2. The fractional maximal function

Let QCX be an open set such that X \Q#& and let a>0. The local fractional
maximal function of a locally integrable function v is

where the supremum is taken over all radii r satisfying 0<r<dist(z, X\ Q). If «=0,
we have the local Hardy—Littlewood maximal function

Moau(z) = sup][ |u| d.
B(z,r)

When Q2=X, the supremum is taken over all »>0 and we obtain the fractional
maximal function M,u and the Hardy—Littlewood maximal function Mu.

A Sobolev-type theorem for the fractional maximal operator follows easily
from the Hardy-Littlewood maximal function theorem. For the proof, see [12],
[13] or [20].

Theorem 5.2. Assume that measure lower bound condition (5.1) holds. If
p>1 and 0<a<@Q/p, then there is a constant C>0, independent of u, such that

[Moaull e xy < Cllull e (x)
for every ue LP(X) with p*=Qp/(Q—ap). If p=1 and 0<a<Q, then
p({z € Q: Mau(w) > A}) <O u g1 (x)) /97

for every u€ LY(X). The constant C>0 depends only on the doubling constant, the
constant in the measure lower bound and .
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Now the corresponding boundedness results for the local fractional maximal
function follow easily because for each open set QC X and for each ue LP(2), p>1,
we have

(5.3) [Maoull Loy < [Ma(uXo)ll Lo x) < ClluXall e (x) = CllullLro)-
Similarly, we obtain a weak-type estimate when p=1,
(5.4) p({x €Q: My qu(z) >N <O\ ||uHL1(Q))Q/(Q_°‘).

The weak-type estimate implies that the fractional maximal operator maps L' lo-
cally to L® whenever 1<s<Q/(Q—a).

Corollary 5.3. Assume that measure lower bound condition (5.1) holds. Let
0<a<@ and 1<s<Q/(Q—a). If QCX, u(Q)<oo and ue L*(Q), then My que
L5(Q) and

(5.5) [Ma.qul

rs@) < Cllullpr(qy,

where the constant C depends only on the doubling constant, the constant in the
measure lower bound, s, a and u(92).

Proof. Let a>0. Now

/Q(Ma,gu)sdﬂ:s/ooo " u({x € Q: Mgyqu() >t})dt:s</0a+/:o),

where

/Oa 5 u({r € Q: Mygu(z) > t}) dt <a®u(Q).

For the second term, (5.4) together with the assumption 1<s<Q/(Q—«) implies
that

/ tS*lﬂ({er;Ma,Qu(x)>t})dtg0||u||§{((g)—a>/ s1mQIQ=) gy

a

= Cllu)| PG as=@/ (@),

Now the norm estimate (5.5) follows by choosing a=|ul|z1(q). O
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5.3. The discrete fractional maximal function

We begin the construction of the local discrete fractional maximal function
in the metric setting with a Whitney covering as in [2, Lemma 4.1], see also the
classical references [11] and [36]. Let QCX be an open set such that X\ Q#o, let
0<a<@ and let 0<t<1 be a scaling parameter. There exist balls B;=B(x;,1;),
i=1,2, ..., with ;= t dist(z;, X \2), for which

Q:UBi and ZXGBi(m)§N<oo for all x € Q.
i=1 i=1

The constant N depends only on the doubling constant. Moreover, for all x€6B;,
(5.6) 12r; <tdist(z, X\ Q) < 24r;.

Using the definition of r;, it is easy to show that if x€B; and B;N6B;#J, then
(5.7) 7 < f—;‘rj < %rj and ;<3 < %ri.

Related to the Whitney covering {B;}5°,, there is a sequence of Lipschitz functions
{9i}22,, called a partition of unity, for which

Z%‘(x):l

for all ze(). Moreover, for each i, the function ¢; satisfies the following properties:
0<p; <1, v;=0 in X\6B;, p;>v in 3B; and ¢; is Lipschitz with constant L/r;,
where >0 and L>0 depend only on the doubling constant.

Now the discrete fractional convolution of a locally integrable function u at the
scale t is ug,

(oo}
ug () = Z vi(x)rifusp,, x€X.
i=1
Let t;, j=1,2,..., be an enumeration of the positive rationals of the interval (0, 1).

For every scale t;, choose a covering of §) and a partition of unity as above. The
local discrete fractional maximal function of u in € is M qu,

M, qu(x) =sup |uff (z), z€X.
J
For a=0, we obtain the local discrete maximal function studied in [2]. The construc-

tion depends on the choice of the coverings, but the estimates below are independent
of them.



148 Toni Heikkinen, Juha Kinnunen, Janne Korvenpaé and Heli Tuominen

The local discrete fractional maximal function is comparable to the standard
local fractional maximal function. The proof of the following lemma is similar
to the corresponding proofs for the local discrete maximal function and the local
Hardy-Littlewood maximal function in [2, Lemma 4.2].

Lemma 5.4. There is a constant C>1, depending only on the doubling con-
stant of p, such that

O™ Mlgu(e) S M gu(@) < CMagu(z)

for every x€ X and for each locally integrable function wu.
Above, 24 is the constant from (5.6) and

ngﬂu(:ﬂ) =sup ra][ |u| du,
B(z,r)
where the supremum is taken over all radii r for which 0< Sr<dist(z, X\ ), is the
restricted local fractional maximal function.
Since the discrete and the standard fractional maximal functions are com-
parable, the integrability estimates hold for the local discrete fractional maximal
function as well, see Theorem 5.2 and (5.3).

5.4. Sobolev boundary values

In the metric setting, smoothing properties of the discrete fractional maximal
operator in the global case have been studied in [20] and of the standard fractional
maximal operator M, in [21]. In the local case, by [2, Theorem 5.6], the local
discrete maximal operator preserves the boundary values in the Newtonian sense,
that is, |u|— Mgjue NyP(Q) whenever ue N'2(Q), p>1. Intuitively, the definition
of the fractional maximal function says that it has to be small near the boundary.
In Theorem 5.8, we will show that if 2 has finite measure, then the local discrete
fractional maximal operator maps L”(€2)-functions to Sobolev functions with zero
boundary values.

The next theorem, a local version of [20, Theorem 6.1], shows that the local
discrete fractional maximal function of an LP-function has a weak upper gradient
and both M7 qu and the weak upper gradient belong to a higher Lebesgue space
than u.

We use the following simple fact in the proof: Assume that w;, i=1,2, ..., are
functions and g;, i=1,2, ..., are p-weak upper gradients of u;, respectively. Let
u=sup, u; and g=sup, g;. If u is finite almost everywhere, then g is a p-weak upper
gradient of u. For the proof, we refer to [7].
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Theorem 5.5. Assume that the measure lower bound condition (5.1) holds.
Let QCX be an open set and let we LP(2) with 1<p<@Q. Also let 1<a<Q/p, p*=

Qp/(Q—ap) and ¢q=Qp/(Q—(a—1)p). Then CMq_1 qu is a p-weak upper gradient
of My, qu. Moreover,

M oull L) SCllullpe)  and  [[Ma-1,0ul L) < CllullLr(q)-

The constants C>0 depend only on the doubling constant, the constant in the mea-
sure lower bound, p and «.

Proof. We begin by showing that CM,_1 qu is a p-weak upper gradient of
|u|. Let t€(0,1)NQ be a scale and let {B;}52, be a Whitney covering of 2. Since

lulg (2) =Y ¢ (@)r§ ulsp,,
j=1

each ; is L/r;-Lipschitz continuous and has a support in 6B;, the function

oo

gi(z)=1L Z rjo-ﬁl |u|sp, XeB, ()
j=1

is a p-weak upper gradient of |u|¢¥. We want to find an upper bound for g;. Let
z€Q and let ¢ be such that € B;. Then, by (5.7), 3B; CB(z, 4r;) C15B; whenever
B;N6B;#2 and hence

lulsp; <C |u| dp.

B(x,4r;)
The bounded overlap property of the balls 6B; together with estimate (5.7) implies
that
gt(x) SCT?_I][ lul dp < C M1 qu(z).
B(x,4r;)
Consequently, CM,_1 qu is a p-weak upper gradient of |ulf.
By (5.3), the function M,  u belongs to LP" () and hence it is finite almost

everywhere. As

MG ou(z) =sup [ul? (z),

J

and because CM,_1 qu is a p-weak upper gradient of |u|t°; for every t=1,2, ..., we

conclude that it is a p-weak upper gradient of M7, qu as well. The norm bounds
follow from Lemma 5.4 and (5.3). O
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Remark 5.6. With the assumptions of Theorem 5.5, MZ’QueNlt’Cq(Q) and
1M qullnagay < Cu(A) TP ul 1o ay
for all open sets ACQ with p(A)<oo.

Remark 5.7. Similar arguments as in the proof of Theorem 5.5 together with
Corollary 5.3 show that if the measure lower bound condition holds, QCX is an
open set, u€ L*(Q), u(Q)<oo, and 1<s'<s<Q/(Q—(a—1)), then CM,_1 qu is an
s’-weak upper gradient of MG au,

MG oullze) < CllullLi@) and  [[Ma—1,0ull L) < CllullLiq)-
In particular, we have that MZ’QuENl’S/(Q) and

MG ull v a) < Cu()'/* 71/5Hu”L1(Q)-

The next result shows that the local discrete fractional maximal operator ac-
tually maps LP () to the Sobolev space with zero boundary values.

Theorem 5.8. Assume that measure lower bound condition (5.1) holds and
that X supports a (1, p)-Poincaré inequality with 1<p<Q. Let QC X be an open set
with p()<oo and let ue LP(Q). Let 1<a<Q/p and q=Qp/(Q—(a—1)p). Then
M, queN1(Q).

Proof. Let ue LP(§2). By Remark 5.6, M;QUGNL‘I(Q) and therefore, by The-
orem 5.1, it suffices to show that

(5.8) A(%)qdu(m) < .

We begin by considering |u|¢*. Let t€(0,1)NQ be a scale and let {B;}2, be a
Whitney covering of 2. Let x€2 and let ¢ be such that x€B;. Now

[ul? () = Y pj(@)rflulss,
J

where the sum is over those indices j for which B;N6B;#@. As in the proof of
Theorem 5.5, we use (5.7), the doubling property, the bounded overlap of the balls
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Bj and (5.6) to obtain that

fulss, <C ][ | dp
B(z,4r;)

for all such j, and that

|u|¢ (x) SCT?][ lul dp < Cdist(z, X \Q)Mq_1,0u(z).
B(z,4r;)

By taking the supremum on the left-hand side we have
M, qu(z) < Cdist(z, X\Q) M1 qu(z).

This together with (5.3) implies that

/ M qd (:c)<C’/(M w)? dp < Clul|?
o \dist(z, Xx\Q) ) =Y [ WHemtat)mali= Ly ()"
Hence (5.8) holds and the claim follows. O

Remark 5.9. The same proof using Remark 5.7 and norm estimate (5.5) gives
a corresponding result for p=1. Namely, if ueL}(Q), pu(2)<oo, 1<a<@, and

1<s'<Q/(Q—(a—1)), then M}, queNy™* ().
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