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A multi-dimensional Markov chain
and the Meixner ensemble

Kurt Johansson

Abstract. We show that the transition probability of the Markov chain (G(i,1), ...,
G(i,n))i>1, where the G(4,7)’s are certain directed last-passage times, is given by a determinant
of a special form. An analogous formula has recently been obtained by Warren in a Brown-
ian motion model. Furthermore we demonstrate that this formula leads to the Meixner ensemble
when we compute the distribution function for G(m,n). We also obtain the Fredholm determinant
representation of this distribution, where the kernel has a double contour integral representation.

1. Introduction

The starting point for the present paper are some nice results from the interest-
ing paper [18] by J. Warren. Let By (t), 1<k<n, be independent Brownian motions
started at the origin and define X(t), k=1, ...,n, recursively by
(1) Xp(t)= sup (Xp—1(s)+DBx(t)—Bi(s)),

0<s<t

t>0. The multi-dimensional Markov process X(t)=(Xi(t),..., Xn(t)) at a fixed
time is closely related to the largest eigenvalues of successive principal submatri-
ces of a Gaussian unitary ensemble (GUE) matrix. In fact, let H=(h;;)1<i j<n,
be an nxn GUE matrix, i.e. distributed according to the probability measure
Z-lexp(—Tr H?)dH on the space of nxn Hermitian matrices, and let Hj=
(hij)i<ij<k, 1<k<n, be the principal submatrices. Then, if Anax(M) denotes
the largest eigenvalue of the Hermitian matrix M, we have X(%):()\max(Hl), very
Amax (Hp)) in distribution, [1], [6], [18]. Furthermore, there is a nice formula for the
transition function of the Markov process X(¢), [18],

(2) P[X(t) =y | X(s) = z] = det(D? "¢y (y; — 1)) 1<ij<n,
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if z1 <...<z, and y; <...<y,. Here D denotes ordinary differentiation, D~ is anti-
derivation,

@ k—1
D* _ (z—y) d
@ f@)= [ S rwas,
and ¢;(z)=(2mt)~'/2 exp(—x?/2t) is the transition density for Brownian motion.
Let Fourm)(n) be the distribution function for the largest eigenvalue of an
nxn Hermitian matrix H from GUE. It follows easily from (2) that

(4) Faun(m)(m) =det(D7 "1y j0(n))1<ij<n-

This formula, given in [18], can also be obtained directly from the GUE eigenvalue
measure, see Proposition 2.3 below.

We will show in this paper, starting from the definitions, that we have analogous
formulas for the vector G(i)=(G(i,1), ..., G(i,n)), >0, of certain last-passage times
defined as follows, [7]. Let w(i,j), (i,j)€Z?, be independent geometric random
variables with parameter ¢, 0<g<1,

(5) Plw(i,j) =k = (1-q)¢"

and define

(6) G(m,n):mﬁmx Z w(i, j),
(i,4)em

where the maximum is over all up/right paths from (1,1) to (m,n). It is clear that
these random variables satisfy the recursion relation

(7) G(m,n) =max{G(m—1,n),G(m,n—1)}+w(m,n),

where G(0,n)=G(n,0)=0 for n>1. If we use this recursion relation repeatedly we
see that

m i1
Gom.m)= e (Gl n—1)+ 3wl 3w ).
which looks like a discrete version of (1). From this it is reasonable to expect
that there should be a formula for the transition function for the Markov chain
(G(i))i>o similar to (2). This is indeed the case in a very natural way where the
differentiation operator is replaced by a finite difference operator, see Theorem 2.1.
This will imply a formula similar to (4) for the distribution function of G(m,n),
see Theorem 2.2. We will also show how we can go from this formula (10) to the
known expressions [14], [9], for this distribution function in terms of the Meixner
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ensemble, [7], and as a Fredholm determinant with a double contour integral expres-
sion for the kernel, [14], [9]. The Fredholm determinant formula has the advantage
that it is much better suited for computation of asymptotics. The argument in this
paper leading to (15) gives an alternative approach, starting from the definitions,
to this formula.

Results related to the transition probability (9) for (G(%))i>0, but in the case of
w(i, j) exponentially distributed, go back to the work of G. Schiitz, [16], where the
totally asymmetric exclusion process (TASEP) is studied using the Bethe ansatz,
see e.g. [7] for a discussion of the relation to G(m,n). This is not exactly the same
Markov chain, but the results of Schiitz can also be used to derive the expression for
the distribution function for G(m,n) in terms of the Laguerre ensemble, see [15] and
also [13]. In [15] the case of geometric random variables is also considered and the
formula for the distribution function for G(m,n) in terms of the Meixner ensemble
derived. This is based on results from [4] on a discrete TASEP-type model. More
general formulas for the asymmetric exclusion process (ASEP) have been proved
recently in [17]. Results generalizing the formula (2) to discrete models have also
been given independently by Dieker and Warren in [5].

2. Results

For x€Z we define w(z)=(1—q)¢"H(z), 0<g<1, where H is the Heaviside
function, H(z)=0 if £<0 and H(z)=1 if £>0. The m-fold convolution of w with
itself is then the negative binomial distribution,

rz+m—1
T

®) (@) = <1—q>m( )qm(a:),

as is not difficult to see using generating functions.
For a function f: Z—C we denote by A the usual finite difference operator,
Af(z)=f(z+1)— f(z). We also set

r—1
(A @)= > f)

y=—00

provided the sum is convergent, and A°f=f. Note that A(A~1f)=A"Y(Af)=Ff.
Let Wy, ={z€Z";x1<...<x,}, and let G(i), i>0, be the Markov chain defined
in the introduction.

Theorem 2.1. If x,yeW,,, then for m>I,

9) PG(m)=y|G(l)=2]= det(Ajfiwmfl(yj —Z;))1<i,j<n-
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We postpone the proof to Section 3. The proof first shows (9) in the case
m=I[+1 using (7) and an induction argument in n, and then establishes a convo-
lution formula for the determinants involved using the generalized Cauchy—Binet
identity (12).

Taking G(0)=0 it is not difficult to show, see Section 3, that we have the
following consequence of (9), which is analogous to (4).

Theorem 2.2. For any n€N, m>n>1,

(10) P[G(m, n) <n] = det(AT ™" wm (141) )1<ij<n-

As stated in the introduction it is possible to relate the expression in the right-
hand side of (4) directly to the expression for the distribution function coming from
the GUE eigenvalue measure. Let

Ay () =det(@] " )1<ij<n
be the Vandermonde determinant.

Proposition 2.3. We have the following identity for any neR, n>1,

p 1 n 2
(11) det(DJ_H—l(bl/z(n))lfi,jﬁn — / An(I)Q H e % dnﬂﬁ,
Zn (—o0,m]™ j=1

where Z, is the appropriate normalization constant.

Proof. Let Hj;, j>0, be the standard Hermite polynomials. Then H;(x)=
29p;(x), where p; is a monic polynomial, and we have Rodrigues’ formula
Die ™ = (=1)YH,(zx)e "
Hence,
j—i—1 _ =i/ nj—1 _ T (n— 33) j—1
D ¢1/2(77)—D (D ¢1/2)(77)— —D ¢1/2( z) dx

oo (=1
J—1(_1Yi+s ‘ ,
—72(1__(1)!1\)/7? oo(x—n)lflpj(x)e*”” dx.

Using row and column operations we obtain

n—1

. 27 n , ,
det(Djﬂ*lqﬁl/z(T]))1<z,j<n— H NG det (/ g lem da:)
1<ij<n

7=0

— 2 = 7m? m
_Z_n/<oo,n]n An(@)? [[ e~ da,

Jj=1
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with Z,=2""(n=1)/2n/2 H;L:_(Jl j!. In the last equality we have used the generalized
Cauchy—Binet identity,

(12) et [ ontarsto) duto) ) = [ dertou(o) dettunta) [T duts).

where all determinants are nxn. 0O

We have a similar identity relating the right-hand side of (10) to the Meixner
ensemble. The proof is a little more involved and we postpone it to Section 3.

Proposition 2.4. For any neN, m>n>1,

n

(18) det(d it Dhzigen=5— >0 Aal@? TI(77 g
TN 0<a; <ntn—1 j=1 i

For asymptotic analysis it is more useful to have a representation of the distri-
bution function for G(m,n) as a Fredholm determinant with an appropriate kernel.
It is possible to go to such a formula using Meixner polynomials and a standard ran-
dom matrix theory computation as was done in [7]. There is also another formula
for the kernel as a double contour integral which can be obtained from the Schur
measure, see [14], [9] or [10]. It is actually possible to go directly to a Fredholm
determinant formula with a double contour integral formula for the kernel starting
from the expression in the right-hand side of (10).

Let ~, denote a circle centered at the origin with radius r>0. Let 1<ro<r; <
1/q and define

(14)  Kpnley)= — /

/ w 2" (1-g2)"(1-w)" dw dz
(27i)? .

w—zwyt" (1—-2)"(1—quw)* w =z

() 1

for z,yeZ.

Proposition 2.5. For any integer n>0, m>n>1,
(15) ]P[G(m, n) < 77] = det(I_Km,n)EQ({n+1,n+2,...})~
The proof will be given in the next section.

Remark 2.6. It would be interesting to understand the joint distribution of
G(mi,n;), i=1,...,p, in order to understand the fluctuations of the “last-passage
times surface”, Z2>(m,n)—G(m,n). If (my,n1),...,(my,n,) form a right/down
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path then the joint distribution of G(mq,n1),..., G(my,n,) can be expressed as
a Fredholm determinant, see [10] and [3], and it is possible to investigate the
asymptotic fluctuations. However, the asymptotic correlation between for exam-
ple G(m, m) and G(n,n), m<n, is not known and their is no nice expression for
their joint distribution. Using (9) we can write down an expression for their joint
distribution, which was one of the motivations for the present work. We have

(16) ]P)[G(mv m) <7, G(nv n) < 772]

= Y > det(A w (25))1<i<n det( AT wn i (Y5 —24))1<ij<n-
zeW, yeWw,
Tm SN Yn <n2
However, we have not been able to rewrite this in a form useful for asymptotic
computations.

Remark 2.7. The case when the w(i, j)’s are exponential random variables can
be treated in a completely analogous way or by taking the appropriate limit of the
formula above, g=1—a/L, G(m,n)—G(m,n)/L and L—oo.

Remark 2.8. Random permutations can be obtained as a limit of the above
model, g=a/n? n—o0, [8]. The random variable G(n,n) then converges to L(a),
the Poissonized version of the length Iy of a longest increasing subsequence of
arandom permutation from Sx. We can take this limit in the formulas (14) and (15)
and this leads to a formula for P[L(«)<7] as a Fredholm determinant involving the
discrete Bessel kernel, [8], [2]. Hence, we obtain a new proof of this result which
does not involve directly the Robinson—Schensted—Knuth correspondence.

3. Proofs
3.1. Proofs of Theorems 2.1 and 2.2

To prove Theorem 2.1 we first consider the case m—I=1. The transition func-
tion from G(I) to G(m) is, by (7),

(17) PIG(I+1)=y| G() =] = | | wlye—max{ar, ye—1}),
k=1

where we have set yo=0 and z,y€W,,. Note also that it is clear from (7) that
(G(%))i>0 is a Markov chain. The right-hand side can be written as a determinant
by the following lemma.



A multi-dimensional Markov chain and the Meixner ensemble 85

Lemma 3.1. If x,yeW,,, then

(18) IT wiys—max{zr, y—1}) = det(AT = w(y; —2:))1<i j<n-
k=1

Proof. We use induction with respect to n. The claim is trivial for n=1.
Assume that it is true up to n—1. Expand the determinant in (18) along the last
row,

(19)  det(A"w(y;—xi))i<i j<n
n—2
= Z(—l)HnAkww(% — ) det (A w(y;— ;) 1<i<n,1<j<n,j 2k
k=1
— A7 w(yn—1—mn) det (A w(y; — i) ) 1<icn 1< <n j#n—1
+w(Yn —n) det(Ajfiw(yj—xi))lgi,jgn_l.
We will first show that each term in the sum from k=1 to n—2 in the right-hand
side of (19) is zero. Let A, denote the difference operator with respect to the
variable y. The fact that A(A~!w)=w, then gives

det (A w(y; — i) 1<icni<icnzk = Dypyy Dy, det(A " w(f; —2i))1<ij<n—1,

where §; =y, if 1<j<k—1and §;=y;4+1 if k<j<n—1. By the induction assumption
this equals

Ayk+1"'Ay7z [ H w(yj _maX{xjv yjl}):| w(ykJrl _max{xkv ykfl})

n—1
< [ wyisr—max{z;,y;}).
Jj=k+1

If yp<xn, then AF"w(y, —2,)=0 since A~Jw(z)=0 if z<j. In this case the kth
term in the sum in (19) is zero. Assume that yi>x,. Then y,, >...>yr>x, and we
obtain

det(A " w(y; — i) 1<icni<j<n.jzk

k—1 o1
=[] wly —max{z;,y;1})(1—q)g *>tovata, LA, (1—q)qVi+1=vs,
j=1 j=k+1
But,
n—1
AypirAy, (I-q)g” 7% =(1 —q)nikilAyHl Dy g" =0

j=k+1
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since k+1<n. Hence, each term in the sum from k=1 to n—2 in (19) is zero and
we obtain

(20)  det(AVw(y; —2))1<ij<n
= A" w(yn—1—2p) det(A T w(y; —2))1<icn1<j<n.j#n—1
+w(Yn — ) det (AT w(y; — i) 1< j<n—1.
If y,_ 1<, then A~ w(y,,_1 —x,)=0 and the right-hand side of (20) is

n—1

w(Yn—2n) H w(y; —max{z;,y;-1}),
j=1

by the induction assumption. Since yn—1<Tn, W(Yn—Tn)=w(Yn —max{xn, Yn—1})
and we get exactly the right-hand side of (18).

Assume now that y,_1>z,. Note that Alw(x)=(¢—1)A"tw(z) if j>1 and
x>0. The determinant

det(AT " w(y; —2:))1<icn,1<j<n,j#n—1
has A" w(y, —x;)=(¢—1) A" w(y, —;), 1<i<n, in the last column, since y,, >
Yn—1>Tp>...2>x1. By the induction assumption this determinant equals

n—2

(q_ 1) H w(yj _max{xjv yjfl})w(yn_max{xnflv yn72})~
j=1

Thus, the right-hand side of (20) equals

n—2

(21) —(1—g)(g¥" """ —1) H w(y; —max{w;, y;_1})w(yn —max{z,_1,yn—2})
n—1 =t
(T —Yn) H w(y; —max{z;, y;_1}),

where we have used the fact that (A= w)(yn—1—2n)(g—1)=(1—¢q)(¢¥ =% —1) for
Yn—1—2Tn >0. Since yp, >yn—1>2,>...> 21, the expression in (21) can be written as
(1 _q)z[_(qynfa:nfl _ 1)qyn7max{ajn71:ynf2} +qyn7wnqyn717max{mn71:ynf2}]

n—2

X H w(y; —max{z;,y;_1})

j=1

n—1 n
=(1=q)g" v [ wly; —max{z;,y;1}) = [ [ wly; —max{z;,y; 1}). O
j=1 j=1
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Theorem 2.1 follows from Lemma 3.1 and the following convolution-type for-
mula for determinants of the form we have.

Lemma 3.2. Assume that f,g: Z—C are such that f(x)=g(x)=0 if <M
for some M €Z. Then,

(22) >0 det(AT f(y;— i) det( AT i g(z; i) = det((AT Frg)(z—x,)),
yeW,

where all determinants are nxn.

Proof. We will make use of the following summation by parts formula
b
> Au(y—z)o(z—y)
y=a

b
Z u(ly—z)Av(z—y)+u(b+1—2)v(z—b)—u(a—z)v(z+1—a).

The first step is to show that

(24) D det(ATTf(y;—ai)) det(AT gz~ yi)

yeW,

= Y det(A T f(y;— i) det (AT (2 — ;)

yeWs,

by repeated summation by parts. The left-hand side of (24) can be written as

Z Ay, det(AYT f(yr—x) AT f (g — ) AT f (g — )
yeW,

xdet(A T g(zi—y1). . AT g(zi—yn))-

Here we have taken out one finite difference operator in the first determinant and
taken the transpose of the second determinant. Next we use the summation by
parts formula (23) to sum y, between y,—1 and oo. The terms coming from
u(b+1—x)v(z—b)—u(a—z)v(z+1—a) in (23) with b—oo and a=y,_1 give 0 since
A="g(z;—b)=0 if b is large enough and the other term gives rise to a determinant
with two equal columns containing A" ~1=%f(y,,_; —x;). The result is

D det(AV f(yr—w) AT (g —2) AT f (g — 1))

yeW,
xdet(A" g(zi—y1)... AT g(2i—yn—1) AT g(zi—yn)).
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We can now repeat this procedure with y,—1,yn—2, ..., y2, which gives

D det(AT F(yr—a) AV f (2 — ) AP f(ys =) AT f (g — i)

y€W7L
xdet(A" " g(zi—y1) A g(zi—y2) AP g(zi—ys) . AT g (zi— ).

Again we repeat the summation by parts procedure with y,,...,ys, then with
Yn, ---, Y4 and so on until we get the right-hand side of (24).

Next, we apply the generalized Cauchy-Binet identity (12) to the right-hand
side of (24). This gives

det ( 1;7, A f(y—a) AT g(z —y)> :

To prove the lemma it remains to show that

Y AT (y—a)A T g(z—y) = AT (frg) (2 - ).
YyEL
If we set h(x)=H(x—1), then A~! f(x)=hx*f(z) and hence
YA y—a) AT g(z—y) = AT (RO Dk f)xg(z—a)

YyEL
= AN AT (fxg))(z—a) = AT (fxg) (2 ).
Here h*/ denotes the j-fold convolution of h with itself. [

To prove Theorem 2.2 we note that by Theorem 2.1,

P[G(m,n) <n|= Z det(Aj_iwm(xj))

z1<...<zn<n
n
= g E det (A" wyy (z5)).
1< Zxp_ 15N TR=Tp-1
Now,

Z det(AT ™ w, (z4))

=det(A  wp, (21) . A" w0y, (2o 1) AT wy, (1) = AT N (2, 1))
=det (A wy, (21) . A" Wy, (21 ) A", (1)),

Repeated use of this argument proves Theorem 2.2.
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3.2. Proofs of Propositions 2.4 and 2.5

The generating function for w(zx) is

T 1_q
Zw(x)z = T

zEZ

and hence, since w,, is the m-fold convolution of w with itself,

won () = (1—q')m / dz

2mi (1—qz)mzz+l’

where the radius r of the circle v, centered at the origin, satisfies 0<r<1/q, and i
throughout the paper in the expression 27¢ denotes the imaginary unit, whereas it
elsewhere does not.

It follows that

N ) (-2
(25) A, (2) = /( d

2mi 1—qz)mzothtl
for k>0 (and also for k<0 if r<1).

As observed above, if h(z)=H(x—1), then A~ f(z)=hx*f(z) and therefore
A7Ff(z)=(h*"*x f)(x). Using e.g. generating functions it is not difficult to see that
(z—1)lk=1

(k—1)!
where ylFl =y (y—1)...(y—k+1) is the factorial power. We can write
ATy (@) = ATHAT T wg ) () = Y B (@ —y) A g (y).
YyEL

Note that h*!(x—y)=0 if z—y<i by (26) and hence h*!(z—y)=0 if y>z—1 for any
1>1. We obtain

(26) hF(x) = H(z—k),

y i —\-1
@) A= 3 U A, ),

Fix L>n—1. By (27) and some row operations we find that
(28)

- DT i
det(N_l_lwm(n+1))1§m§n:det< > ﬁ(—l)z_lﬁj_lwm(yﬂ
(i—1)! 1<i,j<n

:det( Z M(_l)lejlwm(y)) 7

(i=1)! 1<ij<n

since it follows from (25) that A7~ 1w, (y)=0 if y<-n for 1<j<n.

y=—00

y=—00

y=—L
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If we choose L=n—1 it follows from Theorem 2.2, (28) and the generalized
Cauchy-Binet identity (12) that

(29)
n+n—1 ‘ ‘
P[G(m,n) <n]= H > An(y)det((—1) AT wn (i —n+1))1<i j<n.
yl, »Yn=0
If 0<k<n and m>n, then
m—1
(30) (—DFAFwn () =su(y) ] w+De?Hy+n-1),
I=k+1

where sy, is a polynomial of degree k. To see this we can use (25). We see that the
integral in (25) is zero if x<—(k+1), and in particular if z<—n for all k, 0<k<n.
If we make the change of variables z++1/z and assume that £>1—m, we find that

_\m _1\k
A, (y) = 2D / L
Yi/r

27i (z—q)™
y+m—1
-1\ (1—¢q)™
= y+m & (Z_l)k(z_q)rfmqermflfr dz.
2
—o T Y3 Yir

This is a polynomial of degree m—1 in y times ¢¥, and this polynomial has zeros
at —(k+1),...,1—m. Consequently (30) follows.

Furthermore we have the following determinantal identity. Let p;, j=0,...,n—1,
be polynomials of degree j and Aa, ..., A,_1 constants. Then there is a constant B
such that

n

(31) det (pjl(xi) II (xi—i—Ak)) =BA,(z).
k=j+1 1<i,5<n

This is not hard to see. Choose ¢,; so that

n n

> 2oy =piaz) [ (e+Ap).

r—1 k=j+1

Then, the left-hand side of (31) is

det(Za:z_lcrj) =A,(z)det C,
r=1

1<i,j<n
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and we have proved (31) with B=det C. Actually, according to [12] we have
B H ] pj 1 A )
j=1

but we will not need this result.
By (29), (30) and (31) we obtain

n+n—1 n m—1
PG(m,n) <n]=Cmn > M@ [[e [[ witk+1-n)
Y1,--,Yn=0 j=1 k=n
1 Tt Yyi+m—n
— A 2 J Y
Zm.n E: ")) ( vj )q
’ -~ Yn=0 j=1

for some constants Cl, », and Zy, ,. If we let 7— oo we see that Z,, ,, must be exactly
the normalization constant in the Meixner ensemble. This proves Proposition 2.4.

We now turn to the proof of Proposition 2.5. Write K=m—n+1 and define,
for 0<j<n and x€Z,

a1 om1(gz—1)7HE

and

bj(z) = L/7 Ll)j.dw,

T _ +k
2mi /., w(qu—1)/
where 1<ro<r;<1/q. If >0 and 0<j<n, then

(q—1)7+~%
!

(32) aj(x) =

pj(x_n)v

where p; is a monic polynomial of degree 1. This follows from the computation

q—1 wn—1(gz =171
CLJ(Z—FTL) 27]’1 V4 Wdz
a:Jrn 1
-1 , )
/ <x+n >(Z_1)rjl(qz_1)]+K1 dz
271'@ S — r

(a:—i—n 1) —1)" I Y (gz—1)7TE 1 g

27rz
Yra r=0
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We see that this is a polynomial of degree j in x with leading coefficient
(q=1)7H5 /5L,
It follows from Theorem 2.2 and (28) with L=n that

ntn
(33) ]P’[G(m,n)<77]=det<z y_—|(—1)jAjwm(y—n)> )

y=0 " 0<i,j<n
where, by (25),

i Ad (1-g)™ (z—1)
(34) (=1)? AMwp (y—n) = o / (1—qz)ntE-1zy+i—ntl dz.
Ty

Set

n—I—1 )

cjl:( il )H(]—l).
Then,
n—1 1)]

(35) ZmAjwm(y n)cji=bi(y).

=0

<.

To show this it is sufficient to show that

56) a0V ol ot VO C2

1=
1 qZ n+K IZerj n+1 J (qz_l)lJrKZy

7=0

by (34) and the definition of b;. The identity (36) can be rewritten as

) 3 (122 (e e = ()R (- -

j=0
Set (=1—1/z. Then (37) is equivalent to
n—1 , , ,
> A=) (Y e = (1-g—¢)" I (1)

By the binomial theorem

1—
(1—q—¢)" 1 (1) = 3
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and we have proved (35). Note that det(c;;)=1 and hence by (32), (33) and (35),

o NiHK (_1Y\d ‘
(38) P[G(m,n)Sn]zdet(Z( 13; yz(q(_ll)iﬂwwm(y—n))

y—=0 0<i,j<n

n+n n—1 1\ )
=det < Z a;(y) Z #Ame(g}—n)cﬂ)

y=0 =0 0<i,l<n
n+n

=det ( > ai(y)b, (y)> -
y=0 0<i,5<n

We will now use the fact that
(39) > a;(y)bi(y) = 61
y=0

To prove this we use the definitions of a; and by,

0o ' B q_l 00 E T (qz_l)j—i-K—l(C_l)k %
2 ) = o / / (Z(c) ) e
_gq-1 ¢ 1 (gz—1)JTE=L(¢-1)F
 (2mi)? /7 Yoy ;C—z (z—1)i+1(g{ —1)k+K dg d.

o

Since 1<ro<r;<1/q we see that (=z is the only pole in the (-integral and hence
by the residue theorem this equals

-1 , ,
K (qz—1)77 k"L (z—1)k=i=1 gz,
2mi Yro

If j<k the integral is zero by Cauchy’s theorem. If j>k we make the change of
variables z’=1/z and we see again that the integral is zero. When j=Fk we get

-1
72 [ (=) z—1)"tdz=1.
211 Yro

Using (39) in (38) we get

P[G(m,n)sn]:det@r 2 CLi(y)bj(y))xij<n

y=n+n+1

=det(I=Kmn)e((nrin+2,..3)
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- q—l LTtn (qz_l)Kfl ”_1|: qZ—l):|j @
‘<2m’>2 / / T T DR 2 “
20 (1-g2)< - 1[( onl—qz"_} L de
T // o (1= gOF T (=2 (g |2 ™7
/ / 27t (1—gz)k- 1( Qr(l—gz)" ¢ d¢ dz
(2mi)? ey G (=g (1=2)"(1=gQ)" (—2 ¢ =

Here we have used the fact that by Cauchy’s theorem the —1 term in the third line
gives a zero contribution in the z-integral since r; >r5. This proves Proposition 2.5.

Remark 3.3. The Meixner ensemble is related to Meixner polynomials since
these polynomials are orthogonal on N with respect to the negative binomial weight.
These polynomials are not used explicitly in the computations above but figure in
the background. This can be seen from the Rodrigues’ formula,

et () o [T T

k=0

and the integral representation

may, y_ J [ (A=2/¢)* d=z
p; (33)— o [yr (1_Z)m+K Lit1?
(m

with 0<r<1, where p;

; ) (z) are the standard Meixner polynomials, [11].

Acknowledgements. 1 thank Jon Warren for a discussion and for sending me
a preliminary version of [5].
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