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Decomposable symmetric mappings
between infinite-dimensional spaces

Christopher Boyd and Silvia Lassalle

Abstract. Decomposable mappings from the space of symmetric k-fold tensors over E,
®.x B, to the space of k-fold tensors over F', @, ; I, are those linear operators which map
nonzero decomposable elements to nonzero decomposable elements. We prove that any decompos-
able mapping is induced by an injective linear operator between the spaces on which the tensors
are defined. Moreover, if the decomposable mapping belongs to a given operator ideal, then so does
its inducing operator. This result allows us to classify injective linear operators between spaces
of homogeneous approximable polynomials and between spaces of nuclear polynomials which map
rank-1 polynomials to rank-1 polynomials.

1. Introduction

Given Banach spaces E and F there are, in general, far too many linear map-
pings from FE into F' to allow a systematic classification. Extra conditions either
on the spaces or the mappings can sometimes make our task realisable. Sym-
metric tensor products and spaces of homogeneous polynomials are places where
this additional structure is available. Indeed, in [4] we were able to classify all
linear mappings of the spaces of symmetric injective tensors which map the set
of powers to itself. This in turn allowed us to characterise the isometries of vari-
ous spaces of homogeneous polynomials. Decomposable mappings are similar to
power preserving mappings and in this paper we shall look for a characterisation
of decomposable mappings analogous to that obtained in [4] for power preserving
mappings. This will allow us to describe mappings between spaces of homogeneous
polynomials which preserve rank-1 polynomials.
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and PICT 05 17-33042.
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The main result of this paper is the characterisation of decomposable mappings
between spaces of symmetric tensor products. The approach we shall take is based
on that of Cummings [8] in his description of decomposable mappings between
spaces of symmetric tensor products over finite-dimensional vector spaces. How-
ever, the infinite-dimensional setting requires a more general approach and some of
Cummings definitions must be altered to suit this more general situation.

In Section 2 we present the results closely related with the finite-dimensional
case, where there is no need to consider any particular tensor norm. In the final
three sections we will examine decomposable mappings which belong to a given
operator ideal. To facilitate this, in Section 3 we will examine families of symmetric
tensor norms of different degrees on infinite-dimensional spaces defined in such a way
that we have natural complementations of the space of symmetric tensors of a fixed
degree in spaces of symmetric tensors of higher degrees.

In Sections 4 and 5 we characterise the decomposable mappings between sym-
metric tensor spaces of the same and different degrees, respectively. We prove that
any decomposable linear operator T from a symmetric k-fold tensor product over
a Banach space F into a symmetric [-fold tensor product over a Banach space F,
with k£<I, considered with suitable symmetric tensor norms, is a power of an inject-
ive operator A from E into F, multiplied by a fixed [—k decomposable tensor.
Moreover, if T belongs to any given ideal of operators, then so does also A.

Because of the one-to-one correspondence between symmetric injective tensor
products and approximable polynomials and the one-to-one correspondence between
spaces of symmetric projective tensor products and nuclear polynomials, for spaces
whose dual has the approximation property, we will be also able to describe rank-1
preserving mappings between spaces of approximable polynomials and rank-1 pre-
serving mappings between spaces of nuclear polynomials. Results of this type are
discussed in Section 6.

Given a Banach space E we can form the space ), E of all k-fold tensors in E.
We consider the subspace, ®S7kE, of @, E consisting of all tensors of the form
E?:l A% ®...Qx;, where \;=+1. Such k-fold tensors are said to be symmetric.
There are two natural symmetric norms defined on the, in general, uncompleted
space ®S’ wL, the least or injective and the greatest or projective symmetric tensor
norms.

Given a k-fold symmetric tensor Y ., \iz;®...Qz; on E we define its sym-
metric injective or €, -norm by

sup
$EBg/

Z)\ifi)(xi)k :

i=1

We denote the completion of &), , F' with respect to this norm by @

s,k,es,k
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The symmetric projective or ms j-norm is defined as follows. Suppose that 6
belongs to ®S’kE, 6=>"" \iz;®...0x;. We would like to define the norm of 6 to
be > |lz;||*. Unfortunately tensors in ), E do not have unique representation
as a sum of basic symmetric tensors. Therefore the projective norm of 6 is defined
to be the infimum of Y., ||z;||* over all possible representations of 6 as sums of

basic symmetric tensors. We use & . to denote the completion of 02 E
with respect to this norm.

When the underlying space is a dual space both of these spaces of sym-
metric tensor products have representations as spaces of homogeneous polynomials.
A function P: E—K (K=R or K=C) is said to be a (continuous) k-homogeneous

polynomial if there exists a unique symmetric (continuous) k-linear map

sk, 7, sk, 1

Lp: Ex..xFE—K
N——

k-times

such that P(x)=Lp(z,...,z) for all z€ E. Continuous k-homogeneous polynomials
are bounded on the unit ball and we denote by P(¥E) the Banach space of all
continuous k-homogeneous polynomials on E endowed with the norm:

P |P||:= sup [P(a)].

llzll<1

A k-homogeneous polynomial P in P(¥E) is said to be of finite type if there is
{#;}7_; in £ such that P(a:):z;bzl +¢;(z)k for all z in E. Polynomials in the clo-
sure of the finite type k-homogeneous polynomials in P (¥ E) are called approzimable
polynomials. We use P;(*E) to denote the space of all finite type k-homogeneous
polynomials and P4 (¥E) to denote the space of all k-homogeneous approximable
polynomials. The mapping qbk/\ —¢®...Q¢ induces an isometric isomorphism be-
tween the spaces P4 (*E) and Qs e, B

In relation with the projective norm, the space of nuclear polynomials comes
into play. We say that a k-homogeneous polynomial P on a Banach space E is
nuclear if there is a bounded sequence {¢;}52; CE’ and a sequence {\;}32; in ¢;
such that

P(x) ZZAJ'%'(%)'“

for every x in E. The space of all k-homogeneous nuclear polynomials on FE is
denoted by Py (*F) and becomes a Banach space when the norm of P, || Py, is
given as the infimum of Y272, |A;] [|¢;/*
form described above. When E’ has the approximation property (Py(*E),|| - ||n)
Q E’ under the map induced by ¢*+—¢®...Q¢.

taken over all representations of P of the

is isometrically isomorphic to @&, ;. ..
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A k-homogeneous polynomial P is said to be a rank-1 polynomial if it has the
form P=¢1¢s...¢1 for ¢1, ¢o, ..., ¢ in E'.

We refer the reader to [11] for further information on homogeneous polynomials
and symmetric tensor products and to [17] and [18] for an overview of decomposable
mappings on finite-dimensional vector spaces.

2. Decomposable mappings and adjacent subspaces

The space of k-fold symmetric tensors, @), , E, is a complemented subspace of
the space of full k-fold tensors, @), E, with projection given by

1
1Q..Q0Tk —> A Z To(1)® ... Qs (k),
oeSk

where Sy, is the symmetric group on {1,...,k}. Symmetric tensors in §), , £ of the
form (1/k!) Zaesk To(1)®...QT4 (k) are called decomposable elements. To simplify
the notation we let z1V..Vag:=(1/k!) > g To(1)®@...0T4(x) and zhi=zvav..v
T.

A decomposable element z1V...Vxy is zero if and only if ;=0 for at least one
i1=1,..., k. Moreover,

(1) xl\/...\/xk:yl\/...\/yk;«éo
= Yi=NiTo(), 1=1,..., k, for some o € S} and A1, ..., A,

where A1, ..., A\p are scalars such that A\ Ao...\p=1.

A linear mapping T" between spaces of symmetric tensors over £ and F' which
contain ®S’k FE and ®S’k F, respectively, is said to be a power-preserver if given
any x in E there exists y in F' so that T'(z¥)=4y*, while T is said to be decomposable
if T'maps decomposable elements to decomposable elements and ker TN{x1 V...Vay:
x1, ...,z € E}={0}. We note that if 7" is injective and maps decomposable elements
to decomposable elements then T is decomposable.

Since decomposable mappings preserve both the decomposable and the lin-
ear structure of spaces of symmetric tensors, they will also preserve subspaces of
the space of k-fold symmetric tensors where all elements are decomposable tensors.
Such subspaces are called decomposable subspaces and their study will provide us
with a method of classifying decomposable mappings. The simplest way of con-
structing a decomposable subspace of ®S’k FE is to take a subspace S of E and
vectors x1,...,Tr—1 in F and to set

M=xz1VzaV..Vrp_1VS={x1VaaV..Vap_1Vs:s€S}.
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We call (z1), ..., (xx_1) the factors of M and say that M is directed by S. Note
that the dimension of M is equal to that of S. We shall call such decomposable
subspaces type-1 subspaces. We note that our definition of a type-1 subspace is
more general than that given by Cummings in [7], where E is finite-dimensional
and type-1 subspaces are always directed by F.

When F is a real Banach space, type-1 subspaces are the only decomposable
subspaces which arise. For complex Banach spaces however we have a second family
of decomposable subspaces. Suppose that z and y are two linearly independent
vectors in E. Let (x,y) denote the two-dimensional subspace of E spanned by x
and y. For 1<r<k and z1,...,x5—, in E consider the subset z1V...Vzi_,V{(x,y),
consisting of all decomposable elements of the form x1V...Vai_.Vz1V...Vz,. with
21, .., 2z 0 {z,y). Each element of the set x1V...Vag_,V(z,y), can be written in
the form

TV Ve V(" " VY e VY T ).

This means that z1V...Vzi_,V{(x,y), can be identified with a subset of P.(«), the
vector space of all polynomials of degree at most r over the complex numbers, under
the mapping

TV NVEg_ oV (yr" 2" Vyd 7y — o Friat . yeal

Because each polynomial over C can be written as a product of linear factors, it
follows from [7, Proposition 10] that this mapping is surjective. This means that for
complex Banach spaces x1V...Vag_, V{(z,y), will also be a decomposable subspace.
Such subspaces are called type-r subspaces. Type-r subspaces have dimension r+1.

There is no unique representation of a type-1 subspace. The following lemma,
will therefore be of use to us when we want to compare such subspaces.

Lemma 1. Fix a positive integer k>2 and let S and S be subspaces of E such
that

IV . N Tp 1 VS =41 VYo Voo NV yp_1 VS,
Then S=S and (x1VzaV..Vxp_1)=(y1Vy2V..Vyr_1) in ®S’k71 E.
Proof. Take t€S so that t¢[z1]U...U[zx_1], then there exists s€S so that
T1VTaV..Vxp_1Vs=1y1VyaV...Vyr_1 VL.

By our choice of ¢, it follows that t=MAs for some A€ K and therefore Sc S. Also we
have that y;=\;z,(; for j=1,...,k—1. By symmetry we have that SCS and the
lemma is proved. [
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We now show that type-1 and type-r subspaces are the only decomposable
subspaces.

Theorem 2. Let k be a positive integer and E be a Banach space of dimen-
sion strictly greater than k+1. Then every decomposable subspace of ®S’kE of
dimension strictly greater than k+1 is a type-1 subspace.

Proof. Let V' be a decomposable subspace of &, , £ with dim(V)>k+1.
Choose a linearly independent set {z1, ..., zx+2} in V and set Z=span{z, ..., zk+2}.
For each i, write z; as z;=x;1 V...Vx;; and consider the finite-dimensional subspace
of E, given by X=(z;;: 1<i<k+2and 1<j<k). It is clear that ZC®S’,€ X. It
follows from [7, Theorem]| that Z must be a type-1 subspace or a type-r subspace
with r<k. Since type-r subspaces have dimension r+1, Z is a type-1 subspace.
Write Z as Z=x1VxzaV...Vxp_1VS for some finite-dimensional subspace S of E.
If Z is any other finite-dimensional subspace of V with dim(Z)>k+1 it follows
from the proof of Lemma 1 that Z+7 can be written as r1VIaV..VTp_1 v S for
a finite-dimensional subspace S of E. Hence Z:ml VaoV..Var_1 VIV and we see
that V is a type-1 subspace. O

The hypothesis on the dimension can be slightly improved in the case where
the decomposable subspace is the image under a decomposable mapping of a type-1
subspace. The proof of the following result can be deduced from that of [19, The-
orem 3.

Corollary 3. Let k be a positive integer and E and F be Banach spaces of
dimension at least k+1. LetT: ®S,k E—>®s’k F be a decomposable mapping. Then
T maps any type-1 subspace of dimension greater than or equal to k+1 onto a type-1
subspace.

Decomposable mappings from ®S’ . I into ®5’ i I which map type-1 subspaces
to type-1 subspaces are called type-1 mappings. Of course, for real Banach spaces
every decomposable mapping is a type-1 mapping, however in the complex case
there may be decomposable mappings which are not type-1. For example, given
any complex Banach space E of dimension strictly greater than 2, consider the
projection from ®S7 I onto a type-k subspace. This is a decomposable mapping
which is not type-1.

Suppose T is a type-1 mapping of ®S7kE into ®S7kF. Let M=z1V..Vx_1VS.
Choose y1,...,yx—1 in F' and a subspace S of F so that T(M):yl\/...\/yk,l\/g.
Then T induces a linear mapping A of S into S by As=t, where

T(x1V..Vxp_1Vs) =11 V..Vyr_1 Vt.



Decomposable symmetric mappings between infinite-dimensional spaces 13

Following [8] we call A an associate mapping. This associated mapping A depends
on the choice of M and y1, ..., yx—1, however, it follows as in [8, Proposition 2] that
any two associate mappings with respect to the same type-1 subspace are multiples
of each other.

To characterise decomposable mappings we generalise the concept of adjacent
type-1 subspaces of [8] to our setting.

Definition 4. Let k be a positive integer and E be a Banach space. We
say that two elements of ®S’k FE are adjacent if they share precisely k—1 factors
(counting multiplicity). That is, they can be written in the form z1V...Var_1Vz
and x1V...Vxr_1Vza, with 21 and 29 linearly independent. We say that two type-1
subspaces M and N of @ sk E are adjacent if they are directed by the same sub-
space and share exactly k—2 factors (counting multiplicity). This means that they
can be written in the form M=x1V..Vxr_oVz1VS and N=x1V...Vxr_aVzaVS
for some subspace S of F with z; and z; linearly independent. When k=2 we say
that any two type-1 subspaces directed by the same subspace are adjacent.

When M and N are adjacent type-1 subspaces we write M AN. Any two
type-1 subspaces of &) sk E which are directed by the same subspace of E can be
‘linked’ to each other through a chain of at most k—1 pairwise adjacent subspaces.

Decomposable mappings and adjacency can also be defined for the space of
full k-fold tensors (see [20]). Westwick [20] shows that decomposable mappings
between spaces of k-fold tensors map adjacent decomposable elements to adjacent
decomposable elements. When E has dimension at least k+ 1 this result is also true
for spaces of symmetric k-fold tensors. The proof, as we shall see, is completely
different.

Proposition 5. Let k be a positive integer, E and F be Banach spaces of
dimension at least k+1 and let T': ®S,k E—>®S,k F be a decomposable mapping.
Then T maps adjacent decomposable elements to adjacent decomposable elements.

Proof. Consider any two adjacent elements v=xz1V...Vxp_oVrr_1Vz1 and 0=
T1V..VZp_aVTr_1Vze In ®S’k E. Take M=x1V..Vxp_oVrp_1VS, where S is
a subspace of E containing z; and zo with dim(S)>k+1. As v,0€ M we know
that T'(v) and T'(v) belong to T(M) which, by Corollary 3, is a type-1 subspace.
Therefore T'(v) and T'(v) are adjacent. O

The following proposition gives a necessary and sufficient condition for two
type-1 subspaces directed by the same subspace to be adjacent. The proof is very
similar to that given in [8, Proposition 4]. Since the definition of adjacent type-1
subspaces in [8] and here are slightly different, we include a proof for the sake of
completeness.
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Proposition 6. Let k be a positive integer and E be a Banach space. Let
M and N be a pair of type-1 subspaces of ®S’k E directed by the same subspace.
If dim(MNN)=1 then M AN. Conversely, with the additional assumption that N
and M are directed by E then M AN implies that dim(MNN)=1.

Proof. Suppose that
M=xz1V..Vxp_1VS, Nzyl\/...\/yk_l\/S and dim(MﬁN):l.

Then MNN#0. Take s,t€S so that x1V..Var_1Vs=y1V..Vyr_1Vt. If (s)=(t)
then, z;=X\;y,(;) for i=1,...,k—1, which means that M'=N. Otherwise, we may
assume without loss of generality that (z1)=(t) and (s)=(y1). Then y;= iz for
1=2,..,k—1 and we get M A N.

Conversely, suppose that M and N are both directed by E and that M A V.
Then M=x1V..Vxp_2oV21VE and N=x1V...Vxp_2V2zoVE, with z; and 25 lin-
early independent. We proceed as in [8, Proposition 4]. It follows that M NN 0.
Consider s and ¢ in E with

(2) 21V..Vxr_oVz1Vs=x1V..Vxr_oV2o VL.

For each j=1,...,k—1 and z€F let g;(x): Ej—>®s’j+1E be the symmetric
multilinear mapping defined by

ULy oeny Uj ) ——> VULV ... VU,
J J

The function g;(x) induces a map h;(z): @, ; E—=Q, ;1 £ If z is nonzero then
each hj(z) is injective and so is the composition

h= hk,l(xl) °...0 hk,i(xi) o... Ohg(xkfg).

We can write (2) as h(z1Vs)=h(z2Vt) and so z;Vs=z3Vt. Since z; and zy are
linearly independent, z; must be a multiple of ¢. Thus

MNN = <£L’1\/...\/{Ek,2\/21\/22>. O

Proposition 7. Let k be a positive integer, S be a finite-dimensional space
of dimension at least k+1 and F' be a Banach space. Let T': ®S’k S—>®S’k F be
a type-1 mapping. Let M and N be adjacent type-1 subspaces directed by S. Then
T(M) and T(N) are also adjacent.

Proof. Let us write M=xz1V...Vxp_oVz1VS and N=z1V...Vxr_oVz V.S for
linearly independent z; and zo in S. Then there are injective linear operators A
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and B from S into F, such that A(S) directs T'(M) and B(S) directs T'(N). Since
M AN, Proposition 6 implies that dim(MNN)=1 and therefore T(M)NT(N)#0.
We claim that T'(M) and T'(N) share at least k—2 factors. To see this let T'(M)=
Y1V.Vyr—2Vyr—1VA(S) and T(N)=p1V...V§r—2Vir—1VB(S) and take u#0,
ueT(M)NT(N). As

U=y1V..VYr—2VY—1VY=171V...VYt—2VUp—1 VY

our assertion follows. We can now write T'(M)=y1V...Vyr_2 Vw1 VA(S) and T(N)=
Y1 V... Vyg—2Vwe VB(S), for some wy,wy€F. If we show that A(S)=B(S) then,
provided T'(M) and T'(N) are distinct, Proposition 6 will ensure that T'(M) AT (N).
Let p=dim(S). If A(S)CB(S) then they are equal. Suppose that there is s1 in S
so that Asy¢B(S). Complete {s1} to form a basis {si,ss,...,s,} for S. Now
consider the adjacent pairs v;=x1V...Vrp_2V2z1Vs; and U;=x1V...Vxr_2V2aVs,,
i=1,...,p. By definition, type-1 mappings are decomposable. Then, by Prop-
osition 5, v; and @; have adjacent images T'(v;)=y1 V...Vyr—2Vwi VAs; and T(7;)=
1 V..Vyg—oVwa VBs; for all i=1,...,p. Since As;¢B(S), we have (Asq)=(ws).
The injectivity of A now implies that no other As; is a multiple of wq, i.e. As; € B(S),
for all i=2, ..., p. Also (A(s1+s2))={(w2) would imply that (Ass)=(ws) which is im-
possible. Thus A(s;+s2) belongs to B(S) and therefore so does Asy. From this
contradiction we get that A(S)C B(S). So we have just proved that T'(M) and T'(N)
are directed by the same subspace. The proof given in [8, Proposition 5] assures
that T (M) and T(N) are distinct and therefore they are adjacent. O

Following the proof of [8, Theorem 1] we obtain the following result.

Theorem 8. Let k be a positive integer, S be a finite-dimensional space of
dimension at least k+1 and F be a Banach space. Let T: @, S—Q, ;I be
a type-1 mapping. Then the associated mappings to any type-1 subspace of ®S,k S,
directed by S, form a one-dimensional space of L(S;F).

Note that for a type-1 mapping any associated mapping to a type-1 subspace
must be injective.

Theorem 9. Let k be a positive integer, S be a finite-dimensional space of
dimension at least k+1 and F be a Banach space. Let T: @, S—Q, ;I be
a type-1 mapping. Then there exists an injective operator A€ L(S; F') such that for
any r=x1V..VIL n ®S’k S,

T(x)=+tAx1V...VAzy.

Proof. First we show that there exists an injective operator A€ L(.S; F') so that
given x=x1V...Vx nonzero, there exists A; €K such that

(3) T(x) = gAx1 V...V Az
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For each i=1, ..., k, consider the type-1 subspaces of dimension at least k+1,
‘/;:1'1\/...\/12'1‘\/...\/1'}6\/5,

where #; means that the ith factor is omitted. Then (z) :ﬂle V; and by Theorem 8,
the mappings associated with any of these type-1 subspaces are all multiples of an
operator in £(S; F'). Let us fix one of these associated mappings and call it A. Since

T(z1VzaV..VTr_1VS)=y1VyaV..Vyp_1V As

we know that (Az;) is a factor of T'(z) for each i=1, ..., k. If z has k distinct factors
then (3) holds.

Next, suppose that for m<k, (x1),..., (xm) are all the distinct factors in z,
and p; is the multiplicity of (x;), i=1,...,m. Then z=z1V..VZ1V..VZpV..VZ,
and for at least one i, p;>2. Choose (%ym11), ..., (Tx—1) so that together with
(1), .oy (Tr) we have k—1 distinct factors. Without loss of generality we may
assume that z; has multiplicity p;>2. Take the adjacent type-1 subspaces M
and N, the first one has all its factors distinct and the second has precisely one of
its factors (x1) repeating twice

M=x1V..Vrp_oVxi_1VS,
Nle\/...\/xk_g\/xl Vv S.

As M AN, by Proposition 7 we have that T(M)AT(N). Then, as
T(x1VraV..Vrg_1VS)=y1VyaV..Vyp_1V As,

Theorem 8 implies that (Az;), for j=1,...,m, are distinct factors of T'(M) and
T(N) and

(4) T(M)=Az1V..VAZm NV Gmi1 V...V qe—2V 2V A(S),

(5) T(N)=Az1V..VATnVG@mi1V...Vqga_2VwVA(S).

Since v=x1V...Vxg_oVar_1Vr1E MNN, taking s=x; and s=x_1, respec-
tively, and comparing (4) and (5), we have that

Tw)=Az1V..VAZ,V@mi1V...Vqr—2V2zV Axq
=Ax1V.VAx, Vmi1V...Vqg—2 VWV Az _1.
It follows from (1) that the factors in both expressions are equal (counting

multiplicity). By the choice of &y, 41, ..., xx—1, (Ax1)#(Azk_1), whence (Az1) must
be (w) or one of the factors (g;), for i=m+1,...,k—2. We may assume without
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loss of generality that ¢;,+1=A1Az1. Then by the symmetry of symmetric tensor
products we can write, using the expression for T'(N),

(6) T(x1V..Vxr_oVr1VS)=AAx1 VAT V. .NVAT,V @mi2V...V q—2VwV A(S).

If p1 >3 take the pair of adjacent type-1 subspaces M =x1Vz1V...Vaxr_oVS
and N=x1Vz1V..Vag_3Va1VS. The first is the former N for which (6) holds. In
the second (z1) appears 3 times. Reasoning as above we now obtain that (Az,) is
a factor of T'(N') with multiplicity at least 3. Repeating this construction p; —1 times
we get that Az is a factor of T'(z1V...VZ1V..VZ,, V...V, ) with multiplicity p;.
Completing this procedure with all the x;’s such that p;>2 we obtain a chain of
pairs of type-1 subspaces, the last of which is

x1V..Vr1V..VZp,V..VTn VS,

where x; appears p; times except for the last one which appears p,, —1 times (of
course this could be zero). We also have that

T(x1V.VZ1V. . NEnm V.. NVE, VS) = A Az V.. VAz1 V..V Az, V..V Az, VA(S)

and taking s=x,, we get (3).

The last expression above also shows that the value of A\, is independent of s
in §. For decomposables x and y in ®S7k S which are not in the same type-1
subspace consider type-1 subspaces M, and M, containing x and y and a chain of
pairs of adjacent type-1 subspaces from M, to M. Since the intersection of any two
consecutive subspaces is nonempty we have that Ay =AMy, =\ M, =\y. Then T'(z)=
Az V...V Az, or equivalently if A=Ak A, T(x)::tflxl\/...\/flxk which completes
the proof of the theorem. [

Note that the sign £ in the statement of Theorem 9 may be avoided if the
spaces are complex or if they are real and k is odd.

3. Families of complemented symmetric seminorms

The purpose of this section is to describe a method of obtaining families of
seminorms on spaces of symmetric tensors, {ay}72, such that for each k and [
with k<[ and each Banach space E' we have ‘natural’ identifications of @), , ., £
with a complemented subspace of X sty B These families will be useful in the next
section when we study decomposable mappings between Banach spaces. Recall that
e and 7 denote the injective and projective tensor norms on ), E, respectively,
while €, and 7, j denote the symmetric injective and symmetric projective tensor
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norms on ) s 2, respectively. It is worthwhile to note that although the restriction
of 7, to the symmetric k-tensors, usually denoted by mj|s, does not coincide with
sk, DOth are equivalent norms on ®S7 i . The same holds for €k|s, the restriction
of €} to the symmetric k-tensors and the symmetric injective tensor norm e k.

In what follows, we will work with the following definition.

Definition 10. Let E be a Banach space. A family of complemented symmetric
seminorms on F is a function « which assigns to each positive integer k£ a norm oy
on @, , £ such that

(i) for each positive integer k, ay is a reasonable symmetric norm on ®S7 B
in the sense that e, <ap <7k,

(ii) for any pair of positive integers k and [ there are constants Cy; and Dy
such that

1(0VE) < Crax(0)ar(§) < Dy rou41(0VE)

for all 0 in @, , F and { in Q) , E.

By a family of complemented symmetric seminorms we shall understand a func-
tion « which assigns to each Banach space E a family of complemented symmetric
seminorms on E.

Condition (ii) tells us that for any fixed nonzero ¢ in @, ,E the mapping
§—0V¢ is an isomorphism of @), , E onto the subspace {§V&:{€Q),  E} of
Qs k4L with the topology induced from @ 11, .,

of @, .0, £ With respect to the norm oy, by Q, 1 ., E-

E. We denote the completion

Let us give some examples of families of complemented symmetric seminorms.
One of the methods at our disposal is via the concepts of tensor norms of order k
and s-tensor norms of order k introduced by Floret in [12].

According to Floret [12] a tensor norm of order k is an assignment, to each
k-tuple (F1, ..., E)) of normed spaces, of a norm 3(E1, Es, ..., Ey) on E1 QFy®...Q B},
(denoted ®§,j:1 E;) such that

(i) en<B<my;

(ii) given continuous linear mappings A;: E; —F;, j=1,..., k,

k k k
®Ajl ® Ej—) ® Fj

Jj=1 B,j=1 B,j=1

= [[Av][--[| Ax]]-

In an analogous way, in [12] an s-tensor norm of order k is defined as an
assignment, to each normed space E, of a norm o on Q) ; E (denoted &) E)
such that

s, k,a
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(1) es,kgagﬂ—s,k;
(ii) for all continuous linear mappings A: E— F we have

R4 RQE—Q FH:||A||’“.

s,k,a s,k,a s,k,a

Properties (ii) in the definitions of a tensor norm of order k and an s-tensor
norm of order k£ are known as the metric mapping property. Each tensor norm of
order k, by restriction to the space of symmetric tensors, defines an s-tensor norm of
order k. Floret, [12, Norm extension theorem] shows that the converse is also true
in that given any s-tensor norm « of order k there is a tensor norm [ of the same
order such that for every Banach space E the norm « on ¥
of Bto @, E.

Let 5={0k}72, be a family of tensor norms with 3 of order k. We shall say
that § is an associative family of tensor norms if for every pair of positive integers k
and [ and for every (k+1)-tuple of normed spaces E1, ..., Fx, Fxy1, ..., Ex; we have
that Br1i(En, ..., Exy1) is isomorphic to ﬁg(@ébi:l Ei’®i31,j:1 Er+j). It can be
shown that if {8}, is an associative family of tensor norms then its restriction
to the spaces of symmetric tensor products is a family of complemented symmetric

sk F is the restriction

seminorms.

It is readily checked that both the families of injective and projective ten-
sor norms are associative families of tensor norms. Therefore, ex|s and 7|5, their
respective restrictions to the symmetric k-tensors, are families of complemented
symmetric seminorms and so are both es={e;}%2; and ms={msx}3>, by the
equivalence mentioned above.

Let us give another example of families of complemented symmetric semi-
norms, which are related to the class of extendible polynomials. There is, in gen-
eral, no Hahn—-Banach theorem for k-homogeneous polynomials. However, Kirwan
and Ryan [15] examine which k-homogeneous polynomials on a Banach space E
have continuous extensions to every superspace. These polynomials are called
extendible. Every algebraic k-homogeneous polynomial on a Banach space E deter-
mines a unique linear map from ®5’ . I into K and the extendible polynomials
are those polynomials whose linearization are continuous with respect to a specific
norm on @, , F, which we now proceed to describe.

First, fix a Banach space F' containing E and an injective continuous operator
i1: E—=F. Let ik:®s7k i. Then, i* is an injection of &, £ into @, F. The n¥
normon ), ;. F, defined by Carando in [5], is given by nik (2)=ms1(i*(2)). Here, by
T,k We mean the symmetric projective norm on ®S,k F. The dual of ®S’k,w FEis
the space of all k-homogeneous polynomials on F which have a continuous extension
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to F. Once a k-homogeneous polynomial on E can be extended to o (Bpgr) it can
be extended to every superspace of E' and we simply denote 7,_(5,,) by 7, see [5].
Let Ci; and Dy ; denote the smallest constants such that

5.1 (0)7s,1(8) < Crums oe+1(0VE)  and  ms k41 (0VE) < Dy ims 1 (0) 75,1 ()

for all 6 in ®S7k E,all £ in ®S’l E and all Banach spaces E. Suppose we are given 6
in @, E and { in @, E. Then, clearly we have that ik(O) Vil (&)=i*+ (V).
Thus we have that

N5 e (OmE (&) = me 1 (i (0)) 7,0 (i1 (€))
< Crams o1 ((F(0) Vi (€)) = Crums ot (IFTHOVE)) = Croanl 1 (OVE).

Similarly we get that

775k+l(9\/£) < Dk,znﬁk(9)n§z €3

for all 0 in @, , E and all { in @, ; E. In particular, when we take F'={(Bg)
we get constants Cy; and Dy, ; such that

N,k (0051 (€) < Crans kr1(0VE)  and 1 x41(0VE) < Dy ams 1 (0)ns.1(8)

for all 8 in ®S7 i & and all £ in ®S7l E. Therefore 7 is a family of complemented
seminorms. In addition, given a Banach space F, for each Banach space E which
is a subspace of F, nf" will be a family of complemented seminorms on E. We
note that since 7% is not an s-tensor norm of order k, the fact that it is a family
of complemented seminorms on a given Banach space E must be established with
a different method to the one used for £, and 7, above.

Let F and F' be Banach spaces and A: E—F be a linear operator. Given
a positive k we use A* to denote the linear operator from ®S7kE into ®s’kF
defined by

Ak(il'l \/{EQ\/...\/{Ek) =Ax1VAxo V...V Axy

for all x1, ...,z in E and extended by linearity to ®S’k FE. Let oy be a symmetric
tensor norm of order k. Since oy, satisfies the metric mapping property, A* is con-
tinuous. An operator ideal A is said to be a-tensor stable for the tensor norm «
if AcA(Ey;Fy) and BeA(FEy; Fy) implies that AQ BEA(E, Q,, E2; F1 Q) Ih).
See [10, Section 34] for a discussion of tensor stable ideals. The following prop-
osition investigates the converse of this result for families of complemented sym-
metric seminorms.
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Proposition 11. Let E and F be Banach spaces and o and (8 be families
of complemented symmetric seminorms on E and F, respectively. Let further-

more A: E—F be a continuous linear operator and A be an operator ideal. If
AkE.A(@S’k’akE; Q. k5, F) then ACA(E;F).

Proof. We adapt some ideas from [3]. Fix e in E and choose ¢ in F’ with

¢(Ae)=1. Given a positive integer m we define j,, : ®S,mE—>®S7m+1E by
m—+1 m4+1
Comy _1yitl i—1
Jm(z )—Z ( ; )( 1) e(Ax)' ™ eV...VeVaV.. .V,
=1 7 times m—1-+1times

on the elementary tensors, and extended by linearity to ®S’mE . It is easily checked
that j,, satisfies

(AT jin (z™) = 2"+ — (z—p(Ax)e) ™.
We also define p,, : ®S’m +1F — ®5’mF on the elementary tensors by

Pm (f’/m+1) =o(y)y™,

and extended by linearity to @), ,,,; F-

We claim that for each integer m we have
Pmo Ao =A™,
To see this consider ¢(Az)z™ in @), ,, E. Then
Do AT g AT) (&™) = pyn e AT (@ (2 —g(Ax)e)™ )
= pm((Az)" " = (Az—¢(Ax) Ae)™ )

=¢(Az)(Ax)" — p(Ax—Pp(Ax) Ae)(Ax— p(Ax) Ae)™
= 6(Az)(Az)™.

By [3, Lemma 2], it is possible to write each 6 in Q) ; F as 9225:1 Aryk with
¢(Ayy)#0. It follows that

P1opr1 0 AR o ji_q.gaji = A

As j1, ..., jk—1 and the composition p;...px_1, induced by p1...px_1(z*)=¢*(z)z, are
continuous linear mappings and A* is in A(®), ,. o B Q1 g, F) it follows that A
belongs to A(E; F). O



22 Christopher Boyd and Silvia Lassalle

Before we finish this section we show that for any family of complemented
symmetric seminorms « on a Banach space E there is a ‘natural’ way in which the
space of symmetric k-fold tensors ®S7 k.o, B can be identified with a complemented
subspace of the space of ®s,k+1,ak+1E' Fix a nonzero element e in E and choose ¢
in E' with ¢(e)=1. Define Sky1. by

Sk+1,e ::e\/®E: {e\/9 :0e ®E}
s,k s,k

and endow Sjy1. with the topology induced from &), kel ak+1E' The mapping
E—eVE is an isomorphism of ®S’k’akE onto Si41,.. Let us see that Sipyi1,e is
a complemented subspace of &), ;. E. Define Il.: @, .1 E—Q), ;1 F by

Me(z1V..VEpr1) =21 V.. NVTpr1— (1 —@p(z1)e) V...V (Tpr1 — P(xp41)e),
on basic symmetric tensors, and extended to ®5’ g1 by linearity. To see that IL is

well defined suppose that 0=>""" )\ifo:Z?:l §;y5 ', Given any (k+1)-homo-

geneous polynomial P on F define another (k+1)-homogeneous polynomial @ by
Q(z) = (P, I (a"*")) = P(z) — Pz —¢(x)e).

If Lp is the symmetric k-linear form associated with P we have that

k+1 kil 4 4

Qz)= E ( . )(—1)z+1¢($)7’Lp(6,...,6,]},...,1‘).
=1 ¢ .- M .

itimes k—i+1times

Then for each (k+1)-homogeneous polynomial P on E we have

<P, He (i Awf“) > = <Q, i )\¢Z‘§+1>
i=1 i=1
(oS~ (S07))
j=1 J=1

and therefore IL.(} ", )\ixfﬂ)zﬂe(z?:l (5jy§“+1).

Clearly I, maps &), pi1E into Spiqe. To see that II. maps X, el B onto
Sk+1,e we note that
IMe(eVaaV...Vag) =eVaaV...Vap—(e—e)V(ra—p(z2)e) V...V (xp— d(xr)e)
=eVzaV..Vxp—0
=eVraV.. . Vxg.
Since II.(I.(z1 Vaa V..Vay)) =1 (z1 VEa V... V2K ) We see that II. is a projection of
®S’k+1E onto Sk41,e-
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4. Decomposable mappings between symmetric tensor spaces
of the same degree

Our main result of this section is as follows.

Theorem 12. Let E and F be Banach spaces of dimension at least k+1,
and let o and 3 be families of complemented symmetric seminorms on E and F,
respectively. Suppose that T': ®S7k7akE—>®s7kﬂkF is a continuous decomposable
linear operator. Then there is a continuous injective linear operator A: E—F such
that T=4AF. Moreover, given any operator ideal A, ifTGA(®S7k7akE; ®s,k,5kF)
then Ac A(E; F).

Proof. Fix xo in E. Let S be a finite-dimensional subspace of E containing
which has dimension at least k+1. Consider T'|s: @ ;. 0, S & 1 5, £~ By The-
orem 9 we know that there is an injective linear operator Ag: S— F' such that

(7) Tls(z1VaaV..Vay)=tAsx1VAsxaV..VAgxy for all z1,xa, ...,z in S.

This means that T is a power-preserver and since || Ag (z)||¥ =8 (As(2)*)=||T|s(z*) ||
we have || Ag|| <||T|s||**<||T||*/*. We note that the sign 4 can easily be shown to
be independent of the subspace S. Choose yo in F so that T'(x§)=+yf. Using [4,
Lemma 4] we may suppose that in addition to Ag satisfying (7) we have that
As(z9)=yo. These two conditions uniquely determine Ag. For finite-dimensional
subspaces S and S of E containing xy with S S we have that Ag|s=As. Since
E is the union of its finite-dimensional subspaces and ||Ag|| <||T'||'/* we have that
A(x)=Ag(x), where S is any finite-dimensional subspace, of dimension at least k+1,
of E which contains x, defines an injective continuous linear mapping from F into F'
such that

T(Z‘l \/J}Q\/...\/Z‘k) =4 Az VAza V...V Axy,

for all z1,...,zx in E. Since T maps @S’k’akE into @s,k,ﬁkF it follows that A
maps F into F. . .

T is in A(Qg 4.0, E Qs ., F) then it follows from Proposition 11 that A
belongs to A(E; F). O

In the definition of a decomposable linear mapping T we require that kerT'N
{z1V..Vai:21,...,c,€ E}={0}. To see that this condition is necessary let E be
a Banach space of dimension at least 2 and k>2 be a positive integer. Consider
k nonzero vectors z1, 22, ..., 2 in E' with 21 and 22 linearly independent. Let T' be
a projection of &) E onto the subspace spanned by z1VzaV...Vzi. Then T

8,k, s k
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maps decomposable elements of @ FE to decomposable elements of @ E.

s,k sk
Suppose that there is a continuous linear mapping A: E— FE such that

s,k sk

(8) T(x1VaaV..Vag)=tAx;VAxaV...V Az, for all x1, ...,z in E.

As the range of T has dimension 1, the range of A must also be one-dimensional.
However, if that is the case, the image of T has the form {AyV...Vy:A€K} which
is clearly not possible since z; and zo were chosen to be linearly independent.

Taking o or (3 equal to £ or 7 in Theorem 12 we get that if £ and F' are
Banach spaces of dimension at least k+1 and T ®s,k,w5,kE_>®s,k,m,kF (resp.
T: ®5’k’551kE—>®5’k’EsﬁkF or T ®s,k,7rs,kE_>®s,k,ss,kF) is a continuous decom-
posable linear operator, then there is an injective operator A€ L(E; F') satisfying (8).
Moreover, given any operator ideal A, when T belongs to A then A€ A(E; F).

The analogous result is also true when we consider continuous linear operators
from ®gk€kE to ®S,k,7‘r5,kF' It is still an open question if the set of all continuous
linear operators A: E— F, such that the mapping

—

AR Q) E—Q F,
8,k, sk s,k.es 1

r1VaoV.. Vo — Ari VAo V...V Axy,

is well defined, is a subspace of L(E;F), see [10, Section 24] and [14]. It is
known that all integral operators are ‘e-m’-continuous, see [6], on the other hand
John [13] shows that every ‘e-m’-continuous operator of degree k is (k, k, k)-abso-
lutely summing. These two ideals provide a lower and an upper bound for the set
of ‘e-m’-continuous operators.

5. Mappings between spaces of different degrees

In this section we consider decomposable mappings from the space &)

into the space @S . BzF’ where k<I.
The following lemma is proved in much the same way as [19, Lemma 5].

sk, ap

Lemma 13. Let S be a finite-dimensional space and F' be a Banach space.
Let k<I, let o be a reasonable crossnorm of order | and let T': ®s’kS—>®s,l7aF be
a decomposable mapping. Then the images of all type-1 subspaces in ®S’kS under T
have I—k common factors.

Proposition 14. Let S be a finite-dimensional space of dimension at least k+1
and F be a Banach space. Let k<l, let a be a family of complemented symmetric
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seminorms and let T': ®S’k S—>®S’l’mF be a decomposable mapping. Then there
is a decomposable tensor w=w1V..Vw,_y of length l—k, and an injective linear
operator A€L(S; F) such that for any x=z1V...Vay in @, S,

T(z)=wVA*(x).

Proof. By Lemma 13 there is a decomposable tensor w of length [—k such
that the image of @), ;S under T is contained in wV(Q) F). Therefore T
induces a decomposable mapping T : @), S— ®s,k,ak F such that T'(z)=wVTi(x)
for all x in ®5’ x 9. By Theorem 9, there exists a continuous injective linear operator
A: S—F such that T (z1V...Var) =+ Az, V...V Axy, for all zq, ...,z in S. Replacing
w by Hw if necessary, this means that

s,k o

T(x)=wVAz1V..V Az
for all x=x1V...Vxy in ®S,k S. 0

Note that using condition (ii) in the definition of a family of complemented sym-
metric seminorms, we obtain that || A|| <M, || T||'/* is independent of the space S.

Theorem 15. Let E and F be Banach spaces of dimension at least k+1, let
k<l and let o and B be families of complemented seminorms on E and F', respec-
tively. Let T': ®s,k,akE_>®s,l,ﬂlF be a continuous decomposable linear operator.
Then there is a decomposable tensor w of length [—k in ®S’lik F and an injective
operator A€EL(E; F) such that for any x=z1V..Va) in @, £

T(z)=wVA"(x).
Moreover, for any operator ideal A, ifTGA(@s,k,akE; ®s,l,ﬂzF)’ then A€ A(E; F).

Proof. Fix x¢ in E. For each finite-dimensional subspace S of E containing xg
which has dimension at least k41, Proposition 14 gives a decomposable tensor wg of
length [ —k, an injective linear operator Ags: S— F and a constant M}, ; independent
of S with ||AS||§Mk,l||T|3||1/k§Mk,l||T||1/k such that

Tls(x1VaaV.. V) =wsVAsx1VAszaV...VAszy

for all x1,...,xf in S.
Now consider two ﬁnite—dimensionalNSUbSpaces S and S of E¥ which have dimen-
sion strictly greater than k+1 with SCS. Suppose that

wg =wiVwa V...V Wi_.
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Choose 1, ...,z in S so that none of Agz;, j=1,..., k, lie in (w1) U(wa)U...U(W;—k).
Since

wgVAgx1VAszaV...V Agxy ng\/Ag"El\/Ag{EQ\/...\/Agxk

we see that each Agz; is a factor of wgVAgr1VAgr2V...VAgzr). However, by our
choice of x;, Asz; cannot be a factor of wg and hence must be a multiple of one of
the Agz;’s. Tt follows from (1) that wg is a scalar multiple of wg.

Let w=wg, where S is any finite-dimensional subspace of F of dimension at
least k-+1. Then for each z in E we have T'(x*)=wVy* for some y in F. Choose o
in F such that T'(zf)=wVyg. Another application of [4, Lemma 4] tells us that our
choice of Ag can be made in such a way that in addition to having

T|s(x1VaaV..Vxg) =wVAsz1VAgza V..V Agxy

for all x1,x9,...,x in S we have Ag(xg)=yo and therefore each Ag is uniquely
determined. As in Theorem 12 we construct a continuous injective linear operator
A: E—F with A|g=Ag for every finite-dimensional subspace S of E. An argument
similar to that given in Theorem 12 shows that

T(x1VzoV...Vag) =wV Az VAza V...V Az,

for all z1,...,2 in E. -
If T belongs to A(Q 1 o, E: @15, 1) then it follows from the discussion at

the end of Section 3 that A* will belong to A(®, 1., E; @s,k,,@k F). It now follows
from Proposition 11 that A belongs to A(E; F). O

In particular the above result is true for mappings from spaces of injective
tensor products into spaces of injective tensor products, for mappings from spaces
of projective tensor products into spaces of projective tensor products and when we
consider mappings from the space of symmetric projective tensors into the space of
symmetric injective tensors.

6. Rank-1 preserving mappings between spaces of homogeneous
polynomials

Given a Banach space E we use Jg to denote the canonical embedding of F
into its bidual E”. As we have mentioned above, there is no Hahn-Banach theorem
for homogeneous polynomials of degree 2 or greater. However, Aron and Berner [1]
and Davie and Gamelin [9] show that for every P€P(*E) there is a norm-preserving
extension of P to PEP(¥E") such that PoJg(z)=P(z) for all € E.
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Given Banach spaces E and F and an isomorphism s: E'—F" it is shown
in [16] that the mapping 3, defined by 5(P)=Pos’oJp, induces an isomorphism of
Pa(RE) onto Po(*F) and of Py (¥E) onto Px(*F). We will see that mappings of
this form are precisely those operators between spaces of approximable and nuclear
homogeneous polynomials which preserve rank-1 polynomials.

Aron and Schottenloher [2] show that given any nonzero linear functional ¢
on a Banach space E and any positive integer k, the mapping r: P—¢P is an
injective linear mapping of P(*E) into P(**1E). Moreover, when both spaces are
given the compact open topology of uniform convergence on compact subspace of
E, this mapping identifies P(*E) with a complemented subspace of P(**1E). The
mapping r maps rank-1 polynomials to rank-1 polynomials. The following results
show that for the subspaces of approximable and nuclear polynomials a composition
of the types of mappings obtained in [2] and in [16] give all linear mappings which
map rank-1 polynomials to rank-1 polynomials. To obtain these results we use the
one-to-one correspondence between spaces of injective symmetric tensor products,
®S’k’55)kE' , and approximable polynomials, P4(*E), and the one-to-one corres-

R E’, and
nuclear polynomials, Py (¥ E), for spaces whose dual have the approximation prop-
erty, together with Theorems 12 and 15.

pondence between spaces of projective symmetric tensor products, ®S A

Theorem 16. Let E and F be Banach spaces of dimension at least k+1. Let
k<l and let T: Pa(*E)—=Pa('F) be a continuous injective linear operator which
maps rank-1 polynomials to rank-1 polynomials. Then there are in,...,¢;_} in F’
and a continuous injective linear operator s: E'—F' such that

T(P)=v1..4h_Pos' o Jp

for all PEP4(*E). Moreover, given any operator ideal A, if T€ A(Pa(*E); Pa('F))
then s€ A(E'; F').

From Theorem 15 we obtain the following result.

Theorem 17. Let E and F be Banach spaces of dimension at least k+1
whose duals have the approximation property. Let k<l and let T: Pn(*E)—Py('F)
be a continuous injective linear operator which maps rank-1 polynomials to rank-1
polynomials. Then there are 1,...,Y_ in F' and a continuous injective linear
operator s: E' —F' such that

T(P)=v1..40_Pos’ o Jp

for all PEPx(KE). Moreover, given any operator ideal A, if T€ A(Px(*E); Pn (' F))
then s€ A(E'; F').
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Theorem 18. Let E and F' be Banach spaces of dimension at least k+1 such
that E' has the approzimation property. Let k<l and let T: Px(*E)—=Pa('F)
be a continuous injective linear operator which maps rank-1 polynomials to rank-1
polyno-
mials. Then there are 11, ...,10_y in F' and a continuous injective linear oper-
ator s: E'—F’' such that

T(P)=v1..4h_Pos' o Jp

for all PEPx(KE). Moreover, given any operator ideal A, if TEA(Pn(*E); Pa(‘E))
then s€ A(E'; F').
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