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1. Introduction

In this paper we study the Betti cohomology H*(S) of a smooth projective connected
Shimura variety S associated with a standard unitary group. Before stating our main

results we recall the construction of these Shimura varieties.

1.1. Shimura varieties associated with standard unitary groups

Let F be a totally real field and F be an imaginary quadratic extension of F. Let V be
a vector space defined over F and let (-,-) be a non-degenerate Hermitian form on V.
We shall always assume that the Hermitian space (V, (-,-)) is anisotropic, of signature
(p,q), with p,¢>0, at one Archimedean place and positive definite at all other infinite
places. Note that if p+¢>2 this forces F#Q.

Let G be the Q-reductive group obtained from the group of isometries of (-,-) on V,
by restricting scalars from F to Q. The real group G(R) is isomorphic to the product
szl U(V;,) where the V. ’s are the completions of V' with respect to the different
complex embeddings 7; of E considered up to complex conjugation. By hypothesis,
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we therefore have G(R)2U (p,q) xU(m)¢~1. We denote by K., the maximal compact
subgroup of G.

A congruence subgroup of G(Q) is a subgroup I'=G(Q)NK, where K is a compact
open subgroup of G(Ayf) of the finite adelic points of G. The (connected) Shimura
variety S=S(I')=I\X is obtained as the quotient of the Hermitian symmetric space
X=G/Ks=U(p,q)/(U(p)xU(q)) by the congruence subgroup I'. We will refer to these
Shimura varieties as associated with a standard unitary group U(p, ¢) (associated with a
matrix algebra rather than a general simple algebra). We will be particularly interested
in the case ¢g=1, when X identifies with the unit ball in CP.

Since (-,-) is supposed to be anisotropic, the Shimura variety S is a projective
complex manifold; it has a canonical model, defined over a finite abelian extension of F’,

that fixes a choice of polarization. See §6 for more details.

1.2. Refined Hodge—Lefschetz decomposition of H* (S, C)

Let po be the tangent space of X associated with the class of the identity in U(p,q) and
let p be its complexification.

The group GL(p, C) x GL(g, C), seen as the complexification of the maximal compact
subgroup U(p) xU(q) of U(p, q), acts naturally on p. As first suggested by Chern [10] the
corresponding decomposition of A’p* into irreducible modules induces a decomposition

of the exterior algebra

N (TES)=T\U(p, q) Xu@pyxv(g) N (p7). (1.1)

This decomposition commutes with the Laplacian, giving birth to a decomposition of the
cohomology H* (S, C) refining the Hodge-Lefschetz decomposition, compare [10, bottom
of p.105]. We refer to these spaces of sections as refined Hodge types.

The symmetric space X, being of Hermitian type, contains an element ¢ belonging
to the center of U(p)xU(q) such that Ad(c) induces multiplication by i=+/—1 on py.
Let

g=topop”
be the associated decomposition of g=gl,, ,(C)—the complexification of u(p,q). Thus
p'={Xe€p:Ad(c)X=iX} is the holomorphic tangent space. The exterior algebra A’p
decomposes as
Np=NpaNp" (1.2)
In the case ¢=1 (then X is the complex hyperbolic space of complex dimension p) it

is an exercise to check that the decomposition of (1.2) into refined Hodge type recovers
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the usual Hodge—Lefschetz decomposition. But in general the decomposition is much
finer and it is hard to write down the full decomposition of (1.2) into irreducible mod-
ules. Indeed: as a representation of GL(p,C)x GL(g,C) the space p’ is isomorphic to
Vi ®V* where V., =CP? (resp. V_=C1) is the standard representation of GL(p,C) (resp.
GL(q,C)) and the decomposition of A"p’ is already quite complicated (see [16, equation
(19), p.121)):
AN (Ve@V) =P Sa (V) @Sx (V). (1.3)
AFR
Here we sum over all partitions of R (equivalently Young diagrams of size |A\|=R) and
A* is the conjugate partition (or transposed Young diagram).
However, it follows from Vogan—Zuckerman [71] that very few of the irreducible
submodules of A"p* can occur as refined Hodge types of non-trivial coholomogy classes.
The ones which can occur (and do occur non-trivially for some I') are understood
in terms of cohomological representations of U(p,q). We review these cohomological
representations in §3. We recall in particular how to associate to each cohomological
representation m of U(p, q) a strongly primitive refined Hodge type. This refined Hodge
type corresponds to an irreducible representation V' (A, ) of U(p) x U(q) which is uniquely
determined by some special pair of partitions (A, u) with A and g as in (1.3), see [4]; it

is an irreducible submodule of
S>\<V+)®SM(V+)*®SH* (V,)@S)\* (V,)*.

The first degree where such a refined Hodge type can occur is R=|\|+|pu|. We will use
the notation H** for the space of the cohomology in degree R=|\|+|u| corresponding
to this special Hodge type; more precisely, it occurs in the subspace HIA: 4l

The group SL(¢)=SL(V_) acts on A'p*. In this paper we shall concentrate on the
subring SH* (S, C) of the cohomology H* (S, C) associated with the subalgebra (/\"p*)SH(@
of A\'p*—that is elements that are trivial on the V_-side. We will refer to the refined
Hodge types occurring in SH*(.S, C) as special refined Hodge types.

In §3.10 we introduce an element

cg € (/\2qp*)U(P)XSL(Q)7

which defines an invariant form on X and a class in SH?¢(S, C); we shall refer to it as
the Chern class/form. The class c¢,€ H*1(S,C) is the gth power of the class associated
with our choice of polarization of S; see e.g. [4].

In particular note that if g=1 we have that SH*(S,C)=H"*(S,C) and ¢;€ H%(S,C)

is the class associated with the polarization.
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In general if X is the partition g+...4+¢ (a times) then Sy-(V_) is the ¢rivial repre-
sentation of SL(V_) and Sy (V. )®Sx-(V_)* occurs in (A"?p*)S™“@); in that case we use
the notation A=ax ¢ and it follows from Proposition 3.12 that(")

min{p—a,p—b}

p
SH'(SC)= @  dHS,C). (1.4)
k=0

a,b=0

(Compare with the usual Hodge-Lefschetz decomposition.) We set
SH (S, C) = H*Y(S, C)NSH" (S, C)

so that SH*(S, C):@’;b:o SH**(S, C). Wedging with ¢, corresponds to applying the
qth power of the Lefschetz operator associated with our choice of polarization, it therefore
follows that the (usual) primitive part of SH**Y(S, C) is exactly H**%0*4(S, C).

1.3. Main results

Vaguely stated our main result (Theorem 1.1) below asserts that the special cohomology
SH™ (S, C) is generated, for n small enough by cup products of three types of classes:

e special classes of type (g, ), that is classes in SH?Y(.S, C);

e holomorphic and anti-holomorphic special cohomology classes, that is classes in
SH*(S,C) and SH”*(S,C);

e cycle classes of the special cycles of Kudla and Millson [46] (these are certain
rational linear combinations of Hecke translates of Shimura subvarieties of ).

To state the precise result recall that we may associate to an n-dimensional totally
positive Hermitian subspace of V' a special cycle of complex codimension ng in S which
is a Shimura subvariety associated with a unitary group of type U(p—n,q) at infinity.
Since these natural cycles do not behave particularly well under pull-back for congruence
coverings, we, following Kudla [43], introduce weighted sums of these natural cycles and

show that their cohomology classes form a subring
P
SC(S) =P sc™(s)
n=0

of H*(S,Q). We shall show (see Theorem 8.2) that for each n, with 0<n<p, we have

SC?*™1(S) c SH™"™4(S,C)NH" (S, Q).

(1) In the body of the paper we will rather write bxq,axq in order to write U(a,b) instead of
U(b,a).
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Note that, in particular, this gives strong restrictions on the possible refined Hodge types
that can occur in the cycle classes of special cycles. We furthermore give an intrinsic
characterization of the primitive part of the subring SC*(S) in terms of automorphic
representations. For quotients of the complex 2-ball (i.e. ¢=1 and p=2) this was already
obtained by Gelbart, Rogawski and Soudry [21]-[23].

We can now state our main theorem.

THEOREM 1.1. Let a and b be integers such that 3(a+b)+|a—b|<2(p+gq). First

assume that a#b. Then the image of the natural cup product map
sc2min{able(gyx (SHI*l20(5, )@ SH™I**l1(S, C)) — H*FP)(S, C)

spans a subspace whose projection into the direct factor H**%**(S C)@ H**4:2*X4(S C)

18 surjective. If a=1b this is no longer true but the image of the natural cup product map
SC2e=Da(§)x SH?4(S, C) — H?(S, C)
spans a subspace whose projection into the direct factor H**%%*9(S C) is surjective.

Remark. We shall see that the subrings SH*Y(S, C), resp. SH*"(S, C), are well un-
derstood. These are spanned by certain theta series associated with explicit cocyles.

The most striking case of Theorem 1.1 is the case where S is a ball quotient (¢=1).
In this case SH*(S,C)=H"(S,C), and moreover, we prove that if a and b are integers
such that 3(a+b)+|a—b/<2(p+1), then the space Ht*(S, Q) contains a polarized Q-
sub-Hodge structure X such that

X®oC=H""(S,C)eH"(S,C)

(see Corollary 6.2). In particular, not only the direct sum H%?(S,C)®H"?(S,C) is
defined over Q but
o if a#b the direct sum HI*~t10(S C)@ H*1*=?(S C) is also defined over Q, and
e if a,b>1 the subspace H'!(S,C) is also defined over Q.
Theorem 1.1 therefore implies that every rational class in H*?(S,C)®H"(S,C) is a
rational linear combination of cup-products of rational (1,1)-classes and push-forwards

of holomorphic or anti-holomorphic classes of special cycles.

Remarks. (i) This result cannot hold in degree close to p (the middle degree) as
there are not enough cycles. In fact we expect the condition 3(a+0b)+|a—b|<2(p+1) to
be optimal.

(ii) We want to emphasize that the situation here is in two ways much more subtle
than in the orthogonal case studied in [7]. First the cohomology groups H*(S,C) are in
general non-trivial for all possible bi-degrees (a,b). Secondly special cycles do not span,

even in codimension 1, and one has to consider arbitrary (1, 1)-classes.
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Now recall that the Lefschetz (1, 1) theorem implies that any rational (1, 1)-class is a
rational linear combination of classes of codimension one subvarieties of S. As a corollary
we obtain the strong form of the generalized Hodge conjecture for S in the corresponding

degrees: if ¢ is an integer such that 2n—c<p+1 then

N¢H™(S,Q)=H"(S,Q)N ( @ H'(S.C ) (1.5)
at+b=n
a,b>c

Here N* is the coniveau filtration so that by definition N°H*(S,Q) is the subspace of
H(S,Q) which consists of classes that are pushforwards of cohomology classes on a

subvariety of S of codimension at least c.

Remarks. (1) The inclusion C in (1.5) always holds. In particular N°H™(S, Q) is
trivial if n<2c.

(2) Equation (1.5) confirms Hodge’s generalized conjecture in its original formula-
tion (with coefficients in Q). Note however that—as it was first observed by Grothendieck
[28]—the right-hand side of (1.5) is not always a Hodge structure. Grothendieck has cor-
rected Hodge’s original formulation but in our special case it turns out that the stronger
form holds.

Observe that it is a consequence of the hard Lefschetz theorem [27, p.122], that
N°¢H*(S,Q) is stable under duality (the isomorphism given by the hard Lefschetz theo-
rem). Indeed the projection formula states that cohomological push-forward commutes
with the actions of H*(S,C) on the cohomologies of a subvariety V of S and S, and hence
with the operators Ly and Lg of the hard Lefschetz theorem. Thus, if € H*(S,C) is
the push-forward of a class a€ H*~2¢(V, C) for a subvariety V of codimension c, then the
dual class L% ¥(8) is the push-forward of L¥ "(a). In conclusion, we have the following

result.

THEOREM 1.2. Let S be a connected compact Shimura variety associated with a
standard unitary group U(p,1). Let n and ¢ be non-negative integers such that 2n—c<
p+1 or2n+c>3p—1, or equivalently ne[O,2p]\]p—%(p—c),p+%(p—c) [ Then, we have

NCH"™(S,Q)=H"(S,Q)N ( B Hb(S, <c>
at+b=n
a,b>c

In particular, we have the following corollary.
COROLLARY 1.3. Let S be a connected compact Shimura variety associated with a

standard unitary group U(p,1) and let ne[O,p]\]%p, %p[ Then every Hodge class in
H?"(S,Q) is algebraic.
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Tate [68] investigated the ¢-adic analogue of the Hodge conjecture. Recall that S
is defined over a finite abelian extension M of E. Fix a separable algebraic closure M
of M. Seeing S as a projective variety over M, we put S=Sx ;M. Given any prime

number ¢ we denote the f-adic étale cohomology of S by
H;(S)=H"(S, Qo).

Recall that fixing an isomorphism of C with the completion C; of an algebraic closure

Qv of Q¢ we have an isomorphism
H;(S)®C, = H' (5,C). (1.6)

Given any finite separable extension LCM of M we let G =Gal(M /L) be the corre-
sponding Galois group. Tensoring with Q, embeds L in Q,. The elements of G then
extend to continuous automorphisms of C,. For j€Z, let Cy(j) be the vector space Cy
with the semi-linear action of G, defined by (o, 2)— x¢(0)?0(2), where x; is the f-adic

cyclotomic character. We define
H;(8)(j) =lim(H; ($)©Ce (7)),
where the limit is over finite degree separable extensions L of M. The ¢-adic cycle map
2"(S) — H™(S)

maps a subvariety to a class in H?"(S)(n); the latter subspace is the space of Tate classes.
The Tate conjecture states that the f-adic cycle map is surjective, i.e. that every Tate
class is algebraic.

Now recall that Faltings [13] has proven the existence of a Hodge-Tate decomposition
for the étale cohomology of smooth projective varieties defined over number fields. In
particular, the isomorphism (1.6) maps H}"(S)(j) isomorphically onto H?™~3(S,C).
From this, Theorem 1.2 and the remark following it, we get the following result.

COROLLARY 1.4. Let S be a neat connected compact Shimura variety associated

with a standard unitary group U(p,1) and let nE[O,p]\] %p, %p[ Then every Tate class
in H?"(S,Qy) is algebraic.

Proof. Tt follows from the remark following Theorem 1.2 (and Poincaré duality) that
the whole subspace H™" (S, C) is spanned by algebraic cycles as long as n€[0,p] \ | %p, %p .

The corollary is then a consequence of the following commutative diagram.

— Sy H™(S,C)
Zn(8

Hy(S)(n) (
N2
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The horizontal arrow is an isomorphism and the two diagonal arrows are the cycle maps.
We have proved that the image of the right diagonal arrow spans, and hence the image

of the left diagonal arrow spans. O

1.4. General strategy of proof

The proof of Theorem 1.1 relies on the dictionary between cohomology and automor-
phic forms specific to Shimura varieties. This dictionary allows to translate geometric
questions on Shimura varieties into purely automorphic problems.

The first step consists in obtaining an understanding, in terms of automorphic forms,
of the special cohomology groups SH" (S, C) for n small enough: it is generated by projec-
tions of theta series. In other words, we prove the low-degree cohomological surjectivity
of the general theta lift (for classes of special refined Hodge type). See Theorem 7.2
which is deduced from Proposition 13.4. The proof goes through the following steps:

e One first argues at the infinite places. By Matsushima’s formula the cohomol-
ogy groups H*(S,C) can be understood in terms of the appearance in L?(T'\U(p,q))
of certain—called cohomological—representations 7o, of U(p,q). It follows from the
Vogan—Zuckerman classification of these cohomological representations that the only co-
homological representations 7, contributing to SH"(S,C) are of very simple type (see
Proposition 3.12). We denote by A(axgq,bxq), 0<a,b<p, these representations; they
define the direct factors H®*90*4(S,C) of SH*®"!(S,C) and induce the refined Hodge—
Lefschetz decomposition (1.4).

e Second, one proves that for n=(a+b)g small enough—more precisely for 3(a+b)+
|a—b]<2(p+q)—any cuspidal automorphic representation of G(A) whose local compo-
nent at infinity is A(ax ¢,bx ¢) is in the image of the theta correspondence from a smaller
unitary group (Proposition 13.4). The proof proceeds as follows: we first prove a precise
criterion for a cuspidal automorphic representation 7 of G(A) whose local component at
infinity is sufficiently non-tempered to be in the image of the theta correspondence from
a smaller unitary group (Theorem 10.1). This criterion is analogous to a classical result
of Kudla and Rallis for the orthogonal-symplectic dual pair (relying on the doubling
method of Piatetskii-Shapiro and Rallis, and Rallis’ inner product formula). However in
the unitary case this criterion does not seem to have been fully worked out. Building on
Ichino’s regularized Siegel-Weil formula, we prove this criterion in §10. Second, one has
to show that the cuspidal automorphic = whose components at infinity are A(ax g, bxq),
with 3(a+b)+|a—b|<2(p+q), do satisfy this criterion. This relies on Arthur’s recent
endoscopic classification of automorphic representations of classical groups. Arthur’s

theory relates the classification of G to the classification of the non-connected group
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GL(N)x(0) (where 6 is some automorphism of GL(N)) through the stabilization of the
twisted trace formula recently obtained by Moeglin and Waldspurger [58]. This is the
subject of §12 and §13.

The second step shows that not only is H®*%**4(S C) generated by theta lifts,
but by special theta lifts, where the special theta lift restricts the general theta lift to
(vector-valued) Schwartz functions that have, at the distinguished infinite place where
the unitary group is non-compact, a very explicit expression @qq 5, (see Theorem 9.1,
which depends crucially on Theorem 5.24).(2) The Schwartz functions at the other
infinite places are (scalar-valued) Gaussians and at the finite places are scalar-valued
and otherwise arbitrary. The main point is that the special Schwartz function @uq,sq
is a relative Lie algebra cocycle for the unitary group allowing one to interpret the
special theta lift cohomologically. In fact we work with the Fock model for the Weil
representation and with the cocycle 1445, With values in the Fock model. This cocycle
corresponds to the cocycle ¢qq.4 With values in the Schrédinger model under the usual
intertwiner from the Fock model to the Schrodinger model.

The third step consists, if b=a+c, ¢>0, in showing that 1,4, factors as a cup
product 14,0 A%0,p; of the holomorphic and anti-holomorphic cocycles 14,0 and g pq-
This factorization does not hold for the cocycles ¢qq,p—see Appendix C. These are local
(Archimedean) computations in the Fock model; see Propositions 5.4 and 5.19.

One concludes the proof of Theorem 1.1 by using the result of Kudla—Millson [46]
stating that the subspace of the cohomology of S generated by the cycle classes of special
cycles is exactly the one obtained from the special theta lift starting with ¢yq,nq at the

distinguished infinite place.

In the paper we do not follow the above order. We rather start with the local com-
putations (describing the cohomological representations and constructing the cocycles
Yaq.bg)- We then discuss the geometry of the Shimura varieties and reduce the proofs
of our main results to purely automorphic statements. We conclude with the proofs of
these automorphic results. This will hopefully help a reader willing to accept them to

follow more easily the overall structure of the proofs of our main results.

Acknowledgements. We would like to thank Claire Voisin for suggesting that we
look at the generalized Hodge conjecture and Don Blasius and Laurent Clozel for useful
references. We thank the referees for their work. Their remarks and suggestions helped

us improve the exposition.

(?) This step generalizes a special case of a result of Hoffmann and He [32].
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Part 1. Local computations
2. Hermitian vector spaces over C

We begin with some elementary linear algebra that will be important to us in what
follows. The results we prove are standard, the main point is to establish the notation
that will be useful later. For this section the symbol ® will mean tensor product over R,

in the rest of the paper it will mean tensor product over C.

2.1. Notation

Let V be a complex vector space equipped with a non-degenerate Hermitian form (-, -).
Our Hermitian forms will be complex linear in the first argument and complex anti-
linear in the second. We will often consider V' as a real vector space equipped with the
almost complex structure J given by Jv=1v. When there are several vector spaces under
consideration we write Jy instead of J. We will give V* the transpose almost complex

structure (not the inverse transpose almost complex structure) so
(Ja)(v) = a(Jv). (2.1)

We will sometimes denote this complex structure by Jy .
Finally recall that we have a real-valued symmetric form B and a real-valued skew-
symmetric form (-,-) on V considered as a real vector space associated with the Her-

mitian form (-,-) by the formulas
B(vi,v2) =Re(v1,v2) and (v1,v2) =—1Im(vy,v2),

so that we have
B(Ul,’ljg):<'l)1,J’U2>. (22)

2.2. The complexification of a Hermitian space and the subspaces of type
(1,0) and (0,1) vectors

We now form the complexification VRC=V &grC of V, where V is considered as real
vector space. The space V®C has two commuting complex structures namely J®1 and
Iy ®i. We define the orthogonal idempotents p’ and p” in Endg(V®C) by

p=iIyel-Jy®i) and p’'=1i(Iyel+Jy®i). (2.3)
One readily verifies the equations

p/op/ :p/’ p//op/l :p// and p/opl/ :pllopl :O (24)
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In what follows if v€V is given we will abbreviate p'(v®1) by v' and p”(v®1) by v”. We

will write zv’ for (1®2)v" and zv” for (1®2z)v”. We note the formulas
p'(zv)=2p'(v) and p"(zv)=2zp"(v). (2.5)

We define V'=p'(V®C) and V" =p"(V®C). From (2.4) we obtain V@C=V'aV".
An element of V” is said to be of type (1,0) and an element of V" is said to be of type
(0,1). We will identify V' with the subspace V®1 in V&C.

2.3. Coordinates on V and the induced coordinates on V’/ and V"’

In this subsection only we will assume that the Hermitian form (-,-) on V is positive
definite. Let {v1,...,v,} be an orthonormal basis for V over C. Then we obtain induced
bases {vi,...,v,,} and {v{,...,v]} for V' and V", respectively. For 1<j<n, we let z;(v)
be the jth coordinate of v€V relative to the basis {v1, ..., v, }, 2;(v") be the j coordinate
of '€V’ relative to the basis {v],...,v;,} and z](v') be the jth coordinate of v"€V"
relative to the basis {vf,...,v//}. Let v€V. Then, by applying p’ and p” to the equation
v=3_"_, zj(v)v; and using equation (2.5) we get the following result.

LEMMA 2.1. We have

(1) (") =2 () =(,05);

(2) z;.’(v”): i (v)=(vj,v).

2.4. The induced Hodge decomposition of V*

There is a corresponding decomposition V*@C=(V*)'@(V*)" induced by the almost
complex structure Jy«. The complexified canonical pairing (V*®C)®¢ (V®C)—C given
by (a®2)®c (v@w)— (a(v))(zw) induces isomorphisms (V*)'— (V')* and (V*)"—(V")*.

We will therefore make the identifications
(V*)/:(V/)* and (V*)I/:(VI/)*
without further mention. In particular, if {vq,...,v,} is a basis for V and {f1, ..., fn} is

the dual basis for V*, then {f1, ..., f/ } is the basis for (V*)’ dual to the basis {v], ..., v} }
for V.

2.5. The positive almost complex structure J, associated with a Cartan

involution

We now assume that (V,(-,-)) is an indefinite Hermitian space of signature (p,q). We

choose once and for all an orthogonal splitting of complex vectors spaces V=V,& V_ of
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V such that the restriction of (-,-) to V. is positive definite and the restriction to V_ is
negative definite. Such a splitting is determined by the choice of V_ and consequently
corresponds to a point in the symmetric space of V. We can obtain a positive definite
Hermitian form (-, -)o depending on the choice of V_ by changing the sign of (,-) on V_.
The positive definite form (-,-)q is called (in classical terminology) a minimal majorant
of (-,-). Let fy_ be the involution which is equal to I, on V. and to —Iy_ on V_. Since
V, and V_ are complex subspaces J and 6y commute. Then 6y is a Cartan involution
of V in the sense that it is an order two isometry of (-,-) such that its centralizer in
U(V) is a maximal compact subgroup. All Cartan involutions are of the form 6y_ for

some splitting of V=V,@&V_ as above. We note that, for vy, vs, vV, we have
(v1,v2)0 = (v1,0yv_v2) and |(v,v)| < (v,v)o. (2.6)

For this reason (-, ) is called a (minimal) majorant of (-, ).
By taking real and imaginary parts of (-,-)o we obtain a positive definite symmetric

form By(-,-) and a symplectic form (-, )¢ such that
(v1,v2)0 = Bo(v1, v2) —i{v1, v2)0.
Define a new complex structure Jy by
Jo=0y_oJ=Jo0y_.

We note that the new form (-,-)g is still Hermitian with respect to the old complex
structure J,(3) that is

(Jui,v2)o=1(v1,v2)9 and (v1,Jva)o=—1(v1,v2)0,
and that Jy is an isometry of (-,-)o, that is
(Jovt, Jova)o = (v1,v2)o-
We claim that
By(v1,v2) = (v1, Jova). (2.7)
Indeed we have
By(v1,v2) =Re(v1,v2)0 =Re(vy, 0y_vy) =Imi(vy, Oy_ve) =Im(—(vy, JOy_v2))
=—Tm(vy, JOy_vg) = (v1, JOy_v2)) = (v1, Jova).
The claim follows.

Tt follows from (2.7) that Jy is a positive definite almost complex with respect to the

symplectic form (-,-). For the convenience of the reader we recall this basic definition.

(®) However (-,-)o is not Hermitian with respect to the new complex structure Jo.
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Definition 2.2. Given a symplectic form (-,-) and an almost complex structure Jy,
we say that (-,-) and Jy are compatible if Jy is an isometry of (-,-). We say that Jy is
positive (definite) with respect to (-,-) if Jy and (-,-) are compatible and moreover the

symmetric form By(vy,ve)=(v1, Jova) is positive definite.

It now follows from the above discussion that there is a one-to-one correspondence
between minimal Hermitian majorants of (-,-), positive almost complex structures Jy
commuting with J such that the product JyJ is a Cartan involution and points of the
symmetric space of U(V') (subspaces Z of dimension ¢ such that the restriction of (-,-)
to Z is negative definite). Henceforth, we will call such positive complex structures Jy
admissible.

We will therefore have to deal with two different almost complex structures and

hence two notions of type (1,0) vectors. To deal with this we use the following notation.

Definition 2.3. (1) If U is a subspace of V which is J-invariant then U’ resp. U”,
will denote the subspace of type (1,0), resp. type (0,1), vectors for the indefinite almost
complex structure J acting on U®C, for example V/ is the eigenspace, corresponding to
the eigenvalue i, of J acting on V, ®C.

(2) If U is a subspace of V which is Jy-invariant then U’ resp. U’ will denote the
subspace of type (1,0), resp. type (0, 1), vectors for the definite almost complex structure
Jo acting on U®C.

3. Cohomological unitary representations

3.1. Notation

Keep the notation as in §2 and let m=p+¢. In this section G=U(V)=U(p, q) and K=
U(p)xU(q) is a maximal compact subgroup of G associated with the Cartan involution
0=0y_ defined in the previous subsection. We let gg be the real Lie algebra of G and
go=%y®po be the Cartan decomposition associated with the Cartan involution 6. If [j is

a real Lie algebra, we denote by [ its complexification [=[p&®C.

3.2. Cohomological representations

A unitary representation m of G is cohomological if it has non-zero (g, K)-cohomology
H* (g, K; Vy).
Cohomological representations are classified by Vogan and Zuckerman in [71]. Let

tp be a Cartan subalgebra of £5. A 0-stable parabolic subalgebra q=q(X)Cg is associated
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with an element X €ity and defined as the direct sum
q=I[du

of the centralizer [ of X and the sum u of the positive eigenspaces of ad(X). Since

0X =X, the subspaces ¢, [ and u are all invariant under 6, so

q=(qN&)@(anp),

and so on. Let R=dim(unp).

Let b be a theta-stable Cartan subalgebra in [ (and hence a Cartan subalgebra in g)
containing t. Choose a system of positive roots A*(I) for the roots of b in [. Then the
union of the roots in A* () and the positive roots in u is a positive system of roots for the
theta-stable Cartan subalgebra . We may assume that the resulting system of positive
roots for the pair (g, h) includes a positive system for the pair (¢, t).

Associated with g there is a well-defined and irreducible unitary representation A,
of G, which is characterized by the following properties. Let e(q) be a generator of the
line A\™(unp); we shall refer to such a vector as a Vogan-Zuckerman vector. Then e(q)
is the highest weight vector of an irreducible representation V' (q) of K contained in /\Rp
(and whose highest weight is thus necessarily 2o(unp)). The representation A, is then
uniquely characterized by the following two properties:

(1) A4 is unitary with trivial central character and with the same infinitesimal
character as the trivial representation;

(2) Hom(V(q), Aq) £0.

Note that (the equivalence class of) A4 only depends on the intersection uNp so that
two f-stable parabolic subalgebras q=I[®u and q'=I'@u’ which satisfy unp=u'Np yield
the same (equivalence class of) cohomological representation. Moreover, V(q) occurs
with multiplicity 1 in A, and /\Rp, and

H*(g, K; Ag) = Hompnr (A7 (1NE),C). (3.1)

Here L is the connected subgroup of G with complexified Lie algebra [.
In the next paragraphs we give a more explicit parametrization of the cohomological

modules of G.

3.3. The Hodge decomposition of the complexified tangent space p of the
symmetric space of U(p, q) at the basepoint

We first give the standard development of the Hodge decomposition of p. In what follows
we will use a subscript zero to denote a real algebra (subspace of a real algebra) and omit

the subscript zero for its complexification. For example we have go=u(p, ¢) and g=go®C.
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We start by making the usual identification g=End(V') given by
A®z+—zA, AE€go. (3.2)

Rather than using pairs of numbers between 1 and p+g¢ (for example e; ;) to denote the
usual basis elements of End(V) we will use the isomorphism End(V)=V ®V™*; see below.
We then have

g=VeV ' =(V.eVH)e(V.aV )e(VoaV )e(V_.eVr).
In terms of the above splitting (and identification) we have

E=(V.eVH)e(VoeV*) and p=(V.V)e(V_-V)). (3.3)

3.4. Now consider a basis {v1, ..., v, } for V adapted to the decomposition V=V, ®V_.
The following index convention will be useful in what follows. We furthermore suppose
that

(Va,v8) =0a,p and (vu,v,)=—0u..

Then the matrix of the Hermitian form (-,-) on V' with respect to the basis {v;}72 is
the diagonal matrix (1" _17). We therefore end up with the usual matrix realization of
the Lie algebra go of U(p, ¢), where an m xm complex matrix (é g) belongs to gg if and
only if A*=—A, D*=—D and B*=C" In that realization we have

to=(7 %), with A and D skew-Hermitian;

= ‘6‘ 9, with A, resp. D, being an arbitrary px p, resp. ¢ X ¢, complex matrix;

(

3.5. For veV we define v*€V™* by
o* (W) = (u,v), (3.4)
and v1®@v; €V eV*=End (V)=g by
(v1®v3)(v) = (v, v2)v1. (3.5)

If feV* and v€V one can define v® f €End (V) in the same way and obtain the canonical
identification between V@V* and End(V). However, in what follows it will be more

useful for us to use the identification of equation (3.5).
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We next note that we may identify V*®@V with (V@V*)*=End(V)*=End(V*) by

the formula
(fi®v1,v2® f2) = f1(va) f2(v1).
We will denote by ‘A the element of End(V*) corresponding to A€End(V'), and hence
tA(f)=foA. Using the above identifications, we have
(wef)=Ffov.
The adjoint map A— A* relative to the Hermitian form (-, -) is the anti-linear map given
by
(u@v*)* =v@u*.

Note that AeEnd(V) is in go if and only if A*=—A. Hence the conjugation map o( of
End(V) relative to the real form gg is given by og(u®v*)=—v®u*. From either of the

two previous sentences we get the following result.
LEMMA 3.1. Let z,y€V. Then xQy*—yQz* and i(zQy*+yRx™) are in go.

We now define a basis for py by defining the basis vectors e, and fo ,, 1<a<p
and p+1<u<p+q. We will not need a basis for £;. By Lemma 3.1, it follows that the
elements below are in fact in gg. Here the matrices only show the action on the pair of
basis vectors v;, v in the formula immediately to the left of the matrix in the order in
which they are given. All other basis vectors are sent to zero

Ca,p = —Va®UV, TV, @V, = 10 and faylt:'é(_va@w#_vu@va): i o)

We now describe the Ad(K)-invariant almost complex structure J, acting on p

that induces the structure of Hermitian symmetric space on U(p, q)/(U(p)xU(q)). Let
C=e'"/%. Then ( satisfies (?=i. Let a(¢) be the diagonal m xm block matrix given by

Mo=(gcﬂ).

Then a(() is in the center of U(p) xU(q) and the adjoint action of Ad(a(¢{)) on p induces

the required almost complex structure, that is we have
Jo=Ad(a()). (3.6)
We have
a(Q)va = CVa, a(Q)v, =C M, a(Qvh =¢ % and a(Q)vy, = (v, (3.7)
In particular, for 1<a<p and p+1<u<p+q, we have

Jpeau=fapu and Jpfou=—€ap.



THE HODGE CONJECTURE AND ARITHMETIC QUOTIENTS OF COMPLEX BALLS 17

3.6.  We define elements z,,, in p’ and y,,, in p”, and thus also in g, by

0 1
To,p = _Ua®v;: (O O)’ whence JpZTa = 1i%a,p,

0 0

. 0), whence Jpya, = —Ya,pu-

Yo = 00(Ta,p) = Uu®”2 = (

The set {z, ,:1<a<p and p+1<pu<p+q} is a basis for p’. In the corresponding

matrix realization we have
0 B
p’:V+®V*={<O O):BeMqu(C)}.

Similarly, the set {ya,,:1<a<p, p+1<pu<p+q} is a basis for p” and we have

0 O
M:V®W:{&70)camwmﬁ.

Hence we have
12

oo(p')=p".

As a consequence of the above computation, we note that we have isomorphisms of
K=U(p)xU(q) modules

p = Mpuy(C) and p” = My, (C),

and the above splitting into B and C blocks corresponds to the splitting p=p’ Bp”.
Using the identification (U@U*)*=U*®U we have

() =V:eV. and (p/)" =V &V.. (3.8)

Hence the transpose ¢: V@V*—=V*®V given by {v® f)=f®v induces isomorphisms
p”"—(p")* and p’—(p”)*. On the above basis these maps are given by

Yo ="(0,@05) =vi®v, and ‘'z,,= t(—va®v;) = —v,QVq. (3.9)

We set £, ,=v;,®v, and & ,=—v;,@v,.

We now give two definitions that will be important in what follows. The notation
below is chosen to help clarify that the adjoints of the cocycles g o4, Of degree (a+b)q,
that we construct and study in §5 are completely decomposable in the sense that their

values at a point of €V are wedges of (a+b)q elements of p*.
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Definition 3.2. Let z€V,. Then we define z€ A\"p'=A\"(V,®(V_)*) by
T=(-1)"(xz@vy 1)\ A(TQU,,). (3.10)
Remark. By [17, p.80], there is an equivariant embedding
fa Sym (V)@ N'(V2)" — N1V (V2)"),

and hence &= f(z®1® (v, A...AvS, ).

Suppose now that feV; . We give the following definition.
Definition 3.3. We define fe N'p"=A\"(V_o(V,)*) by

f=Wp1 @ )N A (Vp4q® ). (3.11)

Using the transpose maps of equation (3.9) we obtain *fe A(p')*=A((V,)*@V.)
given by
f= (f@Upr1) A A(f@Vptq) (3.12)

and ‘e AY((p")") = N((V-)* ®V4) is given by

= (—1)"(vy 1 @)L A (V) Q). (3.13)

3.7. Theta-stable parabolic subalgebras

Fix the Borel subalgebra of € to be the algebra of matrices in t=u(p) xu(q) (block diago-
nal), which are upper-triangular on V, =C? and lower-triangular on V_=C? with respect
to these bases. We may take ity as the algebra of diagonal matrices (t1, ..., tp+q)-

The roots of t occuring in p’ are the linear forms t,—t,. We now classify all the
f-stable parabolic subalgebras q of g. Let X=(1,...,t,44) be such that its eigenvalues

on the Borel subalgebra are non-negative. Therefore
t1>...>tp and tp+q>~->tp+1'

In [4] we associate two Young diagrams A; and A_ to X:

e The diagram A, is the subdiagram of px g which consists of the boxes of coordi-
nates (o, i) such that t4>¢,.

e The diagram A_ is the subdiagram of px ¢ which consists of the boxes of coordi-

nates (o, ) such that t,_q11<tq—,41.
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A description of the possible pairs (A, A_) that can occur is given in [4, Lemma 6].(*)
Recall that we have associated with the parabolic subalgebra q=q(X) the represen-

tations V' (q) and A4. The equivalence classes of both these representations only depend

on the pair (A, A_). We will therefore denote by V' (A, A_) and A(A;, A_) these repre-

sentations.

3.8. To any Young diagram A, we associate the irreducible K-representation
V(A =5S\(VL) @S (Vo)™

Here S, (-) denotes the Schur functor (see [17]) and ‘ACqxp is the transposed diagram.
The K-representation V(\) occurs with multiplicity one in /\I/\‘ (Vo ®@V*), where || is the
size of A. The K-representation V(Ay, A_) is the Cartan product of V' (A;) and V(A_)*.
We recall that the Cartan product of V(A,) and V(A_)* is the irreducible submodule of
V(A4)®@V(A_)* generated by the tensor product of a highest weight vector for V(A ) and
a highest weight vector for V(A_). Hence the highest weight of the Cartan product is the
sum of the two highest weights of the factors. In our special situation—that of Vogan—
Zuckerman K-types—V (As, A_) occurs with multiplicity 1 in A®p, where R=|A,|+|A_|.
Note that if ACpxq is a Young diagram, we have

SA(Vo)* 2 Sy (V) (A'VL) 79,

where \V=(¢—X\p,...,¢g—A1) is the complementary diagram of X in pxg. We conclude

that we have

V(A A) 2 Sy (V@AY )@ (Sor_t o (V)BATV) ). (3.14)

3.9. Recall that, as a GL(V, ) x GL(V_)-module, we have

N (Viove) = P sy (Va)@sn (Vo) =PV (3.15)

AFR AER

see [16, equation (19), p.121]. Here we sum over all partitions of R (equivalently Young
diagrams of size |A\|=R). We will see that, as far as we are concerned with special
cycles, we only have to consider the subalgebra (A’p)*Pe® of A’p generated by the
submodules A" (V. @ V*)SE(V=) of Ay’ resp. \"(V.@V*)*)SE(V=) of A'p”. This amounts

(%) Beware that in this reference p refers to a subdiagram of p x ¢ which—in our current notation—
corresponds to the complementary diagram of A_ in pXxgq.
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to considering the submodule of (3.15) which corresponds to the A of type bxqg=(q").
We conclude that

(/\-p)specialz @ beq(v+)®saxq(v+)*®(/\qv_)a7b
a,b=0

o
I

(3.16)
Soxa(Vi)@S(p—ay g (Vi) O (NVa) 1@ (ATV-)* "

P~

o
Il

0

a7

This singles out certain parabolic subalgebras that we describe in more detail below.

Before that we recall the description of the invariant forms.

3.10. The Chern form

Let ACpxgq be a Young diagram. Given a basis {z¢}; of V()X) we denote by {z;}¢ the
dual basis of V(A\)* and set

Cr=Y_ 2@z e VNV c ANy,
¢
Here /\‘/\l’l/\‘p denotes the subspace of A\"p of elements of Hodge bidegreee (||, |A]).
The element C), is independent of the choice of basis {2,}, and belongs to (A'p)%¥.
Now C belongs to (A"p)sP“@! if and only if A=n x g, for some n=0, ..., p, and Cnxq=Cy
in \'p, where C,=C/, is the Chern class. We conclude the following result.

PROPOSITION 3.4. The subspace of K-invariants in (\'p)*Pei@! is the subring gen-
erated by the Chern class Cy.

The (g, g)-invariant form on the symmetric space X associated with the Chern class
is called the Chern form in [46] where it is expressed in terms of the curvature 2-forms
Qu=>"_, &/, N, by the formula

—iY 1 _ «
Cq= <> a Z SgH(UU)Qp+a(1),p+&(1)/\---/\Qp+a(q),p+6(q) € /\q,qp . (317)
0GES,

We now give a detailed description of the modules occuring in (3.16).

3.11. The theta-stable parabolic Q0 and the Vogan—Zuckerman vector
e(bg, 0)

We first define the theta-stable parabolics @y ¢ which will be related to the cohomology
of type (bg, 0). These parabolics will be maximal parabolics. Suppose that b is a positive
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integer such that b<p. Let E, CV, be the span of {vy,...,vp}. We define Qp9 to be the
stabilizer of Ep. Equivalently, Qo is the theta-stable parabolic corresponding to

X=(1,1,..,1,0,...,0) € it,.
——
b

We now compute the nilradical of the Lie algebra g0 of Q0.
Let Fy be the orthogonal complement of Ej in V., whence Fy,=Span{uvy1, ...vp}.

Hence, since V=V, ®V_, we have
V=E,eFeV_. (3.18)

Put Cy=F,®V_. Thus we have decomposed V into the subspace E} and its orthogonal
complement Cj, in V. Let u, o be the nilradical of the Lie algebra gy, of the Lie group

Qb,0. We now have the following lemma.

LEMMA 3.5. Using the identification End(V)=V@V*,
upoNp = E,@V*Cyp'.

Hence {—va®v}:1<a<b and p+1<u<p+q} is a basis for upoNp.

Proof. Tt is standard that the nilradical of the maximal parabolic subalgebra which
is the stabilizer of a complemented subspace Ej, is the space of homomorphisms from

the given complement Cj into Ej, whence, using the above identification,
Up o= E,Cy = (Eb®Fb*)@(Eb®Vj).
Clearly we have
ub’oﬂE:Eb®Fb* and ub’oﬂp:Eb(@Vj. O
The next lemma follows immediately from Lemma 3.5.

LEMMA 3.6. The vector e(bg,0)e N\ p= A"y’ associated with db.0 by
e(bg,0) = (=1)*9%y A... ATy (3.19)

is a Vogan—Zuckerman vector for the theta stable parabolic qp 0.

Note that Spxq(V:) is the irreducible representation for Aut(V,) which has highest
weight goop, where oy, is the bth fundamental weight (i.e. the highest weight of the bth
exterior power of the standard representation). From Lemma 3.6 and the general theory

of Vogan—Zuckerman, we get the following lemma.
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LEMMA 3.7. The Vogan—Zuckerman vector e(bq,0) is a highest weight vector of the
irreducible Kc=GL(V,)x GL(V_)-submodule

V(bxq) =V (bxq,0) = Spuq(V)R(A(V))" in \"Op.
Remark. As a representation of K¢=GL(p)x GL(q) the representation
V(bxq) = Spxq(CP)@(A(C1)) "

has highest weight
(¢,.-,4,0,...,0; =b, ..., —D).
—— —\— ——

b p—>b q

3.12. The theta-stable parabolic Qg,, and the Vogan—Zuckerman vector
e(0,aq)

Suppose that a is a positive integer such that a<p. Once again we let E, be the span of
{v1, ., 04} and F, be the span of {vs41,...,v,}. Let Fy be the span of {vy_,.1,...,vp}.
We define (o, to be the stabilizer of F; CV*. We note that the stabilizer of F is the
same as the stabilizer of its annihilator (F¥)t=E,+V_CV. Thus Qo , is the theta-stable

parabolic corresponding to

X=(11,..,1,0,0,...,0,1,1,..., 1) €ity.
——— —— ——
a p—a q
The proof of the following lemma is similar to that of Lemma 3.5. Let ug , be the
nilradical of the Lie algebra qg , of the parabolic Q. q.

LEMMA 3.8. We have
up NP EV_QFCyp”.

Hence {v,®@v}:p—a+1<a<p and p+1<u<p+q} is a basis for ug,.Np.
Using (3.12), we obtain the Vogan—Zuckerman vector e(0, ag)e \”*p=A"p" as
e(0,aq) =0y, 1\ AT,

We observe that
e(0, aq) = +wooo(e(aq,0))

where Wy is the element of U(p) that exchanges the basis vectors v, and vpt1—q, 1<a<p.
The reader will also observe that e(0,aq) is a weight vector for the diagonal Cartan
subalgebra in u(p)c with weight
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that is a highest weight of the representation S, x4((CP)*). From Lemma 3.8 we have the

following result.

LEMMA 3.9. The Vogan-Zuckerman vector e(0,aq) is a generator for N\*(ug aqNp).
As such it is a highest weight vector for Qo o and (from the above weight formula) it is the
highest weight vector for the irreducible Kc-submodule V(0,axq)=S(uxq) (V)@ (A'V-)*
in O’aqp.
Remark. As a representation of K¢=GL(p) x GL(¢) the representation
Saxq((CP)")®(A'CY)*

has highest weight

3.13. The theta-stable parabolic Qp , and the Vogan—Zuckerman vector
e(b(b aq)
We now define the theta-stable parabolics Q) o, which will shortly be related to the cocy-
cles of Kudla—Millson and their generalization. Here we assume that a and b are positive
integers satisfying a+b<p, and hence b<p—a. The associated theta-stable parabolics
will be next-to-maximal parabolics, that is stabilizers of 2-step flags.

As before, we let E, CV, be the span of {vy,...,v} and E,_,=F,_,CV, be the span
of {v1,...,vp_a}. Since b<p—a, we find that E,CE,_, and we obtain the 2-step flag

Fpa=Epy CEp_q+V_CV.

Let Qs be the stabilizer of the flag F .. Thus @y q is the theta-stable parabolic corre-
sponding to

X=(1,1,..,1,0,0,...,0, =1, -1, ..., —1) € ito.
—_——— —— —-o —
a p—a q

Since Qy,q is the intersection of stabilizers of the subspaces F}, and E,_,+V_ comprising
the flag 3} 4, the group Q) is the intersection of the two previous ones.
LEMMA 3.10. We have
Qb,a = Qp,0NQo,a-
Let up, 4 be the nilradical of the Lie algebra g, of the Lie group Q. It is a standard

result that if two parabolic subalgebras ¢q; and g2 intersect in a parabolic subalgebra g
then the nilradical of ¢ is the sum of the nilradicals of q; and q2. Hence, we have

Up o NP = (Ep@VI)B(VoRF,) = (up,0Np)+(tt0,aNP). (3.20)
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We obtain as a corollary that
{va®v,v,®@v5:1<a<bp—a+1<F<pand p+1<p<p+q}
is a basis for up ,Np.
Remark. We have
o NP =Ep@V* and wy,,Np’ =V_QF).

We then define the Vogan—Zuckerman vector

e(ba, ag) € N"*"pc = (N"p) @ (\"'P')

associated with Q) 4 by

e(bq, aq) = e(bg, 0) \e(0, aq)
= (=10 A AT AT A ATS) € N (Vi@ (V)@ A (Vo @ (V)).
(3.21)

For the following lemma, we recall that the Cartan product of two irreducible rep-

resentations was defined in §3.8. In the case considered below it has highest weight

(¢,.-,4,0,..,0,—q,....,—q; a—b, ...,a—D).
S~—— — ——

b a q

LEMMA 3.11. The Vogan—Zuckerman vector e(bq, aq) is a generator for

/\(a+b)q(ub,aﬂp)-

As such it is the highest weight vector of the irreducible Kc¢-submodule V(bxq,axq)C

/\bq’aqp7 which is isomorphic to the Cartan product of the representations

Soxa(V)@(A'(VI)" and  Saxq(Vi)@(A' (V)"

3.14. Wedging with the Chern class defines a linear map in

HomK ((/\°p)special’ (/\'p)special).

We denote by Cy also the linear map. It follows from [4, Proposition 10] that C¥(V (bx
g, axq)) is a non-trivial K-type in (ACTFI(@FRagyspecial i¢ and only if k<p—(a+b).
This leads to the following result.
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PROPOSITION 3.12. The irreducible K-types V(bxq,axq), with a+b<p, are the

only Vogan—Zuckerman K -types that occur in the subring (\'p)*P°“el. Moreover,

(C~Cf;, if n—(a+b)=2k,

Hoe (V (b g, ), (N7 = { .
0, otherwise.

Here k is any integer in {0, ...,p—(a+D)}.

Proof. The Vogan—Zuckerman K-types are the representations V (A, A\_). Now it
follows from (3.14) that if such a K-type occurs in (Ap)*Pe® then Siy_ oy (V) is
isomorphic to a power of A’V_ but this can only happen if the diagram ‘A_+‘AY has
shape ¢gxc for some c. This forces both ‘A_ and ‘AY to be of this shape. We conclude
that there exist integers a and b such that A\, =bxq and A_=axgq. This proves the first
assertion of the proposition.

We now consider the decomposition (3.16) into irreducibles. It follows from the
Littlewood—Richardson rule (see e.g. [16, Corollary 2, p.121]) that

dim HomGL(V+) (S((gq)b7qp—a—b) (V.,_), S(qB) (V+)®S(qp—A) (V+))

equals the number of Littlewood-Richardson tableaux of shape ((2¢)%, ¢?~%~*)/(¢?) and
of weight (¢P~#). The latter is 0 if A<a or B<b. If A>a the shape ((29)%,¢?~*7%)/(¢?) is
the disjoint union of two rectangles and it is immediate that there is at most one semistan-
dard filling of ((2¢)®, ¢?~*7?)/(¢®) of content (¢?~4) that satisfies the reverse lattice word
condition; see [16, §5.2, p. 63] (the first row must be filled with ones, the second with twos
etc.). We conclude that the multiplicity of S((aq)s gp—a—5)(Vy) in S(ga) (Vi) @S (gr—ay(V5)
equals 1 if A=a+k and B=0b+k for some k=0, ...,p—(a+b), and 0 otherwise. Since, in
the former case

Cy(V(bxq,axq)) = S((agys,gr-o—r) (V)R (A'Vi) 1@ (AV-)* "

in (\@+0H2R)agyspecial thig concludes the proof. 0
Remark. Proposition 3.12 implies the decomposition (1.4) of the introduction.

The following proposition shows that the Vogan—Zuckerman types V (bx ¢, ax q) are
essentially the only K-types to give small degree cohomology.

PRrROPOSITION 3.13. Consider a cohomological module Aq and let V(q)=V(Ay, A-)
be the corresponding Vogan—Zuckerman K-type. Suppose that R=dim(unp) is strictly
less than p+q—2. Then either (A4, A_)=(bxq,axq), for some non-negative integers a
and b such that a+b<p, or (Ay,A_)=(pxb,pxa) for some non-negative integers a and
b such that a+b<gq.
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Proof. See [4, Fait 30]. O

Remark. The cohomological modules corresponding to the second case of Propo-
sition 3.13 correspond to the very same module where we just exchange the roles of p

and q.

4. The action of U(p) xU(q) XU (a) xU(b) in the twisted Fock model

In this section we review the construction of the Fock model for the the Weil represen-
tation of the dual pair U(p,q)xU(a,b). We will thereby explain the reversal of a and b
in the notation of the preceding sections: relative Lie algebra cohomology for u(p,q) of
Hodge bidegree (bq, ag) comes from the dual pair U(p, q) xU(a,b).

It is an important point in what follows that to detect the twist part of the action
of U(p) xU(q) on the Fock model it is enough to determine the action of U(p)xU(g) on
the vacuum vector ) (the constant polynomial 1 in the Fock model). Thus Lemmas 4.7
and 4.10 and their accompanying corollaries and remarks, which give formulas for the
action of the restriction of the Weil representation to U(p) xU(q) (actually their covers)

on g, will play an important role in what follows.

4.1. The square root of the determinant

In what follows we will need the square root of the determinant and its properties for
various unitary groups. Let U (V') be the isometry group of a Hermitian space V' and let
u(V) be its Lie algebra. Hence we have a Lie algebra homomorphism Tr: u(V)—C (the
trace). We define the covering group U(V) of U(V) to be the pull-back by det of the
covering 7: S*— St given by 7(2)=22. Hence

UV)={(g9,2):9€U(V) and z € S*with det(g) = 2?}.
We then define det'/2: U(V)— St by
det'/2((g,2)) = 2.

k/2 —(detl/2 )*. We leave the proofs

For k€Z we define the character detf/ﬁ,) by detU(V)— UV

of the two following lemmas to the reader.

LEMMA 4.1. Suppose f: H—U(V) is a homomorphism. Then the pull-back by f to
H of the cover ﬁ(V)HU(V) is equal to the pull-back of the cover m:S'—S! above by
detof: H—S. In particular the pull-back of the cover by f is trivial if and only if H has
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a character x: H—S" such that x(h)*=detof(h), he H. There is a lift f: H~U(V) of
f such that
1/2

r 1/2
det /o f = (detpvyof)Y/2.

We will also need the following result.

LEMMA 4.2. Define x to be the unique character of the universal cover of U(V)
with derivative 1k Tr. Then x descends to the cover U(V) of U(V) and the descended

character is det]f]/(%,) .

Remark. We see from the lemma that det%]/ (2\/

the half-trace.

) has the same functorial properties as

There are three results concerning the behaviour of detb/ (QV) under homomorphisms
which we will need below. The first two are special cases of Lemma 4.1. The first result

is the following.

LEMMA 4.3. Let V1 C Vs be a subspace of a Hermitian space such that the restriction
of the form on Vy to Vi is non-degenerate. Then we have an inclusion U(Vy)—U(Va)

and
1/2

- 1/2
U(V2) |U(V1)

det U

=det

The second result concerns the behaviour under the diagonal action of U (V) on the

direct sum V*°.

LEMMA 4.4. Let V be a Hermitian space and a be a positive integer. Let f:U(V)C
U(V?) be the diagonal inclusion. Then we have detU(Va)of:det?,(V). Hence the cover
U(V*)—=U(V®) pulls back to the non-trivial covering group U (V) if and only if a is odd.

Furthermore we have
1/2 a/2

detU(Va) |,7(V) = detU(V).

The third result we need the behaviour of detlU/ (2‘/) under complex conjugation. Sup-
pose we have chosen a basis {vi, v, ...,v,} for V such that (vj,v;)€R for all j and k.
Let Vo CV be the real form of V' given by Vy=spang{vi,...,v,}. Let Ty, be complex con-
jugation of V relative to the real form V{. The above assumption on the inner products

of basis vectors is equivalent to

(TVO(I)vTVO(y)):(I7y)’ z,yeV. (41)

Equation (4.1) implies that, if geU(V'), then 7y cgory, €U(V) and hence 7, induces a
conjugation map 7o: U(V)—=U(V) given by 79(g)=7y, °goTy,. We note that the matrix

of 79(g) relative to the basis {vy, ..., v, } is the conjugate of the matrix of g and hence

det(ro(g)) = det(g) = det ™ (g). (4.2)
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It then follows that 7 induces a map of coverings 7o: U(V)—U (V) given by

7o(g,2) = (10(9), 2)-

The next elementary lemma will be important in what follows.
LEMMA 4.5. Let V and Vg be as above. Then we have

/2 -~ . o—1/2
detU(V)OTQ 7detU(V).

Proof. We have

det'/2(7y(g, 2)) = det/?((10(g9), 2)) =z =2~ = (det'/?(g, 2)) " O

4.2. The Fock model of the oscillator representation associated with a point

in the symmetric space of U(p, q)

We now recall the description of the Fock model of the Weil representation and the
associated polynomial Fock space. We keep the notation of §2. There is one Fock model
for each positive definite complex structure. However, since we will be concerned only
with the restriction to the unitary group U(V) we will limit ourselves to the positive
definite structures coming from the symmetric space of U(V). We will see below that
there is one such model (structure) for each point (splitting V=V, +V_) in the symmetric
space of the unitary group. In what follows we will assume that dim V, =p and dim V_=gq,
and set m=p-+q.

Recall that there is a canonical positive almost complex structure Jy associated with
the Hermitian majorant (-,-)o of (-,-) corresponding to the decomposition V=V, +V_,
which is given by the formula

Jo=Je0y._.

The eigenspace V' corresponding to the eigenvalue i of Jy acting on V@C is V] +V".
We define the Gaussian g on V'0 associated with the majorant (-,-)o by

0o (v"°) = exp(—m (v, 0v0)g).

Here we have transferred the majorant (-,-)g from V to V' using the canonical iso-
morphism v—v"°=1(v®1—Jyv®i). We finally define the Gaussian measure p on V'
by

n=Cpopo,

where pg is Lebesgue measure on V0 and C' is chosen so that the measure of V'0 is 1.
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We define the Fock space F(V') to be the space of Jp-holomorphic functions (techni-
cally the half-forms) on V’° which are square integrable for the Gaussian measure.

We define the polynomial Fock space P(V') to be the subspace of F(V') consisting of
Jo-holomorphic polynomials. Identifying as usual polynomial functions on a space with

the symmetric algebra on its dual, we conclude that
Pol(V") = Sym((V")") = Sym((V/+V")") = Sym((V})") @Sym((V")").

It will be important in what follows to note that since V' and V" are dually paired

by (the complex bilinear extension of) the symplectic form A, we have
Sym((V])*)=Sym(V!) and Sym((V")*)=Sym(V’).

Hence
P(V)=Sym((V{)")@Sym((V")") = Sym(V!)@Sym(V"). (4.3)
Note that the spaces F(V) and P(V') depend on the choice of positive almost complex

structure Jy.

The point of the previous construction is that there is a unitary representation of the
metaplectic group w: Mp(V, (-,-))—=U(F(V)). This action provides a model of the Weil
representation called the Fock model. In what follows we will abbreviate Mp(V; (-, -}) to
Mp and its maximal compact subgroup, given by the 2-fold cover of the unitary group of
the positive Hermitian space (V, (-, )o), to Us. Here, we recall that (+, ) is the symplectic
form on V. In case we have chosen a basis for V' then we will write Mp(2m, R) in place
of Mp.

The polynomial Fock space P(V) is precisely the space of Up-finite vectors of the
Weil representation w (see e.g. [35] and [9]) and the action of Uy on the polynomial Fock
space is given by the following formula (see [15, Proposition 4.39, p. 184]). If keU, and
PeP(V) then

(w(k)P)(v") =dety, (k) Y2P(k~10). (4.4)

Remark. The determinant factor comes from the fact we should have multiplied P

in the above by the half-form (square root of the complex volume form)

VdziNdzo ... dzy,.

We note that the constant polynomial 1 satisfies
w(k)-1=dety, (k)~'/2-1.

In general for each model of the Weil representation there is a unique vector 1y which cor-
responds to 1 traditionally called the vacuum vector. The vacuum vector then transforms

according to
w (k) = dety, (k) /2 ¢bp.
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4.3. The restriction of the Fock model to ﬁ(p, g) and its half-determinant

twists

In this section we will study the “restriction of the Weil representation of Mp(2m,R) to

U(p,q)”. We use quotation marks since the map U(p, ¢) —Sp(2m, R) involves a conjuga-

tion.

4.3.1. The inclusion jy(p,q) of ﬁ(p, q) in Mp(2m,R)

The conjugation alluded to above comes about because the matrix M’ of the symplectic
form A relative to the natural basis B={v1, ..., Uy, 101, ..., i, } for the real vector space

Vr underlying V is given by

I I,
M = ( 0 p’q) instead of M = < 0 ) (4.5)
I, 0 I 0

Here I, , is the m xm matrix given by

L 0
IL,=("7" .
P.q < 0 Iq)

Hence, the basis B’ is not a symplectic basis. Accordingly, we let B’ be the new basis
given by

12 . .
B'={v1, ..., Up, —Upt1, e, —VUpiq, V1, ..oy WU .

Then B’ is a symplectic basis and the change of basis matrix Z,, , is given by

1, 0
Zp,q:( zaq I ) (4.6)
m

In what follows we let Sp’(2m, R), resp. sp’(2m, R), denote the group of isometries of
the form M’ (so gM'g*=M"), resp. the Lie algebra of this group. We find then that under
the canonical map ig: GL(n,C)—GL(2n,R) (associated with the map GL(V)— GL(Wg)
in the basis B) the image of U(p, q) lies in Sp’(2m,R). Note that

iz (atib) = (Z _b>.

a

We let jg be the restriction of ig to U(p, q). We define F,, ;:Sp’(2m,R))—Sp(2m,R) by
F,=Ad(Z, 4) and jy(p.q) by

JU(p,g) = Fp,q°)B-
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We find that jy(,,q) maps U(p,q) into Sp(2m, R).

We let ﬁ(p, q) be the pull-back of the metaplectic cover of Sp(2m,R) by the embed-
ding jy(p,q)- It is well known that U (p, q) is the cover obtained by taking the square root
of det: U(p, q)—S'; see for example [61, §1.2].

We let Mp’(2m, R) be the pull-back by F}, ; of the metaplectic covering of Sp(2m, R).
Hence we have a lift ﬁp,q of F, 4 such that ﬁpyq:Mp'(2m,R)%Mp(2m,R). Since the
covering ﬁ(p7 q) of U(p, q) is pulled back from the metaplectic covering of Sp(2m,R) by
the composition F), 45, we also have lifts jz of jz and jy(,q) of Ju(p,q). Since two
coverings of a map that agree at a point agree everywhere (here the point is the identity)

we have

J~U(p,q) =FpqoB. (4.7)

4.3.2. The action of U(p) xU(q) on the vacuum vector v

Let 7, be the real linear transformation that is the negative of complex conjugation on
V_. Then in terms of the basis B the matrix of Iy, &7y, is Z, 4. Note that 7,=Adr

acting on U(q) is complex conjugation and lifts to the operator 7, on U(q) given by
7:q<g, Z) = (Tq(g)> 2)'
In what follows we will need the multiplication map ﬂpﬂ:ﬁ (p) x U (q)%f] (p, q) given by

ﬂp,q(((klv 1)7 Zl)((L k2)722) = ((klv ]472),2122)-

Note that fi, 4 factors through the inclusion U(p) x U(q)—>(7(p, q) and that it has kernel
7,/2. We have an analogous map fi,+q: U (p) x U(q)—= U (p+q).

We claim that the diagram below commutes. First the induced diagram of maps on
the base space commutes; see equation (4.11). Hence the diagram of homomorphisms of
covering groups commutes; see the sentence preceding equation (4.7).

~ JU(p,9)

U(p)xUlq) e, U(p,q) —— Mp'(2m,R)

1><’l~'ql JFp,q

~ fiptq JU(p+a)

U(p)xU(q) ——— U(p+q) ——— Mp(2m, R).

Remark. In the diagram we are comparing two different mappings of ﬁ(p) X ﬁ(q)
into Mp(2m,R). The top mapping factors through ﬁ(p,q) and the bottom mapping
factors through U (p+q).
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By Lemma 4.3 we have the following result.
LEMMA 4.6. We have

1/2

I ~ 1/2
U(p,9)!U(p)xU(q)

U(p)

1/2

det Ule):

=det ®det

We now use Lemmas 4.1 and 4.5, and the above diagram to prove the following

result.

LEMMA 4.7. For ki€U(p) and ko€U(q) we have

W(fip,q(k1,k2)) (o) = (dety; /7 (kr) @detrf ) (ka)bo.

(» (¢

Proof. Let k=(k1,k2)€K. In what follows we will abbreviate 7,(k2) to k2.
Recall that 1)y is the vacuum vector (so 1 in the Fock model). Going around the top
of the diagram and noting that the composition of the top right horizontal arrow with

the right vertical arrow is j(p,q)(k1, k2), we obtain by definition

W(v(p,q) (F1, k2)) o = w(ki, k2)bo.

Going around the diagram the other way we obtain

w((k1, k2))0 = (@l (s ) (107¢) (K1, k2))) oo
= (w‘ﬁ(p+q) (klv ];"2))17&0
= detf(llﬁq) (]{71, ]762)1/}0

U
= dety, /2 (k1) dety; 7 (R2 )

(» Ula)
=det ;¢ (k) dety; 2 (a)tbo. -

Here the second last equality is Lemma 4.3 and the last one is Lemma 4.5. We now

have the following consequence.

COROLLARY 4.8. We have

(wedety/: )i (o) = detysg) (k2)tho. (4.8)

Remark. Lemma 4.7 and its corollary give the formula for the twist of the standard
action of U(p) x U(q) in the polynomial Fock model that we will need in §4.6. In particular
we need the case a=1, b=0, where W=W, is a complex line equipped with a positive

unary Hermitian form. Note that in this case a—b=1.
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We conclude this subsection with the formula for the action of U (p)x U(q) on g we
will need in §4.6. In particular we need the case a=0, b=1, where W=W_ is a complex
line equipped with a negative unary Hermitian form. In this case tensoring with W
has the effect of changing the Hermitian form (-,-) on V to its negative (-,-)'=—(-,").
The matrix M" of the symplectic form associated with (-,-)" relative to the standard
basis B={v1, ..., U, 101, ..., iU, } is the negative of the matrix M’ above. We identify
the isometry groups of the two Hermitian forms (-,-) and (-,-)" with U(p,q) using the
standard basis. We obtain a new embedding jy (4, of U(p,q) into Sp(2m,R) which is
given by

Ju(ap) = AdWp o )3,

-1 0
Wpq= P > 4.9
(T ) (1.9)

where

We let w’ be the pull-back of the Weil representation to U(p, q) using the embedding

JU(q.p)-
Recall that 79: U(p, q)—U(p, q) is complex conjugation and 7y is its lift to U(p, q).

LEMMA 4.9. We have

/ ~
W =weTp.

Proof. Note first that Z, oW q=1Iy,,m, where

Tonom = ( ~In 0 ) (4.10)

Hence the two embeddings are related by
jU(q,p) = AdImymojU(Pﬂ)'
But the embedding jg: GL(m, C)— GL(2m, R) satisfies
JBeoTo=Adlnm mejs, (4.11)

and hence the two embeddings are related by

JU(q.p) = JU (p,q)° TO-
The lemma follows by lifting the previous identity to the 2-fold covers. O

It follows from Lemma 4.5 that the action of w’|x on the vaccum vector is given
by the conjugate of the character for the action of w|x and hence from Lemma 4.7 we

obtain the following result.
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LEMMA 4.10. We have
W'| i (o) = (dety/y @dety, 7)o,
COROLLARY 4.11. The following identity holds:
(' @dety 1% )|k (o) = dety; () (ha)tho. (4.12)

Remark. Lemma 4.10 and its corollary give the formula for the twist of the standard
action of U(p)xU(q) in the polynomial Fock model. In §4.6 we will need the case a=0,
b=1. Note that in this case a—b=—1.

4.4. The tensor product of Hermitian vector spaces

Let V' be a complex vector space of dimension m=p+¢q equipped with a Hermitian form
(+,)v of signature (p, q) and let W be a complex vector space of dimension a+b equipped
with a Hermitian form (-, - )y of signature (a,b). We will regard V' as a real vector space
equipped with the almost complex structure Jy, and W as a real vector space equipped
with the almost complex structure Jy,. We may regard the tensor product V®cW as
the quotient of the tensor product V@g W by the relations

(Jv(v)@w=v&(Jw(w))

for all pairs of vectors veV and weW. Thus we have an almost complex structure Jy gw
on VcW given by
Jvew =Jv@Iw =TIy @Jw. (4.13)

From now on all tensor products will be over C unless the contrary is indicated. We will
acccordingly abbreviate V®cW to VeW.

We let 8§ denote the algebra C[z1, 20]/(27+1,254+1). An action of § on a vector
space V is given by the choice of two commuting complex structures on V. Hence given
a complex vector space V' the complexification of V' is an 8-module and the subspaces

V' and V" are $-submodules.

Let ¢: (VeW)@rC—(VerC)®s (W®@gC) be the map given by
ty(vRWRz2) = (vR1)®(wRz).
Remark. Note that the map ¢ is well defined:
(Jy () @wel)=1lveJw(w)®1)

because we tensored over 8.
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The following lemma is clear.

LEMMA 4.12. We have
V'@sW"=0 and V"@sW'=0.
Accordingly, we have
(VerC)®s (WarC)= (VW' )+ (V' eW").

We now have the following result.

PROPOSITION 4.13. The map ¢ is an isomorphism and consequently induces an iso-
morphism, which we again denote by v: (VRW)@rC2V'@W'+V"@W".

Proof. Since both the domain and the range of ¢ have dimension 2dim V dim W it
suffices to prove that ¢ is onto. But given (v®21)®@(w®z2)€(VRrC)®s (W RrC) we
have

(v®21)R(WR22) = (VR1)R(WR 21 22) = L{(VROWR 21 23). O

The tensor product (-, ))=(-,- )y ®(-,-)w is a Hermitian form on V@W. We let
{(-,-)y denote the symplectic form on the real vector space underlying V®@W (which we
will again denote by V®@W); it is given by the negative of the imaginary part of ((-,-)).
Hence we have

(D=0 )hveBw+Bya(, )w. (4.14)
Clearly we have an embedding U(V)xU(W)—Aut(VQW, {-,-))). It is standard that

this product is a dual reductive pair, that is each factor is the full centralizer of the other
in the symplectic group Aut({-,-))).

We can now use the direct sum decompositions V=V, dV_ and W=W,dW_, and
the considerations of §2.5 to change the indefinite almost complex structure Jygw to
an admissible positive almost complex structure (Jygw)o on V@W. Indeed we can
split VW into a sum of the positive definite space V, @ W, +V_®W_ and the negative
definite space V, @ W_+V_®W,. The corresponding Cartan involution is #y ®68y,. The
Cartan involution 0y @6y, allows us to define a positive definite Hermitian form ((-,-))o

(the corresponding majorant of ((-,-))) by

(11 ®@w1, v2@w2))o = (V1 @w1, Oy (V2) ROy (w2))) = (v1, Oy (v2))v (w1, Ow (W) )w -

We define the positive definite complex structure (Jygw )o corresponding to the
previous splitting by

(Jvew)o= (Jvew)e (v @0w) = (Jy @Iw ) (v @0w) = (Iyv @ Jw)e(0y @0w). (4.15)
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We emphasize that the definite complex structure (Jygw)o depends on the choice of
splittings of V and W.
We can now compute the spaces (V@W) of type (1,0) vectors and (VW) of
type (0,1) vectors for (Jygw)o acting on (V@W)@rC.
Note that
dime ((V@W)") = dime (VW) = (a+b)(p+q).

LEMMA 4.14. We have (U(p)xU(q))x (U(a)xU(b))-equivariant isomorphisms of

complex vector spaces

(Vew) =x(V!eW) eV eW e (V'eW! e (V' eW'),
(Vew) " x(V/eW!e(VieW eV eW oV eW").

Under the pairing of (VW) with (VW) induced by the symplectic form each of

the four subspaces on the right is dually paired with the space immediately below it.

Proof. The space (V@W)®gC is the quotient of the space (VQrC)®¢c (W @rC) by
the relation that makes the action of Jy ®1®1®1 equal to that of IQ1®Jy®1. The
operation of passing to the quotient corresponds to setting all tensor products of spaces
with superscript prime factors with spaces with superscript double prime factors equal
to zero according to Lemma 4.12. Before passing to the quotient we have a direct sum
decomposition with 4x4=16 summands, after passing to the quotient we have a direct

sum decomposition with eight summands. With the above identification we have

(VeW)erC= [V eaW eV oW )a(V aW)e(V eW')]
+1
o(V/eW!)e(V/eWhHhe(V'eW!)a (V' eW!)).

—1

Here the subscript +¢ indicates the eigenvalue of Jygw on the summand. Thus the
first four summands comprise the subspace of type (1,0) vectors for Jygw and the
last four summands comprise the subspace of type (0,1) vectors for Jygw. Now the
involution #y ®6y, is also diagonal relative to the above eight summand decomposition
with the corresponding eigenvalues (+1,—1,—1,+1,+1,—1,—1,41). Since (Jygw)o=
Jvewe(Oy @0y ), the second and third summands above move into the space of type
(0,1) vectors for (Jygw)o and the sixth and seventh summands move into the space of

type (1,0) vectors for (Jygw)o- O
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4.5. The polynomial Fock model for a unitary dual pair

Our goal in this subsection is to describe the polynomial Fock space P(V®@W). Our main
interest will be the subspace P(V,@W)CP(V®@W) and its description as the algebra of

polynomials on the space of px (a+b) complex matrices
Mp><(a+b)((c) = Mpxa(C)®Mpxp(C).
By Lemma 4.14, we have
PVRW)=Pol(VieW,)a(VeW")@Pol(V oW )& (V'eW!)). (4.16)

We will abbreviate the first factor in the tensor product on the right to P, and the
second factor to P_. We now choose an orthonormal basis {wy,...,w,} for W, and a
basis {wg+1, ..., Watp} for W_ which is orthonormal with respect to the restriction of
—(+,")w to W_.

In this paper we will be primarily concerned with the space P, . Accordingly we will
suppose that ue(V,®@W)’°. Then there exist unique zf,...,2,€V/ and y7, ...,y €V
such that

a b
u:foj@w.;—i—Zyg@wngk. (4.17)
j=1 k=1
We may accordingly represent the element u of (V. @W)" by
(@) oot s o)) = (59" € (V)2 @V,

Then, by using the basis {v},...,v,,v7,...,v,}, we may finally represent an element of

(Vi @W)'0 as a px (a+b) matrix with complex entries. Thus we have
(Ve @W)"° 22 My o(C)DMyxp(C).

We will think of a point on the right as a px (a+b) matrix Z(x';y”) divided into a left
pxa block Z'(x")=(z, ;(x)) and a right pxb block Z"(y")=(z ,(y")). We will use
these matrix coordinates henceforth (at times we will drop the arguments x’ and y”).

By Lemma 2.1, we have

2o (X)) =(zj,va), 1<j<a, 1<a<p and zy,(y") = (Va,y;), 1<k<D, 1<a<p.

a,j
Here we have used Greek letter(s) a for the indices belonging to V' and Roman letters

j, k for the indices belonging to W.

The polynomial Fock model is then the space of polynomials in Zéw’ and zéﬁ,k as
above. From now on, we will usually work with this matrix description of the polynomial

Fock space, and hence we will identify

P, = Pol(V!@W})@(V! @) 2 Pol(Myxa(C) ® Myxs (C)).
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4.6. The twisted action of (U(p) xU(q)) X (U(a) xU (b))

Recall that we have a unitary representation of the metaplectic group
w:Mp(VOW, (-,-) — UF(VaWw)).

As above we use Uy to denote the maximal compact subgroup U(V@W,((-,-))o) of
Mp(V@W, {(-,-)). The space of Up-finite vectors of the Weil representation w is pre-
cisely the polynomial Fock space P(VQW)=P,®P_, we refer to [35] and [61] for more
details. We review how certain subgroups (subalgebras) of U(V)xU(W) act in this
model.

We have natural inclusion maps
UWV)xUW)—UWVeW) and U(VOW)—s Sp(VaW, (-, ).

We have previously described 2-fold covers U(V), U(W) and U(V@W) of U(V), U(W)

and U(V®W), repspectively, with their respective characters detlU/(QV)7 detlU/(QW) and
detlU/(QV@)W). Lemmas 4.3 and 4.4 then imply that
1/2 1 (a+b)/2 1/2 L (p+q)/2
detU(V®W)|5(V)—detU(v) and detU(V®W)\ﬁ(W)—detIf(V5) . (4.18)

If (k,()€Z? the restriction of the Weil representation w to U(V)xU(W) twisted by
the characters det]g]/(%,)®deté/(2w) will be denoted wy, ¢. Since the Weil representation of
U(V@W) twisted by det'/? descends to U(V@W), it follows from equation (4.18) that
wr,¢ descends to U(V)xU (W) if and only if k=a+b (mod 2) and {=p+q¢ (mod 2).
Note that it follows from (4.4) that the compact subgroup U(p) x U (q) x U(a) x U (b)
acts on P by the usual action up to a central character. The explicit computation of this

central character is given by the following proposition.

PROPOSITION 4.15. The group U(p)xU(q)xU(a)xU(b) acts on the line Ciyy (so
the constant polynomials in the Fock model) under the twisted Weil representation wy, ¢

by the character detgc(;;’*a)ﬂ®det8€(:f7b)/2®detga§7p)/2®det§]€(+bz)kq)/2.

The Proposition will follow from Lemma 4.3 and the next lemma (which will be seen
to follow from Lemmas 4.7, 4.4 and 4.10).

First by applying Lemma 4.3 to the “block inclusions” U(W,)xU(W_)CU(W) and
U(Vy)xU(V_)CU(V) we get

k/2 N B _ k/2 k/2
detyy vy lovyyxoev) = dety v, ®@dety .y, (4.19)
02 ¢/2 '

R
detyiw)low, ) xow_) = detyw, ) @detyay ).

Now the proposition follows from the next lemma.
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LEMMA 4.16. The group U(p)xU(q)xU(a)xU(b) acts on the line Cipy under the
(untwisted) Weil representation w by the character

det(b=)/2 ®det

a—b)/2 (g—p)/2 (p—q)/2
U(p) ®det ®detU .

gf (@) U(a) (b)

Proof. By the symmetry between V and W it is sufficient to compute the action
of U (p) x U (¢) under the untwisted Weil representation on Cty. Considering the tensor
product of V' with a Hermitian space of signature (a, b) amounts to looking at the diagonal
action of U(V') on the direct sum of a copies of V and b copies of V' with the sign of the
Hermitian form changed. Hence, by Lemma 4.4, we are reduced to the special cases a=1,

b=0 and a=0, b=1. The first case is Lemma 4.7 and the second one is Lemma 4.10. [J

4.7. From now on we will always assume that k=a—b and /=p+q and will now use
the symbol w to denote the (twisted) representation wq_p ptq. The choice of k will turn
out to be very important: indeed it follows from Proposition 4.15 that the restriction of
w to the group U(p)xU(q) then acts on the line Cipg (the constant polynomials in the
Fock model) by the character 1®det‘;]_(§). As a consequence the group U(p)xU(q) acts
on P, by the tensor product of the standard action of U(p) and the character det‘z,?;’).
We will later see that the above twist is the correct one to ensure our cocycle 14,44 is
(U(p) xU(q))-equivariant; see Lemma 5.18.

To summarize, if we represent the action of the Weil representation w restricted to
U(p)xU(q)xU(a)xU(b) on the subspace P, of the Fock model for U(p, q) xU(a,b), in
terms of the px (a+b) matrix (sub)representation of the Fock model (see §4.5)

P, =Pol(M,yq(C)® M, (CT)),

we have the following result.

THEOREM 4.17. (1) The action of the group U(a)x U (b) induced by the twisted Weil
representation wq—pprq 0N polynomials in the matriz variables is the tensor product of
the character det%(a)®detpU(b) with the action induced by the natural action on the rows
(i.e. from the right) of the matrices. Note that each row has a+b entries. The group
U(a) acts on on the first a entries of each row and U(b) acts on the last b entries of
each row.

(2) The action of the group U(p) is induced by the natural action on the columns
(i.e. from the left) of the matrices, acting on the left half of the matriz by the standard
action and on the right half by the dual of the standard action so there is no determinant
twist.

(3) The group U(q) simply scales all polynomials by the central character det?]_(;).
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The representation w yields a correspondence between certain equivalence classes
of irreducible admissible representations of U(a,b) and U(p,q). The correspondence
between K-types is explicitly described in [61] using the Fock model (and following
Howe [35]), we also refer to [39].

5. The special (u(p, q), K)-cocycles ¥pq,aq

In this section we introduce special cocycles
Vbg,aq € HomK(/\bq’aqpa P(Vaw))

with values in the polynomial Fock space.

We will first define the cocycles 1340 of Hodge bidegree (bg,0), and similarly v 4
of Hodge bidegree (0,aq). We will give formulas for their dual maps 1, o, 1esp. 9§ 4,
as the values of these dual maps at z€ (VW) are decomposable as exterior products

of bg, resp. aq, elements of p* depending on .

5.1. Harmonic and special harmonic polynomials

In this subsection we review the lowering operators coming from the action of the space
p’é(a by We leave to the reader the task of writing out the formulas for u(1') analogous to
those of §3.3 for u(V'), in particular of proving p’é(W) =W_@W}. Hence, in the notation
of §3.3 we have a basis {w; Qw4 1<j<a and 1<k<b} for p’[}(a’b). We define

p 2
) ,
Aj,k:A;kzzm for 1<j<aand 1<k<b.
a=1 a,] «

Thus A  is a second-order differential operator. Then we have (up to a scalar multiple)

the following result.
ProrosITION 5.1. We have
w(w;@wy ) =A%

Here w is the (infinitesimal) oscillator representation for the dual pair u(p) xu(a,b).
The proposition is a straightforward computation and is implicit in [39, equation 5.1].

Remark. We have analogous Laplace operators A, on Pol(VI W ) (V' eW)).
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We define the subspace of harmonic polynomials
Harm((V.@W’ )& (V/@W”)) C Pol(V,@W)") =Pol(V!eW. )& (V/aW"))

to be the subspace of polynomials annihilated by the Laplace operators A; 3, 1<j, k<n.
We will henceforth abbreviate Harm((V;@W' )& (V' @W")) to H,. The subspace
H_=Harm((V W )& (V'e@W!))CPol(V.eW!)&(V"@W!)) is defined analogously
to H . as the simultaneous kernels of the operators A; x- We emphasize that JH, and H_
are not closed under multiplication.
Note however that the subalgebra Pol(V/®@W!) of P(V/@W’) is contained in the

subspace of harmonic polynomials,
Pol(V]@W!) C Harm((V]@W! )& (V' eW")).

We will call an element of Pol(VI®@W) a special harmonic polynomial.

Following Kashiwara—Vergne [39] we define elements
ALeP(V.@W) and A,eP(V.QW)
for 1<k, f<p and a,b<p, by
Ap(x',y") = Ar(y") =det(z], ;) =det((va,y;)), 1<a<kand 1<j<k,
Ap(x,y")=Ay(x') =det(z], ;) =det((zj,va)), p—{+1<a<pand 1<j<L
We note that Ay, and A, are special harmonic, and hence any power of Ay or Ay is also
special harmonic. One easily verifies the following lemma.

LEMMA 5.2. Suppose k+£<p. Then for any natural numbers £1 and {2 the product
Ail (Ap)? is harmonic.

5.2. Some special cocyles

We now give formulas for cocycles which will turn out to be generalizations of the special
cocyles constructed by Kudla—Millson.
The domain of the relative Lie algebra cochains is the exterior algebra A"p, which

factors according to

Np=(AP)&(NP) =N (ViaVI) A\ (V-aV)). (5.1)

We will consider only very special cochains whose range is the positive definite Fock
model Pol((V,@W)"0)=P_. Recall that the space Pol((V; ®@W)’0) factors according to

Pol((V, ®@W)"®) = Pol(V!@W!)@Pol(V/'@W"). (5.2)
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The key point is that each of the two factorizations has a strong “disjointness prop-
erty”. On the right-hand side of equation (5.1) the only irreducible U (p)-representation
common to each of the two factors in the tensor product is the trivial representation and

the same for equation (5.2).

5.2.1. A restriction on Hodge types

Note that
Pol(V/@W!)=2Sym(V/®@W{) and Pol(V/@W")=Sym(V!W’).
Then, since any cochain vy, ¢ is U (p)-equivariant, we obtain the following result.

LEMMA 5.3. Suppose that ¢y o is a cochain of bidegree (k,0) taking values in P..

Then it must take values in the second factor of the tensor product in (5.2), namely in
Pol(V/'@W!) = Sym(V!@W’) 2= Sym((V/)b).

Equivalently, suppose that 1o is a cochain of bidegree (0,£) taking values in P,.

Then it must take values in the first factor of (5.2), namely in
Pol(V,® W) 2 Sym(V/ o W) = Sym((V/)").

Remark. If we insist on the standard convention dim W, =a and dim W_=b (as we
are going to do) then the Hodge degrees of the special cocycles we construct will be of the
form (bg, aq). Thus in our previous notation the cocycle 1y, ¢ gives rise to a polynomial
function of Y, ...,y; (the right half of the matrix) and the cocycle 1 o4 gives rise to a

polynomial function of @, ..., x/, (the left half of the matrix).

5.3.  Our immediate goal now is to give the definitions and establish some properties
of the cocycles 14,0, of Hodge bidegree (bg,0), and v 44, of Hodge bidegree (0, aq). As
pointed out above, these cocycles have the following special properties:

(1) g0 N (Ve @VH) = \""p' = Sym™ (V' @W")*);

(2) Po,aq: N(V-@ V)= \"p" = Sym® (V] @W})*).

As stated above, if we first evaluate the cocycles 1pq 0 and g o4 at points in V'@ W
and V] ®@W/, respectively, the resulting elements of A'p* are completely decomposable.
To formalize this decomposability property (which will be very useful for computations)
and also to understand how the cocycles transform under U(p) x U (q) x U (a) x U (b) it is
better to give formulas for the the dual maps 5,  and 9§ ,,. These maps will satisfy

(1) W0t S (VL @W") 5 N (V2 @V )=\ ()

(2) U aq: SYm™(VIQW) = A"(V2@ V)= A" (3")".
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Remark. Note that
Ybg0 € Sym™ (V/@W") )@ N (p')* and 5, o€ A(p')* @Sym®((V//@W")*)

are interchanged by the map that switches the polynomial and exterior factors.

The defining formula for 7,  is then the following. Let y”=(y{,...,y;). Then we

have

Vigo ") = TN Go A NG € N (VERVL). (5.3)
Remark. It is important to observe that the above tensor is a wedge product of bg

vectors in (p’)* depending on y”, that is

1/Jl;kq,0(y//) = [(47 @Vp+1) Ao AYT @Vp 1) IA ALYy @Vp1) A AYy @Upg)]-

We have a similar formulas for ¢ ,,. Let x'=(z7,...,2). Then we have

UVo.aq(X)="T1 NN T e N(VIROV) = N ()" (5.4)
It is immediate from the above defining formulas that the holomorphic and anti-
holomorphic cocycles factor according to the following lemma.

LEMMA 5.4. Let a=u+v and b=r+s. Then we have the following factorizations:
(1) wbq,O:qu,O/\wsq,O;
(2) wO,aq:wO,quwO,vq'

The exterior product A in Lemma 5.4 is the outer exterior product associated with

the product in the coefficient ring (in which the cocycles take values)
Pol((V]@W)@Pol((V]'@W") — Pol((V]/@W )& (V/'W")).
Here we note that if V=A® B then we have a multiplication map (isomorphism)

Pol(A)®Pol(B) —s Pol(V).

5.3.1. The cocycles of Hodge type (bg,0)

We now give a coordinate formula for 1 0. Recall that &, ,€(p')*=V®@V_ is given by
fla,u:v;;@’u/u 1<0¢<p a‘nd pgﬂgp—"_q

LEMMA 5.5. We have

7/111,0 = Z (Zglzgg qu)®(€;1,p+l /\"'/\g/aq,p-&-l)'

1<ag,...,aq<p
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Proof. Let y=>""_, 2,0, and hence y*=>""

o1 2avh. Therefore

(]

((va, ®vp+1)A~-~A(UZZq RVp+1))®(Za Zas - Zay)
1<an,...,aq<p

= Z (5;1,p+1/\"'/\fgzq,erl)@(Z/oilzgg "‘Zloiq)‘

1<an g <p

Here the last equation is justified by Lemma 2.1 which states that we have z(y)=2"(y").
The lemma then follows because g0 and 1y, are related by switching the polynomial

and exterior tensor factors. O

One can now derive a coordinate formula for 1,4 ¢ by taking the b-fold outer exterior
power of the formula above. We will see later (Proposition 5.19) that 44,0 is non-zero.

We will now prove that 1), is closed and hence, by Lemma 5.4, 14,0 is closed since
the differential d is a graded derivation of the outer exterior product. In this case we
have a=0 and b=1. Hence we let W=W_ be a 1-dimensional complex vector space
with basis wy equipped with a Hermitian form (-,-) such that (w,w;)=—1. We apply
equation (4.16) with W, =0 to conclude that the Fock model P(V @W) for the dual pair
U(V)xU(W) is given by

P(V@W)=Pol(V/@W")@Pol(V'@W").

We will use 2/ for the coordinates on V@W” relative to the basis {v/®@w{}¥_,, and
z,, for the coordinates on V! @ W’ relative to {vﬂ®w1}g+:‘;+1. As usual, we let w denote

the (infinitesimal) Weil representation. We then have the following result.

LEMMA 5.6. We have

82
N 1 d o — . 55
w(.’l; 7M) Zotzp, an w(y 7/‘) az/oiaZIL ( )

As usual we define 9, resp. 0, to be the bidegree (1,0), resp. (0,1), parts of the

differential d. It is then an immediate consequence of Lemma 5.6 that

p ptq p  ptq
0=>"%" @A, ad 9= REE "a' RAEL,). (5.6)
a=1 pu=p+1 a=1 pu=p+1

It is then clear that 9, o=0.

LEMMA 5.7. We have dipg q=014,0=0.
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Proof. We have

P ptq

Mgo=>_ > > (222 2 VB W ANy i A A g

B=1p=p+11<a1, ..,aq<p

Fix a value p=p+k in the second sum. We then have the subsum

P
_ n_n " ! /! !
Sy = g E 23%0, - Zay €8, 1 Ny pr1 N Nea, prgr
B=11<a1,...,aq<p

Clearly S,, may be factored according to

p p
S, = (Z Z zgzgk®££3,#/\§;k7#> Aw

B=1a3=1
for a certain (¢—2)-form w. Clearly the first factor is zero. O

We now study the transformation properties of ¢, , and hence those of ¢yq,0. From
formula (5.3) we see that ¢, , is a homogeneous (of degree ¢ in each y7,1<j<b, and
hence of total degree bg) assignment of an element vy ,(y”) in NI(VFRV.) to a b-
tuple y”=(yY, ...,y ) €(V!)’=2V/@W". From the above formula it is clear that Vg0 18
a U(V,)-equivariant map.

Recall, see [17, p. 80], that there are quotient maps of U (V. )-modules
Sym (Vi @W”) — S q (V) @Sy g (W) 2 S (V) @ (AW
and
N VE@V-) — Seq(VI) @S (V2) 2 Sy (V) B AV
Now note that (AW”)? and (A?V_)? are 1-dimensional and hence as U (V. )-modules
we have
Sica(VINBNW!)T = Sy (VI R(ATV)". (5.7)
We now prove that ¢, ; induces the above isomorphism (the lower horizontal arrow
in the next diagram). In what follows we will use the symbols U(V, ) and U(p) and U(V_)
and U(q) interchangeably.

LEMMA 5.8. The map ¢;§q’0 induces a commutative diagram of U(V,)-modules

Wi,
Sym"(V/ @W") ————— N(VERV)

L

wbq,
Siq(VINE (AW " 5y (V)@ (NV )
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Proof. We first note that the inclusion map (corresponding to the special case b=1
of the above quotient map) t: S1(V;)@A (V)= AN (VF®V_) is given by

UfEIRUp 1A AUp1g) = (FOVp11) A A(fRUp ) = f

Hence
Uy )1 @up1 A Npyg) = 157

Thus 'g* transforms under U(V_) according to dety(v_y, and hence ‘i A...A"j; trans-
forms under U(V_) according to detl[}(vf).

Now recall from (1.3) that we have
NUVIRV) =D S\ (V) @Sy (V).

But in order for gfA...Ag; to transform under U(V_) according to detlf](v_) the Young
diagram )\ must be a ¢xb rectangle, and hence A must be a bx ¢ rectangle. But again
by [17, p.80] we have

SP(VERW.)=ED SA(V:)@S\(W_),

where the sum is over all Young diagrams A with bg boxes and at most min{p, b} rows.
Since the map ¥pq,0 is U((Vy)*)-equivariant, it must factor through the summand where

A is a bx g rectangle. O
We obtain the following result.

LEMMA 5.9. We have

Va0 € Spxa (V) V@A (W)*) ) @ Shq (V)@ (NT(V-)) 2"

Proof. By dualizing the result of the previous lemma we obtain

Vg0 € Hom (S (V)@ (AT(V))Z, Spocg (VL)) (A" (W) 7)),
We then use the isomorphism Hom(Uy, Us)=2Us U5 O

COROLLARY 5.10. The cochain ¢pq0 s invariant under U(p) acting by the standard
action and transforms under U(q)xU(b) according to detl’U(q)®det?](b).

5.3.2. The cocycles of Hodge type (0, aq)

We first give a coordinate formula for 1, 0. Recall that £ € (p”)*=V*®V, is given by
&M:v;’;@va, 1<a<p and p<p<p+q. Let z€V, be given by =3  2,0q4.
The next lemma is proved in the same way as Lemma 5.5.
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LEMMA 5.11. We have

¢0,q(xl) = Z (2;12&2 Z(/qu)®('£o¢1 ,p+1 A.. /\gaq p+1)

ISag,.,aq<p

We will now prove that 19 4 is closed and hence, as before, by Lemma 5.4, ¢g q4 is
closed. In this case we have a=1 and b=0. Hence we let W =W, be a 1-dimensional
complex vector space with basis w; equipped with a Hermitian form (-,-) such that
(w1, w1)=1. We apply equation (4.16) with W_=0 to conclude that the Fock model
P(V@W) for the dual pair U(V)xU (W) is given by

P(V@W)=Pol(V!@W,)@Pol(V"@W?).

We will use z;, for the coordinates on V@ W/ relative to the basis {v/,®w}}),_; and 2],

for the coordinates on V”@W/ relative to {v/@w{}’T9 . As usual, we let w be the

action of the (infinitesimal) Weil representation.
LEMMA 5.12. We have
W(Ta,u)= 872 and  w(Yo.u) =220 (5.8)
K az(/)(az//; st i

It is then an immediate consequence of Lemma 5.12 that we have

p+q p+q
0= Z Z o7 82” A(g,,) and 9= Z Z 202y QA(Eq,)- (5.9)
a=1 p=p+1 a=1 p=p+1

It is then clear that 0y 0=0.

The next lemmas are proved in the same way as Lemmas 5.7-5.9.
LEMMA 5.13. We have dipg =0 4=0.

LEMMA 5.14. The map 95 o, induces a commutative diagram

Ve ag "
Sym“(V/@W?) - AV, V)

Lo

Saxg(VI)@ (N WP ——— Saxq(Vi) @ (N VZ)®*

LEMMA 5.15. We have

Y0,ag € Saxq (Vi) (A (V7)) @ Saxg (V) )@ (A" (W) ).
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We then have as before the following consequence.

COROLLARY 5.16. The cochain g qq is tnvariant under U(p) acting by the standard
action and transforms under U(q)xU(a) according to detg’(lq)@)det{]?a).

We now define the general special cocycles 9pq 44 Of type (bg, ag) by

¢bq,aq = wbq,O /\¢O,aq-

Since these cocycles are wedges of cocycles they are themselves closed. We now summarize

the properties of the special cocycles.

PROPOSITION 5.17. Let x1,Z2,...,%q, Y1, .-, Yp € V4 be given. Put

x' = (2, xh,..,xl) and y'=(l,y5,....u)).

Then we have
* * 7k Tk Tk b * ~Y b *
(1) 1/qu,o(xlay//)zl/’bq,o(yu):ty1/\ty2/\~~-/\tyb eN q(V+ @V_)=A q(p/) .
(2) ¥o,4q(x',y")= ;q’o(x’)z%l/\%g/\.../\t:fcae/\aq(Vf®V+)%/\aq(p”)*.
(3) Vigaq X5y ) =GN GIN N G)NTLA TN N Ta), which belongs to

NSV N (V@Y 2 ) N (6

(4) The cochain pq qq is a cocycle.

(5) The cocycle aqaq s the representation in the Fock model of the cocycle vaq,aq
in the Schrodinger model of Kudla and Millson.

(6) The cocycle pq,aq transforms under U(q) according to detl(’]_(s).

(7) The cocycle g qaq is invariant under SL(q).

(8) The cocycle Ypqaq transforms under U(a)xU(b) according to detl;?a)(@det?](b).

Proof. The only item that is not yet proved is (5). Note that (6) and (7) follow from
Corollaries 5.10 and 5.16. We will prove (5) in Appendix C. O

Remark. By Lemma 5.4 the general cocycle 14,44 factors as a product of the basic

holomorphic and anti-holomorphic coycles 14,0 and 1)g 4.

5.4. In §4.6 we pointed out that if @ and b had opposite parity then to descend the
Weil representation restricted to U (p, q) we needed to twist by an odd power of detlU/ (zq).
The following lemma shows that this odd power is uniquely determined by the condition
that the special cocycles 44,44 is a relative Lie algebra cochain with values in the Weil

representation. (This holds even in the case where a and b have the same parity.)
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LEMMA 5.18. The cocycle ¥pq,aq, considered as a linear map from Np to Py, is
(U(p)xU(q))-equivariant if and only if we twist the restriction of the Weil representation
to U’(p, q) by the character detgl(;i;)/z . In this case the action of ﬁ(p) on polynomials
will factor through the action induced by the standard action of U(p) on Vi, and the

action of Ij’(V,) will simply scale all polynomials by det?]_(g).

Proof. It is clear that there exists at most one twist such that 144 44 is equivariant.
Hence, it suffices to prove the if part of the lemma. The if part follows from Theorem 4.17
and (6) of Proposition 5.17. O

5.5. The values of the special cocycles on e(bq,0), e(0,aq) and e(bg, aq)

We now evaluate our special cocycles in the Vogan—Zuckerman vectors.

PRrROPOSITION 5.19. We have

(1) Wog0(e(ba; 0)) (X', y") =R (y") 1= (27

(2) Y0.aq(e(0,a0)(x',y")=A ( 1=Aa(2,5)% )

(3) Vbg.aq(e(bg; aq)) (X', y")=1qg,0(e(bq, 0))(y") Y0.aq(e(0, aq)) (x")=Aa(x)? Ap(y")
=Aa (2 1) Db (2] 1)

«,

7

Proof. We first prove (1). By equation (3.21), we have
e(bg,0) = (=1)%0 Ay A... ATy
Combining this formula with the first formula in Proposition 5.17, we have

Ug,0(e(bg, 0)) (X', ¥") = (¥p4,0(x',¥"))(e(bg, 0))
= (=) (G A GEN NG (01 AL AT,

(5.10)
Recall the definitions
FEATTEA AT =Y @Ups 1) A AT @Upt )] A A5 @0p 1) A AYg @Vptg)]
and
V1 AN ATy = [(V1 AV ) A AL AV A A[(Va Avp ) A A (s Ay )]

From equation (5.10) and the two equations immediately above, we see that

(=1)"4bpq.0(e(bg, 0)) (v")
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is the determinant of the bgx bg matrix A(y”) with entries

(¥ AVp+7) (VK AU 0) = (Vk, i)

arranged in some order (with more work we could show that A(y")=—I1,8Z" (y") but we

prefer to avoid this computation and procede more invariantly). By definition, (vk,y;)=
;
is a polynomial of degree at most bg in the entries 2, of the bx b matrix Z”(y”). Hence

z{'1.(y"). Hence the above matrix entry is either z;’; or zero, and hence v44,0(e(bg,0))(y")

¥ig0(e(bg,0))(y") is a polynomial p(Z”) on the space of bxb matrices Z”. But by
Corollary 5.10 and Proposition 5.17 we have, for geU (b),

g 0 (e(bg, 0)) (y"g) = detl ;) (9)sq.0(e(bg, 0)) ("),

and hence
p(Z"g) = detf; ,, (9)p(Z").

Thus, in case det(Z”(y"))#£0, we have

p(Z"(y")) =p(I) det(Z" (y"))".

By Zariski density of the invertible matrices (and the fact that every n xn matrix Z” may
be written as Z”(y"”) for a suitable y”) the above equation holds for all bxb matrices
Z". It remains to evaluate the value of p on the identity matrix I,. This follows by
setting y;=v;, 1<j<b, and observing that each successive term in the bg-fold product
tgr Ntgs AL A is the negative of the dual basis vector for the corresponding term in
e(bg,0)=01 AD2A...ATy. Hence we obtain the determinant of —1Ij,.

The proof of (2) is similar.

We now observe that formula (3) follows from (1) and (2). By equation (3.21) we
have

e(bq, aq) = e(bg, 0) \e(0, aq),
and by Proposition 5.17 we have
Vog,aq(Xs¥") = Voq,0(y") APo,aq(X)-

Hence we have

Ubg.aq(e(bg, aq)) (X', ¥") = (g, 0(¥") Atb0.aq (X)) (e(bg, 0) Ae(0, ag))
=11q.0(€(0q, 0))(y")10.a4(e(0, ag)) (x').

The proposition follows. O
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We conclude that the polynomials 14,0 (e(bg, 0)) and 19 44(e(0, aq)) are (special) har-
monic for all a and b, and if a+b<p then 9pq ¢4(e(bg, ag)) is harmonic. The polynomial
Ypq,0(e(bg,0)) transforms under U(a)xU(b) according to the 1-dimensional representa-
tion 1®@det™?. The polynomial ¢ q(€(0, aq)) transforms under U(a) x U (b) according to
the 1-dimensional representation det? ®1. The polynomial ¢pq oq(€e(bg, ag)) transforms

under U(a)xU(b) according to the 1-dimensional representation det? ® det™7.

5.6. The cocycle 1pq,0 generates the Spxq(Vi)®(ATV*)? isotypic component
for the action of U(p) XxU(q) on the polynomial Fock space

In this section we will abbreviate the space of harmonic polynomials Harm(V, @ W) to
H,, and the space Harm(V_®@W) to H_. The goal of this subsection is to prove the

following theorem.
THEOREM 5.20. We have
Hom e (Spxq (Vi) @ (A'V)?, P(V@W)) = Uu(a, b)c)tog,0-

Theorem 5.20 will be a consequence of the next three lemmas. We will henceforth
abbreviate the representation Spyx,(CP)®(AV*)? to V(bq).
Recall that e(bg,0)=01 A...AB,e A"(V, ®V*) is the Vogan Zuckerman vector. We

have seen in Proposition 5.19 that

Pug.0(e(bg)) = Ap(y")?,

and consequently the value of ¥4,0 on the Vogan Zuckerman vector e(bg, 0) is a (special)

harmonic polynomial, that is
bg.0(e(bg, 0)) € Pol(VI'@W") C H,.
We now have the following lemma.
LEMMA 5.21. We have
Hompg (V(bq), Hy @H_) = Cihpg0-

Clearly Lemma 5.21 follows from the following one.

LEMMA 5.22. The representation V(bq) of U(p) occurs once in H,. Moreover, the

1-dimensional representation detl_]’(’q) of U(q) occurs once in H_. Hence

Homy () x(q) (V (bq), Hy @FH ) = Cthpq 0.
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Proof. We first prove that Spx4(V,) of U(p) occurs once in H,. Indeed, the actions
of the groups U(p) and U(a)xU(b) on H, form a dual pair. Furthermore the correspon-

dence of unitary representations 7: U (p)Y —U (a)¥ x U (b)V

is given in [39, Theorem 6.3].
From their formula we see that A=bx g corresponds to the 1-dimensional representation
1®det? of U(a)xU(b). Since the multiplicity of the representation with highest weight
A of U(p) corresponds to the dimension of the corresponding representation 7(A), which
is 1 in this case, we have proved that Sy (V) occurs once as claimed. We note that we

may realize this occurrence explicity as follows. First note that
Sym® (V! oW’ ) =P (V' @W") Cc H,.
But by [17, p. 80], we have
Syxqg (V)@ Spxq(W) C Sym® (VI @W').

We note that, since dim(W_)=b, the bth exterior power of W’ is the top exterior
power and we have
~ [ AD
Spxg(W) = (NW)?.

Consequently U(W_) acts on the second factor by det?](b).
It remains to prove that the representation detgl(’q) of U(q) occurs once in the oscil-

lator representation action on the harmonic polynomials H_ in
P_=Pol((V! @W!))@Pol((V'@W)).

Since the oscillator representation action of U(q) is the standard action twisted by det[;l(’q)7
this is equivalent to showing that the trivial representation of U(q) occurs once in the
standard action of U(q) on H_. It occurs at least once because the constant polynomials
are harmonic. But as above, by [39, Theorem 6.3], the trivial representation of U(g) cor-
responds to the trivial representation of U(a)x U (b) and consequently it has multiplicity

1 and the lemma follows. O

Theorem 5.20 is now a consequence of the following result of Howe, see [35, Propo-
sition 3.1].

LEMMA 5.23. We have
Hompg (V(bq), P(VOW)) =U(u(a, b)c) Homg (V(bq), H, @H_).
Hence, combining Lemmas 5.23 and 5.21, we obtain
Hom ¢ (V (bq), P(V&W)) = U(u(a, b)) toa.0-

Theorem 5.20 is now proved.
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Remark. Applying reasoning similar to that immediately above, one deduces that
the cocycle ¢ o4 generates (over U(u(a,b)c)) the Sqxq (V)@ (ATV-)* isotypic component
of the polynomial Fock space.

5.7. The cocycle ¥pq,qq generates the V(bg, aq) isotypic component of the

polynomial Fock space

We recall that V(bg, aq) is the representation of U(p)xU(gq) with highest weight being

the sum of the two previous highest weights:

(q7 q;---59, 0) 07 "'707 —4,—4, ..., —4q; a‘_b7 a/_ba ) a/_b)
——

b a q

We also note that this representation is the Cartan product of beq((Cp)@detaz(’q) and
Saxq((CP)*)@detfy (). The Cartan product was defined in §3.8.

THEOREM 5.24. We have
Homg (V(bg, aq), P(VOW)) =U(u(a, b)c)Vbq,aq-

Theorem 5.24 is proved the same way as Theorem 5.20. Once again we have a

multiplicity one result in H, QH _.

LEMMA 5.25. We have
Homg (V (bg, aq), Hi @H_) = Cihpg qq-
Proof. The product group U(p) x (U(a)xU (b)) acts as a dual pair on
H(V. (W, aW")).

Hence the dual representation of U(a)x U (b) has highest weight

(Qa q,--,49,—4,—4q, ..., _Q)v
—_— ——
a b

and hence it is det? ® det™?. Thus, it is 1-dimensional so the Cartan product of S« 4(CP)
and Sqx¢(CP)* has multiplicity 1 in H,.

We leave the proof that the 1-dimensional representation detaUzg) of U(q) has multi-
plicity 1 in H_ to the reader (once again the constant polynomials transform under U(q)
by this twist). The lemma follows. O

Now Theorem 5.24 follows from the result of Howe; see Lemma 5.23.
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5.8. The polynomial Fock space

We refer the reader to Appendix C for the notation used in the following paragraph and
further details.

In the study of the global theta correspondence beginning in §10 we will need to
consider the cocycles ¢pq,qq With values in the Schréodinger model for the oscillator repre-
sentation of U(V) xU(W) corresponding to the cocycles ¢yq,qq defined above with values
in the Fock model. In order to give a precise statement of the relation between them
we recall there is an intertwining operator, the Bargmann transform By gy, from the
Schrédinger model of the oscillator representation of U(V)xU(W) to the Fock model;
see [15, p.40 and p. 180]. We define the polynomial Fock space S(V®E)CS(V®E) to be
the image of the holomorphic polynomials in the Fock space under the inverse Bargmann
transform B‘}éw. Here §(V®E) is the Schwartz space. We then have

Pbg,aqg = (B\;égw(@l)wbq,atr (511)

Part 2. The geometry of Shimura varieties
6. Shimura varieties and their cohomology
6.1. Notation

Let E be a CM-field with totally real maximal subfield F satisfying [F:Q]=d. We assume
that d>1. We denote by Ag the ring of adeles of @@, and by A the ring of adeéles of F'.
We fix d non-conjugate complex embeddings 74, ..., 74: E—C, and denote by z+—Z the
non-trivial automorphism of E induced by the complex conjugation of C with respect to
any of these embeddings. We identify F, resp. E, with a subfield of R, resp. C, via 7.

Let (V,(-,-)) be a non-degenerate anisotropic Hermitian vector space over E with
dimp V=m. We let V. =V ®g ,, C be the complex Hermitian vector space obtained as
the completion of V' with respect to the complex embedding 7;. Choosing a suitable
isomorphism V;, =C™, we may write

(u,v) = "uH,

Dj,q;

1,.
Hy, , =" ,
Pjq; ( _1Qj>

and (pj, q;) is the signature of V.. We will consider in this paper only those (V,(-,-))

v for all u,veC™,

where

such that ga=...=¢4=0 and let (p,q)=(p1,q1). By replacing (-,-) with —(-,-) we can,

and will, assume that p>q.
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6.2. Unitary group (of similitudes) of V'

We view the unitary group in m variables U(V') as a reductive algebraic group over F'.
We let G1=Resp,qU(V), so that for any Q-algebra A

G1(A)={g€Endg(V)®gA: (gu, gv) = (u,v) for all u,v € VegA}
={g€Endg(V)®qgA:gg" =1}.
The embeddings 7;: £E—C in particular induce an isomorphism
G1(R)=U(p,q)xU(m)*"*.

The group of unitary similitudes GU(V) is the algebraic group over F' whose points
in any F-algebra A are given by

GU(V)(A)={geEndg(V)®rA:(9-,9-)=A(g)(-,-) for some A(g) € A*}
={geEndg(V)®rA:gg"=A(g) € A*}.

Here X is the similitude norm. We let G=Resp;g GU(V).(°) Consider the rational
torus Resp/q Gmr whose group of rational points is F'*. By abuse of notation, we let
A:G—Resp/g Gur be the homomorphism of algebraic groups over Q induced by the

similitude norm. Set
GU(a,b)={A€GL,44(C):"AH, yA=c(A)H, ; and c(A) e R*}.
The embeddings 7;: E—C induce an isomorphism
G(R)=GU(p,q) x GU(m)4 1,

It is useful to point out that the group of E-points in GU(V) is isomorphic to GL(V) x E*,
inside which the F-group GU(V) is defined as

{(9.t) eGL(V)x E*: (t(g") ", ) = (9. 1)}

In this formulation the similitude norm A is the projection on the second factor. The

determinant on U (V') induces—by restriction of scalars—a character
det: G1 — RESE/Q GmE.(G)

By the above discussion A and det generate the character group of GG, and on the rational

group these characters are related by A(g)" =Npg, r(det(g)).

(°) We warn the reader that in this part of the paper G refers to the unitary similitude group and
that we now refer to the usual unitary group as Gj.
(6) Here, by definition, the group of rational points of Resg/q(GmEr) is EX.



56 N. BERGERON, J. MILLSON AND C. MOEGLIN

6.3. Shimura data

The symmetric space X associated with Gger(R)—or equivalently the symmetric space

associated with G(R) (modulo its center)—is also the space

X=U(p,q)/(U(p)xUl(q))

of negative g-planes in V,,. It is isomorphic to a bounded symmetric domain in CP9.
Following the general theory of Deligne [12], [53]—see also Kottwitz [40] for our par-
ticular case—the pair (G, X) defines a Shimura variety Sh(G, X) which has a canonical
model over the reflex field E(G, X). More precisely, let S be the real algebraic group
Resc/r Gme, so that S(R)=C*, and define a homomorphism of real algebraic groups
ho:S—G as follows. Since

G(R)=GU(p, q) x GU(m)* 1,

it suffices to define the components h;, j=1,...,d, of hy.

For j>1, we take h; to be the trivial homomorphism. For j=1, fix a base point
20 €X; then xy corresponds to a negative g-plane V_ in V., . Let us simply write V for V,,
in the remaing part of this paragraph. Now let V. CV denote the orthogonal complement
of V_ with respect to (-,-). As in §2, we associate with the decomposition V=V, +V_ a
positive definite Hermitian form (-, -),,—the associated minimal majorant—by changing
the sign of (-,-) on V_. By taking the real part of (-,-),, we obtain a positive definite
symmetric form B(-,),. Let 6, be the Cartan involution which acts as the identity on
V, and as —id on V_, and let J,,=6,,°J be the corresponding positive almost complex

structure on V. We then have
B, 0)go = (Jpott, v) = — (U, Jp,0).

For a+1ibeC, let
h(a+1ib) = a+bJy, € End(V).

The map h defines an R-algebra homomorphism such that

e h(2)*=h(z), where again * is the involution on End(V') determined by (-, -),

e the form (h(i)u,v) is symmetric and positive definite on V.
Note that h(z)h(z)*=|z|2. We conclude that the restriction of h to C* defines a homo-
morphism of real algebraic groups hy: C*—GU(V).

Let ho=(h1,...,hq). Then hy defines a homomorphism of real algebraic groups
ho:S—G. The space X may then be viewed as the space of conjugates of hy by GU(V)
or, equivalently, of hy by G(R).
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Now we have S(C)=C* xC*, where we order the factors such that the first factor
corresponds to the identity embedding C—C. Recall that we have decomposed V=V, ,
as V=V,.®V_, so that hi(z) acts by z, resp. z, on V,, resp. V_. With respect to this
decomposition the Hermitian matrix of (-,-) is diagonal and equal to Hp,. Identify-
ing the complexification of GU(V) with GL,,(C)xC?, the complexified homomorphism
h1:S(C)—GL,,(C)x C? is given by

1
hic(z,w) = (Z P wl )sz.
q

Let p: C*—G(C)=(GL,(C)xC*)? be the restriction of the complexification hoc of hg
to the first factor. Up to conjugation, we may assume that the image of u is contained
in a maximal torus of G defined over Q. Therefore it defines a cocharacter of G. By
definition the refler field E(G,X)=E(G,hy) is the subfield of Q corresponding to the
subgroup of Gal(Q/Q) of elements fixing the conjugacy class of . It is a subfield of
any extension of Q over which G splits. In particular E(G, X) is a subfield of E. We
can decompose V=V, as V=V, @®V_, so that h(z) acts by z, resp. z, on V,, resp. V_,
and E(G, X) is precisely the field of definition of the representation V., of E. Since the
Hermitian space V is F-anisotropic, we conclude that F(G, X)=FE.

6.4. The complex Shimura variety

The pair (G, X), or (G, hg), gives rise to a Shimura variety Sh(G, X) which is defined
over the reflex field E. In particular if K=][ KPCG(A(S), with K, CG(Q,), is an open
compact subgroup of the finite adelic points of G, we can consider Shi (G, X). This is a

projective variety over E whose set of complex points is identified with
S(K)=Shk (G, X)(C) = GQ)\(X x G(A}))/K. (6.1)

We will always choose K to be neat in the following sense: For every k€ K, there exists
some prime p such that the semisimple part of the p-component of k has no eigenvalues
which are roots of unity other than 1. Every compact open subgroup of G (Aé) contains
a neat subgroup of finite index.

In general S(K) is not connected, but instead a disjoint union of spaces of the
type S(I') discussed in the introduction, for various arithmetic subgroups I'CG1(Q)=
U(V)(F). Since we have assumed K to be neat, these arithmetic subgroups are all torsion
free.

The connected components of S(K) can be described as follows. Write

G(ag) =] 6@y, K, (6.2)
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with g;€G(Ayf). Then
S(E) =] |s(ry), (6.3)

where S(I';)=T";\ X and T'; is the image in the adjoint group G.q(R) of the subgroup
r’ :ngg]flﬂG(Q) (6.4)
of G(Q) (see [53, Lemma 5.13]).

6.5. The structure of S(K)

In this paragraph we provide some more details on the structure of the connected com-
ponents of S(K). Let Gaer=Resp/g SU(V) be the derived subgroup of G. This subgroup
is connected and simply connected as an algebraic group. It therefore follows, from e.g.
[53, p.311], that the set of connected components of the complex Shimura variety S(K)
can be identified with the double coset

T@\(Y xT(A]))/v(K).
Here T=G/Gger is the maximal torus quotient of G, v is the projection G—T and we
define
Y =T(R)/ Im(Z(R) - T(R)),
where Z is the center of G and the homomorphism Z—T is obtained by composing the
inclusion Z<—G with v.

Let us finally describe the group T'. First consider the rational torus
RGSE/Q GuEg X ResF/@ GmF,

whose group of rational points is E* x F*. The group T can be described as the rational
subtorus defined by the equation Ny, p(2)=t™, with x€Resp /g G and t€Resp/g G .
See Kottwitz [40, §7] for a slightly different situation.

Let T7 be the rational group defined as the kernel of the norm homomorphism
Ng/r=Resg/g Gme—Resp/g Gmr. Then T1=G1/Gger is the maximal abelian quotient
of GG; and the quotient map G —7T3 is induced by det.

If m is even, say m=2k, then the torus T is isomorphic to T3 X Resp;g Gmr, the
isomorphism being given by (z,t) (xt =% t) for (z,t)€T.

If m is odd, say m=2k+1, then T is isomorphic to Resg,g Gmg, the isomorphism
being given by (z,t)—xt=* for (z,t)€T.

In any case the quotient T'/T} is isomorphic to the rational torus Resp;g Gur-

It follows that T(R)=(C*) if m is odd, and T(R)=(R* x Uy )4 if m is even, with U;
being the complex unit circle. The image of Z(R) is (C*)9, resp. (R x Uy )?. Therefore,
Y ={1} if m is odd, and Y ={41}¢ if m is even.
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6.6. Cohomology of Shimura varieties

We are interested in the cohomology groups H*(S(K), R) where R is a Q-algebra. If
K'CK is another compact subgroup of G(Aé) we let pr: S(K')—S(K) be the natural

projection. It induces a map
pr*: H'(S(K),R) — H*(S(K'), R).
Passing to the direct limit over K via the maps pr*, we obtain

H*(Sh(G, X), R) = lim H'(S(K), R).
K

The cohomology groups H*(Sh(G, X),C) are G(Aé)-modules. For any character w
of Z(Aé), we denote by H*(Sh(G, X),C)(w) the w-eigenspace. Denote also by & the
character of Z(Ag) trivial on Z(R)Z(Q) and with finite part w. Then one knows (see
e.g. [9]) that

H*(Sh(G, X),C)(w) = H" (g, Koo; L*(G,)), (6.5)

where g is the Lie algebra of G(R), K is the stabilizer of a point in the symmetric
space X and L?*(G,®) is the Hilbert space of measurable functions f on G(Q)\G(Ag)
such that, for all g€ G(Ag) and z€Z(Aq), f(gz)=f(g)w(z) and |f]| is square-integrable
on G(Q)Z(Ag)\GlAg).

Since G is anisotropic each L?(G,w) decomposes as a direct sum of irreducible
unitary representations of G(Ag) with finite multiplicities. A representation 7 which
occurs in this way is called an automorphic representation of G and is factorizable as a
restricted tensor product of admissible representations [14]. We shall write 1=mo @7,
where 7o, is a unitary representation of G(R) and 7y is a representation of G(Aé). We
denote by x(m), resp. x(7y), its central character &, resp. w, and by m() its multiplicity
in L?(G,®).

6.7. Representations with cohomology

Let Cohy, be the set of unitary representations m, of G(R) (up to equivalence) such that

H* (g, Koo; o) # 0, (6.6)

where g is the Lie algebra of G(R) and K is the stabilizer of a point in the symmetric
space X. Note that K, is the centralizer in G of the maximal compact subgroup K; of

G1(R). Given a representation 7 of G, we denote by m its restriction to G; and say that
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m is essentially unitary if 71 is unitary. Recall from §3 that cohomological representations
of G1(R) are classified by Vogan and Zuckerman in [71].

The representation theory of G is substantially identical to that of G;. Let Z and Z;
denote the centers or G and (1, respectively. Then G=Z(G1, and every representation
(local or global) of G extends to Gj it suffices to extend its central character.

Since we only consider cohomological representations of G(R) having trivial central
character the classification of Coh, amounts to the Vogan—Zuckerman classification. In

particular, the set Cohy is finite. For any ¢, set
Inf(7;) = {Too € Cohso : m (7Moo @) # 0}

Let Cohy be the set of 7y such that Inf(7) is non-empty.
We will be particularly interested in the cohomological representations A(bx g, axq).
We denote by Cohl}’a the set of 7y such that Inf(7;) contains A(bxq,axq).

6.8. Let Hx be the Hecke algebra of Q-linear combinations of K-double cosets in
G(Aé). If 7y is a representation of G(A({}), we let 77;( denote the representation of Hy
on the space of K-fixed vectors of 7.

Over C it follows from Matsushima’s formula (see [52], [9]) that there is an Hg-
isomorphism

H'(S(K),C)— @ H'(nf,C)erf, (6.7)
Tf ECOhf
where
H*(my,C) = @ M (7T @7 ) H* (g, Koo; Too)-
Too €Inf (7 y)

Given two integers a and b, we denote by H"*%%X4(S(K), C) the part of H*(S(K),C)

which corresponds to the cohomological representation m.o=A(bx¢q,axq), so that the

H -isomorphism induces the isomorphism

HY49%9(S(K),C)—» P m(A(bxq,axq)@mp)H (g Kyo; Abxq,axq))@rf.

T GCOh?’u
(6.8)
6.9. Rational subspaces of the cohomology groups
Since the action of H is defined on H*(S(K),Q), we obtain a Q-form of (6.7):

my€Cohy
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where H*(ms, Q) and W]{((@) are Q-forms of H*(ms,C) and w]{(, respectively. By consid-
ering arbitrary small K, we obtain a Q-form 7¢(Q) of any m;€Cohy. Moreover, since
Gal(Q/Q) acts on H*(S(K),Q) via its action on the coefficients Q, it permutes the
summands in (6.9) and therefore induces an action (o, ms)—>7§ of Gal(Q/Q) on Cohy.
We let A(mp)={0c€Gal(Q/Q):mF=ms} be the stabilizer of 7y and denote by Q(my) the
corresponding number field. Given [r7]€Cohy/ Gal(Q/Q), we define

W(mh= P  HE;Qer@
o€Gal(Q/Q)/A(ny)
= @ Homgy (rf, H'(S(K),Q)erf (@),
oc€Hom(Q(7y),Q)

so that

1%

H*(S(K),Q) D W ()"

[rf]€Cohy/ Gal(@/Q)
THEOREM 6.1. Suppose that my€Cohy contributes to H*(S(K),C). Then the fol-
lowing conditions hold:
(1) The subspace W ([r;])X CH*(S(K),Q) is a polarized Q-sub-Hodge structure of
H*(S(K), Q).
(2) If moreover WfGCohl}’a with 3(a+b)+|a—b|<2m, then we have(T)

(W ([7])K @oC)NSHTV(S(K),C) ¢ HP*9%9(S(K), C)@ H****1(S(K), C).

Proof. The first part is classical. It follows from the fact that the Hecke algebra H g
acts as algebraic correspondences on S(K) which yield morphisms of the rational Hodge
structure H*(S(K), Q). The polarization then comes from the cup product and Poincaré
duality, both of which are functorial for algebraic correspondences.

We postpone the proof of the second part until §13. One important ingredient is the

global theta correspondence that we review in the next section. O

In the special g=1 case we have SH"(S(K),C)=H*(S(K),C), and we get the fol-

lowing result.

COROLLARY 6.2. Let g=1 and let a and b be integers such that 3(a+b)+|a—b|<2m.
Then, the space H*t*(S(K), Q) contains a polarized Q-sub-Hodge structure X such that

X®oC=H""(S(K),C)aH>*(S(K),C).

(") Recall that SH* is defined in the introduction.
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Remark. In particular, the subspace H11(S(K),C)C H*(S(K), C) is defined over Q
as long as p>2. Note that this is not the case if p=2; see [8]. We will see that, when p>2,
the subspace H(S(K),C)C H?(S(K), C) is generated by theta lifts from unitary groups
of signature (1,1) at infinity. This is no more true when p=2, but the subspace which
is generated by classes obtained by theta lifts—or equivalently the subspace associated
with endoscopic representations—is indeed defined over Q; see [8]. Granted this, another
proof that H!(S(K),C)C H?(S(K),C) is defined over Q when p>2 was proposed to us
by M. Harris. Indeed classes obtained by theta lift restrict to classes obtained by theta
lifts to any sub-Shimura variety associated with the smaller unitary group U(2,1). The
general result now reduces to the theorem of Blasius and Rogawski via Oda’s trick using

the restriction theorem of Harris and Li [31].

7. The global theta correspondence
7.1. The theta correspondence

We keep F, E, V and (-,-) as in §6.1 and let W be an n-dimensional vector space over F
equipped with a skew-Hermitian (-, -}, which is conjugate linear in the first argument. We
take V' to be a left E vector space and W to be a right E vector space. These conventions
come into play when considering the tensor product W=W ®gV'; as an F-vector space,

it is endowed with the symplectic form

["']:trE/F(<'a'>®('?'))7

where trp,r denotes the usual trace of £ over F'. We let Sp(W) be the corresponding
symplectic F-group. Then (U(V),U(W)) forms a reductive dual pair in Sp(W), in the

sense of Howe [34].

Remark. We can define a Hermitian space W/ by W/ =W (viewed as a left E vector
space via aw=wa) and

(U}l,UJQ):CE71<U)2,'IU1>.

We will sometimes abusively refer to W as a Hermitian space; note however that this

involves the choice of a made in §6.1.

Let Mp(W) be the metaplectic 2-fold cover of Sp(W) (see Weil [76]). Fix a choice of
a non-trivial character ¢ of A/F and denote by w=uw,;, the corresponding (automorphic)
Weil representation of Mp(W), as in [34].

A complete polarization W=X+Y, where X and Y are maximal totally isotropic

subspaces of W, leads to the realization of w on L?(X). This is known as the Schrédinger
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model for w; see Gelbart [19]. In that way w is realized as an automorphic representation
of Mp(W). The maximal compact subgroup of Sp(W) is U=U,,,,, the unitary group in
nm variables. We denote by U its preimage in Mp(W). The associated space of smooth
vectors of w is the Bruhat-Schwartz space $(X(A)). The (sp, U)-module associated with
w is made explicit by the realization of w in the Fock model. Using it, one sees that the
subspace of U-finite vectors in w is the subspace S(X(A)) C$(X(A)) obtained by replacing,
at each infinite place, the Schwartz space by the polynomial Fock space S(X)C8(X), i.e.
the image of holomorphic polynomials on C™* under the intertwining map from the Fock

model of the oscillator representation to the Schrodinger model.

7.2.  We denote by U,,(A), U, (A), Spay,,, (A) and Mp,,,,., (A) the adelic points of U(V),
U(W), Sp(W) and Mp(W), respectively. According to Rao, Perrin and Kudla [42], for
any choice of a pair of characters x=(x1, x2) of Aj/E* whose restrictions to A* sat-
isfy x1]ax :zsg/F and xa|ax ZE%/F, where we denote by g/ the character of AX/F*
associated with the quadratic extension E/F by classfield theory, there exists a homo-

morphism
Tt Upn (A) X Up (A) — Mpgyp, (A) (7.1)

lifting the natural map
1: Upn (A) X Un (A) — Spapm (A),

and so, we obtain a representation w,, of U, (A)xU,(A) on S(X(A)).(®)
The global metaplectic group Mps,,,,,(A) acts on S(X(A)) via w and preserves the
dense subspace S(X(A)). For each ¢€S(X(A)) we form the theta function

Opo@)= Y wy(@)(@)(E) (7.2)

EEX(F)

on Mps,,,,,(A). Pulling the oscillator representation wy back to Uy, (A)x U, (A) using
the map (7.1) we get a a smooth, slowly increasing function (g,¢")—0y y.4(9',9)=
0p,4(ix (9", 9)) on U(V)\Upn (A) xU(W)\Un(A); see [76], [34].

Remark. Let x'=(x}, x5) be another pair of characters of A /E* whose restrictions
to A satisfy x)|ax =eyp and X ax =e% > and put p=xix;" and v=xhx;" . Since
plax =v|ax =1, we can define characters y/ and v/ of AL—the adelic points of the kernel

of the norm Ng,p—by setting p/(2/z)=p(z) and v'(z/z)=v(x). Let p,=p odet and

(®) At infinity the choices of x1 and x2 correspond to the choice of a pair of integers (k,£) with
k=m (mod 2), and {=n (mod 2) and wy yields wy ¢ as in §4.6.
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vm=v'odet be the associated characters of U, (A) and U,,(A), respectively. Then it

follows from the explicit formulas contained in [42] that

wy Ty (9,9") =wy (1 (9, 9")Vm (9 n(g)-

7.3. The global theta lifting

We denote by A°(U(W)) the set of irreducible cuspidal automorphic representations
of U,(A), which occur as irreducible subspaces in the space of cuspidal automorphic
functions in L2(U(W)\U,(A)). As in [47] we will denote by [U,] the quotient U(W)\
U, (A). For a n'€A¢(U(W)), the integral

0} .6(9) :/ Oy.x.0(9,9)1(9') dg, (7.3)
with f€H, (the space of 7’), defines an automorphic function on U,,(A): the inte-
gral (7.3) is well defined, and determines a slowly increasing function on U(V)\U,,(A).
We denote by 957X7W(7TI ) the space of the automorphic representation generated by all
9{;%(;5(9) as ¢ and f vary, and call @Z’X’W(ﬂ',) the (1, x)-theta lifting of 7" to U,,(A).
Note that, since S(X(A)) is dense in §(X(A)) we may as well let ¢ vary in the subspace
S(X(A)).

We can similarly define A°(U(V)) and ©},  the (¢, x)-theta correspondence from
U(V) to UW).

Definition 7.1. We say that a representation m€A¢(U(V)) is in the image of the
cuspidal v -theta correspondence from a smaller group if there exists a skew-Hermitian
space W with dim W <m, a representation '€ A°(U(W)) and a pair of characters x such
that

W:@Z%W(W’).

7.4. Local signs

Given a representation 7 €A°(U(V)) in the image of the cuspidal ¥-theta correspondence
from a smaller group U(W), we associate with 7 local signs in the following way: Let v
be a finite place of F'. We first assume that E®p F), is a field. By a theorem of Landherr
[49], for each n there are exactly two different classes of isomorphism of n-dimensional
Hermitian spaces over F,:

(1) For n=2r+1 odd, let W, ,. denote the Hermitian space of dimension 2r over E,

with maximal isotropic subspaces of dimension r, then the two classes are represented
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by W*=W,,®&W; where W2 E, is the 1-dimensional Hermitian space over FE, with
Hermitian form (z,y)=azy, where a€ F* with ep, /p, () ==%1.

(2) For n=2r even, then the two classes are represented by W*=W, , and W~ =
Wr_1,,—1®W5 , where W5 is an anisotropic space of dimension 2.
Now we associate to 7 the local sign e(m,)==+1 depending on whether W®p F, W™ or
Wepk,=2W-~.

If EQpF, is not a field, we define (m,)=1.

The conservation relation conjecture of Harris, Kudla and Sweet [30, Speculations
7.5 and 7.6]—whose relevant part to us has been proved by Gong and Grenié [26]—implies
that this local sign is well defined and only depends on 7.

Note that the local sign e(m,) is equal to 1 at all but finitely many places and that

H g(my) =1.

<00

we have

7.5. Extension of the theta correspondence to similitude groups

The extension of the theta correspondence to unitary similitude groups has been worked
out in details by Michael Harris in [29, §3.8]. It is based on the observation that the map

i: GUW)xGU(V) — GL(W®gV), i(¢,9)(wev)=wg @9 v
takes the algebraic subgroup
GUV)xUW)):={(g.9") € GU(V)xGUW): A(g) =A(g)}

into Sp(W®EgV).

Note that an automorphic representation m of G is in the image of the extension to
unitary similitude groups of the theta correspondence from a smaller group GU(W) if m;
is in the image of the ¥-theta correspondence from U(W). In that case we will loosely
say that 7 is in the image of the -theta correspondence from U(W).

The main automorphic ingredient of our paper is the following theorem. It is a

corollary of Proposition 13.4 below whose proof is the goal of Part 3.

THEOREM 7.2. Let a and b be integers such that 3(a+b)+|a—b|<2m and let wy€
Cohl}’a. Set t=A(bxq,axq)@ms. Then m is in the image of the i -theta correspondence
from a smaller group U(W) of signature (a,b) at infinity.

Reduction to Proposition 13.4. Proposition 13.4 implies that 7 is in the image of
the t-theta correspondence from U(W), where W is some (a+b)-dimensional skew-

Hermitian space over F. It remains to prove that over the infinite place v of F' such
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that U(V)(F,)=U(p, q), the signature of W is (a,b). But this follows from the explicit
description of the Archimedean theta correspondence obtained by Annegret Paul [61]: the
cohomological representation A(bx ¢, ax ¢) is the image of the local theta correspondence
from a group U(W, C/R) with dim W =a+b if and only if the signature of W is (a,b). O

Since Z (Aé) maps into T(Aé) via the map v, it acts on the disconnected Shimura
variety S(K') by permuting the connected components as described in §6.5. We conclude

with the following corollary.

COROLLARY 7.3. Let S be any connected component of S(K) and let a and b be
integers such that 3(a+b)+|a—b|<2m. Then H**99%4(S C) is generated by classes of
theta lifts from unitary groups of signature (a,b) at infinity.

8. Special cycles

8.1. Notation

We keep the notation as in §6.1 and follow the adelization [43] of the work of Kudla—
Millson. Let n be an integer with 0<n<p. Given an n-tuple x=(z1,...,z,)EV"™ we let
U=U(x) be the F-subspace of V spanned by the components of x. We write (x,x) for the
nxn Hermitian matrix with (j, k) entry equal to (z;,zx). Assume that (x,x) is totally
positive semidefinite of rank ¢, i.e. over each infinite place the Hermitian matrix (x,x)
is semidefinite and non-negative. Equivalently, as a sub-Hermitian space U CV is totally
positive definite of dimension ¢. In particular, 0<t<p (and t<n). The constructions
of the preceding section can therefore be made with the space UL in place of V. Set
H=Resp/qG(U(U)xU(U')). There is a natural morphism H—G and (the image of)
H is isomorphic to Gy, the stabilizer of U in G. By abuse of notation, we will use both
H and Gy to denote the stabilizer of U in G. Recall that we can realize the symmetric
space X as the set of negative g-planes in V,,. We then let Xy be the subset of X

consisting of those g-planes which lie in Ult.

8.2. Shimura subvarieties

There is a natural morphism iy: Sh(H, X5 )—Sh(G, X) which is defined over the reflex
field E. If K is an open compact subgroup of G(Aé) we set Kg :H(Aé)ﬂK. The variety
Shg, (H, Xp) is projective, defined over E and the set of its complex points identifies
with

S (Kn) = H(Q\(Xn x H(AL)) /K.
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Now given an element g€G(A(6), we may shift the natural morphism iy by g to get

i, HQ\ (X x H(8]))/ K.y — GQ\(X xG(A]))/ K,
H(Q)(Z, h)KH,g — G(Q)(zv hg)K,

(8.1)

where KH,g:H(Aé)ﬁgKg_l.

8.3. Connected cycles

Suppose that K is neat and let geG(Aé). Set
I =gKg 'NG(Q) and T, ,=gKg 'nH(Q)=T,NH(Q).

Now let I'y, resp. I'g 17, denote the image of I'), resp. I'} 7, in the adjoint group Gaa(R),
resp. Haq(R). Then the natural map I'y yz—T'yz yields a (totally geodesic) immersion of
I'y v\ Xg into 'y \ X. We will denote the corresponding (connected) cycle by ¢(U, g, K).

We now introduce composite cycles that may be seen as composed of the connected
cycles ¢(U, g, K).

8.4. Special cycles

Given f€Her, (F) an nxn totally positive Hermitian matrix—we use the notation 5>>0

for such a Hermitian matrix—we define
Qp={xeV": 1(x,x)=0}. (8.2)

The natural action of G(Aé) on V(Aé)" restricts to an action on QB(A@- Then, any
K-invariant compact subset of Qg(Aé) decomposes as a union of at most finitely many
disjoint K-orbits.

Now let <p€8(V(Aé)”) be a K-invariant Schwartz function on V(Aé)” with values
in C. For 3 as above, with Qg(F)#d, let

2.0, K)=_ Y ol x)elU(x), g5, K). (8.3)
J xeQg(F)
mod F;j
Here the g;’s in G(Aé) are those in (6.2).
Write g—w(g) for the natural action of gGG(Aé) on S(V(Aé)") given by

(w(g)p)(x)=p(g~'z).

As in [43, Propositions 5.9 and 5.10], we have the following result.
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ProPOSITION 8.1. (1) For any gGG(Aé), we have
Z2(8,0(9)p, 9Kg™ ) =Z(B,, K)g ™.
(2) Suppose that K'CK is another open compact subgroup of G(Aé)7 and let
pr: S(K') — S(K)

be the natural projection. Then we have pr*(Z (6, ¢, K))=Z(8, ¢, K').
Tt follows from (2) that Z(8, ¢, K) gives a well-defined element Z(3, ¢) in Sh(G, X).

8.5. The ring of special cycles

Let S(V(Aé)")z be the space of locally constant functions on V(Aé)” with compact

support and values in Z. For any commutative ring R, let
S(V(A5)")r=(8(V(Ag)")z)@zR.

Note that the natural action w turns it into a G(Aé)—module. It follows from Proposi-
tion 8.1 that for any Hermitian n xn matrix 8>>0 we get a G(Aé)—equivariant map

S(V(AL)™)g— H*™(Sh(G, X),Q),

(8.4)
o [B,¢]:=1Z(8, )]

Following Kudla [43], in order to study the G(Aé)—submodule which is the image of
this map, we first extend this construction to the case where ( is only totally positive
semidefinite. The expression (8.3) is still well defined. Denoting by ¢ the rank of 3, one

obtains a class
[8,¢]° =[Z(8, ¢)] € H***(Sh(G, X), Q).

Now recall that the symmetric domain X has a natural Kéhler form  and that, for
any compact open subgroup KCG(A&), (1/2m3)€2 induces a (1,1)-form on S(K) which
is the Chern form of the canonical bundle of S(K). The cup product with Q9—or
equivalently with the Chern form ¢, introduced above—induces the gth power of the

Lefschetz operator:
L% H*(Sh(G, X),Q) — H*"(Sh(G, X),Q)
on cohomology which commutes with the action of G (Aé) We then set

[8,¢] = L1 0([8, ¢]°) € H*" (Sh(G, X), Q). (8.5)
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For each n, with 0<n<p, let
SC*™(Sh(G, X)) c H*"(Sh(G, X),Q)

be the subspace spanned by the classes [3, ¢], where § is any Hermitian (totally) posi-
tive semidefinite nxn matrix (6>0). The subspace SC*"(Sh(G, X)) is defined over Q
and is Hecke stable. We therefore have a direct sum decomposition into 7;-isotypical
components:

SC*™(Sh(G,X))= @ SC*™(Sh(G,X),my). (8.6)

7y €Cohy

We can now state our main result on special cycles.

THEOREM 8.2. The following statements hold: (1) The space

P
SC*(Sh(G, X)) =P SC*"4(Sh(G, X))
n=0
is a subring of H"(Sh(G, X),Q).
(2) For each n, with 0<n<p, we have

SC?™(Sh(@G, X)) € SH"*"(Sh(G, X ), C)NH?*"(Sh(G, X), Q).

(3) If we furthermore assume that 3n<p-+q, then the subspace SC*"? (Sh(G, X))

prim

spanned by the projection of SC*"1(Sh(G, X)) into the primitive part
SH™**"*4(Sh(G, X)), C)
of SH"®™(Sh(G, X),C) is defined over Q and we have a direct sum decomposition

Scat (Sh(G, X)) =@D H*"(ry,C) @y, (8.7)

prim
Tf

where the sum runs over all WfGCoh?’n such that e(m,)=1 for all finite places v.

Remark. The proof of Theorem 8.2 is based on Kudla—Millson’s theory [44]-[46]
that give an explicit construction of Poincaré dual forms to the special cycles. The first
part of Theorem 8.2 immediately follows from their theory as was already pointed out
by Kudla in [43]. The last part is the real new part; it will follow from Theorem 7.2 and
the results of §5.

Before proving Theorem 8.2, which we do in the next section, we review the relevant
results of the Kudla—Millson theory.
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8.6. The forms of Kudla—Millson

Recall that in equation (5.11) of §5 we have defined an element

Png.nqg € Homg (\"*™p, S(V™))

for each n such that 0<n<p. Here V=V, is the completion of V with respect to the
T1-embedding. With G=GU(p, ¢q) and K denoting the stabilizer of a fixed base point
xo€ X, we have

X=G/K=U(p,q)/(U(p)xU(q)),

and the space of differential forms on X of type (a,b) is
2 (X) = Home (A"'p, C(G)).
Evaluation at x( therefore yields an isomorphism
ISV 09 X)]6 2 Hom g (A™"1p, S(V™).

We will abusively denote by ©,4.ng the corresponding element in [S(V™)@Q"em4(X)]¢.

8.7. Let V be a positive definite Hermitian space of dimension m=p-+q over C. Let
po(x) = exp(— trace(x, x))

be the standard Gaussian. Then, under the Weil representation w of U(n,n) associated

with V, we have
w(k' k"o =det (k)™ det(k") ™o, (K, k") €U(n)xU(n).
If xeV™ with 1(x,x)=0, then for ¢’€U(n,n) we set
Ws(g') =w(g')po(x). (8.8)

8.8. Now we return to the global situation. Let n be an integer with 1<n<p. For
@ES(V(A({D)”L we define

d
6= Prgna® ( X s00> D0 € [S(V (Ag)") @9 (X)] 0, (8.9)

j=2

where ¢pq.nq is the Schwartz form for V., and g is the Gaussian for V7, j>1.
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Let W be a 2n-dimensional vector space over E equipped with a split (-skew-
Hermitian form and let G'=Resp;q U(W). The splitting of W gives rise to a polarization
X+Y of W@gV with X2V™. The global group G'(Ag) acts in S(V(Ag)™) via the global
Weil representation associated with this polarization, our fixed additive character ¥ of
A/F and some choice character x of A%, /E* whose restrictions to A* satisfy x| x =€hp-
If ¢ is K-invariant, then for ¢'€G'(Ag) and g€ G(Ag) we may then form the theta func-
tion 0y y.4(g, ") as in §7.3. As a function of g, it defines a closed (ng, ng)-form on S(K)
which we abusively denote by 6,,(¢', ¢). Let [0,,(¢’, ¢)] be the corresponding class in

an,nq(s(K)) R) C an,nq(Sh(G, X), R).

For ¢'=(g},....,9,)€G'(R)=U(n,n)?CG’'(Ag) and for 3>0 Hermitian in Her, (E),

we set J
Ws(g') =[] W (9))-
j=1

The following result is the main theorem of [46], rephrased here in the adelic language
following Kudla [43]. It relates the cohomology class [0, (g, ¢)] to those of the algebraic
cycles Z(3, ) via Fourier decomposition as in the classical work or Hirzebruch—Zagier
[33].

PROPOSITION 8.3. For ¢'eG'(R)CG'(Ag) and @68(V(Aé)”), the Fourier expan-
sion of g'—[0n(g', )] is given by
[en(g/a 90)] = 2[67 SD}Wﬁ(g/)'

820

8.9. Proof of Theorem 8.2 I

We first prove Theorem 8.2 (1). Let 0<ni,n2<p and choose W; and Wy split skew-
Hermitian vector spaces over E of dimensions 2n; and 2ng. Write G;Zj =Resp/q U(Wj),
j=1,2. Given two Schwartz functions ¢, ES(V(AQS)”J') and two Hermitian matrices 3; >0
in Her,,(E), j=1,2, we want to prove that the cup product of [31, 1] and [B2, o]
belongs to SC?"4(Sh(G, X)) where n=n;+ny. It is now natural to introduce the skew-
Hermitian vector space W=W;®W,, the group G, =Resp/q U(W) and the Schwartz
function p=¢, ®@2€8(V(Aé)n). We then have a natural homomorphism

Gy, (Ag) x G, (Ag) — G (Ag),

and the local product formula (Propositions 5.4 and 5.19) implies that for g;€G), (R),
7=1,2, we have
On (91, 92), ) = On, (91, 91) Ny (93, p2)- (8.10)
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Taking cohomology classes, applying Proposition 8.3 and comparing Fourier coefficients

yields that [B1, ¢1]U[B2, p2] decomposes as the sum 2520[6, ] over the 3’s such that

Wi (191, 92)) = W, (91)Ws, (95)-

This proves the first part of Theorem 8.2.

To prove the second part it is enough to prove that the cohomology classes [0, (¢’, ¢)]
belong to SH"®™(Sh(G, X),R). This in turn follows from the fact that ¢,4.n4, seen as
an (ng,ng)-form on X with values in S(V") is SL(¢)-invariant. But this can be read out
from the explicit formula for ¢4 nq; see Proposition 5.17 and Appendix C.

The last part of Theorem 8.2 will be deduced from our main theorem, which we

state and prove in the next section.

9. Main theorem
9.1. Notation

We keep the notation as in the previous section except that we will now always assume
that @ and b are integers such that 3(a+b)+|a—b| <2m (we recall that m=dim V=p+q).

9.2. The special lift

It follows from Theorem 7.2 that if 7 GCohl}’“ then m=A(bx¢q,axq)®@7y is in the image
of the v-theta correspondence from a smaller group U(W) of signature (a,b) at infin-
ity. In particular the whole cohomology group H®*%:4*4(Sh(G), C) is generated by the
automorphic functions 03;% p 88 in (7.3) where ¢ and f vary. Here f is an automor-
phic function of GU(W) and ¢ is a Schwartz function in the space S(X(A)) associated
with a choice of a complete (global) polarization of the symplectic space W. We may
furthermore restrict to functions ¢ that are decomposable as ¢ ®@¢;.

Now at infinity the Schwartz space S(X(F)) is a model for the Weil representation.
We will abuse notation and denote by ¢pq,qq the Schwartz function in S(X(F)) which
is the tensor product of ¢pq ¢4 Of §5, equation (5.11), at the infinite place where the real
group is non-compact and Gaussians at the other infinite places. We finally denote by
H®*9:9%4(Sh(G), C)special the subspace of special lifts that are generated by the projec-
tions in H®*4:2%4(Sh(G), C) of the automorphic functions 91’;;7%%%@@% as ¢y, x and f
vary.

We now prove that special lifts span the whole refined Hodge type axq,bXxq in the
cohomology of Sh(G).



THE HODGE CONJECTURE AND ARITHMETIC QUOTIENTS OF COMPLEX BALLS 73

THEOREM 9.1. We have
HY %X 9(S1(G), C)specia = H ***1(Sh(G), C).

Proof. The proof follows the same lines as that of [7, Theorem 10.5]. First recall
the following simple general observation. Let K be a group and let A, B, U and V be
K-modules. Suppose that we have K-module homomorphisms ®:U—V and ¥:B— A.

Then we have a commutative diagram

Homg (A,U) BLLEN Hompg (A4,V)

% P (9.1)

Homy (B, U) — Homy (B, V).

Here @, is postcomposition with ® and ¥* is precomposition with V.

In what follows K will be the group K.,. We now define K,.,-module homomor-
phisms ® and ¥ that will concern us here. We begin with the (g, K )-module homo-
morphism ®. Let erCohl}’“. Denote by Hy, the A(bxgq,axq)®m-isotypical subspace

in L*(G, x(ms)) and let
H= P H,,.

TrfECohl}’“

Recall that we have
HP%X9(Sh(G),C) = H“t(g, Koo; H) = Homg, (V (b, a), H). (9:2)

Theorem 7.2 implies that each automorphic representation T=A(bxq,axq)@my,
with WfECohl}’a is in the image of the 1)-theta correspondence from a smaller group
U(W) of signature (a,b). We realize the oscillator representation as a (g, Koo) X G(Ay)-

module in the subspace
S(X(Fuy)) x8(X(Ay)) CS(X(A)).

Here the inclusion maps an element (o, ) of the right-hand side to

¢—<poo®< & <P0> ®¢,

v|oo

v#£vg
where the factors ¢g, at the infinite places v not equal to vy, denote the unique elements
(up to scalar multiples) that are fixed by the compact group U(m). We abusively write
elements of S(X(F,,))x8(X(Ayf)) as woo Q.
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Fix some pair of characters x as in §7.3 and let H' be the direct sum of the spaces

of cuspidal automorphic representations 7’ of GU(W) such that
O w(r) = Albx g, axq)@m,
for some 7y ECOhZ}’a. From now on, we abbreviate
S =S(X(Fy,)) x $(X(Af)).

It follows from the definition of the global theta lift (see §7.3) that for any f€ H' and ¢€S
the map f®¢'_>9£/i,x,¢ is a (g, Koo )-module homomorphism from H’'®S to the space H.
And Theorem 7.2 implies that the images of these, as x and ¥ vary, span the whole
space H. We will drop the dependence of ¢ and x henceforth and abbreviate this map
to 0, whence f®dp—0(f®¢). Then in the diagram (9.1) we set U=H'®S and V=H
and &=6.

We now define the map ¥. We will take A as above to be the vector space \"p, the
vector space B to be the submodule V (b, a) and ¥ to be the inclusion iy 4: V (b, a)— A"p
(note that there is a unique embedding up to scalars and the scalars are not important
here).

From the general diagram (9.1) we obtain the desired commutative diagram

H'@Homg__ (N, S) 0 Homy_ (A", H)

l l (9.3)

H'®Homg_ (V(b,a),S) —— Homs_ (V (b, a), H) = H*®4%4(Sh(G), C).

We now examine the diagram. Since V' (b, a) is a summand, the map on the left is onto.
Also, by (3.1), the map on the right is an isomorphism.

We now define Uy, ..
ated by Yoo =0bg,aq-

The theorem will then follow from the equation

to be the 1-dimensional subspace of Homg__(A"p, S) gener-

iy 0°0x(H'®@U,,, ..)=Image(ij ,°0.). (9.4)

bq,aq

Since the above diagram is commutative, equation (9.4) holds if and only if we have
0.0ty o(H' @U,,, ) =Image(ij ,0). (9.5)

Put U%q,aq:iz,a(waq,aq)- As the left vertical arrow iy , is onto, equation (9.5) holds if
and only if
0.(H'&T,,,,) = 0.(H' ©Homy_(V(b,a),S)). (9.6)
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We now prove equation (9.6). To this end let €6, (H'®Homg__(V (b, a),S)). Hence,
by definition, there exists ¢=p @p€Homg_ (V(b,a),S) and f€H’ such that

0.(f@9)=¢. (9.7)

We claim that in equation (9.7) (up to replacing the component f,,) we may replace
the factor woo of ¢ by @uq.q4q Without changing the right-hand side & of equation (9.7).
Indeed by Theorem 5.24 there exists ZeU(u(b, a)c) such that

Poo = Z@bq,aq- (98)

Now by [32, Lemma 6.9] (with slightly changed notation) we have
0.(f©Z¢)=0.(Z"f20). (9.9)

Here Z+ Z* is the involution of U(u(b, a)c) induced by the map g—g~! of U(a,b).
Hence setting f'=Z*f we obtain, for all fe H’,

§=0.(fR(poc®@p)) = 0. (f®(z¢bq7aq®9@))

(9.10)
=0.(Z" f@(Pbg,ag®@9)) = 0x(f' @ (Pbg,aq®¥))-

We conclude that the image of the space H'®U,,, ., under 0, coincides with the image
of H'®@Homp, (Vigaq, S) as required. O

We now prove the last part of Theorem 8.2.

PROPOSITION 9.2. Let n be an integer such that 3n<m. We then have a direct sum
decomposition
prim

SC2 (Sh(G, X)) =@D H*™(ns, C) @7y,

Tf

where the sum runs over all WfGCoh?’" such that e(m,)=1 for all finite places v.

Proof. As 3n<m, it follows from Theorem 7.2 that, if WfECoh}L’", the automorphic
representation m=A(g",¢")®my is in the image of the i -theta correspondence from a
smaller group U(W) of signature (n,n) at infinity. By local theta dichotomy the global
Hermitian space is completely determined by 7; it is split if and only if e(, )=1 for every
finite place v. By Theorem 9.1, we may, in the statement of Proposition 9.2, therefore
replace the right-hand side by the subspace of H™*%"™*4(Sh(G),C) generated by the
projections of the cohomology classes [0, (¢’, »)], where @ES(V(A({?)") and ¢’ €G’'(Ag).
Let us denote this subspace by K.
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Denote by (-,-) the Petersson scalar product restricted to the primitive part of
H2"(Sh(@),C). Letting SC2" (Sh(G),C)* and H* denote the respective annihilators

prim

in Hgffifn(Sh(G), C) it suffices to prove
2n 1 _ aqrl
SCih (Sh(G),C)~ =3 (9.11)

Now consider nerﬁfm (Sh(G),C). Assume 7 is K-invariant for some level K. It follows

from proposition 8.3 that for ¢'eG'(R)CG'(Ag) the Fourier expansion of the modular

form

8,0) = (s P (= | ) bule' o))

is given by

Op(m) = {182, mWa(g") = _ (B¢l mWs(g),

£52>0 B>0

since 7 is primitive. In particular, the form 7 is orthogonal to SC"% (Sh(G),C) if and

prim
only if all the Fourier coefficients of all the modular forms 6,(n) vanish and therefore
0 (1)=0.
On the other hand, since G is anisotropic, the theta lift

@K%V(A(n Xq,nXxq)QTy)

is well defined for each wfeCoh;ﬁ’n, and we get an automorphic representation of the
group U(W). The latter is isotropic (recall that W is split) but it follows from a general
principle—see e.g. Lemma 11.3 below—that @K%V(A(nxq, nxq)®@my) is either {0} or a
cuspidal automorphic representation of U(W). Indeed by Rallis’ theta tower property if
@XKX)V(A(an, nxq)®@my) is non-zero and non-cuspidal, there exists a proper subspace
W'CW such that @K;)V(A(n Xq,nxq)®@my) is non-zero and cuspidal. Localizing at the
place at infinity we get a contradiction: the cohomological representation A(bxq,axq)
is not in the image of the local theta correspondence from a group U(W,C/R) with
dim W <a+b; see [61].

In particular, each modular form 6,,(n) is either zero or a cuspidal automorphic form.
Now 7 belongs to H* if and only if, for any fe H,: (o/€A°(U(W))), we have

/ 0(f, ©)[Pngngl Axn=0.
XK

Since

o(f, @)[wnq,nq]A*n=/ 0,(n)f(g")dg’,

XK W)l

we get that 7 belongs to H* if and only if 6,(n)=0. This concludes the proof. O
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We can now prove our main theorem.

THEOREM 9.3. Assume that b=a+c with ¢>0. Then the natural cup product map
SC?*(Sh(@), C) x SH?(Sh(G), C) — HP*%X9(Sh(G), C)
1s surjective. If ¢=0, this is no longer true but the natural cup product map
SC2(=14(Sh(@), C) x SHT(Sh(G), C) — HY*9P*4(Sh(G), C)

18 surjective.

Remark. There is a similar statement when a=>b+c with ¢>0 except that the natural

cup product map becomes
SC?4(Sh(G), C) x H**1(Sh(@G), C) — HY*49%4(Sh(G), C).

Theorem 1.1 follows.

Proof. Write b=a-+c with ¢=0. It follows from Theorem 9.1 that H**%**4(Sh(G), C)

f
VX Pbq,aq®@P s

depend on a global Hermitian space W of signature (a,b) at infinity. Recall from §7.4

is generated by the automorphic functions 6 as ¢, x and f vary. These data

that if v is a finite place of F' the local Hermitian space W =W, decomposes as a sum

W_{ Weaa®We, if ¢>0,

. (9.12)
Wa—1,a-19Wa, otherwise,

where W, , denotes the Hermitian space of dimension 2r with maximal isotropic sub-
spaces of dimension r, and W), denotes the unique Hermitian space of dimension k£ with
the same local sign as W.(?) Since the W, are localizations of a global space, there
exists a corresponding global W,., or W5 in case ¢=0, and the corresponding decom-
position (9.12) holds globally. If ¢>0, resp. ¢=0, we write G} =Resp,q U(Wy ), resp.
G'1=RespU(Wp—1,-1), and Gy=Resp/q U(W.), resp. Gy=Resp,q U(W>). We have a
natural homomorphism
G (Ag) x Gy(Ag) — G'(Ag).

We may now decompose the space W=W ®@gV accordingly:

if
W:{ (Wa,a®@eV)BW,, if ¢>0, (9.13)

(Wa—1,a—1®V)EW,,  otherwise.

(°) At infinite places one should require that W, is positive definite if ¢>0, and that Wy is of
signature (1, 1) if ¢=0.
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Here W, =W, ®gV. We finally choose a complete polarization
Wy =Xk + Y,
and consider the associated polarization X+Y of W, where

jass

{v oX,., ife>0, 0.14)

Ve 13X,, otherwise.

The polynomial Fock space S(X(A)) then contains
S(V(A)")®S(Xc(A)), resp. S(V(A)*~H)@S(X2(A)),

as a dense subspace. The local product formula at infinity (Propositions 5.4 and 5.19)
decomposes @pq,aq as a cup product Qag,aq/\Peq,0, TSP P(a—1)q,(a—1)q\Pq,q- As in the
proof of Theorem 8.2 (1) (see in particular (8.10)), we conclude that if ¢r=¢1rQPay
belongs to S(V(A)*)®S(X.(A)), resp. S(V(A)*"1)®@S(X2(A)), we have the following

cup product of differential forms:

Ha(glla¢1f)A0w7X7<ch,0®¢2f (957)7 ifC>O,

0 4 NG b therwis (9-15)
a—l(gl7¢1f) ¢1X7<Pq,q®¢2f(927 )a otherwise.

O xsong.aq@by (L0915 G5), ) = {

Recall that H®*%X4(Sh(G),C) is generated by the projections of the cohomology
classes of the differential forms 0, \ 4(g’,-). Since 0y \ w(g1)e(9's ) =0y x.¢(919",-) and
the space S(V(A)*)®S(X.(A)), resp. S(V(A)*"1)®S(X2(A)), is a dense subspace of
S(X(A)), we get that H*%2X4(Sh(G),C) is generated by the projections of the coho-
mology classes of the differential forms (9.15). Theorem 9.3 now follows from Proposi-
tion 9.2. O

Part 3. Automorphic forms
10. On the global theta correspondence

10.1. In this part of the paper we prove Proposition 13.4 that was used in the proof of
Theorem 7.2. We keep the notation as in §3. The main technical point is to prove that
if Te A°(U(V)) is such that its local component at infinity is sufficiently non-tempered
(this has to be made precise), then the global representation 7 is in the image of the
cuspidal 1-theta correspondence from a smaller group.

As usual we encode local components of 7 into an L-function. In fact we only

consider its partial L-function L°(s, m)=[1I,¢s L(s,m) where S is a sufficiently big finite
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set of places such that m, is unramified for each v¢.S. For such a v we define the local
factor L(s,m,) by considering the Langlands parameter of m,.

We may generalize these definitions to form the partial (Rankin-Selberg) L-functions
L5 (s, 7 xn) for any automorphic character 7.

The goal of this and the next section is to prove the following theorem, which is
a first important step toward the proof that a sufficiently non-tempered automorphic
representation is in the image of the cuspidal i-theta correspondence from a smaller
group. A large part of it is not new. The proof follows the pioneering work of Kudla and
Rallis for the usual orthogonal-symplectic dual pair (see also [55] and [24, Theorem 1.1 (1)]
and generalized in [18]). Most of the steps that appear to be different in the unitary case
can now be found in the literature; in that respect one key ingredient is due to Ichino [36].

THEOREM 10.1. Let € A°(U(V)) and let n be a character of Aj/E*. We as-
sume that there exists some integer a>1 such that the partial L-function L°(s,7xn) is
holomorphic in the half-plane Re(s)>1(a—1) and has a pole at s=1%(a—1).

Then, we have n|ax :675/}9 and there exists some n-dimensional skew-Hermitian
space over E, with n=m—a, such that 7 is in the image of the cuspidal ¥ -theta corre-

spondence from the group U(W).

Remark. It will follow from the proof that letting x2=n and fixing some arbitrary
choice of character x1 such that x1[sx =€, there exists a representation 7’ € A*(U(W))
such that

T= @Z%W(W/).

Note that the remark on p. 63 implies that changing our choice of x; amounts to twisting
7’ by a character of AL. Similarly, replacing 1 by any other additive character v;(z)=

Y (tz) for some t€ F, amounts to rescaling the Hermitian space W.

10.2. Strategy of proof of Theorem 10.1

The proof of Theorem 10.1 is based on Rallis’ inner product formula. Let m be as in
Theorem 10.1. We want to construct an n-dimensional skew-Hermitian space W over F

and some pair of characters x=(x1,x2) of A5/E* (as in §7.1) such that
Oy v (m) #0. (10.1)
Theorem 10.1 will then follow by duality. Such a W will be of the form

W =W, =WaH",
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where H denotes the hyperbolic plane, i.e. the split skew-Hermitian space of dimen-
sion 2 and Wj is anisotropic. According to this decomposition we write n=ng+2r. One
says that the family of spaces {W,.:r>0} forms a Witt tower of non-degenerate skew-
Hermitian spaces. Replacing W=W, by W,_;, we may assume that @K;‘l/(w):(), SO
that ei,xnﬁ is a cusp form (possibly zero). To prove (10.1), we shall compute the square

of its Petersson norm

[N /[U | 07, (90, 4(g)) dg (10.2)
using Rallis’ inner product formula. In our range n<m the latter takes the rough form
107 x 0> = € ReSum (/2 L5 (53,7 x7),

where c is a non-zero constant involving local coefficients of the oscillator representation.
We will now provide the details of the proof.

We first recall the doubling method introduced by Piatetskii-Shapiro and Rallis [20]
in order to relate L-functions, as the function L°(s,7xn) in Theorem 10.1, to the Weil

representation.

10.3. Doubling the group

Equip V@&V with the split form (-,-)®—(-,-). Let U(V®V) be the corresponding
isometry group. We denote the subspace V&{0} by V and the subspace {0}®V by —V.

There is a canonical embedding
pUV)xU(=V)—U[lVaV).
Let P be the Siegel parabolic of U(V @V) preserving the maximal isotropic subspace
Vi={(v,v):veV}CVPV.

Let P=MU be the Levi decomposition of P. Here U is the unipotent radical of P, and
M is the subgroup which preserves both V¢ and

Va={(v,—v):veV}cVaV.

Thus M (F) is isomorphic to GL,,(FE) via restriction to V3= E™, and we write u(a)eM
for the element corresponding to a€ GL,,(FE). Note that

PNU((V)xU(=V))=U(V)4,

where U(V)? is the image of U (V') under the diagonal embedding U (V)—U (V) xU(-V).
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10.4. Siegel Eisenstein series

Define the homomorphism det: M (F)— E* by u(a)—det a and denote by |-|g the norm
map E*— F*. Then det and |det|g uniquely extend to homomorphisms det: M (A)— A7,
and |det|g: M(A)—A*. Given a character n of E*\AJ, we define the quasi-character
nl-1°, s€C, of M(A) by

s n(det()) det ()5

Then define the induced representation

U ,m (A s
I(s,m) =Tnd 7™ gl -7, (10.3)

where we denote by Uy, ., (A) the adelic points of U(V@V') and the induction is normal-
ized. (Note that the modular character §: P—F* is equal to p—|det(p)|R.) Starting

with a section ®(-,s)el(s,n) we may form the Eisenstein series

E(h,s,®) = > D (vh, s). (10.4)
yeP(F)\U(V®V)

The group U(V &V') being quasi-split, we may fix a standard maximal compact subgroup
K=U({Va&V)(Or) of Upm(A). We then say that ®(-,s)€l(s,n) is standard if it is
holomorphic in s and its restriction to K is independent of s. It follows from [77, p. 56]
that, if ®(-, s) is holomorphic in s, the Siegel Eisenstein series (10.4) converges absolutely
for Re(s)>3m and has a meromorphic continuation to the whole s-plane. If ®(-,s) is
standard, Tan [67] proves that E(h, s, ®) is entire in the half-plane Re(s)>0 if n#£7—1. If
n=n""1, then n

A ZE%/F, with =0 or j=1, and the poles of E(h, s, ®) in the half-plane

Re(s) >0 are at most simple and occur at the points
se{i(m—j),1(m—j)—1,... }.
If sg is a pole of E(h, s, ®) we may consider the Laurent expansion

A(h, ®)
S—S8p

E(h,s, @)= +Ag(h, ®)+O0(s—s0),

where A(h, ®)=Ress—s, E(h,s,®). The function h— A(h, ®) defines an automorphic
form on U(VeV).

10.5. The global doubling integral

Consider now an irreducible automorphic cuspidal representation € A°(U(V)). Denote

by mV the contragredient representation of m and write n for the character nodet of
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Uy, (A), identified with the adelic points of the subgroup U(V)¢ of P. Let H, (resp.
H,v) be the space of 7 (resp. 7). For f€H, and fV€H,v, let

olg) = (m(g9)f. "),

where (-,-) is the standard pairing. Given a section ®(-,s)€1(s,n), define

Z(s.0.50)= [ olg)@(le.1):5)do. (10,5
Uy, (A)
This integral converges absolutely for Re(s)>m.
The basic identity of [20, p. 3] relates (10.5) to some Rankin—Selberg integral

Z(s, £, £, @) = /[U B0 02) 5. 9) S ) (o™ g2)dr s (108)

The point here is that:
o If B(+,5)=R,P,(-,s), [=&f, and f¥=®f) are factorizable, then the zeta inte-
gral (10.5) equals the product

HZ(S7fv7f1>/7(I)v)7
where, letting ¢, (g)=(my(9) fv, [/},

Z(s,fv,f%nv,@v):/ ¢0(9)24()(g, 1), 5) dg (10.7)
U(VRrF,)
is the local zeta integral.

e The Eisenstein series (10.4) admits a meromorphic continuation to the entire
complex plane.

Thus all this leads to the meromorphic continuation of some Euler products. We
now study the local zeta integrals (10.7).

10.6. Local zeta integrals

Let S be the finite set of ramified places (those v which are either infinite or finite and
either 7, is ramified or 7, is not spherical). Assume that ® is standard at each finite place
v¢S. Let v be a finite place of F outside S and let ¢ be the residue characteristic of F.
In this paragraph we deal with the local field F;, but we drop the subscript v everywhere.
Thus F'is a non-Archimedean local field of characteristic 0, F is a quadratic extension of

F', V is an m-dimensional vector space over E endowed with a non-degenerate Hermitian
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form (-,-) and = is an irreducible unitary representation of the group G=U(V). It may
also be that E=F@®F is a split extension, then G=GL(m, F') and the computations
below still work (see [20]) and are equivalent to the computations made by Godement
and Jacquet [25].

Denote by H the double of G so that j: GXxG— H. For s€C and for any character
n of EX, let I(s,n) be the so-called degenerate principal series consisting of smooth

functions on H which satisfy
(uyih, s) =1(det())|det (1) |57 > @ (h, 5), (10.8)

where ueU and peM.
The local zeta integral is defined as follows. For fem and fYer let

¢(g)=(n(9)f, f)

be the corresponding matrix coefficient. For a section ®(-,s)€l(s,n), define

2. f.%.9) = [ 6(0)00(9.1).5)do. (10,9
The integral converges for large Re(s) and defines a non-zero element
Z(s) € Homgxa(I(s,n), 7" @(nm)). (10.10)
We may identify the group H as the subgroup of GL(2m, E) which preserves the
( 0 1m)
l, 0/

Let then K be the maximal compact subgroup of H obtained by intersecting this group

with GL(2m, Og), where O is the ring of integers of E. We let ®°(-, s5) be the standard

section whose restriction to K is 1. Recall (see [51]) that if G is the split group, 7 is an

Hermitian form with matrix

unramified principal series, n is unramified, and f and fV are non-trivial and K-fixed,

then, up to a non-zero constant, ¢(g) is the zonal spherical constant associated with 7

and the local zeta integral

L (s + %, X 17)
b(s,n)

Here L(s, 7 xn) is the usual Langlands Euler factor associated with 7, ) and the standard

Z(s, f, ¥, 0% = (10.11)

representation of the L-group “G, and

m—1

b(57 T/) = H L(28+m_.]a 7705?3/}7)7
7=0

where 1 is the restriction of 1 to F*. Note that in b(s,n) each L-factor is a local (Tate)

factor.
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10.7.  From now on, we fix f,, fV and ®,=®Y as above for each v¢S. We conclude

that
206,10 = g1 (s g ) [T 266 £220) (10.12)
s veES

where b (s,7) is the product of the local factors b(s,7,) over the set of finite places v¢S.
We remark that the proof of [47, Proposition 7.2.1]—which generalizes immediately
to the unitary case—implies that for any point s€C there exist choices of f, fV and ®
such that the local zeta integral Z,(s, f, fV,®) is non-zero.
Now recall that we have

b%(s,m)Z(s, f7fv,‘1>)=/[U . ]E*(J(91792)737 ®)f(91)f" (92)n7" (92) dg1 dga, (10.13)
m>< m
where E*(h, s, ®)=b°(s,n)E(h, s, ®) is the normalized Eisenstein series.
We conclude from (10.12) and (10.13) that any pole of L®(s+%,mxn) must be a
pole of b%(s,n)Z(s, f, f¥,®) for a suitable choice of ®, and hence also a pole of the
normalized Eisenstein series E*(h, s, ®). Since b°(s,n) does not vanish in the half-plane

Re(s) >0, we conclude the following result.

ProOPOSITION 10.2. The following statements hold:

(1) If n#n~*, the partial L-function LS(S-F%,’]TX’I]) is entire in the half-plane
Re(s)>0.

(2) If n=0"" then n:sjé/F with j=0 or j=1. Then the partial L-function

L% (s+3,mxn)
has at most simple poles in the half-plane Re(s) =0 and these can only occur for

se{i(m—j),t(m—j)—1,.. }-

We now explain the relation of the doubling method with the Weil representation.

10.8. Doubling the Weil representation

Consider an n-dimensional vector space W over E equipped with a 7-skew-Hermitian
(-,-), as in §7.1. The space W+W=W@g(VOV)=WaoW is then endowed with the
symplectic form [-,-]®&—[-,:]. We denote by € the Weil representation of Mpy,,,,, (A)—
the group of adelic points of Mp(W+W)—corresponding to the same character ¢ of
A/F.
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The obvious embedding
i SPapm (A) X SPapym (A) — SPgpm (A)
leads to a homomorphism
i: MPa,y (A) X Mpy,,,y, (A) — Mpy,,.,, (A)

such that

Qoi=wRw",

where w" is the contragredient representation of w, and is the same as wy (the Weil repre-
sentation associated with 1). Clearly W+W=(X®X)+(Y@Y) is a complete polarization
of W4+W and € can be realized on $((X®X)(A)).

The choice of x also defines a homomorphism
U (A) X Uy (A) — Mpy,,m (A) (10.14)

lifting the natural map
Un (A) X Uz (A) — Spapm (A),

and so, we obtain a representation €, of U, (A)XxUsy,(A) on §((X@X)(A)). We will

rather work with another model of the Weil representation which we now describe.

10.9. Set
WI=WpV? and W,;=WxgV,.

Then W+W=W,+W¢ is another complete polarization of W+W. Thus  can also be
realized on L?(Wy(A)). We denote by Q~ this realization. There is an isometry

§: L ((X4X)(A)) — L3(Wy(A))

intertwinning the action of Mpy,,,,,(A) on the two spaces. Explicitly, ¢ is given as follows.
We identify W, and W via the map

(w, —w) — w,

and write weW as w=(z,y), according to the decomposition W=X+Y. Then, for
Ve L2((X+X)(A)), we have

0(0)(w) = YV (2[u, y])V(u+z, u—1) du. (10.15)
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10.10. Ichino sections

It follows from [42] that the action of M(A) on ¢€8(W,4(A)) is given by
(2 (1)) () = xa(det(w))|det (1)[* 2 (u~ ' w). (10.16)
In particular, setting
®(h) = (2, (h)¢)(0), (10.17)
we have
® € I(s0, x2), (10.18)

with sp=3(n—m). In general a holomorphic section ®(-, s) is said to be associated with
¢ if it is holomorphic in s and @ (h, so)=(£2 (h)®)(0). We call Ichino sections the sections
which are associated with some p€S8(W4(A)).

11. Rallis’ inner product formula and the proof of Theorem 10.1

We first want to construct an n-dimensional skew-Hermitian space W over E and a pair
of characters x=(x1, x2) of A5/E* (as in §7.1) such that

Oy v (m) #0. (11.1)

To prove (11.1) we shall compute the Petersson product

(07 0 020 = /[ O (o) (11.2)

where f1, fo€XH,, using Rallis’ inner product formula.

11.1. Rallis’ inner product formula
We work with the dual pair (U(V&@V),U(W)) and the associated Weil representation

Q. The corresponding theta distribution is

0= > ¢&mn),

EneX(F)

and it follows from [30, §1] that, as a representation of Uy, (A) x Uy, (A) CUsapm (A),

Qy°) :Wx‘g’(XQ"‘))\c/)v
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where J is the obvious embedding U, (A) X Uy, (A) CUzp (A).
With notation as in (11.2), we have ¢ ®¢2€8((X®X)(A)), and a simple formal
calculation gives the right-hand side of (11.2) as

/ fi(g1)xz " (92) f2(g2) </ Oy v o105, 1(91,92),9") dg’) dgidgs,  (11.3)
[Un xUm] [Ux]

where ©,, | 4 4, is defined by the obvious analogue of (7.3). Unfortunately the inner
theta integral

/[U : Oy x. 6108, (1(91,92),9") dg’

diverges in general. Following Kudla and Rallis [47] we will regularize this integral. But
here again we shall rather work with the model (€2}, 8(W4(A))).
It follows from (10.15) that we have

5(¢1®¢2)(0) = (41, ¢2), (11.4)

where (-,-) denotes the scalar product in the Hilbert space L?(X(A)).
Now on the space $(Wy(A)) the theta distribution takes the form

EEW (F)

Setting
¢ =10(¢1®02), (11.5)

we therefore see that (11.3) is equal to

[ e )R ( [ 0rslitona.s) dg’) dgidgs.  (116)
U xUpn] [Un]

Here again the inner theta integral

/[U | Gi,x,@(J(glaQQ)agl) dg/

diverges in general but we now describe how Kudla and Rallis [47] and Ichino [36] intro-

duce a regularization of it.

11.2. The regularized theta integral

Suppose that m>n. It then follows from [36, §2] that, for a given finite place v of F,

there is an element « of the spherical Hecke algebras of Usy,(F,) such that, for every
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pe8(W4(A)) and heUsy,, (A), the theta function Oy v.o- (a)w(h, -) is rapidly decreasing

on U(W)\U,(A).(19) Tt follows that the theta integral

/ ewxn ( g9')dg

is absolutely convergent. Now if ¢ is such that the original theta-integral

Oy xp(h:g')dg’
/[Un] X

is absolutely convergent, Ichino [36, Lemmas 2.3 and 2.2] proves that there exists some

non-zero constant c,, independent of ¢, such that

Oy .0 (a (h,g/)dg’:ca/ Oy .y o(hg')dg’
/[U"] P,xQ7 () ] Pixop

The regularized theta integral is then defined to be the function

Ca/ v xa- (@l g) d

It is well defined and independent of the choices of v and «; see [36, §2]. The function
h— B(h, ¢) defines an automorphic form on U(V@V) and the linear map

S(W4(A)) — A(U(VaV)),
pr— B( o 50)7
is Uay, (A)-equivariant.

Remark. By the Howe duality [34], [56] the spherical Hecke algebras of Usy, (Fy)
and U, (F,) generate the same algebra of operators on 8§(Wy(F,)) through the Weil
representation Q. It follows from [36, §2] that one may associate with o an element o’
of the spherical Hecke algebra of U, (F,) such that Q™ (a)=Q"(«/) and

a'“1=c4-1, (11.7)

where 1 is the trivial representation of Uy, (F).

ProproOSITION 11.1. Let o, x, ¢ and f be as above. Then we have
(000 O x00) = /[U ; ]fl(91)X2_1(92)f2(92)B(J(91792)7<P) dgy dgs,
X

where @ is given by (11.5).

(19) Note that « acts on ¢ through the Weil representation.
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Proof. We have

/[U D00 (@) Bl BO(01,02). ) o do

1 P P— .
= oo ]f1(91)x2 1(92)f2(92)/[U }@w,x,gf(a)w(J(gl,gz),g’)d91 dgs dg’
o m XUm n

1 o

=— (/ Filgxz " (92) 2(92)05 - () 091, 92). ') don d92> 1(g') dg’
Ca J[U,] \J[Upn xUn]
1 1,

= </ Filg0)xz ' (92) f2(92)05 1, (191, 92). ') dgn dgz> (o/1)(¢") dg’
Ca J U] \J [Upy XUp,]

-/ ( [ e ) R0y, 000n,02).9) do d92> d
[Un] [Um xUnm]

_ f Npf N,
= [, O )

where we have used the remark above. O

11.3. Ichino’s regularized Siegel-Weil formula

The proof of Theorem 10.1 will follow from the following reformulation of the main result
of [36]. We provide the details of the proof in Appendix B.

THEOREM 11.2. Let sg be a positive real number <%m and let ®(-,s) be a holo-
morphic section of I(s,x2) such that the Siegel Eisenstein series E(h, s, ®) has a simple
pole at s=sog whose residue A(-,®) generates an irreducible automorphic representation.
Then there exists a global skew-Hermitian space W over E of dimension n=m—2sq and
a function pe8(W4(A)) such that

A(h, ®)(=Ress—s, E(h,s,®)) =cB(h, ),

where ¢ s a non-zero explicit constant.

Assuming Theorem 11.2 we can now prove Theorem 10.1.

11.4. Proof of Theorem 10.1

Let so be a pole of the partial L-function L° (s+%,7r><77) where 77 is some character
of EX\AX. It follows from Proposition 10.2 that n=7"' and that sq is a half-integer
g%m. We set n=m—2sg and suppose that n is positive. Note that we necessarily
have n|yx =¢'} JF We set xo=n and fix some arbitrary choice of character y; such that

—m
X1|A>< _5E‘/F'
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Since sq is a pole of the partial L-function L* (er%, X XQ) there are choices of fem,

fVenY and of a holomorphic section ®(-, s) of I(s,x2) such that
[ AC@02) 915100 021G 02) dr 0. (118)
Upn XUp,

In particular the Siegel Eisenstein series E(h, s, ®) has a simple pole at s=sg. We may
moreover modify ® so that A(-,®) generates an irreducible automorphic representation
and (11.8) is still non-zero. Theorem 11.2 then implies that there exists a global skew-
Hermitian space W over E of dimension n=m—2sy and a function ¢€8(W4(A)) such
that

A(h,®)=cB(h, ), (11.9)

where c is a non-zero explicit constant. Set fi=f and let fo€¥H, be the element corre-
sponding to the conjugate of f¥ €3 . Writing ¢ as a linear combination of 6(¢1®¢s),
it follows from Proposition 11.1 and equations (11.8) and (11.9) that there exist elements
01, P2€8(X(A)) such that

<91J217X,¢1’91};2,x,¢2>/w . ]f1(gl)Xz_l(gz)fz(gz)B(J(gh92)790) dg1 dgs
m X Um

is non-zero. This proves that @KX’V(ﬁ)#O.

LEMMA 11.3. The representation @ZKX»V(F) 18 a cuspidal automorphic representa-
tion of U(W).

Proof. Let W’ be the smallest element of the Witt tower {W, }, such that
@,Z)[{X’V(']T) # 0.

By the Rallis theta tower property [62], @ZV,;,V(W) is a cuspidal automorphic represen-
tation of U(W). Let n’ be the dimension of W/. We have n’<n and, by inverting the
above arguments, we get that L° (s—i—%,wxn) has a pole at s:%(m—n’). Since by hy-
pothesis L (s,7xn) is holomorphic in the half-plane Re(s)>1(a—1), where a=m—n,

we conclude that n’ >n. The lemma follows. O

11.5. We can now conclude the proof of Theorem 10.1. The non-vanishing of

f1 f2
<9¢»X7¢1 ’ 9¢7X7¢2>

implies the non-vanishing of

/ 91];27)(7452 (g/) (/ 9¢,X’¢1 (gv g/)fl (g) dg) dg/ = / 97{)17)(74’1 (gl)eﬁx#’z (gl) dgl'
(Un] [Um] [Un]
(11.10)
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But it follows from Lemma 11.3 that ¢’ »—>91’22X b (¢') is rapidly decreasing and that we
may therefore invert the order of integration in the left-hand side of (11.10). Setting
F(g’)z@ﬁx 5,(9'), we get that

O xr (9) = /[U ] F(9")0y x.6:(9,9") dg’

is non-zero and is not orthogonal to the space of m. Since the image of @Z%W is an
automorphic subrepresentation of L?([U,,]), this proves that 7 is in the image of the

cuspidal 1-theta correspondence from the group U(W).

12. Weak Arthur theory

In this section we recall a small part of Arthur’s work on the endoscopic classification
of automorphic representations of classical groups. This will be used in the following

section to verify the hypotheses of Theorem 10.1 in our (geometric) cases.

12.1. Notation

Let E be a CM-field with totally real maximal subfield F' which is a number field, and
let A be the ring of adeles of F. We will always assume that a specified embedding of
E into the algebraic closure of F' has been fixed. We set I'r=Gal(Q/F). Let V be a
non-degenerate Hermitian vector space over E with dimg V' =m.

We let G be an inner form of Ug,p(m), the quasi-split unitary group over F, whose

group of F-points is given by
Ug/p(m)(F)={g9€ GL,(E): tgJg=J}.

Here J is the anti-diagonal matrix

and z—Zz is the Galois conjugation of E/F. In this section we simply denote by
U(m) the unitary group Ug,p(m). We finally denote by GL(m) the F-algebraic group
Resg)p(GLy, |g). We will identify automorphic representations of GL(m) with automor-
phic representations of GL,,(Ag).
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12.2. L-groups
The (complex) dual group of U(m) is
U(m)” =GL,,(C),
and the L-group of U(m) is the semi-direct product
LU (m) =GL,(C)xTp,

where the action of I'p factors through Gal(E/F) and the action of the non-trivial
element c€Gal(E/F) is given by

U(g):(I)mt _lq);zlu QEGLm((C)'

Here ®,, is the anti-diagonal matrix with alternating £1 entries:

Note that ®2,=(—1)""! so that o is of order 2. Moreover, o fixes the standard splitting
of GL,,(C).

Now the (complex) dual group of GL(m, E), seen as a group over F, is
GL(m)" = GL,,(C) x GL,,(C),
and the L-group of GL(m) is the semi-direct product
EGL(m) = (GL, (C) X GL,, (C)) xT'p,

where now o acts by
o(9,9')=(9",9), 9,9' € GLn(C).

12.3. Representations induced from square integrable automorphic

representations

By [57], one may parameterize the discrete automorphic spectrum of GL(m) by a set of
formal tensor products
U=uXR,
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where p is an irreducible, unitary, cuspidal automorphic representation of GL(d) and R
is an irreducible representation of SLs(C) of dimension n, for positive integers d and n

such that m=dn. For any such ¥, we form the induced representation

. n—1)/2 n—3)/2 1—-n)/2
ind (] - |02l 07Dl

(normalized induction from the standard parabolic subgroup of type (d, ..., d)). We then
write [Ty for the unique irreducible quotient of this representation.
We may more generally associate a representation Ily of GL(m), induced from square

integrable automorphic representations, to a formal sum of formal tensor products
U=(umXR,,)HB..B(uXR,, ), (12.1)

where p; is an irreducible, unitary, cuspidal automorphic representation of GL(d;)/F,
R, is an irreducible representation of SLy(C) of dimension ny and m=nid;+...4+n,d,.
With each p1;X R, we associate a square integrable automorphic form II; of GL(nxdy).

We then define I1y as the induced representation
ind(Il; ®...®IL,)

(normalized induction from the standard parabolic subgroup of type (nidy,...,n.d;)).
This is an irreducible representation of GL,,(Ag), since it was proved by Tadic [66] and
Vogan [70] that a representation induced by a unitary irreducible one is irreducible.

12.4. Unramified base change

Let 7=®! m, be an automorphic representation of G(A) occuring in the discrete spec-
trum.(*!) For almost every finite place v of F' both G(F,) and m, are unramified. Let
F, be the local field associated with such a place and let VVl’E be its Weil-Deligne group.
Then by the Satake isomorphism 7, is associated with an L-parameter @,: wa — LU (m);
see e.g. [54].

The (fixed) embedding of E into the algebraic closure of F' specifies E,=E®pF,.
This realizes WJ’E as a subgroup of Wf; Restricting ¢, to W;E one gets an L-parameter
for an unramified irreducible representation II, of GL,,(E,)—the principal base change

of m,.

Remark. There is another base change.(!?) We fix a unitary character

x:Ax/E* — C*

(1) Note that it is always the case if G is anisotropic.
(12) It is sometimes called unstable base change but we will avoid this confusing terminology.
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whose restriction to A* is the character g p associated, by classfield theory, with the
quadratic extension E/F. Outside some finite set S of places of F' the character x is
unramified. Let v¢.S, the non-principal base change for unramified representations of
G(F,) is the one described above but twisted by the character x,. The definition depends
on the choice of the character but so does the transfer between functions; see e.g. [59].
In the statement below we will solely consider the principal base change, note however
that we have to consider both base changes in the proofs, and we will not make this
very explicit. The definition depends on the choice of the character but only up to a
twist: two different choices differ by a character of E trivial on F*. The group of
such characters of E is exactly the group of characters of Ug, ,r, (m) by the following
correspondence: let w be a character of E trivial on F* and denote by w! the character
of the subgroup of Ug, /g, (m) defined by w'(g)=w(z), where z is any element of E such
that det(g)=z/z. The principal and the non-principal base change commute with the
twist by wedet on the GL(m, E,) side and the twist by w' on the Ug, ,p, (m) side.

12.5. Weak base change

The following proposition is essentially due to Arthur [3, Corollary 3.4.3] though it is not
stated for unitary groups; see [59, Corollary 4.3.8] for a statement in the latter case when
G is quasi-split. The reduction from the general case to the quasi-split case follows the
13)

same lines;('?) we provide some details in Appendix A. (When Kaletha, Minguez, Shin

and White have finished their three announced papers, this will be included.)

PROPOSITION 12.1. Let m be an irreducible automorphic representation of G(A)
which occurs (discretely) as an irreducible subspace of L*(G(F)\G(A)). Then, there
exists a (unique) global representation N=Ily of GL(m,Ag), induced from square in-
tegrable automorphic representations, associated with a parameter U as in (12.1) and
a finite set S of places of F containing all Archimedean ones such that, for all v¢S,
the representations m, and IL, are both unramified and II, is the principal base change
of m,.

We will refer to II as the weak base change of .

Remark. Proposition 12.1 puts serious limitations on the kind of non-tempered rep-
resentations that can occur discretely: e.g. an automorphic representation m of G(A)

which occurs discretely in L2(G(F)\G(A)) and which is non-tempered at one place v¢S

is non-tempered at all places outside S.

(13) The use of the stable twisted trace formula being replaced by the (untwisted) stable trace
formula.
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The above remark explains how Arthur’s theory will be used in our proof. We now
want to get a global control on the automorphic representations with a prescribed type

at infinity.

12.6. Standard representations and characters

We first recall the results of local harmonic analysis that we will need. We therefore fix a
place v of F' and, until further notice, let G denote the group of F,-points of the unitary
group. Denote by H(G) the Hecke algebra of locally constant functions of compact
support on G.(14)

By Langlands’ classification, any admissible representation 7 of G can be realized as
the Langlands subquotient of some standard representation. Recall that the latter can
be identified with a G-orbit of a couple p=(M, o) where M CG is a Levi subgroup and
o is an irreducible representation of M that is tempered modulo the center.

Both 7 and ¢ determine real linear forms A, and A,—the ezponents—on aps; they
measure the failure of the representation to be tempered.

Following Arthur we denote by o¢r,=(M,0,) the standard representation corre-
sponding to m. We furthermore recall that the distribution character of m has a decom-
position

trace 7(f) :Zn(w, o) trace o(f), [feH(G),

4

into standard characters p, where the coefficients n(m, ¢) are uniquely determined integers
such that all but finitely many of them are equal to 0 and n(7, o,)=1. If n(m, 0)#0, then
A, <A, in the usual sense that A;—A, is a nonnegative integral combination of simple
roots of the root system associated with the inducing parabolic,(1®) with equality A,=A,

if and only if p=0,.

12.7. Archimedean packets

Suppose now that v is a Archimedean place. Local principal base change associates with
the standard module g, a standard module of GL,, (C) that we denote by St(7). We now
describe this module in terms of L-parameters. Recall that L-packets are in one-to-one

correspondence with admissible L-parameters ¢: Wg, — LU (m).

(**) We will mainly deal with the situation where v is Archimedean, so that H(G)=C2°(G), except
in Appendix A where we have to deal with all places.
(1%) In loose terms: the Langlands subquotient of g is more tempered than 7.
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Restricting ¢ to W]’Ev one gets an L-parameter which defines a standard module of
GL,,,(C); this representation is precisely St(m).

Now there is a local analogue to §12.3. A standard representation of GL,,(C) can
be parametrized by a formal sum of formal tensor product (12.1), where each p; is now
a tempered irreducible representation of GL(d;,C). The other components R, remain
irreducible representations of SLy(C). With each p;XR,,;, we associate the unique irre-

ducible quotient II; of

|- ‘(".7_1)/27Mj| . |(nj—3)/2 1—nJ)/2)

ind(/"t] )"')ujl.l(

(normalized induction from the standard parabolic subgroup of type (d;,...,d;)). We

then define I1y as the induced representation
ind(Il; ®...®11,.)

(normalized induction from the standard parabolic subgroup of type (nids,...,n.d;)).
The representation Iy is irreducible and unitary. We will abusively denote by ¥ the
standard representation associated with IIy. Now by the local Langlands correspondence,

the standard module ¥ can be represented as a homomorphism
U: W, xSLy(C) — GL,, (C). (12.2)

Arthur associates with such a parameter the L-parameter py: Wp, —GL,,(C) given by

(1)

And St(m)=V if and only if ¢[w, =¢u.

12.8. Weak classification

We now come back to the global situation. Let 7 be an irreducible automorphic represen-
tation of G(A) which occurs (discretely) as an irreducible subspace of L?(G(F)\G(A)).
It follows from Proposition 12.1 that m determines an irreducible automorphic represen-
tation II=IIy of GL,,(Ag). Given an Archimedean place v, it is not true in general that
St(m,)=%,. Our main technical result in this third part of the paper is the following
theorem, whose proof—a slight refinement of the proof of Proposition 12.1—is postponed

to Appendix A.
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THEOREM 12.2. Let 7 be an irreducible automorphic representation of G(A) which
occurs (discretely) as an irreducible subspace of L?(G(F)\G(A)). Assume that for every
Archimedean place v the representation m, has reqular infinitesimal character. Let Ilg
be the automorphic representation of GL(m,Ag) associated with m by weak base change.
Then, for every Archimedean place v, the (unique) irreducible quotient of the standard
GL,,,(C)-module St(m,) occurs as an (irreducible) subquotient of the local standard rep-

resentation V,.

Remark. Theorem 12.2 follows from Proposition 12.1 and the description of the
cohomological Arthur packets recently obtained by Arancibia, Moeglin and Renard [1].
We give a direct self-contained proof in Appendix A.

13. Applications

In this section we derive the corollaries to Theorem 12.2 that are used in the paper.

13.1. Application to L-functions

Let 7 be an irreducible automorphic representation of G(A) which occurs (discretely) as
an irreducible subspace of L?(G(F)\G(A)) and let II=IIy be the automorphic represen-
tation of GL(m) associated with m by weak base change. Write

U=(uRR,,)B..B(u,8R,,).

We factor each p1j=®qp;, where v runs over all places of F. Let S be a finite set of
places of F' containing the set S of Proposition 12.1, and all v for which some p; , or m,
is ramified. We can then define the formal Euler product

- n;—1 n;—3 1—n;
LS(Svn‘I’) = H H L, (3_ j2 aﬂj,v)Lv (5_j2’,uj,'u) oo Ly (3_ 9 : 7,uj,v>~

j=1v¢s

Note that L (s, I1y) is the partial L-function of a very special automorphic representation
of GL(m); it is the product of partial L-functions of the square integrable automorphic
representations associated with the parameters j1;XR,,,. According to Jacquet and Sha-
lika [37], L (s, Iy ), which is an absolutely convergent product for Re(s)>>0, extends to a
meromorphic function of s. Moreover, it follows from Proposition 12.1 and the definition
of L%(s, ) that

L(s,m)=L"(s,11y).
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13.2. Infinitesimal character

It follows from Theorem 12.2 that for each infinite place v the representations m, and
IT, both have the same infinitesimal character. It is computed in the following way. Let

v be an Archimedean place of F'. We may associate with ¥ the parameter py, :C*—

GV CcGL,,(C) given by
P, (2) =Wy, <Z’ <(ZZ)1/2 (zz)_1/2>>'

Being semisimple, it is conjugate into the diagonal torus {diag(x1,...,zm,)}. We may
therefore write Yw,, =(",...,Mm), where each n; is a character 2 2P 295 One easily
checks that the vector

vy = (P17 ey Pm) eCc™ %LIQ(T)@)(C

is uniquely defined modulo the action of the Weyl group W=6,,, of G(F,,). The following
proposition is detailed in [6].

PROPOSITION 13.1. The infinitesimal character of m,, is the image of vy in C™/&,,.

From now on we assume that 7 has a regular('%) and integral infinitesimal character
at every infinite place. This forces the Archimedean localizations of the cuspidal auto-
morphic representations ; to be induced of unitary characters of type (z/ 2)17/ 2. where
p€EZ. Moreover, we have

ip+i(n;—1)—i(m-1)€eZ.

We can now relate Arthur’s theory to Theorem 10.1.

PRrROPOSITION 13.2. Assume that for some Archimedean place vy of F the local
representation m,, is a Langlands’ quotient of a standard representation with an exponent
(z/Z)P/?(22)(@=V/2. Then, the following statements hold:

(1) In the parameter W some factor u;X R, is such that nj=a. In particular, if
a>%m, the representation [; is a character.

(2) If we assume that m has trivial infinitesimal character and that 3a>m+|p|.
Then in the parameter ¥ some factor ;X R, is such that n;>a, and the representation

i; 5 a character.

Proof. 1t follows from Theorem 12.2 that, if m,, is a Langlands’ quotient of a stan-

dard representation with an exponent (z/z)?/2(2z)(@=1/2 then the associated standard

representation W,, (of GL,,(C)) contains a character of absolute value >1(a—1). This

(16) Equivalently, the P;’s are all distinct.
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forces one of the factors p; KR, in ¥ to be such that n;>a. Since Zj n;=m, there can,
if a>%m, only be factors u;X R, in ¥, where n;>a and p; is a character. This proves
the first part of the proposition.

We now assume that 7 has trivial infinitesimal character. It follows, in particular,
that p and m—a have the same parity. Suppose that 3a>m+|p|. Note that if |p|>a then
a>%m and the result follows from the first case; we will therefore assume that |p|<a.

Now we have a> %m and, as above, this forces one of the factors y;X R, in ¥ to be
such that n;>a and either p; is a character or yu; is 2-dimensional. We only have to deal
with the latter case. Set n=n;. The localization u; in vg is induced from two characters
(z/2)Pi/2, j=1,2, and Theorem 12.2 implies that the set

{i(a+p-1),L(a+p-3),.., 3(p+1-a)} (13.1)
is contained in one of the two sets
Ik = {%(n—’—pk_l)? %(n+pk_3)7 (a3} %(pk+1_n)}7 k= 17 27

say k=1. The infinitesimal character of m,, is regular and integral, it is therefore a
collection of m distinct half-integers. Let m, be the number of positive entries and m _
be the number of negative entries. The entries must include the (necessary disjoint) sets
I, k=1,2. Now, since |p|<a (by the reduction already made), the set (13.1) contains
either 0 or :i:% and consequently so does I;. This forces I to be totally positive or
negative. And since (13.1) contains [}(a+p)] positive elements and [}(a—p)] negative

elements, we conclude that
1 1
max{m_,m,} >n+[3(a—[p|)] > a+[5(a—p])].

On the other hand max{m_,m,}=[3m|+|m;—m_| and since a—|p| and m have the

same parity, we end up with
3a—|p| <m+2lmi—m_|.

Since my=m_ (m,, has trivial infinitesimal character) we get a contradiction. O

Remark. It follows from the proof that we can replace the assumption that the
infinitesimal character is that of the trivial representation by the more general assumption
that its entries are all integral, resp. half-integral but non-integral, and that it is balanced,

i.e. that it contains as many positive and negative entries.
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ProprosITION 13.3. Let w be as in Proposition 13.2, with either a>%m or with
trivial infinitesimal character and 3a>1+|p|. Then there exists a character n of Ay /E™
and an integer b>a such that the partial L-function L°(s,nx ), where S is a finite set
of places which contains all the Archimedean places and all the places where © ramifies,
is holomorphic in the half-plane Re(s)>3(b+1) and has a simple pole at s=2%(b+1).

Proof. Proposition 13.2 provides a character n=p; of Ag and an integer b=n;>a.
Writing L7 (s, x7) explicitly on a right half-plane of absolute convergence using the
description of §13.1; we get a product of L° (s—%(b—l), 77><77) some terms of the form

L9 (s—1(V'~1),nx0).

Our hypothesis on a forces b’ <a<b; so such a factor is non-zero at 5:%(b+1). The

conclusion of the proposition follows. O

13.3. Langlands’ parameters of cohomological representations

The restriction to C* of the Langlands’ parameter of a cohomological representation A,
is explicitly described in [5, §5.3]. We use here the following alternate description given
by Cossutta [11].

Recall that we have q=q(X), with X=(t1, ..., tp14) ERPTY such that t; >...>¢, and
tptq=>...2tpp1. Since Ag only depends on the intersection unp, we may furthermore
choose X such that the Levi subgroup L associated with [ has no compact (non-abelian)
simple factor.

We associate with these data a parameter
U: Wg x SLy(C) — LU (m)

such that
(1) W factors through L, that is

W: Wi x SLo (C) —£ L1 — LU (m),

where the last map is the canonical extension [64, Proposition 1.3.5] of the injection
LYcU(m)Y;

(2) ¢w, is the L-parameter of the trivial representation of L.
The restriction of the parameter ¥ to SLa(C) therefore maps (§ 1) to a principal unipo-
tent element in LY CU(m)V. The restriction p: C* —GL,,(C) of the Langlands’ param-
eter of A4 to C* is given by

#le) = \Ij(z (WW (22)1/2))
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More explicitly, let z1,...,2, be the different values of the {¢;}].; and let {py}}_,
and {gx}}_, be the integers such that

(1o tp) = (215 s 21, ooy 2y ooy Zp)
——

p1 times pr times

and
(Eptgs oees Tpb1) = (215 eoey Z1y eons 2y oony Zp )

q1 times gr times

‘We then have .
j=1

with Zj pj=p and Zj gj=q. Moreover, if p;q; =0, then either p; or ¢; is equal to 1. We
let m;j=p;+gq;, j=0,...,7, and set

kj=—-mi—..—mj_1+mjp1+...+m,.
The canonical extension LL— LU (m) of the block diagonal map

GLy,, (C) X ...x GL,,, (C) — GL,,(C)
then maps ze C* CWg to

(2/2)0/2L,,

(2/2)* /2L,

Now the parameter ¥ maps ((1) :}) to a principal unipotent element in each factor of
LYcU(m)Y. The parameter Uy, therefore contains an SLy(C) factor of the maximal
dimension in each factor of LY. These factors consist of GLy,,(C), j=1,...,7. The
biggest possible SLo(C) representation in the jth factor is R,,,;. We conclude that ¥

decomposes as
(11X R, Buy '®R,,, )B...B(u, KR, B, 'KR,, ), (13.2)

where p; is the unitary characters of C* given by p;(z)=(z/2)*/2. Denoting the char-
acter z+—2/Z by u, we conclude that

St(Ay) = (u"/?KR,,,)B..B(u*/*KR,,,). (13.3)
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13.4. In particular, it follows from (13.3) that

St(A(bxg,axq))=pm=DPBum 2@,y tm 22
Eﬂ(u(afb)ﬂ@Rp_i_q_a_b)EM(Qaflfm)/QEHWEEM(lfm)/Q.

Therefore from Theorem 10.1, Proposition 13.2 and the paragraph following it, we

deduce the following result.

PROPOSITION 13.4. Let m€ A°(U(V)) and let v be an infinite place of F such that
UWV)(F,)=U(p,q). Assume that m, is (isomorphic to) the cohomological representa-
tion A(bxq,axq) of U(p,q) with 3(a+b)+|a—b|<2m. Then, there exists some (a+b)-
dimensional skew-Hermitian space W over E such that 7 is in the image of the cuspidal

W -theta correspondence from the group U(W).

Proof. We begin by translating the notation of §13.1 to the notation of this section.
The |p| and b of §13.1 are here |a—b| and p+g—a—b=m—(a+b), respectively. The
hypothesis of this proposition is the same as the hypothesis of §13.1. One deduces the
fact that the partial L-function as in §13.1 has a pole at a point sy with sq> %(mf(aqL
b)+1). Using Theorem 10.1, we obtain the fact that 7 is in the image of the 1-theta
correspondence with a skew-Hermitian space W of dimension m—2so—1>m—(m—(a+
b))=(a+b). But it is easy to see that a strict inequality is impossible at the infinite
place v, and we obtain the equality as in the statement of the proposition. Moreover,
the representation of U (W) in this correspondence is a discrete series at the place v and
is, therefore, necessarily a cuspidal representation. O

13.5. Proof of Theorem 6.1(2)

It suffices to prove that, if W?ECohl}/’a’ for some o€Gal(Q/Q) and some integers b’ and
a’ such that a+b=a’+V, then either (a’,b')=(a,b) or (a/,b’)=(b,a). To do so, recall
that, corresponding to 7y, there is a parameter ¥ given by Proposition 12.1. Now fix an
unramified finite prime v and let wy,: 3, —C be the unramified character of the Hecke
algebra associated with the local (unramified) representation m, by Satake transform [54].
Recall that w,, is associated with some unramified character x,, of a maximal torus
of G(Q,) (considered up to the Weyl group action). Since the Hecke algebra and its
action on H*(S(K),C) admits a definition over Q, the Galois group Gal(Q/Q) acts
on the characters of the Hecke algebra associated with representations mycCohy, and
therefore on xr,, so that xrs=x7 . Note that the Galois action preserves the norm.
Now, if waCoh‘;’b with 3(a+b)+|a—b|<2m, the global parameter ¥ contains a unique

factor uXR,,_4—p, where p is a unitary Hecke character, and all the other factors are



THE HODGE CONJECTURE AND ARITHMETIC QUOTIENTS OF COMPLEX BALLS 103

associated with smaller SLy(C)-representations—this follows from Proposition 13.4 and
(the proof of) Proposition 13.2. Localizing this parameter ¥ at the finite unramified
place v, we conclude that the character x., has a constituent which is a Hecke character
of “large” norm, corresponding to the SLo(C)-representation of dimension m—a—>b. This
singularizes the character p, so that the Galois action on x,, yields the usual action of
Gal(Q/Q) on u. Now, if u is (z/Z)(*=®/2 at infinity, then for every o€Gal(Q/Q) the
character p? is either (z/2)(¢=%/2 or (z/z)(®=®)/2 at infinity. And we conclude from
Proposition 13.4 that the contribution of 7§ to SH(@+)9(S(K),C) can only occur in

Han,qu(S(K)’(C)@beq,an(S(K), (C)

Appendices
Appendix A. Proof of Theorem 12.2

A.1. The quasi-split case

Suppose that G is quasi-split. We want to relate the discrete automorphic spectra of G
and that of the (disconnected) group G which is equal to GL(m) twisted by the exterior
automorphism @: g— =1, Following Arthur, this goes through the use of the stable
trace formula. The notation is as in the preceding paragraph except that we will use G

to denote the twisted linear group as in [59].

A.1.1. Discrete parts of trace formulae

Let f=@), f» be a decomposable smooth function with compact support in G(A). We

are essentially interested in

trace RS, (f) =trace flzz (ernaa)s (A1)

where L3, is the discrete part of the space of automorphic forms on G(F)\G(A). We
fix a positive real number ¢ and (following Arthur) we will only compare sums, relative
to G and GL(m), over representations whose infinitesimal character has norm <t.

For a fixed ¢, Arthur defines a distribution fHIﬁSC’t(f) as a sum of the part of (A.1)
relative to ¢t and of terms associated with some representations induced from Levi sub-
groups; see [59, formula (4.1.1)]. There is an analogous distribution fog}SC’t(f) in the
twisted case; see [59, formula (4.1.3)]. Proposition 12.1 is based on the comparison of

these two distributions via their stabilized versions.
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A.1.2. Stable distribution, endoscopic groups and transfer

Fix a place v and let G=G(F,). Langlands and Shelstad [50] have conjectured the
existence of a remarkable family of maps—or rather of correspondences— f~» f which
transfer functions on G to functions on so-called endoscopic groups H, certain quasi-split
groups of dimension smaller than dim G. These maps are an analytic counterpart to the
fact that non-conjugate elements in G can be conjugate over the algebraic closure G(F,).
This goes through the study of orbital integrals.

Two functions in H(G) are equivalent, resp. stably equivalent, if they have the same
orbital integrals, resp. stable orbital integrals (see [2]). We denote by J(G), resp. 8I(G),
the corresponding orbit space. It is known that invariant distributions on G annihilate
any function feXH(G) such that all the orbital integrals of f vanish. An invariant dis-
tribution is a stable distribution on G if it annihilates any function fe3H(G) such that
all the stable orbital integrals of f vanish. Equivalently, it is an invariant distribution
which lies in the closed linear span of the stable orbital integral; see e.g. [50]. The theory
of endoscopy describes invariant distributions on G in terms of stable distributions on
certain groups of dimension less than or equal to G—the endoscopic groups.

Due to the recent proofs by Ngo [60] of the fundamental lemma and Waldspurger’s
and Shelstad’s work, the Langlands—Shelstad conjecture is now a theorem. We need the
more general version which includes the disconnected group é, and which is also known
due to the same authors [72], [65], [75]. In both cases endoscopic groups are described in
[73]; see also [59]. The group G appears as a (principal) endoscopic subgroup of G; this
is the key point to relate representations of G and GL(m). In what follows, we denote
by J(m) and 8(m) the quotients of H(m) defined as above.

A.1.3. Local stabilization

Let Jeusp(G) be the image in J(G) of the cuspidal functions on H(G), i.e. the func-
tions whose orbital integrals associated with semi-simple elements contained in a proper
parabolic subgroup all vanish. We similarly define Jeusp(m) (see [74]).

Arthur [2] then stabilizes Jeysp(G). In particular he defines the stable part 8Jcyusp(G)
of Jeusp(G), and similarly for all the endoscopic groups (or rather endoscopic data). The

transfer maps f—®g f induce a linear isomorphism

Jeusp (G) = @D 8Tcusp (H) e D), (A.2)
H

where we sum over the endoscopic groups (or rather endoscopic data) not forgetting G
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itself. The twisted analogue of (A.2) is
Teusp(m) = P 8Tcusp (H) &), (A3)
H

see [72], where Waldspurger deals with a much more general situation.

We say that a virtual representation m—in the Grothendieck ring (with complex
coefficients) of the representations of G—is stable if fr—trace 7(f) is a stable distribution.
Assume that 7 is a finite linear combination of elliptic representations of G, then, by
[2], m is stable if and only if trace m(f)=0 for any f€Jcusp(G) in the kernel of the
projection of Jeusp(G) onto 8Jcusp(G) in the above decomposition. Moreover, the map
fr=(m—trace m(f)) induces an isomorphism from 8Jcusp(G) to the space of linear forms
with finite support on the elliptic and stable virtual representations.

Now let 7 be any virtual representation of G that is a finite combination of elliptic
representations of G. Its distribution character defines a distribution on Jousp(G) and it
follows from (A.2) that, for every endoscopic data H, we may associate with 7 a virtual

representation X such that for every f€Jcusp(G) we have

trace 7(f) :Ztraceﬂslf(fH). (A.4)
H

We denote by g the virtual representation 75. This is a stable, elliptic representation.
In the Archimedean case, it follows from [64] that if 7 is a discrete series represen-
tation of G, then the virtual representation 7y is the sum of the representations in the

L-packet of w. Moreover, if 7 is only elliptic but not discrete, then g =0.

A.1.4. Stable standard modules

If p=(M, o) is a standard module with o elliptic, we define the associated stable standard
module to be the virtual representation obtained as the induced module ind; og. If 7
is any irreducible admissible representation of G, we denote by 7y the stable standard
module associated with o,. This is a virtual representation induced from a Langlands’

packet of discrete series. The next proposition again follows from [2].

PROPOSITION A.1. The set of stable standard modules is a basis of the vector space

of stable distributions that are supported on a finite set of characters of G.

Let H be an endoscopic data in G. Given an admissible irreducible representation m
of H, as H is a product of unitary groups, we have associated with it a stable standard
module 7g;. We may transfer my to a standard module for G and therefore for GL,.(E,).
This transfer is the standard module of GL,,(E,) associated with any standard module
occuring in 7y by local principal base change, and we denote it by St(7).

We now come back to the global situation.
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A.1.5. Stabilization of trace formulae

The stabilization of the distributions Iﬁsc,t refers to a decomposition

Icﬁsc,t(f) = Z L(G’ H)Sgsc,t(fH)7 f € g{(G)v (A5)
Heéan(GQ)

see e.g. [59, formula (4.2.1)]. Here we sum over a set of representatives of endoscopic
data in G, we denote by f the Langlands-Kottwitz—Shelstad transfer of f to H and,
for every H, SH

disc.¢ 15 a stable distribution. The coefficients «(G, H) are positive rational

numbers.

Similarly, the stabilization of the distributions I disc,¢ refers to a decomposition

e f)= 3 im H)SH ("), fedH(m). (A.6)

Heécu(m)

Now we fix a finite set S of places of F' which contains all the Archimidean places of F'.
We moreover assume that S contains all the ramification places of G. If v¢S, Gx F,, is
isomorphic to the (quasi-split) group G(F,) and splits over a finite unramified extension of
F,; in particular G x F), contains a hyperspecial compact subgroup K, (see [69, §1.10.2]).
Let J(, be the corresponding (spherical) Hecke algebra and let 3 :va s Ho.

We may decompose (A.5) according to characters of H®. Namely, for feH®, we
have a decomposition (see [59, formula (4.3.1)])

Igso,t(f) = Z Igsc,cs,t(f)7
cS

where ¢®=(c,)yes runs over a family of compatible Satake parameters—called Hecke
eigenfamilies in [3], [59]—consisting of those families that arise from automorphic repre-
sentation of G(A), and Igsc,cs, , is the ¢¥ eigencomponent of I gse’t. It then follows from
[3, Lemma 3.3.1] or [59, Lemma 4.3.2] that

Igsc,cs,t(f) = Z L(G’ H)Sgsc,cs,t(fH)7 (A7)
He&an(G)

where on the right-hand side ¢ is rather the Hecke eigenfamily for H which corresponds
to ¢® under the L-embedding “H — G that is part of the endoscopic data, and S gsc’cs, .
is the stable part of the trace formula for H restricted to the representations which are
unramified outside S and belong to the ¢° eigencomponent.

Similarly, in the twisted case we have

igilsc,cs,t(f) = Z Z(m’ H)S(Igsc,cs,t(fH)' (A8)
He&on(m)
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A Hecke eigenfamily ¢ determines at most one irreducible automorphic represen-
tation II=IIy of GL,,(Ag) such that, for every v¢S, the unramified representation II,
corresponds to the Satake parameter c,. We write II=0 or ¥=0 if II does not exist. Note
that Proposition 12.1 states that if II=0 then the ¢® eigencomponent of the discrete part
of L(G(F)\G(A)) is trivial. In fact Arthur (and Mok) prove that, if II=0, then for all
feHS we have

Igsc,cs,t(f) =0= Scﬁsc,cs,t(f)'

The proof goes by induction on m; see [3, Proposition 3.4.1] and [59, Proposition 4.3.4].
Following their proof, we now prove the following refined version of Proposition 12.1.

PROPOSITION A.2. Let m be an irreducible automorphic representation of G(A)
which occurs (discretely) as an irreducible subspace of L?*(G(F)\G(A)). Assume that
for every Archimedean place v the representation m, has reqular infinitesimal charac-
ter. Let S be a finite set of places—including all the Archimedean ones—such that 7
is unramified outside S and belongs to the ¢ eigencomponent of the discrete part of
L?(G(F)\G(A)), and let II=1Ily be the associated automorphic representation. Then, for
every Archimedean place v, the (unique) irreducible quotient of the standard GL,,(C)-

module St(m,) occurs as an (irreducible) subquotient of W,.(17)

Remark. If =0 it follows in particular from the proposition that 7= cannot exist as
proved in [59, Proposition 4.3.4].

Proof. Mok [59] has proved that I gsc’cs’ . is of finite length and we will freely use
that fact to simplify the proof. Let v€S be an Archimedean place and let mge€l ({fsms, .
be an irreducible representation. Denote by <, the collection of m characters of C*
obtained as the restriction of the Langlands parameter of m, to C*; considering this
collection as a Langlands parameter for a representation of GL(m,C), we obtain the
Langlands parameter of the representation St(m,) of GL(m,C). We recall that ¥, is the
local component of the representation of GL,,(A) defined by ¢”. The proposition is a

corollary of Proposition 12.1 and the following lemma. O

LEMMA A.3. The Langlands quotient of St(mw,) is a subquotient of the standard

module associated with W,.

Proof. We call an irreducible representation included in I dH mazximal if this

isc,cS,t
representation does not appear as a subquotient of the standard module (which at each
place is the product of the local standard modules) of another representation entering
S(’E'SC’CS’ ;- We will prove the lemma for a maximal representation. Denote by 7 such a
representation.

(17) Here ¥, is considered as a standard module; see §12.7.
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We first prove that if the lemma holds for any maximal element of [ ({{SC’CS’ ;» then it
holds for any element of I gsc,cs, .- Take any element 7g of I gsm% ;» and assume that its
standard module occurs in the decomposition of the standard module of the maximal
element 7% of T gsc,c st and that we know the lemma for 7. Here we use the deep result of
Salamanca-Riba [63]: if 7] is unitary and has an infinitesimal character which is integral
and regular, then 7, has cohomology. So 7/, is of the form A4/ (\') and Johnson has in his
thesis [38] computed the decomposition of such a module in terms of standard modules.
We provide details below (with explicit parameters).

Denote by ~. the analogue of 7, (as defined before the lemma) for n’. We recall
that the normalizer of ¢’ in H is a product of unitary groups Hle U(p;,q;) and that
M\ gives a character of this group, that is a set of half integers r; for i=[1,¢]. It is not
necessary to know exactly what «, is. In fact it is enough to know that it is a collection
of characters z%#Ji ngvn, with i€[1,4] and j; €[1, m;], where m;:=(p;+q;), satisfying

{xi,ji Jz c [1, ml]} = {Ti-i-k ke [%(ml—l), —%(mi—l)]} (Ag)
{wij, ji€[Lmi]} ={-ri+k:ke [§(m;—1),—1(m;—1)] }. (A.10)

We also know that ¥, is an induced representation of unitary characters. Thus we can
decompose m:Zle my¢ and for any ¢ we have a unitary character of C*, (z/z)™. The
subquotients of the standard module ¥,, are exactly the representations whose Langlands’
parameters are collections of m characters of C* that can be partitioned in ¢ subsets

such that in each subset, indexed by ¢, the characters are of the form 2%7% with
zen+[3(mi—1),—3(my—1)] and '€ —ny+[3(m—1),—3(m,—1)].

Recall that by hypothesis the lemma holds for 7. Now, for each i€[1, £], there exists
te[1, ¢'] such that

{ri+k:ke[t(m;i—1),-L(m;—1)]} Cne+[2(me—1), -1 (m,—1)],
and, by symmetry,
{—rit+k:ke[3(mi—1),—3(m;i—1)]} C —ny+[5(m¢—1), —5(m:—1)].

To prove the lemma for 7, we therefore only have to prove that the Langlands’ parameter
v, of m, is a collection of m characters of C* which can be decomposed in ¢ subsets
satisfying exactly the property (A.9) and (A.10) above with the same numbers. But
this follows from Johnson’s thesis: in the exact sequence [38, assertion (3), p.378], the
standard modules which appear all satisfy A" DA(it) where u is the nilradical of the
opposite parabolic subalgebra of q. Our assertion follows (we can permute inside the
blocks but not between two different blocks).
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Remark. This is not mysterious, at least in our case. It is just the fact that the
induced representation of GLy(C) of two characters 277" and 2Yz¥ is irreducible if
x>y but 2’ <y’ or the symmetric relations and this is precisely what occurs if the two

characters are in subsets indexed by j and j/, with j#j5'.

We now prove the lemma for maximal representations. When we decompose I gsc oSt
in terms of standard modules, we are sure that the standard module associated with any
maximal representation 7y occurs with the same coefficient as the representation itself.

We now look at the coefficient with which the stable standard module of wg occurs

in Sgsc’cs’t. Up to a positive global constant i(H), it is either the same coefficient
as in [ gsc .s; Or g comes from endoscopy. In this latter case we argue by induction

because endoscopic groups are product of smaller unitary groups. So we assume that the

/ : H
standard module of 7§ occurs in S disc.cS.t
H

of min I} .s,- We now look at the sum of all H and decompose in the Grothendieck

with the coefficient i(H) times the multiplicity
group; the standard module of 7 can be canceled by a representation occurring in the
decomposition of the standard module of 71'5,, where wg' occurs in Sgslc,cs,t' If this does
not occur, then by transfer the standard module of 7% appears in the decomposition
of ¥g, and we are done for 7. (In fact in that case what we get is stronger than the
statement of the lemma.)

In the case where we have a simplification, by positivity, wg " is not maximal for H’
but, by an easy induction, we know the lemma for wg . We argue explicitly as above
that this also proves the lemma for g, we leave the details to the reader especially as
the deep results of Mok ultimately yield that this cannot happen: the representation of
GL,,(A) determined by ¢ is the transfer of a unique endoscopic group. O

A.2. The general (non-quasi-split) case

The notation is as in the preceding two paragraphs. We do not assume G to be quasi-split
anymore.

Let 7 be an irreducible automorphic representation of G(A) which occurs (discretely)
as an irreducible subspace of L?(G(F)\G(A)). Let S be a finite set of places—including
all the Archimedean ones—such that both G and 7 are unramified outside S. It still
makes sense to consider a Hecke eigenfamily (outside S) ¢®. Again it determines at most
one irreducible automorphic representation II=11y of GL,,(Ag) such that for every v¢ S
the unramified representation II, corresponds to the Satake parameter c,, and we write
II=0, or =0, if Iy does not exist.

We may restate Theorem 12.2 in the following way.

THEOREM A.4. Let m be an irreducible automorphic representation of G(A) which
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occurs (discretely) as an irreducible subspace of L?(G(F)\G(A)). Assume that for every
Archimedean place v the representation m, has reqular infinitesimal character. Let S be
a finite set of places—including all the Archimedean ones—such that both G and 7 are
unramified outside S. Let ¢ be the Hecke eigenfamily associated with 7 and let Ty be the
associated automorphic representation of GL(m). Then, for every Archimedean place v,
the (unique) irreducible quotient of the standard GL,,(C)-module St(m,)BC occurs as an

(irreducible) subquotient of the local standard representation U,,.

Proof. Here we use the stable trace formula (A.7) for the group G. We write the
left-hand side of (A.7) as a linear combination of standard modules. The contribution
of the standard module associated with m, might be zero but then there must exist 7/,
an irreducible automorphic representation of G(A) which occurs (discretely) as an irre-
ducible subspace of L?(G(F)\G(A)), such that 7/ and m, share the same infinitesimal
character and 7, is a subquotient of the standard module associated with 7}. It is then
enough to prove the theorem for /. From now on we will therefore assume that the
standard module associated with m, contributes to the left-hand side of (A.7).

We now write the right-hand side as a sum of stable standard modules. At least one
of these has an L-parameter whose restriction to C* is the parameter of the standard
module of 7,. At this point it is not clear that this stable standard module is associated
with a square integrable automorphic representation of an endoscopic group. Using the
same induction as above one may however assume this is the case. Now since endoscopic
groups are (products of) quasi-split unitary groups the theorem follows from the quasi-

split case (see the proposition above). O

Appendix B. Proof of Theorem 11.2

We fix sy and a character y=x2 of Aj/E* as in Theorem 11.2. Let n=m—2sy and
n' =m-+2sq, so that

—so=3%(m—n').

Note that we have

/ _n _n
m<n' <2m and X|A;*5E/F*5E/F~

B.1. Representations associated with skew-Hermitian spaces

In this paragraph we fix a prime and omit it from notation as in §10.6. Recall that

the isometry class of a 7-skew-Hermitian space W of dimension n over F is determined



THE HODGE CONJECTURE AND ARITHMETIC QUOTIENTS OF COMPLEX BALLS 111

by the Hasse invariant e=e(W)=+1. We will write W; and W, for the two distinct
T-skew-Hermitian spaces of dimension n over F.

We fix an arbitrary choice of character x; of E* such that x1|px ZEE/F. We may
consider the local analogue of the Weil representation €2, of the preceding paragraph; see
(10.16). This yields a representation of Usy, (F) XU, (F) on §(W™). The group U, (F)
acts via a twist x; of its linear action on §(W™). Let R(W, x) be the maximal quotient
of §(W™) on which U, (F) acts by x1. Kudla and Sweet [48] show that R(W,x) is
an admissible representation of Us,,(F') of finite length and with a unique irreducible
quotient. Moreover, since 1<n<m, it follows from [41, Theorem 1.2] that R(W7, x) and

R(W3, x) are irreducible inequivalent representations of Us,, (F').

B.2. Automorphic representations associated with skew-Hermitian spaces

We now return to the global situation. Assume that 1<n<m and let C={W,}, be
a collection of local skew-Hermitian spaces of dimension n such that W, is unramified
outside of a finite set of places of F, then—following Kudla—Rallis [47, §3]—we may

define a global irreducible representation
(€)= R R(Wo, xa) (B.1)

of Uam(A). Such representations are of two types: those for which the W,’s are the
localizations of some (unique) global skew-Hermitian space W over E—in this case we
write II(WW) for II(€)—and those for which no such global space exists. Given a collection

C={W,},, the obstruction to the existence of a global space is just the requirement that
H e(W,)=1.
v

Let A(U(V@V)) be the set of irreducible automorphic representations of Usy, (A). The

following proposition is the analogue of [47, Theorem 3.1] in the unitary case.

PROPOSITION B.1. Let C={W,}, be a collection of local skew-Hermitian spaces of

dimension n such that W, is unramified outside of a finite set of places of F and
dim Homy,,, (a)(I1(€), A(U(V@V))) #0.

Then, there ezists a global skew-Hermitian space W over E such that the W, ’s are the

localizations of W.
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Proof. The proof makes use of ideas of Howe. We consider the Fourier coefficients of
automorphic representations with respect to the unipotent radical of the Siegel parabolic
subgroup P=MN of the quasi-split unitary group U(V @&V). Identifying the latter with

the subgroup of GL(2m, E), which preserves the Hermitian form with matrix ( _?m 16" ),

(s 2)venin)

Her,,(F)={b& M,,(F):b='b}.

we have

where

For fecHer,,(F') we define the character ¢3 of N(A) by

w)= (") wlimace(o)

and the Sth Fourier coefficient of fe A(U(V&V)) by

Wo@)= [ fnb)g)(- trace(st) db (B2)
N(F)\N(A)
The latter defines a linear functional

W A(U(V@V)) — C,
fr—Ws(f)(e).

Now, if A€Homy,, ,a)(II(C), A(U(V@V))), then Ag=WpsoA defines a linear func-
tional on II(C) such that

Ag(m(n)f) =1p(n)As(f),  forall ne N(Ay),
Ap(n(X)f) = dps(X)Ap(f), for all X € Lie(Na),

and Ag has continuous extension to the smooth vectors of II(C).
Let
Qpg={weW™: (w,w) =0}

It follows from [36, Lemmas 5.1 and 5.2] on the local functionals that, if Qz=2, then
Ap=0. In particular, if rank(5)>n, then Ag=0. Now, if Qz#@ and rank(5)=n, we
must have equality of Hasse invariants e, (8)=¢e,(W,). So that either € correspond to
a global skew-Hermitian space, or Ag=0 for all 8 with rank(8)>n. The proposition

therefore follows from the next lemma. O
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LEMMA B.2. Let AcHomy,, ,a)(II(C), A(U(V®V))) be such that Ag=0 for all 3
with rank(8)>n. Then A=0.

Proof. Fix a non-Archimedean place v and let ¢ be a compactly supported function
on N, whose Fourier transform vanishes on the set of 3, €Her,,(F,) with rank(3,)<n,
and is non-zero on the set of 3, such that Qg #@. Then [36, Lemma 5.1] shows that ¢
does not act by zero in R(W,, x,,) or II(€). On the other hand, by hypothesis, ¢ acts by
zero in the image of A. Thus A=0 by irreducibility of II(C). O

B.3. Proof of Theorem 11.2

If @ is a section of I(sg, Xx), we may extend it to a holomorphic section ®(-,s) of I(s, x)
and consider the residue A(-, ®) in s=s¢ of the Siegel Eisenstein series E(h, s, ®). This
residue does not depend on the holomorphic extension. We therefore get a Us,, (A)-
intertwining map A: I(sg, x) >AU(V&V)). Now it follows from [36, Lemma 6.1] that
this map factors through the quotient

I(50, X)oe @ (EB ).

where € runs over all collections of local skew-Hermitian spaces, as above, of dimension n.
The proposition above therefore associates with any irreducible residue of a Siegel Eisen-
stein series a global space W of dimension n over E. Theorem 11.2 then follows from
[36, Theorem 4.1].(1%)

Appendix C. The local product formula

In this appendix we show that the cocycles tq.nq Of this paper (when transformed
into cocycles with values in the appropriate Schrédinger model) are equal to the cocycles
Png,ng introduced by Kudla—Millson in [44]; see also [46]. We stated this relation without
proof in Proposition 5.17 (5). It is almost proved in [46]: on the fifth line of page 158 the
cocycle ¢4 4 is defined by (see also (C.5) below)

1 _
Pq,q = ﬁDJrDJrQOO-

Then on the next page, Theorem 5.2 (ii), it is stated that

Pngng = Pa,qN\---\Pq,q- (C.1)

(18) Beware that our W is Ichino’s V.
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The previous equation reduces the problem to proving the equality of cocycles for the
case n=1. This is because the intertwiner By, gw ®1 below commutes with the outer
exterior product and the cocycle 1,4 4 factors as above by definition. In what follows we
will be using the symplectic vector space obtained from the tensor product of Hermitian
spaces V@W where (V, (-, -)v) is a Hermitian space of signature (p, ¢) and (W, (-, )w ) is
a Hermitian space of signature (1,1). Since the analysis in what follows will be controlled
by W, with V essentially a parameter space, we will first describe the required structures

on W alone.

C.1. The Schrédinger and Fock models of the Weil representation for U (W)

We consider a Hermitian space (W, (-,-)w) of signature (1,1). We let Wx denote the
real vector space underlying W. Then Wy has the standard integrable almost complex
structure Jy induced by multiplication by 7. It is also equipped with the symplectic

form
<'>’>W:71m('7’)W-

Finally, recall that we denote by 0y, the Cartan involution of W and let

Jo=Jwebw =0woJy.

Then Jy is positive definite with respect to (-, )w .

We now describe two bases for W. Let {e1,e2} be the orthogonal complex basis of
W such that

(51761):1 and (62’52):—1.
Set
e —i(g —16) e _L(ZE +€)_J(€)
1*\/5 1 2)s 27\/5 1 2) = 1),
1 1

fi= ﬁ(i&*@) =Jo(er), fa=

(*61*i52) = Jo(eg).

Sl

Then {e1, es, f1, fo} is a (real) symplectic basis of the underlying real vector space Wg.
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Let E=spang(ey, ez) and F'=Jy(F)=spang(fi, f2). Then
Wr=E+F (C.2)

is a Lagrangian splitting of the symplectic vector space, and we obtain a Schrodinger
model 8(FE) of the Weil representation of U(W) realized in the Schwartz space S(FE).
We let « and y be the coordinates of E associated with the basis {ej,es}, and set
z=x+iy. We let P(E) denote the subspace of §(E) given by products of complex-valued
polynomials in z and y, with the Gaussian pg=exp (—7(22+y?)), or equivalently by
products of complex-valued polynomials in z and z, with the Gaussian ¢o=exp (—7zZ).

We next give two sets of coordinates for the space W' associated with the positive

complex structure Jy. We first note that

e = \%(5’1" +iey) and ey = %(5/10 —icy)).
Hence, the vectors e}’ and ey are independent (over C) and we have two bases for W',
the basis {e)’, ey} and the basis {€?°,e?}. We let s and ¢ be the (complex) coordinates
for W'e relative to the first basis. We will call these coordinates split coordinates. We
let @’ and b” be the coordinates for W’ relative to the second basis £}° and . We will
call @’ and b” product coordinates. In order to understand the superscripts attached to

these coordinates and the terminology, note that £°=¢} and £ =&/, and hence
W' =W, aW!" =CeP ®Cey
and
Pol(W') =Pol(W,)@Pol(W") 2 Cla'|®C[b"].

We next note that the split coordinates and the product coordinates are related by

the following result.

LEmMA C.1. We have

1 ‘
a'=—(s+it) and b”:%(s—it).

V2

We now have the following result.

LEMMA C.2. There is a u(W)-equivariant mapping By : Pol(W'*)—P(E) satisfying
the following conditions:
(1)
Bw (1) = ¢o;
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_ 10
BWosonlzx—;%;
(3) s
By oteBy, =y Wa—y;
@ 10 10
Bwegs Bw =ot 25,
(5)
10 10

Byo——oB =yt .
Worot TW y+778y

Hence, by Lemma C.1, we have the following.

LEMMA C.3. For By, a’ and V" as above, we have

. 1 10
12 -1_ = R
Bwoa Bwﬁ(z 77(92)’

(2) )
BWob"oBv-Vlzl(z—l).

C.2. The Schrédinger and Fock models for U(V) x U (W)

We now describe and compare two different realizations of the infinitesimal Weil repre-
sentation associated with the pair U(V)xU(W), the split Schrodinger model (there is
another Schrodinger model for Hermitian spaces, the real points in VW, that we will
not use here, but it is the one used in [9, Chapter VIII]) and the Fock model (with two
sets of coordinates). So we now need to bring the space V into the picture. We will be

brief since all the essential ideas are contained in the previous section.

C.2.1. The split Schrédinger model for U (V) xU (W)

The split Schrodinger model is realized in the Schwartz space 8$((V®FE)gr) using the
polarization

(VeW)lr=(VQE)r+(VQF)r

inherited from that of W in equation (C.2). Here the tensor product is over C.
Recall that throughout the paper we have used a basis {v; }i’if for V. Hence, we have

a basis {v; ®el}§i§’ for the complex vector space V ® E and noting that i(v;®e1)=v;Qea,
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we obtain a basis {v; ®e1, v;®es }fii‘ for the underlying real vector space (V@ E)g. We let
{z,y; }fi‘f be the corresponding coordinates. We will also use the complex coordinates
zj=x;+1y;, 1<j<p+q. We will regard a function in §((V®E)r) as a function of the
z;’s (and their complex conjugates). Once again we have the space P(V ®F) consisting of
the product of complex-valued polynomials in x; and y;, 1<j<p+q, with the Gaussian
Yo=exp (*7‘(( f:f x§+yj2)), or equivalently the product of polynomials in z; and Zzj,
1<j<p+q,, with the Gaussian pg=exp (—7( ?if zjZj)).

This is the model where the cocycles of Kudla-Millson ¢, , were originally defined;
see [44, Proposition 5.2] or [46, p.148]. To state their formula we need more notation.
In what follows A(&;, ), resp. A(E], ,), will denote the operation of left exterior multipli-

cation by &, ,, resp. & .
For p with p+1<u<p+q define

D;:i(@—ia‘z&) @A(gg#)> (C.3)
and

D;—zp:<<za—71rai> ®A(gg7#)>. (C.4)

a=1

The formula of Kudla and Millson is then

@q,q:;q« pf[q D;)o< pf[q 5;))@0. (C.5)

p=p+1 v=p+1

C.2.2. The Fock model for U(V)xU (W)

The second realization of the Weil representation is the polynomial Fock model
Pol((VeW)")

considered in this paper. In what follows we will not need the entire space (V@W)’® but
only the subspace (V. ®@W)’0. We will give two bases for (V, @ W)’®. Our computations
are then simplified by the following lemma.

LEmMA C.4. We have
/0 _ /0
pV®W|(V+®W)®1RC =1y, ®py,
or, in more concise form,

(vew)? =vew for veV,.
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Proof. By definition,
Plow =3 (Iv@Iw @1 -0y @ (Jw-0w)®1i)
and hence

Pow | (Vi@W)r@rC) = 5 (Iv, @ Iw @1 —Iy, @ (Jw 0w ) 1)
=1Iv, ®@(Iw @1 Jw,0®1). 0

Remark. Lemma C.4 implies that we can carry over the computations of the previous

section to the ones we need by simply “tensoring with the standard basis for V,”.

Now recall that
Pol((Vy@W)") =Pol(V/@W!)@Pol(V)'@W"). (C.6)

The first basis for (V, @ W)’ is adapted to the split Schrodinger model. It is given
by

7 /,
{va®eP,v,@ex I ..

We define {sq,to}-_, to be the coordinates associated with this basis. We will again

call these coordinates split coordinates. The second basis for (V, @ W)’ is given by
{Uoz®5110ava ®€/20 1

We let {al,,b”}" _, be the corresponding coordinates with the same explanation for the
name and the superscripts as before. Thus, the tensor product in equation (C.6) corre-

sponds to the tensor product decomposition
Pol(V, @ W'*) = Cla}, ...,aé}@@[b’{, - b;,’]. (C.7)
We next note that the split coordinates and the product coordinates are related by

the following lemma.

LEmMmA C.5. We have

1

ﬁ(sa—zta)

1
al, = —(sa+ity) and b=

T2

As before we have the following result.
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LEMMA C.6. There is a u(V)xu(W)-equivariant embedding (not onto)
BV+®W: POI(V+®W/O) — T(V@E)

satisfying the following conditions:

(1)
By, gw (1®1) = po;
(2) w
BV+®W05040B‘7+1®W:$0¢_;%;
(3) Lo
B owtas By g =to—+ s
@ 1 0 1 9
BV+®W°;@°B\7+1®W:%+;@3
(5)

190
T Yo

10
Breow s gy, Preow =Vat

Hence, by Lemma C.5, we have the following lemma.

LeMmMA C.7. With the notation above, we have (1)
1 10
1 .
By, gweaa°By, gw = V2 (Z“_ waza)’

(2) )
1 1
i —1 _ s _ - 2
BV+®WOba°BV+®W_\/§(Za Waza).
We now define operators C; and 6;, p+1<u<p+gq, by
(1) G =201 aa®A(E] )3

(2) Cr=301 i@ AL, ,)-
We leave the proof of the next lemma to the reader; see Lemma 5.5 for (1) and

Lemma 5.11 for (2).

LEmMA C.8. We have
(1)

( I Ci ) =to

p=p+1
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(2) pt+q
(o
(3)

p+q pt+q
( 11 0;)o< 11 c*) = 10,4 AVq.0-

p=p+1 n=p+1
Again we leave the proof of the next lemma to the reader.

LEmMmA C.9. We have

(1)
p+q p+q
BV+®WO< H C> V+®W 2q/2< H D*
p=p+1 p=p+1
(2)
p+q p+q
1
BV+®WO< H C+) BV+®W 2q/2( H D+>.
p=p+1 pu=p+1

We can now prove the local product formula.

ProrosiTioN C.10. With the notation above, we have

(BV+®W®1) (10,4 Aq,0) =2%0q,q-

Proof. We have

(Bv, ow ®1)(10,4®1%q,0)
—(BV+®W®1)<(MﬁIC;>O<Mﬁrlcﬁ)(1)>
~((Br.owe)- (_f[+c) (f[+c) Bilow®) ) (Br,aw o1)(1)
p+q p+q _
“5i( I1 2)+( I1 7)o
=290,.4. O

Remark. We warn the reader that the KM-cocycle ¢4 4 does not factor in the split
Schrodinger model. The cocycles ¢q.0=(Byv, ew ®1)(10q,0) and @g.q=(Bv, ew @1)(¢0,q)
both exist in the split Schrédinger model (of course), but it is not true that we have
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©q,0N\P0,q=¥q,q- The problem is that the product in P(V®FE) is induced by the internal

product, i.e the usual multiplication of functions, whereas the product in
Pol(V!@W!)@Pol(V/@W")

is external, i.e. the tensor product multiplication. For example, when ¢=1, we have
P P
(Brow )00 = (Brow D) 3700801 ) = V30 X 20000 ),
a=1 a=1

p p
(Bv,ew®1)(¢0,1) = (Bv, ew ®1) ( >z ®§Za,p+1> = V200 ( >z ®§lﬁl,p+1) ;
a=1 pB=1
and hence
p
(Bu.ow o1 B ew o)) =200 ( Y 202088 npn ).
a,B=1

whereas

p P

_ 1

1,1 =90 < Z Zazﬁ@gtlxm-i-l /\523/717-&-1 “or Z 51/34717-&-1 /\ggm—kl) .
a,B=1 a=1
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