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1. Introduction

Given a measure-preserving action of a (discrete) group I" on a probability space (X, u),
we say that this action is (s+1)-mizing if for every fo,..., fs€L>°(X) and o, ...,ys €T,

/X<Zﬂ)fi(%“)> d“(x)ﬁi_ﬁO/Xfidﬂ (1.1)

as i, vy, ' 500 for all iy#iy. In particular, 2-mixing corresponds to the usual notion
of mixing. It was discovered by Ledrappier [13] that 2-mixing does not imply 3-mixing
for Z2-actions. In this paper we will be interested in mixing of higher order for group
actions. Mixing of all orders is a very widespread phenomenon for 1-parameter actions.
In particular, it is known to hold for many transformations satisfying some hyperbolicity
assumptions. However, this is a measurable property that might arise for a multitude of
other reasons which are not well understood. For instance, the horocyclic flow provides
an example of a parabolic dynamical system which is mixing of all orders. A well-known
longstanding question of Rokhlin asks whether mixing of order 2 implies mixing of all
orders for a general measure-preserving transformation.

Very little is known about higher-order mixing for actions of large groups. We are
only aware of two general families of actions of large groups on manifolds where the
multiple mixing has been established—Z!-actions by automorphisms on compact abelian
groups and actions of simple Lie groups. K. Schmidt and Ward [22] proved that 2-

mixing Z!'-action by automorphisms on compact connected abelian groups are mixing of
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all orders, and Mozes [16] established mixing of all orders for ergodic actions of connected
semisimple Lie groups with finite centre.

In this paper we investigate mixing properties of Z'-actions by automorphisms on
compact nilmanifolds. We prove that for such actions, 2-mixing implies mixing of all

orders and establish quantitative estimates for 2-mixing and 3-mixing.

1.1. Main results

Let G be a simply connected nilpotent group and A be a discrete cocompact subgroup.
We call the space X=G/A a compact nilmanifold. We denote by Aut(X) the group of
continuous automorphisms « of G such that a(A)=A. Then Aut(X) naturally acts on
X and preserves the Haar probability measure p on X.

Our first main result concerns exponential 3-mixing. In order to obtain any quanti-
tative estimate in (1.1), it is necessary to work in a class of sufficiently regular functions.
We denote by C?(X) the space of Holder functions with exponent , defined with respect

to a Riemannian metric on X.

THEOREM 1.1. Let a:Z!'—Aut(X) be an action on a compact nilmanifold X such

that every «(z), z#0, is ergodic. Then there exists n=n(0)>0 such that for every
for fr, f2€C(X) and 29,21, z0€Z,

/X fola(z0)x) fr(a(z1)7) fa((22)z) dp(w)

—( / fodu> < / fldu) ( / fzdu)w(N(zO,zl,zQ)"||fo||ce||f1||cef2||ce>,
X X X

where N (zo, 21, z2) =exp(min,;»; ||z, —z;]|).

We note that this result is new even for the case of toral automorphisms. Previously,
quantitative 2-mixing was established for toral automorphisms in [14] and for automor-
phisms of more general compact abelian groups in [15]. Mixing of all orders for ergodic
commuting toral automorphisms was established in [22]. The argument in [22] relies on
finiteness of the number of non-degenerate solutions of S-unit equations established in
[19]. Although there are explicit estimates on the number of such solutions, these esti-
mates are not sufficient to derive any quantitative estimate for 3-mixing because it is also
essential to know how the sets of solutions depend on the coefficients. In order to prove
Theorem 1.1, we use more delicate Diophantine estimates for linear forms in logarithms
of algebraic numbers established in [24] (cf. Proposition 2.2 below).

We also prove mixing of all orders.



MIXING PROPERTIES OF COMMUTING NILMANIFOLD AUTOMORPHISMS 129

THEOREM 1.2. Let a: Z'—Aut(X) be an action on a compact nilmanifold X such
that every a(z), z#0, is ergodic. Then, for every fo, ..., fs€L>(X) and zo, ..., zs€Z!,

/X(ili)fi(a(zi)x)> du(x):g/xfidu+o(1)

as min;y; ||z;—z;||—o00. Moreover, the convergence is uniform over families of Hélder
functions fq, ..., fs such that || follce, -, | fsllce < 1.

This theorem extends the main result of [22] to general nilmanifolds. The proof
in [22] utilises abelian Fourier analysis and properties of solutions of S-unit equations.
Our approach is based on the study of distribution of images of polynomial maps in X.
This reduces the proof to the investigation of certain Diophantine inequalities which are
analysed using W. Schmidt’s subspace theorem. In order to prove an effective version
of Theorem 1.2, one would need to estimate the size of non-degenerate solutions of
these Diophantine inequalities in terms of complexities of coefficients (cf. Proposition 3.1
below). However, this seems to be far out of reach of available techniques when s>2.

Finally, we discuss the problem of exponential mixing for shapes in Aut(X). This
notion was introduced by K. Schmidt in [20] in order to better understand Ledrappier’s
examples [13] which are not mixing of higher order. A shape in Aut(X) is a collection

of elements «y, ..., as€Aut(X). We say that the shape is mizing if, for every fo, ..., fs€

LOO(X)’ s s
/. (gﬁ(a?x)) intr)— ] [ s

as n—oo. This property has been extensively studied in the context of commuting
automorphisms of compact abelian groups (see, for instance, [6], [21, Chapter VIII], [26],
and [27]).

We establish quantitative mixing for commuting Anosov shapes. We say that the

1

shape ao, ..., as is Anosov if a;, o~ is an Anosov map for all iy #ia.

THEOREM 1.3. Let X be a compact nilmanifold and ay, ...,as€Aut(X) be a com-
muting Anosov shape. Then there exists 0=p(0)€(0,1) such that, for every fo,..., fs€
C%(X) and neEN,

/){(lﬂ)fi(a?xo dﬂ(x):ill/xfidquO(Q"illfz'|oe). (1.2)

1.2. Applications to rigidity

The exponential mixing property played an important role in the program of classification

of smooth Anosov higher-rank Z'-actions on compact manifolds. It is expected that all
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such actions can be built from actions by automorphisms on nilmanifolds. Fisher, Kalinin
and Spatzier in [8] applied the exponential 2-mixing property and regularity results from

[17] to extend their results for Anosov Z!-actions on tori to actions on nilmanifolds.

THEOREM 1.4. (Fisher, Kalinin, and Spatzier) Let a be a C*®-action of Z!, 1>2,
on a compact nilmanifold X and let o: Z!— Aut(X) be the map induced by the action of
a(Z) on the fundamental group of X. Assume that there is a 72 subgroup of Z' such
that o(z) is ergodic for every non-zero z€7Z2, and there is an Anosov element for o in

each Weyl chamber of o. Then « is C'°°-isomorphic to o.

In fact, this application to global rigidity was our original motivation to establish
the exponential mixing property for nilmanifold automorphisms.

Recently, Rodriguez Hertz and Wang [18] generalised Theorem 1.4 and established
a global rigidity result using only existence of a single Anosov element. Again, they
crucially use the exponential mixing property, and reduce the problem to the prior result
by showing existence of many Anosov elements.

We also use the exponential mixing property to establish cocycle rigidity for higher-
rank Z!'-actions by automorphisms of nilmanifolds, extending the results of Katok and
Spatzier [11], [12]. A C*°-cocycle is a C*®°-map c: Z! x X —R satisfying the identity

c(z1+22,2) = c(z1, 20w) +c(20,x)  for 21,20 €Z! and x € X.

Two cocycles ¢; and cq are called smoothly cohomologous if there exists be C°°(X) such
that

ci1(z,z) =ca(z,2)+b(zz) —b(x) for z€Z! and x € X.

We call a cocycle constant if it does not depend on x€ X. We prove that cocycles over
genuine higher-rank actions by automorphisms on nilmanifolds are smoothly cohomolo-
gous to constant cocycles. This phenomenon was first discovered by Katok and Spatzier
in [11] for certain higher-rank Anosov actions. Using our methods, we generalise this
cocycle rigidity theorem to actions by automorphisms on nilmanifolds. We emphasise

that the action in the following theorem need not be Anosov.

THEOREM 1.5. Let a:Z!'—Aut(X) be an action on a compact nilmanifold X. As-
sume that there is a 72 subgroup of 7! such that o(z) is ergodic for every non-zero z€7.2.

Then every smooth R-valued cocycle is smoothly cohomologous to a constant cocyle.

For certain actions by partially hyperbolic left translations on homogeneous spaces
G/T, where G is a semisimple Lie group and T is a lattice in G, a similar theorem was
proved by Damjanovic and Katok [3]-[5] and Wang [25]. We note that these authors also
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prove Holder versions of this result which are not amenable to our techniques. Further-
more, cocycle rigidity results are proven for small perturbations of these actions on G/T

in [5] and [25]. Again we cannot obtain these results by our methods.
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2. Exponential 3-mixing

In this section we prove Theorem 1.1. We start by setting up basic notation, which
will be also used in subsequent sections. Then, in §§2.2-2.4, we collect some auxiliary
estimates. The proof of Theorem 1.1 is divided into two parts. We first give a proof
under an irreducibility condition in §2.5, and then in §2.6 prove Theorem 1.1 in general
using an inductive argument.

We note that if the reader is only interested in exponential 2-mixing, then the results
of §2.3 are not needed, and in §2.5, one only needs to consider case 1. This makes the

proof much simpler.

2.1. Notation

Let G be a connected simply connected nilpotent Lie group, A be a discrete cocompact
subgroup, and X=G/A be the corresponding nilmanifold equipped with the invariant
probability measure p. We fix a right-invariant Riemannian metric d on G which also
defines a Riemannian metric on X. Let £(G) be the Lie algebra of G and exp: L(G)—G
be the exponential map. The lattice subgroup A defines a rational structure on £(G).
For a field KD>Q, we denote by £(G) i the corresponding Lie algebra over K. Denoting
the commutator subgroup by G’, let m: G—G/G’ be the factor map. We also have the
corresponding map D7: L(G)—L(G/G"). We fix an identification G/G'~L(G/G")~R?
that respects the rational structures.

Every automorphism [ of G defines a Lie-algebra automorphism Dg: L(G)— L(G)
such that Beexp=exp-Dg. If B(A)=A, then Df preserves the rational structure of L(G)
defined by A. In particular, given an action a: Z!'— Aut(X) on the nilmanifold X =G/A,
we obtain a homomorphism Da: Z! —GL(L(G)g).
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For a multiplicative character y: Z!—C*, we set
L, :={ueL(G)®C: Da(z)u=x(z)u for z € Z}.

Let X(«) denote the set of characters y appearing in the action Da on L(G), and
X' (o) CX () be the set of characters appearing in the action on £(G)/L(G)".

2.2. Estimates on Lyapunov exponents

Since a(Z') preserves the rational structure on £(G) defined by the lattice A, it follows
that each character x in X'(«) is of the form x(z)=ui" ...u;" where the u;’s are algebraic
numbers. The Galois group Gal(Q/Q) naturally acts on X () and X’ (). Let Xp CX’(a)
be one of the Galois orbits.

LEMMA 2.1. Suppose that every a(z), z#£0, acts ergodically on X. Then there exists
c>0 such that

max |x(2)| = exp(c||z||) for all z€Z!.
X EXo

Proof. By [2, Theorem 5.4.13], AG' /G is a lattice in G/G’, and the action « defines
the action on the torus T:=G/AG’ by linear automorphisms. Let V' be the subspace of
L(G)/L(G)" spanned by the x-eigenspaces with y€Xy. Clearly, this subspace is invariant
under a(Z!') and is defined over Q. Hence, it defines an a-invariant subtorus T, of 7.
Since a(z)|r is ergodic when z#£0, it follows that the corresponding linear map has no
roots of unity as eigenvalues. This implies that a(z)|Tx0 is also ergodic.

Consider a linear map £: R' —RI%l which is defined for zeZ! by

€(2) := (log [x(2)| : x € Xo)

and extended to R by linearity. Since for every z€Z'\ {0}, the automorphism «a(z) acting
on Ty, is ergodic, we have £(z)#0 by [9, Lemma 3.2]. Hence, |7 is injective.

We also claim that £(Z!) is discrete. We consider the embedding Z!— GL(V') defined
by a. Since a(Z!) preserves the integral lattice in V corresponding to the torus T,, it

follows that the image of this embedding is discrete. In other words, the subset

{(x(z): x€Xy):z€ Zl}

of (C*)I¥l is discrete. Since the kernel of the natural homomorphism (C*)l¥ol —RI¥ol
defined by sr+log|s| is compact, this implies that ¢(Z!) is discrete, as claimed. Since
{(Z}) is discrete and has rank [, it follows that the space /(R!) has dimension [, and, in
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particular, the map ¢ is injective. Therefore, by compactness, there exists ¢>0 such that,

for every z€R!, we have

1 > .
max log [x ()| > c] |
This implies the lemma. O

Lemma 2.1 shows that in Theorem 1.1 we may replace N(zg, 21, 22) by

e i a, i—2zi)| ).
Xp(lgél?;ré)gglx(zz ZJ)\)

2.3. Diophantine estimates

Recall that the (absolute) height of an algebraic number u is defined by

9

H(u)= (1:[ max{1, |u|,,}>1/[Q(u):Q]

where |- |, denote suitably normalised absolute values of the field Q(u). When u is an

algebraic integer, the height can be computed as

9

H(u)= <1:[ max{1, |ui|})1/[Q(1L):Q]

where the u;’s denote all the Galois conjugates of w.
The following result is deduced from the work of Waldschmidt [24, Corollary 10.1].

PROPOSITION 2.2. Let uy,...u;,u€C be algebraic numbers and z=(z1,...,z)EZ.
Then there exist c1,ca,c3>1, depending on uq,...,u; and [Q(u):Q], such that, assuming
that

1] > log(c2 H (u)) (2.1)

and

Z1 2l
ult oy uF#

we have the estimate

W uftu—1] > exp(—cl log(ca H (u)) log(ma%)>. (2.2)

Surprisingly, it turns out that the term log(coH (u)) in the denominator is essential
to establish exponential 3-mixing (cf. (2.28)—(2.30) below).
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Proof. We note that, since H(u)>1 and (2.1) holds, the right-hand side of (2.2) is

bounded from above by

exp(—ci log ¢ log c3).

Taking the constants sufficiently large, we may arrange that this quantity is bounded
by %. Then (2.2) trivially holds when |u}* ...u]'u—1|>3, and without loss of generality
we assume that |uf' ... uj'u—1|<3.

Let log denote the principle value of the (complex) logarithm. There exists zo€Z
such that |zo|<||z|| and

T :=log(ui" ...uZ"u) = mizo+21 log ug +...+ 2 log u; +log u.

It is convenient to set ug=—1, so that logug=mi. (Here, but not elsewhere, i denotes

the imaginary unit.) Let S:=uj" ...u;'u. Since [S—1|<3,
1T = llog S| < 2| —1].

Hence, it is sufficient to establish a lower bound for |T'|. Note that, since S#1, we have
T+#0. For this purpose, we use [24, Corollary 10.1], which we now recall. We note that
the result in [24] is stated using the logarithmic height while here we use the exponential
height. For simplicity, we take F=e and f=1.

Let D=[Q(uo, ..., u;,u):Q], Ao, ..., A; and B be numbers, greater than e, such that

<e '(1+2)D. (2.3)

A:max{Ao, ceey Al, B},
1 |Zz|
M=
o <log A; + logB) ’
Zy =max{7+3log(l+2),log D},

Go=max{4(l4+2)Zy,log M,log D},
Up=max{D?log A, D' Gy Zylog Ay ... log A; log B}.

Then, according to [24, Corollary 10.1],

IT] > exp(—cUy), (2.4)
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where ¢ is an explicit positive constant depending only on n. We set B:=coH (u) with
co>1. We note that

log uf? < 7%+ (log |u])* < 7*+[Q(w) : QI (log H (u))*.

Therefore, taking A; sufficiently large, depending on u;, and sufficiently large ¢y, we may
arrange that (2.3) holds. If ¢o is sufficiently large, A=B. Under the assumption (2.1),
we have M <c3l|z||/log B with sufficiently large ¢3 and also

cs|z]]
Go=logM <log| —— |.
0 =108 og ( log B
Moreover, if c3 is sufficiently large, then

U<k log<i3)!z;| ) log B.

Therefore, estimate (2.4) implies that

|T| > exp (—c1 log (Tg!ﬂ) log B) ,

where c; is an explicit positive constant. This completes the proof of the proposition. [

2.4. Equidistribution of box maps
A box map is an affine map
1: B:=10,T1]%...x[0, Tx] — L(G)
of the form
vty ooy ) — v+t wL . W, (2.5)

with v, wy, ..., w, €L(G). We shall use the following result, which is a variation of our
theorem [9, Theorem 2.1], that implies equidistribution of box maps under suitable Dio-
phantine conditions. This result is based on the work of Green and Tao [10].

We denote by |B| the k-dimensional volume of the box B.

THEOREM 2.3. Fiz 0<0<1. There exist Lq1,L2>0 such that for every d€(0,dp)
and every box map 1: B—L(G), one of the following conditions holds:
(i) For every 0-Hélder function f: X -R, ue L(G), and g€q,

’“18/Bf(exp(u)exP(L(t))gA)dt—/Xfdu‘<6|f||ce-

(ii) There evists z€Z4\{0} such that
—Ls

T

5
Izl <675 and |{z, Dn(w;))| < forall i=1,... k.
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Proof. In the case of Lipschitz functions f, this is [9, Theorem 2.1], and the analo-
gous result for Holder functions can be deduced by a standard approximation argument.
Indeed, suppose that for some feC?(X), uc£L(G), and g€G,

1
31 . fewtesuton) - [ saul> sl (2.6
|B| /5 X
Then one can find a Lipschitz function f. such that

1fe=flloo <l fllos and | fellip <™ 07| £ co

(see, for instance, [9, Lemma 2.4]). Then taking e= (%5)1/9, we deduce from (2.6) that

‘;ﬂ [ setesstw esplenonai- [ 1. du‘ > (5229 o

> etmEO+1 (5 90| £ lLip
> M) /0+1) £

Now the theorem for Lipschitz functions implies that (ii) holds with some L1, Lo>0
depending on 6. O

2.5. 3-mixing under an irreducibility condition

The action of Da(Z!) preserves the rational structure on £(G) defined by the lattice A.
In particular, it follows that each character x in X(«a) is of the form x(z)=ui"...u;
where the u;’s are algebraic numbers. The Galois group Gal(Q/Q) naturally acts on
X(a) and on L(G)g. We fix an orbit Xy CAx”’(«a) of the Galois group and for each y € X,
we fix a vector w, €L, whose coordinates are algebraic integers, so that the vectors w,
are also conjugate under the action of the Galois group. Let W¢ be the Lie subalgebra
of L(G)®C generated by the vectors w,, x€Xy, and W=WcNL(G). We also fix a basis
{w;}; of W.

In this section, we prove Theorem 1.1 under the irreducibility assumption that
Dm(W) is not contained in a proper rational subspace. Let @, =Dm(wy), x€Xy. We
observe that under this assumption the coordinates of each of the vectors @, are linearly
independent over Q. Indeed, if we suppose that (a, @, )=0 for some a€Q?\{0}, then
applying the action of the Galois group, we deduce that (a,@,)=0 for all x€X,. Since
Dn(W) is spanned over C by the vectors w,, x€Xy, this would imply that D7(WW) is
contained in a proper rational subspace, which contradicts our assumption.

Let

N:N(zl,ZQ,z;,»)::exp(rgéi?ﬂzifsz). (2.7)
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Without loss of generality, we may assume that zo=0 and N=exp(||z; —z2|]). We set
e=N"*, where »>0 is a fixed parameter which is sufficiently small and will be specified
later (see (2.21), (2.23), (2.26) and (2.30) below).

We fix a fundamental domain FCG for X=G/A and set E=exp ! (F). As in [9,
83], we may arrange that E is bounded and has piecewise smooth boundary. Since the
Haar measure on G is the image under exp of a suitably normalised Lebesgue measure
on L(G) [2, Theorem 1.2.10], we obtain

[ @ h(aGn) faata)z) dutz)
X (2.8)
= /E fo(exp(w)A) f1(exp(Da(z1)u)A) fa(exp(Da(z2)u)A) du.

We choose a basis of £(G) that contains the basis {w;}; of W and tessellate £L(G) by
cubes C of size € with respect to this basis. Since £ has piecewise smooth boundary, we
obtain

’E\ U C’ <e, (2.9)

CCE

and
/E folexp(u)A) fi (exp(Daz1 Ju)A) fo(exp(Da(z)u)A) du

=> /C folexp(w)A) f1(exp(Da(z1)u)A) f2(exp(Da(zz)u)A) du (2.10)

CCE
+O0(ell folloe [ frll o[l f2lle)-

For every cube C, we pick a point uc€C. Then, since f; is §-Holder,
/C Jolexp(u)A) f1(exp(Da(z1)u)A) fo(exp(Da(ze)u)A) du
— folexp(uc)A) /C Fi(exp(Da(z0)wA) falexp(Dalz)u)A) du  (211)

+O(E | follcoll fill oo Nl f2ll co)-

We decompose each cube C' as C=B’'+ B, where B is a cube in W and B’ is a cube in
the complementary subspace.
We claim that, for sufficiently small >0 and all sufficiently large N defined in (2.7),

1

B|/Bf1(exp(v1+Da(21)b)A)f2(exp(v2+Da(22)b)A) db

_ ( [ s du) ( /.5 du)+o<N—”||f1||ce||f2||ce>,

(2.12)
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uniformly over the cubes B and vy, v2€ L(G).
Suppose first that (2.12) holds. Then using uniformity over v; and v, we deduce
that

ﬁ /C Fi(exp(Da(z)u)A) fa(exp(Da(zz)u)A) du
1

:W B,/Bfl(exp(Da(zl)b +Da(z1)b)A) fa(exp(Da(z2)b'+Da(z2)b)A) db db

_ ( I du) ( | r du) FON|filleol falce).

Combining this estimate with (2.10) and (2.11), we obtain

/ folexp(u)A) f1 (exp(Dax(z1)u)A) fa(exp(Da(z2)u)A) du

(g ) ) )

CCE
+O(NT*+e) follol fill coll f2llco)-

Since f is §-Holder and (2.9) holds,

> fexpue))(Cl= 3 [ ofexp(i) dut O foles)

CCE CCE

- /E folexp(u)A) du+O((e+2%)|| folloo)
- / fodp+ O follon).
X
Hence,

/ folexp(u)A) fi (exp(Dax(z1)u)A) fa(exp(Da(z2)u)A) du

:( / fod,u> ( / f1du> ( /. fzdu)+0(N_”9|fo||cellf1|ce||f2||ce)-

This proves the required estimate when N is sufficiently large, and it is also clear that

(2.13)

this estimate holds for N in bounded intervals. Hence, Theorem 1.1 follows. Now it
remains to prove the claim (2.12).

To prove (2.12), we apply Theorem 2.3 to the nilmanifold X x X=(GxG)/(AxA)
with §=N"*. We assume that N is sufficiently large, so that Theorem 2.3 applies. Let
f=f1®f2. Clearly,

/ fd(u®u)=</ fldu)( / f1du) and | flleo < || fille fell o
XxX X X
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We consider the map ¢: [0,¢]* — £(G) defined by
k k
Wt)= (vi +Z t; Da(z1)w;, v§+z tiDOé(ZQ)wi) ,
i=1 i=1

with suitably chosen v}, v4€L(G), so that

/B f1(exp(v1+Da(z1)b)A) fo(exp(va+Da(z2)b)A) db= FG(®)A)dt.

[0,e]*

It is sufficient to prove that

7]@ .
c /[W F(t)A) dt—/ £ d(p@u)+0(3]| fl|o)-

XxX

Applying Theorem 2.3, we deduce that either

[ seoma- [ pagen| <o, (2.14)
[0,e]¥ XxX

or there exists (ay,az2)€(Z4)?\{(0,0)} such that

max{|[|ay ||, ||az||} < § 75 = N*1 (2.15)

and
5~ L2

l{a1, (D7) Da(z)w;)+ (ag, (D7) Da(z)w;)| < = N*(L2+1) (2.16)

for all i=1, ..., k.
We shall show that if r>0 is sufficiently small and NV is sufficiently large, then either
(2.15) or (2.16) fails. Suppose that both (2.15) and (2.16) holds. Since each of the vectors

Wy, XEXp, is a linear combination of vectors w;, we deduce from (2.16) that
[{a1, (D7) Da(z1)wy ) +{ag, (Dm)Da(z)w,y )| < N*E2 D for all x € Xp. (2.17)
As Da(z)w,=x(z)wy and @, =Dm(w,), (2.17) becomes
Ix(21) (a1, Wy)+x(22){az, Wy )| < N*E2HD for all x € X. (2.18)

We divide the argument into three cases.

Case 1. a1 =0. Then ay#0 and (as, @,)#0. Moreover, by [1, Theorem 7.3.2],

[az, @) | > agl| =471 > N7 (D, (2.19)
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By Lemma 2.1, there exists y € Xy such that |x(z2)| >N with fixed ¢>0. Hence, it follows
from (2.18) that
[(az, @, )| < N*L2t=e, (2.20)

We assume that the parameter >0 satisfies

—xLy(d+1)> »x(La+1)—c. (2.21)
Comparing (2.19) and (2.20), we get a contradiction if N is sufficiently large. Hence, we
may assume that aq #0.

Case 2. a1#0 and x(z1){a1, Wy)+x(22)(az, Wy )=0 for some x€Xy. As the Galois
group acts transitively on the set Xy, it follows that this equality holds for all y€Xy. By
Lemma 2.1, there exists x €Xy such that |x(z2—z1)|>N¢ with fixed ¢>0. Then

[(az, Wy)| = [x(21=22)| [{(a1, @) | = N°[(ar, wy)]- (2.22)
Since a1 #0, we have (a1, @, )#0, and by [1, Theorem 7.3.2],
(a1, Wy)| > [laq || 471 > N 7L (@D,

On the other hand,
(a2, Wy )| < [|azg|| < N7

Hence, we deduce that
N—xLl(d+1)+c < NxLl.

We choose the parameter >0 so that
—nLy(d+1)+c> L. (2.23)

Then when N is sufficiently large, we get a contradiction.

Case 3. a17#0 and x(z1){a1, @y )+x(22){a2, Wy)F#0 for all x€Xy. This is the most
difficult part of the proof.
Since a1 #0, we have (a1, @, )#0, and, by [1, Theorem 7.3.2],

(@, @y )| > [lay || 747 > N7k dFD),

We set u=—{(az, @y)/(a1, @y ). By Lemma 2.1, there exists x € Xy such that |x(z1)|>N¢
with fixed ¢>0. It follows from (2.18) that for this x, we have the estimate

Lo+1
N )_ « N#(Lat1+Li(d+1))—c. (2.24)

Ix(22—z1)u—1| < Ix(z0)| [{ay, @y)|
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Let Kl :%(L2+1+L1(d+1))70
Next, we compare this estimate with the lower estimate provided by Proposition 2.2.
We note that

H (u) = [ T max{|{ar, @y)]o, [{az, @), } /1,

v

For all non-Archimedian places v,

[{ai, wy) o <1,
and for all Archimedian v,

[{ai, D)o < [lasl| < N7

Therefore,

H(u) < N¥2, (2.25)
where Ko:=3L} with fixed L} >0. We take the parameter >0 so that

Ko=) <1. (2.26)
Then assuming that N is sufficiently large, we obtain

log(coH (1)) < log(cy N52) <log N, (2.27)

where ¢4, >1 depends on the implicit constant in the estimate (2.25). We recall that we

have chosen the indices so that
IOgNZ H22—2’1||.

Since (2.27) holds, Proposition 2.2 applies, and we deduce that

(22— 21 )u—1| > exp (—c1 log(co H (1)) log (W) ) .

Without loss of generality, we may assume that ¢3>e. Since the function z+—xlog(C/x)

is increasing for x<C/e, we deduce that

cglog N
IX(z2—z1)u—1] > exp (_Cl log(c,N"2) log (10g(c§]\ﬂ<2)>)

> exp(—c1 log(chyN™2) log(cs K5 ).

(2.28)
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Comparing (2.24) and (2.28), we conclude that
Kjlog N+ My < Ky log N+ My, (2.29)

where K}:=—c1Ks log(c;gKgl), Msy:=—cy log cl log(czz,K;l), and M is determined by
the implicit constant in (2.24). We observe that, as »—0", K,—0~ and K;——c<0.

Therefore, taking the parameter >0 sufficiently small, we may arrange that
K} > K. (2.30)

Then when N is sufficiently large, (2.29) fails. This shows that either (2.15) or (2.16)
fails, and (2.14) holds when N is sufficiently large. Now we have verified the claim (2.12)
and completed the proof of Theorem 1.1 under the irreducibility condition.

In order to prove Theorem 1.1 in general, we observe that using the same argu-
ment, one can deduce the following more general version of the estimate (2.12): for all
sufficiently large N defined in (2.7),

1

7/ fl(hlﬁl(exp(vl+Do¢(zl)b))A)f2(hgﬂg(exp(vngDa(zQ)b))A) db
1Bl /5

_ ( [ s du) ( /.5 du)+O(N_”||f1||ce|lelce)

uniformly over the cubes B, hy, ho €G, v1,v2€ L(G), and automorphisms 3; and (B2 of G
which act trivially on G/G’. Indeed,

(2.31)

/B fl (hlﬁl (exp(vl +Da(21)b))A)f2(h262 (exp(vg +DO¢(22)b))A) db

= L fl(hl EXp(Dﬁl (Ul)+Dﬂ1DOZ(Zl)b)A)f2(hQ exp(Dﬁg (v2)+D52Da(22)b)A) db,

and to prove (2.31), we can apply Theorem 2.3 to the map
k k
Lt —s <v'1 +Z t; D1 Da(z1)w;, vy —I—Z tiDﬂQDOé(ZQ)U}i) .
i=1 i=1
As in the above proof, either (2.31) holds, or an analogue of (2.16) holds, but since

DnDp;=Dm, this reduces to exactly the same estimate as (2.16). Therefore, (2.31)
follows. Now we combine (2.31) with the argument (2.8)—(2.13) to deduce that

/Xfo(m)fl(h1ﬂ1(0(21)(15)))f2(h262(a(22)(33)))du(x)

:( / fodu) ( / fldu) ( / fzdu)+0(N”9||f0|c9||f1||00|lelce)

uniformly over hi, ho €G and automorphisms 3; and (B2 of G that preserve A and act

(2.32)

trivially on G/G’. We will use this estimate to establish Theorem 1.1 in general.
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2.6. 3-mixing in general

Let W be the Lie subalgebra of £(G) introduced in §2.5. By [23, Chapter 5, §5], there
exists a closed connected normal subgroup M of G such that M/(MNA) is compact, and

exp(W)gA=MgA for almost every g € G.
Since we may replace the lattice A by its conjugate, we assume that
exp(W)A = MA.

We note that the group M satisfies the following properties:

(i) M is a(Z')-invariant;

(ii) Dm(W) is not contained in a proper rational subspace of L(M/M');

(i) [G, M]cM'.
Properties (i)—(iii) can be verified exactly as in the proof of [9, Lemma 3.4].

We give the proof of Theorem 1.1 using induction on the dimension of X. For this,
we use that X =G/A fibers over Y=G/M A with fibers isomorphic to

R=MA/A~M/(MNA).
The invariant measure on X can be decomposed as
[ tau= [ [ 1) durtr)dur ), rece)
X vy JR

where py and pp are normalised invariant measure on Y and R, respectively. Since the

fibration is a(Z')-equivariant (by (i)),
/ fol@) f1 (@(z1)2) folx(z2)) dpu(z)
X
-/ ( / fo<w~>f1<a<z1><y>a<z1><r>>f2<a<zz><y>a<Z2><r>>duR<r>) duy(y)  (2.33)
Y R
- /F ( /R fo(gr)fl(a(zl)(g)a(zl)(T))fz(a(@)(g)a(Zz)(T))duR(T)> dmp(g),

where F'CG is a bounded fundamental domain for G/MA, and mp is the measure on F'
induced by py. We shall show that for N defined in (2.7) and some 1n>0,

/ folgr) fila(z1)(g)ez1)(r)) f2(a(z2)(9)a(22) (7)) dpr(r)

:(/ folgr) dug(r ></ fi(a(z1)(9)r) dur(r )(/ fala(z)( (ﬂ) (2.34)

O(N""follcell frllcell f2llce)
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uniformly over g€ F.
Suppose that (2.34) holds. Then, combining (2.33) and (2.34), we obtain

/X fo(@) fa (a(z1)2) fo((22)) dpa(z)
- /Y Folw) Ty (a(z1)) Fale(z2)y) diay (9) O follco L fu o | foll o).

where the functions f; on Y are defined by
Z/'—>/sz‘(y7’) dpr(r).
Since dim(Y) <dim(X), it follows from the inductive assumption that, for some 1>0,

/Y Folw) Fi(a(21)9) Fo(z2)y) dpry (9)

=( / foduy) ( [ 5 dw) ( / fgduy>+0(N_"||follce|flllce|f2||ce)
Y Y Y
=( / fodu> ( / fldu) ( / fzdu)w(w-ﬂfonce|f1||ce||f2|ce>,

X X X

and this completes the proof of Theorem 1.1. Hence, it remains to prove (2.34).

To prove (2.34), we write
a(z)(g)=aim;A; witha; € F, m; e M and \; €A, i=1,2.
Then
/Rfo(m‘)fl(a(21)(Q)Q(Zl)(T))fz(a(22)(g)@(Z2)(7“))duR(T)

= /R folgr) fr(aimaBi(a(z1)(r))) f2(azmaBe(a(z2)(r))) dur(r),

where the f3;’s are the maps induced by the automorphisms m—A;mA; 1. We observe
that because of (ii), W C L(M) satisfies the irreducibility assumption of §2.5, and by (iii),
the automorphisms §; act trivially on M/M’. Hence, (2.32) holds. We apply (2.32) to
the functions on R defined by

do(r):= folgr) and ¢;(r):= fi(a;r), i=1,2.
This gives

/R¢o(f)¢1(mlﬂl(04(21)7“))@(mzﬁQ(a(Zz)T))duR(T)

_ < [ 40 duR> ( [ duR) ( I duR>+0<N"||¢o||ce||¢1||ce|¢zce>
_</fogrd,uR )(/ﬁ a(z1)(g)r) dur(r )(/fz a(z2)( d#R())

FOWN " follcel frllcell f2llco)-
This implies (2.34) and completes the proof of Theorem 1.1.
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3. Higher-order mixing

The aim of this section is to prove Theorem 1.2. We shall use the notation introduced
in §2.1. In §3.1 we prepare Diophantine estimates. Then in §3.2 we give a proof of
Theorem 1.2 under an irreducibility condition, and in §3.3 we give a proof in general
using an inductive argument.

We note that it is sufficient to prove Theorem 1.2 for a collection of functions
fi€L>®(X) which is dense in L'(X). Hence, we may assume that fo,..., fs€C?(X).

Furthermore, we may assume that zo=0.

3.1. Diophantine estimates

Let K be a number field and S be a finite set of places of K containing all the archimedean
places. We denote by Ug the ring of S-units, namely, the group of elements x in K such
that |z|,=1 for v¢S. For a vector Z€ K*®, we define its (relative) height by

H(#) = [[ max{1, 2]},

where v runs the set of all places of K, and ||Z||,=max; |z;|,.

PROPOSITION 3.1. Let vE€S and by,...bs€ K\{0}. Then for every >0, the inequal-
ity

by +Z bjmj

=2

<H(7)® (3.1)

v
has finitely many solutions T€Ug such that no proper subsum of b1+Z;=2 bjr; vanishes.

We call such solutions of (3.1) non-degenerate.

We give a simple proof of the proposition which is based on the classical W. Schmidt
subspace theorem. We note that this proposition is closely related to results about
finiteness of the number of solutions of S-unit equations. For S-unit equations the number
of non-degenerate solutions can be estimated explicitly. For instance, we refer to a
remarkably uniform bound in [7]. Since explicit bounds on the number of solutions do

not play any role in our arguments, we do not pursue this direction here.

Proof. We prove the proposition by induction on s. Note that, when s=1, the
statement holds trivially because there are only finitely many solutions of H(Z)<c.

Given a solution Z of (3.1), we set y=(1,Z), and we denote by j,=j,(Z) the first
index j, such that

195, | = ll9llo > 1.
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Partitioning the set of solutions according to the index j,, we may assume that this index
is fixed.
We introduce a family of linear forms L,,;(g), with we S and j=1, ..., s, defined by

Yj, if (wvj)#(vajv)a

ij (2]) = 2 . N .
ijyj7 if (’LU,])—(U,]U)-
i=1

Then, if §=(1,Z) corresponds to a solution of (3.1),

H |ij(g)|w:H |yj|wa U)?é?),
j=1

Jj=1

IT12os@)lo =1Lz @ TT lwsle <H @ [T s,
Jj=1 Jj=1

J# G

and, by the product formula,

T IT 12w @)l < Hm) . (3.2)
weS j=1
By the W. Schmidt subspace theorem [1, Corollary 7.2.5], all the solutions of (3.2) are
contained in a finite union of proper linear subspaces of K*. Partitioning solutions of
(3.1) according to these subspaces, we may assume that these solutions additionally

satisfy a non-trivial linear relation
S
Cl+z le‘j:() (33)
=2

with cq,...,c;€K.
Suppose that ¢; #£0. Given a solution Z of (3.3), we pick a minimal JC{2, ..., s} such
that
01+Z cjz; =0. (3.4)
jeg
Then no proper subsum in (3.4) vanishes. It follows from the finiteness of the number of
non-degenerate solutions of unit equations [1, Theorem 7.4.2] that x;, j€J, varies over a
finite set. This shows that for every solution Z of (3.3) there exists jo=2, ..., s such that
xj, belongs to a fixed finite set. Hence, in order to prove finiteness of non-degenerate

solutions (3.1), we may assume that x;, is fixed. Then (3.1) becomes

< H(z)"". (3.5)

v

bi+bjoi,+ Y b,
J#3o
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Since we are assuming that no proper subsum in (3.1) vanishes, by+b;,x;,7#0 and no
proper subsum in (3.5) vanishes either. Let Z'=(x;:j#jo). Then H(z')<H(Z). Hence,
by the inductive assumption, the number of non-degenerate solutions z’ of (3.5) is finite,
and this implies the proposition in this case.

Now suppose that ¢; =0 in (3.3). One of ca, ..., ¢s is non-zero, and for simplicity, we
assume that ¢;#0. Then combining (3.1) with (3.3), we obtain that

b1+z —cjbsc; Vxj| < H(T)7°. (3.6)
Given a solution Z of (3.6), we pick a minimal JC{2,...,s—1} such that

b1+ (bj—cibecy a;| <H(Z)™F, (3.7)
jeJ v

and no proper subsum of b1+, ;(bj—c;jbscs!)x; vanishes. Let #'=(z;:j€J). Since
H(z')<H(Z), it follows from the inductive hypothesis that Z’ belongs to a fixed finite set.
This proves that for every solution Z of (3.1) there exists jo=2, ..., s such that x;, belongs
to a fixed finite set. Now we can finish the argument as in the previous paragraph, and

this completes the proof of the proposition. O

3.2. Higher-order mixing under irreducibility condition

We define the subspace W in L£(G), the set of characters X and the eigenvectors w,
with y€Xy as in §2.5.
In this section we assume that D7 (W) is not contained in any proper rational

subspace. Let {wy, ..., wi} be a fixed basis of W. Consider a box map

1:B— L(G),

k
t—> Z tiw;,
i=1
where B=[0,T7] % ... x [0, Tk].

LEMMA 3.2, Let f1,..., fs€C(X), uy,...,us€L(G), B1,...,3s be automorphisms of
G such that B;=id of G/G', z1,...2s€Z, vy, ...,vs€L(G), and z1,...,xs€X. Then

|;|/B<Hfi(eXp(Ui)Bi(Oé(zi)(GXP(Ui—FL(t))))l‘i)) dt:H/Xfi dpi+o(1)

as min{||z;|, ||z:—z;||:i7#7}—00. Moreover, the convergence is uniform over ui,..., us,
B, ey Bsy V1, ey Vs, T1, - T, and functions f1, ..., fs with || fil]|ce < 1.
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Proof. Tt is sufficient to prove the claim when f1,..., fs belong to a dense family of
functions in C'(X). Hence, without loss of generality, we may assume that the functions
are Holder with exponent 6.

To prove the lemma, we apply Theorem 2.3 to the product nilmanifold X*=G*/A®.
Suppose that the claim of the lemma fails. Then there exist 6€(0,dy) and sequences

fl("), ey S(")GC’@(X), u§”)7...,u§”)e£(0), ﬁ§”),...,5£") which satisfy 5£n):id on G/G,

n), e zé”) €7Z! satisfying

2
ming |20, 2 — 2" 1i £ j} 00 asn— o0,

u§"), ...,vgn)GL(G), and Jﬁgn), 2™ e X such that

‘I;ﬂ J, ( [T (a5 ol ool +L<t>>>>x§”’>> dt—f[l [ du‘

i=1

> 8 [T 1™ lleo.
=1

We set f("):fl(n)®...®fs(n):Xs—>R, u("):(ugn), ...,ug"))EE(G)S7

U B — L(G)*,
t— (DB Da(2™) (™ +4(t)), ..., DB Da(2M) (0™ +4(t))),

and x("):(xgn), ...,xgn))EXS. Then
S
1F o < TTUE Mo
=1

and

1
’|B| / £ (exp(u™ ) exp(e™ (1)) ™) dt— / £ d®5 | 5 £ o
B X

It follows from Theorem 2.3 that there exists (a&”), - agn))E(Zd)s\{O} such that
laf™ ], .., a{™ ]| < 6~F <1 (3.8)

and
S 7L2

S (0™, DrDBM Da(=") (w))| < =

Jj=1

<1 foralli=1,... k. (3.9)
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Since ﬁj(-") =id on G/G’, we have DwDﬂj(n) =Dn. We rewrite (3.9) in terms of vectors
wy, XEXo, that satisfy Da(z)w,=x(z)w, for z€Z!. Since each w, can be written as a

linear combination of the w;’s, it follows from (3.9) that

Z X(z](n))(a§"), Dr(wy))| <1 for all x € Xp. (3.10)
j=1

We observe that, because of (3.8), the tuple (agn)7 s agn)) varies over a finite set. Hence,
passing to a subsequence, we may assume that (3.10) holds for a fixed tuple (ay,...,as)€
(Z4)*\{0}. After changing indices, we may assume that a;#0 for j=1,...,s', and a;=0
for j>s'. We note that this implies that

bj:=(a;, Dm(wy))#0 forall j=1,...,s and x € Ap.

Indeed, if (a;, Dm(w,))=0 for some j and x, then taking Galois conjugates we obtain
that (a;, Dw(w,))=0 for all x€X,. This implies that D7 (W) is contained in a proper
rational subspace and contradicts the irreducibility assumption.

We may cancel vanishing subsums from (3.10), and passing to a subsequence, we
may assume that no proper subsum in (3.10) vanishes.

Passing to a subsequence and changing indices, we may also assume that

max 2= |7 (3.11)

By Lemma 2.1, there exists fixed ¢>0 such that
max |x(2)| = exp(c|lz|), zeZ. (3.12)

XEXo

Hence, passing to a subsequence, we may assume that
Xo(z1™)] 2 explel| 1™ )

holds with a fixed xo€Xy. For this xo, (3.10) gives

S/
bot+ Y by | < exp(—el|=1"|I). (3.13)
j=1
where f;n)3:X0(Zj(n)—z§n)). It is clear that the b;’s and xgn)’s are S-units in a fixed

number field, and to derive a contradiction, we apply the estimate of Proposition 3.1.
We observe that there exists ¢, >1, v€S, such that

Ixo(2)lo Sexpleollz]), z€Z'.
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Hence,

)|y (50
i le=Ixolz;" =

& xo(28™ = 2™ < expley |28 — 2™,

and, by (3.11),

H(z™) =[] max{1,2$",, ... 25" ],}

veS
(n) _(n) (n)
<oxp( (e ) g 17 -71) <exn(2( T 171 ).
veS vES
It follows from (3.13) that
bo+ Y bjx;")‘ < H(z™)~, (3.14)

Jj=1

with fixed £>0. According to our construction, no proper subsum in (3.14) vanishes.

Hence, it follows from Proposition 3.1 that x("):XO(z<n) —z%")

; ) runs over a finite set. As

all elements in Xy are conjugate under the Galois action, it follows that X(zj(-n) —ZYL)),
with x€Xj, also runs over a finite set. In particular,
(n)_ (n) 1
max IX(z;7 =2 )< 1.
On the other hand, by (3.12),
(n) _ _(n)
max [x (2" 2 )| = 00.
This contradiction proves the lemma. O

Now we prove Theorem 1.2 under the irreducibility condition. Without loss of
generality, we may assume that zp=0. We fix a fundamental domain FCG for G/A
and set E=exp~!(F). We may arrange that E is bounded and has piecewise smooth

boundary. Then
e (if[lfim(zi)(x))) anto)= [ fo(eXP(U)A)(Efi(eXP(Da(Zi)U)A)> du,

where du denotes a suitably normalised Lebesgue measure on £(G). We choose a basis
of L(G) that contains the fixed basis {w;}; of W and tessellate L£L(G) by cubes C' of size
€ with respect to this basis. Then

‘E\ U C‘<<s. (3.15)

CCE
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For all uy,useC,
| folexp(u1)A) — fo(exp(uz)A)| < &”. (3.16)

Here and later in the argument the implied constants may depend on the Hoélder norms
of fo,..., fs. For every cube C, we pick a point uc€C. Then it follows from (3.15) and
(3.16) that

/ Jo(exp(u <Hfz exp(Da(z;)u )A)) du
=, / folexp(u (Hfz exp(Da(z;)u)A )) du+0(e) (3.17)

CCE

= Z fo(exp(uC)A)/C(Hfi(exp(Da(zi)u)A)> du—l—O(s‘g).

CCE

Each cube C in the above sum can be written as C=B’+B, where B is a cube in W
and B’ is a cube in the complementary subspace.
Let

N=N(z,...,zs) :=min{||z]||, |z: —z;|| : t £ j }.

It follows from Lemma 3.2 that

|;|/B<ﬁfi(exp(vi+Da(zi)(b))A)> db—>1_i[/xf¢ dp (3.18)

as N—o00, uniformly over vy, ...vs€L(G) and the cubes B (note that all the cubes are

translates of a fixed cube). Hence, it follows that

|é/C(iljlJ‘}(exp(Doz(zi)(u))A)) du

- B/|1|m///B(if[lf,»(exp(Da(zi)(b’)—i—Da(zZ-)(b))A)) dbdbqiﬁl/x fi dp

as N —o00. Combining this with (3.17), we deduce that
/ fo(exp(u <Hfz exp(Da(z;)u )A)) du

( Z Jo(exp(uc)A |C> H/ f,du+<

CCE

0|)o<1>+0<s(’>,

CCE



152 A. GORODNIK AND R. SPATZIER
where clearly > .5 |C|=0(1). Moreover, using (3.16) and (3.15), we deduce that

> suentucnicl= ¥ ( / fo(expu)) du+0(1cle”)

CCE CCE

/fo exp(u)A) du+0O(e /fod;hLO( ).

This implies that

/Xfo(ﬂﬁ)(l_i[lfi(a(zi)( ) / folexp(u (HfZ exp(Da(z;)u )A)) du
:H/Xfidu—ko(l)—kO(se)

as N —o00. This proves Theorem 1.2 under the irreducibility condition. It is clear from

the proof that convergence is uniform provided that || fol/ce, .., | fs]|co < 1.

3.3. Higher-order mixing in general

We will apply an inductive argument which uses the result of §3.2 as a base case. In fact,

we note that the argument in §3.2 implies that

/. fo<m>(f[lthi@(a@ixx)») du(w)Zﬁ) [ fdwroty 1)

as N=N(z1, ..., zs) 00, uniformly over functions fy, ..., fs with || fi||ce <1, h1, ..., hs€G
and automorphisms (i, ..., 05 of G that preserve A and act trivially on G/G’. Indeed,
Lemma 3.2 implies that in (3.18) we more generally have

|;|/B<Hfz‘(hiﬂi(exp(vi+Da(z¢)(b)))A)> db:H/Xfi dp+o(1)

as N — oo, uniformly over fo, ..., fs with ||f;||ce <1, h1, ..., hs€G, automorphisms i, ...,
Bs, and vy, ...vs€L(G). Then the rest of the argument carries over and implies (3.19).

Let W be the Lie subalgebra of £(G) introduced in §2.5. By [23, §5.5], there exists
a closed connected normal subgroup M of G such that M/(MNA) is compact, and

exp(W)gA=MgA for almost every g€ G.
Since we may replace the lattice A by its conjugate, we assume that

exp(W)A = MA.
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We note that the group M satisfies the following properties:

(i) M is a(Z')-invariant;

(ii) D7 (W) is not contained in a proper rational subspace of L(M/M');

(i) [G, M]cM'.
Properties (i)—(iii) can be verified exactly as in the proof of [9, Lemma 3.4].

To apply induction, we observe that the nilmanifold X=G/A fibers over the nil-
manifold of Y=G/MA with fibers isomorphic to R=MA/A~M/(MNA). The invariant

measure p on X decomposes as

/deu=/y/Rf(yr)duzz(r)dw(y), feC(X),

where py and pp denote the normalised invariant measures on Y and R, respectively.
It follows from (i) that the fibration X =Y is a(Z!)-equivariant. Hence, we obtain

Lﬁ@(ﬁﬁwmwﬁww
=A(LMW(gﬁmwmmmww)ww0www (3.20)

:3A(£Jamw31ﬁmun@munv»)wmvﬂdmﬂm,

where FFCG is a bounded fundamental set for G/MA, and mp is the measure on F
induced by py. We write

a(z)(g)=aimiA; witha, € F,m;e M and \; €A, i=1,...s.
Then
‘AMW(HﬁMMMM®WOWMﬂ
:Lhwﬂgﬁwmmmmmwmmm

where the 3;’s are the transformations of S induced by the automorphisms m~—A;mA; !
of M. By (ii), the subspace W CL(M) satisfies the irreducibility assumption of §3.2, and
by (iii), the automorphisms 3; act trivially on M/M’. Let

oo(r):=folgr) and ¢;(r):= fi(a;r), i=1,...,s.
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Since F'CG is bounded, we have ||¢;||ce < || fil|ce < 1. Hence, it follows from (3.19) that

/Réﬁo(r)(il_i[l@(miﬂi(a(zi( )dﬂR H/¢zdu3+0

as N — oo, uniformly over g€ F', my,...,mse M, and the automorphisms (1, ..., 3s. Since
a;MA=a(z;)(g)MA, this implies that

/ fo<gr>(f[1fi<a<zz—><g>a (1)) dun(r) H /fz a()(g)r) dur(r)+o(1) (3.21)

as N — 00, uniformly over g€ F. Let f; be the function on Y defined by
y»—)/Rfi(yr) dug(r).

Combining (3.20) and (3.21), we deduce that

/. fdx)(if[lfi(auixx)))du(x)z [ 3 (Hfz %) )dm) o1)

as N—o0. Finally, it follows by induction on dim(X) that

/on (Hfz %) )duy H/fzduero )f[/xfid/ﬁro(l)

The above argument implies uniform convergence provided that || follce, ..., || fsllce <1.

This completes the proof of Theorem 1.2.

4. Exponential mixing of shapes

While we have proved exponential 2-mixing and 3-mixing for Z'-actions by automor-
phisms on nilmanifolds, we do not know if exponential mixing of higher orders holds
for them in general. This would require a quantitative version of Proposition 3.1 which
seems to be out of reach of available number-theoretic methods. Nonetheless, we prove

a weak form of exponential mixing where the error term is controlled by

N (20, .-, 2s) = min min Zi—Zj
(0r-0020) = B0 o2y X520
i#£]

with notation as in §2.1. This, in particular, implies exponential mixing for Anosov

shapes—Theorem 1.3.
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THEOREM 4.1. Let a: Z'—Aut(X) be an action on a compact nilmanifold X such
that every «(z), z#0, is ergodic. Then there exists n=n(0)>0 such that, for every
for ey £s€CY(X) and 2, ..., 2, €7,

/X(gfi(a(zi)l‘)> du(m)Zg/xfidu—FO(N*(zo,...,zs)ngﬂfiﬂce). (4.1)

Proof. We adapt the method of the proof of [9, Theorem 1.2] from our previous
paper. Since the proof is quite similar to the argument in this paper, we will only give
an outline.

We take a character y € X' («) and the corresponding eigenvector we L(G). If y is real,
we denote by W the corresponding 1-dimensional eigenspace. Otherwise, we denote by W
the 2-dimensional subspace (w, @W)NL(G). Then Da(z)|w =r(z)w(z), where r(z)=|x(z)|
and w(z) is a rotation. We assume in addition that x>¢ X (). Then W is closed under
the Lie bracket.

We first treat the irreducible case: namely, when D (V) is not contained in a proper
rational subspace. Without loss of generality, N,>1. Then for all i#j, |x(zi—z;)|#1
and after changing indexes, |x(z0)|<|x(z1)|<...<|x(zs)|. We may also assume that zo=0.
We fix a basis of £(G) which contains a basis of W and tessellate £L(G) by cubes of size
€ with respect to this basis. Then the integral

/ fo<x>(f[1fi<a<zi>x>) du(z)

can be approximated by a sum of the integrals

/c<1:[1 f i(eXp(Da(mu)A)) du

with the error of size O(? [[;_, || fllce). Since C=B'+ B, where B is a cube in W and

B’ is a cube in the complementary subspace, the above integral can be written as

/ , /B(f[lfi(exp(Da@)b’+Da(zi)b)A)) dbdb'.

For every cube B, we take a box map tp: [O,S]dim(w)%B that parameterises B. Then,
by [9, Proposition 4.2], there exists >0 such that

|;|[B(lj[lfi(exp(vi+Da(2i)b)A)> db

— o~ dim(W) /[078]@“(“,) (Efi(exp(vi+T‘(Z¢)w(zi)LB(t))A)> dt

i]:ll/xfidquO(U”i]j[lllfllce)
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uniformly over vy, ..., v, €L(G), where c=min{er(z1),r(zs)/r(2s-1); ..., 7(22) /7(21) }. We
note that the Diophantine condition for the box map t—w(z;)ep(t), which is required
in [9, Proposition 4.2], is satisfied because W is spanned by vectors with algebraic co-
ordinates and [1, Theorem 7.3.2] applies. Since this estimate is uniform over the v;’s, it
follows that

|é|/c(i1jlfi(exp(Da(Zi)U)A)> duzilj[l/XfidM-‘rO(O'_%ilj[l||f||C9>a

and we deduce that
/ fom)(if[lfi(a(zi)w)) du(l‘)=f[l [ du+0<(59+a"‘)£[1||f|ce)-

We refer to the proof of [9, Theorem 1.2] for details. Choosing e=7(z;)~/? implies the
claim of the theorem in the irreducible case.

To give a proof in general, we use induction on dim(X). This argument is very
similar to §2.6. If exp(W)A#X, we consider the a-equivariant fibration X =Y defined

by the closure. The above argument implies that

/ fo<x>(if[1fi<hi@(a<zi>x>>) d“(x)_iﬁl |5 du+0<N*”f[1||fllce>

uniformly over hy,...,hs€G and automorphisms i, ..., Bs € Aut(X) that act trivially on
G/G'. (In fact, this uniformity was part of [9, Proposition 4.2].) Then as in §2.6,

/ fo<x>(if[1fi<a<zi>x>) du(z)
-/ ﬁ(m)(if[lﬁ(a(zi)x)) duy(x)+0<N*”f[1llfcs),

where fo, ..., fs€C?(Y). Now the claim follows by induction on dimension. O

Remark 4.2. In the irreducible case of the above proof, we can replace N, (zo, ..., 25)
by

N.(z0,...,25) := max min
xX€X'(a) |x(zi—z;)[21
i#]

which provides a better estimate.

Proof of Theorem 1.3. We note that if in Theorem 4.1 we assume that a(z; —z;) are
Anosov for all i#j, then N.(zg,...,2s)>1 and N.(nz,...,nzs)=N.(z0,...,25)". Hence,
Theorem 1.3 follows directly from Theorem 4.1. O
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5. Cocycle rigidity

We now apply exponential 2-mixing to prove smooth cocycle rigidity for genuinely higher-
rank abelian actions by automorphisms of nilmanifolds—Theorem 1.5. The proof is based
on the “higher-rank trick” from [11].

Let Z!— Aut(X) be an action on a compact nilmanifold X and c¢:Z!x X =R be a
cocycle. Assume that there is a rank-2 subgroup (a,b) of Z! such that all its non-zero
elements act ergodically on X.

First, we note that the map co:Z'—R defined by z— [ ¢(z,z) du(x) is a homomor-
phism by the cocycle property. Then c—cq is also a cocycle, and it will suffice to prove
the theorem for ¢—cy. Thus, we will assume that all functions ¢(z, -) for z€Z! satisfy
Jx c(z, z) du(z)=0.

Let f(x)=c(a,z). We shall show that there exists ¢€ L?(X) such that

f=d¢ea—09. (5.1)
We will apply our previous results [9, §6]. By [9, Theorem 6.1], it suffices to show that

oo

0% = /Xf2 du+2;/x(f°ai)fdﬂz D (fea’,)=0.

i=—00
We note that the assumption of this theorem is verified in [9, §6] using exponential mixing

of a. Let h(z)=c(b?,x). It follows from the cocycle property that
fob? — f =hoa—h.

Hence,
n n

Z (fea'd! — foa') = Z (hoa'™ —hoa') = hoa™ ' —hoa™™,

and it follows from exponential mixing that

oo

%= Z (foa'd?, f) for every j € Z.

On the other hand, by the exponential mixing for the group (a,b) established in Theo-
rem 1.1,

Z (foa'd?, f) < c0.

i,j€Z
This implies that 02=0 and proves (5.1).

Now using the cocycle regularity result [9, Theorem 7.1] established in our previous

paper, we deduce that (5.1) also has a C*° solution. Finally, since a acts ergodically, it
follows from [11, Lemma 4.1] that

c(z,-)=¢oz—¢ for all z€Z".
This completes the proof of Theorem 1.5.



158

[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]

[22]

A. GORODNIK AND R. SPATZIER
References

BowmBIERI, E. & GUBLER, W., Heights in Diophantine Geometry. New Mathematical
Monographs, 4. Cambridge Univ. Press, Cambridge, 2006.

CoORrWIN, L. J. & GREENLEAF, F. P., Representations of Nilpotent Lie Groups and their Ap-
plications. Part 1. Basic Theory and Examples. Cambridge Studies in Advanced Math-
ematics, 18. Cambridge Univ. Press, Cambridge, 1990.

DaMJANOVIC, D., Central extensions of simple Lie groups and rigidity of some abelian
partially hyperbolic algebraic actions. J. Mod. Dyn., 1 (2007), 665-688.

DamiaNovi¢, D. & KATOK, A.; Periodic cycle functionals and cocycle rigidity for certain
partially hyperbolic R* actions. Discrete Contin. Dyn. Syst., 13 (2005), 985-1005.

— Local rigidity of partially hyperbolic actions. II: The geometric method and restrictions
of Weyl chamber flows on SL(n,R)/I'. Int. Math. Res. Not. IMRN, 2011 (2011), 4405—
4430.

EINSIEDLER, M. & WARD, T., Asymptotic geometry of non-mixing sequences. Ergodic
Theory Dynam. Systems, 23 (2003), 75-85.

EVERTSE, J.-H., SCHLICKEWEI, H. P. & ScHMIDT, W. M., Linear equations in variables
which lie in a multiplicative group. Ann. of Math., 155 (2002), 807-836.

FisHER, D., KALININ, B. & SPATZIER, R., Global rigidity of higher rank Anosov actions
on tori and nilmanifolds. J. Amer. Math. Soc., 26 (2013), 167-198.

GORODNIK, A. & SPATZIER, R., Exponential mixing of nilmanifold automorphisms. J.
Anal. Math., 123 (2014), 355-396.

GREEN, B. & Tao, T., The quantitative behaviour of polynomial orbits on nilmanifolds.
Ann. of Math., 175 (2012), 465-540; erratum in Ann. of Math., 179 (2014), 1175-1183.

KATOK, A. & SPATZIER, R. J., First cohomology of Anosov actions of higher rank abelian
groups and applications to rigidity. Inst. Hautes Etudes Sci. Publ. Math., 79 (1994),
131-156.

— Subelliptic estimates of polynomial differential operators and applications to rigidity of
abelian actions. Math. Res. Lett., 1 (1994), 193-202.

LEDRAPPIER, F., Un champ markovien peut étre d’entropie nulle et mélangeant. C. R.
Acad. Sci. Paris Sér. A-B, 287 (1978), A561-A563.

LinD, D. A., Dynamical properties of quasihyperbolic toral automorphisms. Ergodic Theory
Dynam. Systems, 2 (1982), 49-68.

MiLEs, R. & WARD, T.; A directional uniformity of periodic point distribution and mixing.
Discrete Contin. Dyn. Syst., 30 (2011), 1181-1189.

Mozgs, S., Mixing of all orders of Lie groups actions. Invent. Math., 107 (1992), 235-241;
erratum in Invent. Math., 119 (1995), 399.

RaAucH, J. & TAYLOR, M., Regularity of functions smooth along foliations, and elliptic
regularity. J. Funct. Anal., 225 (2005), 74-93.

RODRIGUEZ HERTZ, F. & WANG, Z., Global rigidity of higher rank abelian Anosov alge-
braic actions. Invent. Math., 198 (2014), 165-209.

SCHLICKEWEI, H. P.; S-unit equations over number fields. Invent. Math., 102 (1990), 95—
107.

ScaMmipT, K., Mixing automorphisms of compact groups and a theorem by Kurt Mahler.
Pacific J. Math., 137 (1989), 371-385.

— Dynamical Systems of Algebraic Origin. Progress in Mathematics, 128. Birkh&user,
Basel, 1995.

ScumipT, K. & WARD, T., Mixing automorphisms of compact groups and a theorem of
Schlickewei. Invent. Math., 111 (1993), 69-76.



MIXING PROPERTIES OF COMMUTING NILMANIFOLD AUTOMORPHISMS 159

[23] STARKOV, A.N., Dynamical Systems on Homogeneous Spaces. Translations of Mathemat-
ical Monographs, 190. Amer. Math. Soc., Providence, RI, 2000.

[24] WALDSCHMIDT, M., Minorations de combinaisons linéaires de logarithmes de nombres
algébriques. Canad. J. Math., 45 (1993), 176-224.

[25] WANG, Z. J., Local rigidity of partially hyperbolic actions. J. Mod. Dyn., 4 (2010), 271-327.

[26] WARD, T., Three results on mixing shapes. New York J. Math., 3A (1997/98), 1-10.

[27] — Mixing and tight polyhedra, in Dynamics & Stochastics, IMS Lecture Notes Monogr.
Ser., 48, pp. 169-175. Inst. Math. Statist., Beachwood, OH, 2006.

ALEXANDER GORODNIK RALF SPATZIER

School of Mathematics Department of Mathematics
University of Bristol University of Michigan
Howard House, Queens Ave. Ann Arbor, MI 48109
Clifton, Bristol, BS8 1SD U.S.A.

U.K. spatzierQumich.edu

a.gorodnik@bristol.ac.uk

Received May 9, 2013
Received in revised form July 11, 2014


mailto:Alexander Gorodnik <a.gorodnik@bristol.ac.uk>
mailto:Ralf Spatzier <spatzier@umich.edu>

	Mixing properties of commuting nilmanifold automorphisms

	1 Introduction
	1.1 Main results
	1.2  Applications to rigidity
	 Acknowledgements

	2 Exponential 3-mixing
	2.1 Notation
	2.2 Estimates on Lyapunov exponents
	2.3 Diophantine estimates
	2.4 Equidistribution of box maps
	2.5 3-mixing under an irreducibility condition
	2.6 3-mixing in general

	3 Higher-order mixing
	3.1 Diophantine estimates
	3.2 Higher-order mixing under irreducibility condition
	3.3 Higher-order mixing in general

	4 Exponential mixing of shapes
	5 Cocycle rigidity
	References




