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1. Introduction

Kadison and Kastler initiated the uniform perturbation theory of operator algebras in
[32]. They considered the collection of all operator algebras acting on a fixed separable
Hilbert space and equipped this set with a metric induced by the Hausdorff distance
between the unit balls. In general terms, this means that two algebras A and B are close
if each element in the unit ball of one of them can be closely approximated by an element
in the unit ball of the other one. They conjectured that suitably close operator algebras
must be unitarily conjugate and this has been verified in various situations. For von
Neumann algebras, the injective case was settled in [9] and [49]. It is also known to be
true for certain special classes of separable nuclear C*-algebras, including the separable
approximately finite-dimensional (AF) algebras [11], [33], [44], [45]. In this paper, our
primary purpose is to give an affirmative answer to Kadison and Kastler’s question when
one algebra is a separable nuclear C*-algebra, a hypothesis which automatically implies
the same property for nearby algebras. In this introduction we discuss these results in
qualitative terms; precise estimates will be given in the main text.

The original question of Kadison and Kastler leads naturally to the more general
one-sided situation of near inclusions of two C*-algebras A and B introduced by the first

named author in [11]. Heuristically, this means that every element of the unit ball of
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A can be approximated closely by some element of the unit ball of B, but we do not
require a reverse approximation. The reformulation of Kadison and Kastler’s question
in this context is to ask whether an embedding of A into B can be found whenever A is
very nearly included in B. We are also able to resolve this problem positively in three
situations:

(i) when A is separable, has finite nuclear dimension and no hypotheses are imposed
on B;

(ii) when A is separable, unital and has approximately inner half-flip and no hy-
potheses are imposed on B;

(iii) when A is separable and both algebras are nuclear.

The notion of nuclear dimension was recently introduced by the last named author
and Zacharias in [57] and extends the decomposition rank defined by Kirchberg and
the last named author in [37]. Non-commutative topological dimension is particularly
relevant in Elliott’s programme to classify nuclear C*-algebras by K-theoretic invariants;
in fact, all separable simple nuclear C*-algebras presently covered by known classification

theorems have finite nuclear dimension.

The first positive answer to Kadison and Kastler’s question was given independently
by the first named author [8] and Phillips [43] when either A or B is a von Neumann
algebra of type I. Combining the results of [9] with those of Raeburn and Taylor [49],
the question was subsequently answered positively when either A or B is an injective
von Neumann algebra. This work was formulated variously in terms of injectivity, hy-
perfiniteness and property P, since it predates Connes’ work on the equivalence of these
notions [14]. The most general statement of these results was later given in [11, Corol-
lary 4.4], where it was shown that if A is an injective von Neumann algebra acting
non-degenerately on some Hilbert space H and B is a C*-subalgebra of B(H), which is
sufficiently close to A, then there exists a unitary operator u€(AUB)” with uAu*=DB.
Furthermore, this unitary operator can be taken to be close to the identity, by which
we mean that ||u—Ig| can be controlled in terms of the distance between A and B.
A continuous path of unitary operators u; connecting ug=Ig to u;=u then leads to a
continuous deformation A;=u;Au;, 0<t<1, of Ag=A into A;=B. In this way we can
regard B as a perturbation of A. The other situation in which Kadison and Kastler’s
question has been resolved for von Neumann algebras is for two close von Neumann sub-
algebras A and B of a common finite von Neumann algebra [10], where again there is
a unitary u€(AUB)" close to the identity with wAu*=B. Perturbation problems have
also been studied in the ultraweakly closed non-self-adjoint setting [17], [39], [47].

We now turn to perturbation results for C*-algebras. A consequence of the results

for injective von Neumann algebras described above and Connes’ work [14] is that any



PERTURBATIONS OF NUCLEAR C*-ALGEBRAS 95

C*-algebra which is sufficiently close to a nuclear C*-algebra is also nuclear [11, Theo-
rem 6.5]. Perturbation results of the form that two sufficiently close C*-algebras A and
B must be unitarily conjugate by a unitary u€(AUB)"” have been established under the
following sets of hypotheses:

(i) either A or B is separable and AF [11] (see also [44]);

(ii) either A or B is a unital or separable C*-algebra of continuous trace [45].
Perturbation results have also been established for certain extensions of the C*-algebras
in the classes above by Khoshkam in [33]. On the near inclusion side, Johnson [31] has
obtained embeddings from near inclusions AC. B when B is a separable subhomogeneous
C*-algebra. In contrast to the injective von Neumann algebra case, we cannot always
expect to obtain an estimate which controls |ju— Iy || in terms of the distance between A
and B. Indeed, Johnson [29] has constructed two faithful representations of C[0,1]@K
on some separable Hilbert space whose images A and B are unitarily conjugate and can

be taken to be arbitrarily close, but for which there is no isomorphism 6: A— B with
[0(z)—z| < 55 |z|| for x € A.

Here, K denotes the algebra of compact operators.

Kadison and Kastler’s original paper [32] shows that sufficiently close von Neumann
algebras have the same type decompositions. Inspired by this work, various authors have
examined properties of close operator algebras: [42] shows that close C*-algebras have
isomorphic lattices of ideals and homeomorphic spectra, while the work of Khoshkam [34],
[35] shows that sufficiently close nuclear C*-algebras have isomorphic K-groups and so
are KK-equivalent if both satisfy the universal coefficient theorem (UCT). The first four
authors considered problems of this nature related to the similarity length in [12].

In full generality, Kadison and Kastler’s question has a negative answer for close
nuclear C*-algebras. In [6] Choi and the first named author gave examples of arbitarily
close nuclear C*-algebras which are not #-isomorphic. These examples are even approx-
imately finite-dimensional, but they are not separable. Our first main theorem, stated
qualitatively below and quantitatively as Theorem 4.3, shows that non-separability is the

only obstruction to an isomorphism result for nuclear C*-algebras.

THEOREM A. Let H be a Hilbert space and let A and B be C*-subalgebras of B(H).
If A is separable and nuclear and B is sufficiently close to A, then there is a surjective

x-isomorphism o: A— B.

Johnson’s examples [29] show that we cannot demand that the isomorphism of The-
orem A is uniformly close to the inclusion of A into B(H). However, our methods do

allow us to specify a finite set X of the unit ball of A and construct an isomorphism
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a: A— B which almost fixes X. This additional control is crucial in obtaining a unitary
operator in the von Neumann algebra W*(A, B, I'y) which conjugates A into B (provided
the underlying Hilbert space is separable). Our second main theorem accomplishes this
and so gives a complete answer to Kadison and Kastler’s question when one algebra is a

separable nuclear C*-algebra. The quantitative version of this theorem is Theorem 5.4.

THEOREM B. Let H be a separable Hilbert space and let A and B be C*-subalgebras
of B(H). If A is separable and nuclear and B is sufficiently close to A, then there exists
a unitary operator u€(AUB)" with wAu*=DB.

To put the techniques involved in Theorem A into context, it is helpful to first
discuss the perturbation results for injective von Neumann algebras from [9]. Given
two close injective von Neumann algebras M, NCB(H ), take a conditional expectation
O:B(H)—N. If we restrict ® to M, we obtain a completely positive and contractive
map (cpc map) ®|p; from M into N which is uniformly close to the inclusion of M into

B(H). Then ®|,; is almost a multiplicative map, in that

sup [|®(u)®(u’) -1
weU(M)

is small. The main idea behind [9] is to use injectivity of M to show that a completely
positive contractive normal map W: M — P which is almost multiplicative must be uni-
formly close to a x-homomorphism. The x-homomorphism is obtained from ¥ by inte-
grating the Stinespring projection for ¥ over the unitary groups of an increasing family
of dense finite-dimensional subalgebras of M and so this can be regarded as an averaging
result. Modulo technicalities regarding normality, this procedure can be applied to ®|as
to obtain a x-homomorphism from M onto N which is close to the inclusion of M into
B(H). A second averaging argument is then used to show that such maps are spatially
implemented. The general question of when approximately multiplicative maps between
Banach algebras are close to multiplicative maps has been studied by Johnson [30].

Now suppose that we have two close C*-algebras A and B on some Hilbert space H
and that one of these algebras is separable and nuclear. Results from [11] show that both
algebras must then be separable and nuclear. We do not have a conditional expectation
onto B which we can use to obtain a cpc map A— B uniformly close to the inclusion
of A into B(H), but we can use Arveson’s extension theorem [1] to produce completely
positive maps from A— B which approximate this inclusion on finite subsets of the unit
ball of A (see Proposition 2.16). Accordingly, we develop point-norm versions of the
averaging techniques from [9] for nuclear C*-algebras. This is the subject of §3 and the
critical ingredient is the amenability of a nuclear C*-algebra established by Haagerup in

[23]. The first of these lemmas (Lemma 3.2) enables us to obtain cpc maps A— B which
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are almost multiplicative on a finite set Y of the unit ball of A up to a specified tolerance
¢ from cpc maps A— B which are almost multiplicative on some finite set X of the unit
ball of A up to a fixed tolerance of 1—17 The set X can be thought of as a Fglner set for
Y and €. We can apply this lemma to the cpc maps arising from Arveson’s extension
theorem to produce cpc maps A— B which are almost multiplicative on arbitrary finite
sets of the unit ball of A up to an arbitrary small tolerance. The next stage is to
construct a x-homomorphism A— B as a point-norm limit of these maps. Our second
lemma (Lemma 3.4) enables us to conjugate these maps by unitary operators to ensure
this point-norm convergence. An intertwining argument (Lemma 4.1), inspired by [11,
Theorem 6.1] and those in the classification programme, gives a #-isomorphism A— B.

At this point separability of A is crucial.

It is perhaps worth noting that we use a variety of characterisations of nuclearity
in the course of the proof of Theorem A. The equivalence between nuclearity of A and
injectivity of A** is used in [11] to show that nuclearity transfers to close C*-algebras.
The characterisation by the completely positive approximation property, due to Choi and
Effros [7], allows us to find cpc maps A— B, and the amenability of nuclear C*-algebras

[23] is an essential ingredient for converting these maps into a #-isomorphism A— B.

We now turn to Theorem B. Earlier results from [11] and elementary techniques
enable us to reduce to the situation of two close separable nuclear C*-algebras A and
B which are non-degenerately represented on some separable Hilbert space and have
the same ultraweak closure. By repeatedly applying Theorem A and Lemma 3.4, we can
construct a sequence {uy, }52; of unitary operators such that lim,,_,o, Ad(u,) converges in
point-norm topology to an isomorphism between A and B. If this sequence was *-strongly
convergent to a unitary operator, then this unitary operator would implement a spatial
isomorphism between A and B. However there is no reason why this should be so; indeed
the sequence {uy, }5°  is not even guaranteed to have a non-zero ultraweak accumulation
point. Instead we explicitly modify the sequence {u,}52 to force the required #-strong
convergence while still retaining control over the point-norm limit of the Ad(u,,)’s. This
adjustment procedure is inspired by Bratteli’s classification of representations of AF
algebras [3, §4], which in turn builds upon the work of Powers for uniformly hyperfinite
(UHF) algebras in [48]. A key observation in this work is that if A is a C*-algebra
non-degenerately represented on H with ultraweak operator closure M=A" and F is a
finite-dimensional C*-subalgebra of A, then (F'NA)”"=F'NM. The Kaplansky density
theorem then enables unitary operators in M commuting with F' to be approximated
in #-strong topology by unitary operators in A commuting with F. In Lemma 3.7 we
prove a Kaplansky density theorem for unitary operators with a uniform spectral gap

which approximately commute with suitable finite sets, again using amenability of nuclear
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C*-algebras. Using this result, a technical argument enables us to make the suitable
adjustments to the sequence of unitary operators {u,}>2; described above to prove
Theorem B. This is the subject of §5.

The procedure used to obtain Theorem A forms the basis of our near inclusion
results. Given a sufficiently small near inclusion of A in B with A separable and nuclear,
our intertwining argument gives an embedding A< B whenever we can produce cpc maps
A— B which almost fix finite sets in the unit ball of A (up to a tolerance depending on
the near inclusion constant). In two situations the existence of these maps is immediate:
when B is nuclear the maps are given by Arveson’s extension theorem, while if A is unital
and has approximately inner half-flip the maps are given by [11, Proposition 6.7]. The
third, and least restrictive, hypothesis under which we can produce these maps is when
A has finite nuclear dimension. Here further work is required to construct our cpc maps.
Using the completely positive approximation property for nuclear C*-algebras, [7], we
can approximately factorise the identity map on a nuclear C*-algebra A through matrix
algebras M, using cp maps. When A has finite nuclear dimension n, these factorisations
have additional structure: the maps M — A decompose as the sum of n+1 cpc maps
which preserve orthogonality (order-zero maps). The main technical lemma of §6 is a
perturbation result for order-zero maps My — A producing a nearby cpc map My— B
whenever A is nearly contained in B. Combining this with the intertwining argument

gives the theorem below, which is stated quantitatively as Theorem 6.10.

THEOREM C. Let H be a Hilbert space and let A and B be C*-subalgebras of B(H).
If A is separable and has finite nuclear dimension and is nearly contained in B, then
there is an embedding A— B.

Our paper is organised as follows. In the next section we set out the notation
used in the paper, establish some basic facts and recall a number of results from the
literature for the reader’s convenience. In §3 we discuss amenability for C'*-algebras and
give our point-norm averaging results and Kaplansky density result. §4 contains the
intertwining argument (Lemma 4.1) which combines the averaging results of §3 to prove
Theorem A (Theorems 4.2 and 4.3). We also give two near inclusion results and some
other consequences at this stage. §5 contains the proof of Theorem B. We begin §6 with
a review of order-zero maps between C*-algebras and prove our perturbation theorem for
these maps, using this to establish Theorem C. We also recall the salient facts about the
nuclear dimension for the reader’s convenience. We end the paper in §7 with some sample
applications of our techniques to other situations. Firstly we give a strengthened local
characterisation of inductive limits of finitely presented weakly semiprojective nuclear

C*-algebras. Secondly we revisit our perturbation theorem for order-zero maps to show
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that the resulting map can also be taken of order zero, and we close by presenting an
improved characterisation of Z-stability for nuclear C'*-algebras.

This paper provides the details of the results announced in [13].
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2. Preliminaries

In this section we establish notation and recall some standard results. We begin with

Kadison and Kastler’s metric on operator algebras from [32].

Definition 2.1. Let C be a C*-algebra. We equip the collection of C'*-subalgebras of
C with a metric d by applying the Hausdorff metric to the unit balls of these subalgebras.
That is d(A, B)<+ if and only if for each z in the unit ball of either A or B, there exists
y in the unit ball of the other algebra with ||z —y||<7.

In the second half of the paper, we shall also use the notion of near containment

introduced in [11].

Definition 2.2. Suppose that A and B are C*-subalgebras of a C*-algebra C and let
~v>0. Write AC, B if given  in the unit ball of A there exists ye B with ||z —y||<v. Note
that we do not require that y lie in the unit ball of B. Write AC, B if there exists 7/ <~y
with AC,,B. For subsets X and Y of the unit ball of a C*-algebra with X finite, the
notation X C,Y will mean that each x€ X has a corresponding element y€Y satisfying
lz—y|| <7, and X C,Y will mean that each x€ X has a corresponding element y€Y such
that ||z —y[/<~.

Remark 2.3. An equivalent notion of distance between C*-algebras was introduced
in [11] using near containments. Define do(A, B) to be the infimum of all v for which
AC,B and BC,A. The difference between dy and d arises from the fact that we do
not require the y in Definition 2.2 to lie in the unit ball of B. It is immediate that
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do(A, B)<d(A, B)<2dy(A, B), but the function dy does not appear to satisfy the triangle
inequality; for this reason we prefer to work with the metric d.

The following proposition is folklore. We will use it to obtain surjectivity of our

isomorphisms.

PRrROPOSITION 2.4. Let A and B be C*-algebras on a Hilbert space with ACB and
BcC1A. Then A=B.

The next proposition records some standard estimates. The first statement follows

from [8, Lemma 2.7] and the second can be found as [41, Lemma 6.2.1].

PROPOSITION 2.5. (1) Let = be an operator on a Hilbert space H with ||x—Ig|<1

and let u be the unitary operator in the polar decomposition of x. Then
lu—=Tx | < V2|2 —Iul|.

(2) Let p and q be projections in a unital C*-algebra A with ||p—q||<1. Then there
is a unitary u€ A with upu*=q and ||u—1||<V/2 ||p—q|.

On occasion we will need to lift a near inclusion AC,B to a near inclusion of a
tensor product AQ DC,, B®D. This can be done when D is nuclear and A has Kadison’s
similarity property [11, Theorem 3.1]. The version of these facts below is obtained by
specialising the results of [12, §2] to the case where A is nuclear (and so has length 2
with length constant at most 1).

PROPOSITION 2.6. ([12, Corollary 2.12]) Let A, BCB(H) be C*-algebras with AC,
B for some v>0 and assume that A is nuclear. Given any nuclear C*-algebra D, we
have A®DCoyyn2 BRD inside B(H)®D.

We also need a version of the previous proposition for finite sets which we state in the

context of amplification by matrix algebras, see [12, Remark 2.11].

PROPOSITION 2.7. Let A be a nuclear C*-algebra on some Hilbert space H. Then
for each neN and each finite subset X of the unit ball of AQM,,, there is a finite subset
Y of the unit ball of A with the following property: Whenever B is another C*-algebra
on H with Y C, B for some v>0, then X Cy, 12 BOM,,. In particular if AC,B, then
A®M, Coyqr2 BOM, for all neN.

Remark 2.8. Note that the same result holds for rectangular matrices, that is, under
the same hypotheses as in the proposition, given a finite subset X of the unit ball of
M« (A®M,,) for some r,n€N, then there is a corresponding finite subset Y of the
unit ball of A such that whenever Y C, B, then X Co. 12 M,(B®M,,). This follows by
working in M, (B(H)®QM,,)=B(H)®M,., and then cutting down after the approximations

have been performed.
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In §4 and §5 we need to transfer nuclearity and separabilty to close subalgebras, so
that our main results only require hypotheses on one algebra. The next two results enable
us to do this. The first is due to the first named author and requires the equivalence
between nuclearity of A and injectivity of the bidual A**, see the account in [4]. The
second is folklore, appearing in the proof of [11, Theorem 6.1], for example. We give a

proof of the latter statement for completeness.

PRrROPOSITION 2.9. ([11, Theorem 6.5]) Let A and B be C*-subalgebras of some

C*-algebra C with d(A, B)<ﬁ. Then A is nuclear if and only if B is nuclear.

PRroOPOSITION 2.10. Let A and B be C*-subalgebras of some C*-algebra C with
BCyoA. If A is separable, then B is separable.

Proof. Suppose that A is separable and suppose that BC; /5 A. Fix 0<’y<% with
BC,A. Take 0<e<1—2v and let {b;:j€I} be a maximal set of elements in the unit ball
of B such that ||b; —bg||>1—¢ when j#k. For each j€I, find an operator a; in the unit
ball of A with |la;—b;||<~v. For j#k, we have ||a;—ay||>1—e—2v>0, so separability of
A implies that I is countable. Let C' be the closed linear span of {b;:j€I}. If C#B, take
a unit vector € B/C and write x=y+C for some y with 1<]||y||<1+e. Let g=y/| vl
If ||§—b;]|<1—e¢ for some j, then

zll5/c <lly=bill < ly=oll+17=b;ll <e+1-e=1,

which is a contradiction. Thus we can adjoin y to {b;:j€I} contradicting maximality.
Hence B=C and so B is separable. O

In §5 we shall conjugate C*-algebras by unitary operators to reduce to the situation
of close separable nuclear C*-algebras which have the same ultraweak closure using the
next two propositions. The first is [12, Proposition 3.2], while the second was established
in [11]. Note that the distance used in [11] is the quantity dp described in Remark 2.3.
We restate the result we need in terms of d and add a shared unit assumption which is

implicit in the original version.

ProPOSITION 2.11. Let A and B be C*-subalgebras of a unital C*-algebra C sat-
isfying d(A, B)<7<i. Then A is unital if and only if B is unital. In this case there is
a unitary u€C with |[u—1¢||<2v2y and ul qu*=1gp.

PROPOSITION 2.12. ([11, Corollary 4.2 (c)]) Let M and N be injective von Neumann
algebras on a Hilbert space H which share the same unit. If d(M, N)<7<%, then there
exists a unitary u€(MUN)" with uMu*=N and |ju—Ig|<12y.
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Distances between maps restricted to finite sets will be a recurring theme in the
paper, as will be maps which act almost as x-homomorphisms, so we formalise these

with the following notational definitions.

Definition 2.13. Given two maps ¢1, ¢2: A— B between normed spaces, a subset
X CA and >0, write ¢p1/x @2 if ||¢1(x)—P2(2)||<e for all z€X. When A and B are
both subspaces of B(H), we use ¢ to denote either inclusion map, so ¢~ x ¢ means that
llp1(z) —z||<e for zeX.

Definition 2.14. Let A and B be C*-algebras, X a subset of A and £>0. A bounded
linear map ¢: A— B is an (X, ¢)-approximate x-homomorphism if it is a completely pos-

itive contractive map (cpc map) and the inequality
[p(x)p(x*) —p(aa™)|| <e, xeXUX™,

is satisfied.

The following well-known consequence of Stinespring’s theorem, which can be found
as [36, Lemma 7.11], shows why we only consider pairs of the form (z,z*) in the previous

definition.

ProPOSITION 2.15. Let ¢: A— B be a cpc map between C*-algebras. For x,y€ A,

16(zy) —d(@)$()I| < lld(wa™) —p(a)d(z") /2 lyll.

Given a near inclusion AC, B, the next two results give conditions under which we
can find cpc maps A— B which approximate on finite sets the inclusion map of A into
the bounded operators on the underlying Hilbert space. Our first result of this type is an
application of Arveson’s extension theorem [1]. It uses the characterisation of nuclearity,
due to Choi and Effros [7], in terms of approximate factorisations of the identity map
by completely positive maps through matrix algebras. The second is a version of [11,
Proposition 6.7], for unital C*-algebras with approximately inner half-flip. We include a
proof here to remove the implicit assumption of a shared unit of the original version. A

third result of this type will be obtained in §6 when A has finite nuclear dimension.

PRrROPOSITION 2.16. Let A and B be two C*-algebras on a Hilbert space H with B
nuclear. Given a finite set X in the unit ball of A with X C B, there exists a cpc map
¢: A= B such that ||¢(x) —x|| <27 for xeX.

Proof. Since X C, B, we may choose 7' <7 such that X, B. Let e=2(y—~")>0.
Find a finite subset Y of B such that X C. Y. Use the nuclearity of B to find a finite-
dimensional C*-algebra F' and cpc maps o: B—F and : F—B so that Bca~y idp.
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Arveson’s extension theorem [1] allows us to extend « to a cpc map a:B(H)—F. For a
given z€ X, choose y€Y such that ||z—y|<v'. Then

18(a(z) —=|| < [|Ba(z—y)lI+18@(y)) —yll+ |z —yll <29+ =27,

so the result holds with ¢p=0-a]4. O

Recall that a unital C*-algebra A has approzimately inner half-flip if the following
condition is satisfied. Given a finite subset F'C A and £>0, there exists a unitary operator
u in the spatial C*-tensor product A® A such that

lu(l@z)u* —2x®@1||aga <&, z€F.

Such C*-algebras are automatically nuclear by the proof of [20, Proposition 2.8]. The
next result is established by reducing to the case where A and B are both unital with

the same unit and then following [11, Proposition 6.7].

ProroSITION 2.17. Let A and B be C*-algebras on a Hilbert space H. Suppose
that A is unital with approximately inner half-flip and AC, B for 7<%. Then for all
finite sets X in the unit ball of A, there exists a cpc map ¢: A— B with

|p(x) —z| < S8at4a’+4v2y, z€X, (2.1)

where a=(4v/2+1)y+4v/2+2.

Proof. Fix v/ <~ such that AC,, B. By [8, Lemma 2.1], find a projection pe B with
lp—14]|<2v'. By part (2) of Lemma 2.5, find a unitary v on H with upu*=14 and
|lu—Ig||<V2|p—1al|. Define By=u(pBp)u*=14uBu*14 so that A and By are both
unital and share the same unit. Given z in the unit ball of A, there exists y€ B with

lx—y||<v'. Then
2 —Lauyu*La|| < |z —uyu®|| < |lz—yll+2llu—Ig|l |y <7 +4vV2y' (1+7).

Thus AC, By, where o/ =+ +4v/27'(1+7).
Fix a finite subset X of the unit ball of A and set e=a—a’>0. As A has approxi-
mately inner half-flip, find a unitary v€ A® A with ||[v(1®x)v* —2x®1| <e for z€ X. Since

A is nuclear, Proposition 2.6 gives some w in the unit ball of By® A with

! 2
—w|| < )
lv—w| <2(2a' +a'%)
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Given a state ¢ on A, let Ry: C*(By, A)® A— By be the cpc slice map induced by ¢ and
note that Ry(Bo®A)=DBy. Then ¢(x)=u*Ry(w(l®z)w*)u defines a cpc map A— B,

since u*BouCB. For € X, we have

[¢(z) —z| < [|¢p(z) = Ry (w(1@z)w™) [+ | Ry (w(l@z)w") — Ry (v(1@z)v")||
1Ry (v(1®@z)v") —|
L2llu—Ig||+2|lw—v|+e
<4AV2v+8a+4a?,

o (2.1) holds. O

As is often the case in perturbation theory, improved constants can be obtained in
Proposition 2.17 under the assumption that A and B share the same unit. This is also
true for many of our subsequent results. In order to provide a unified treatment of the

unital and non-unital cases, we use two distinct unitisations in this paper, detailed below.

Notation 2.18. If A is a C*-algebra, we write A for the following unitisation of A.
When A is concretely represented on a Hilbert space H, the algebra A is obtained as
C*(A,ea), where ey is the support projection of A. Given a cpc map ¢: A— B, with A
non-unital, it is well known that we can extend ¢ to a unital completely positive map
(ucp map) ¢: At — Bt by defining ¢(141)=1p5t (see [51, §1.2] or [4, §2.2]). However in
the next section we will consider cpc maps ¢: A— B, where A may be unital and it is
convenient to also convert these to ucp maps. To this end we also use an alternative
unitisation of A. Take a faithful representation m of A on a Hilbert space H and form
the Hilbert space H=H&C. The representation 7 extends to H by

( m(z) 0 )
T — .
0 0
We define A=C*(n(A), T 77)- This construction is independent of the faithful represen-

tation 7, and we note that A is always a proper norm closed ideal in A. Tt follows that

any cpc map ¢: A— B can be extended to a ucp map (;NS: A—Bf.

Many of our results have a hypothesis of the form d(A, B) <y<K, where K is some
absolute constant, for example K =10"1! in Theorem 5.4. These constants are certainly
not optimal, even for our methods, although we have attempted to make them as tight
as possible. In the interests of readability, we have often rounded up multiple square

roots to appropriate integer values.
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3. Approximate averaging in nuclear C*-algebras

In this section we exploit the amenability of nuclear C*-algebras to establish point-
norm versions of the averaging results for injective von Neumann algebras in [9]. These
techniques inevitably introduce small error terms not found in the von Neumann results,
since we are unable to take an ultraweak limit without possibly leaving the C*-algebra.
We also use these methods to prove a Kaplansky density result for approximate relative
commutants for use in §5. We begin with a review of the theory of amenability as it
applies to C'*-algebras.

Johnson defined amenability in the context of Banach algebras as a cohomological
property [28] and characterised amenable Banach algebras as those having a virtual
diagonal [27, Proposition 1.3]. Given a Banach algebra A, let A® A be the projective

EES

tensor product. A wvirtual diagonal for A is an element w of (A® A)** with aw=wa and
m**(w)a=a for all a€ A, where m: A® A— A is the multiplication map z®@y+—zy. When
A is a C*-algebra, we can replace the latter condition by m** (w)=14+«. As explained
in [27], virtual diagonals play the role in the context of Banach algebras that the invariant
mean plays for amenable groups.

Connes [15] showed that any amenable C*-algebra is nuclear and Haagerup [23] sub-
sequently established the converse using the non-commutative Grothendieck—Haagerup—
Pisier inequality, [24], [46], to build on earlier partial results of Bunce and Paschke [5].
Haagerup’s proof not only obtains a virtual diagonal for a unital nuclear C*-algebra but

also shows that it can be taken in the ultraweakly closed convex hull of
{z*®x:x €A and ||z| <1},

[23, Theorem 3.1]. This additional property will be of crucial importance subsequently.
In the unital setting, it is natural to ask whether the virtual diagonal can be chosen from
the ultraweakly closed convex hull of {u*®@u:ueU(A)} as occurs for the group algebras
C*(G) of a discrete amenable group G. This is not always the case; this property is
equivalent to the concept of strong amenability for unital C*-algebras [23, Lemma 3.4].
The Cuntz algebras O,, provide examples of nuclear C*-algebras which are not strongly
amenable [50].

An approximate diagonal for a Banach algebra A is a bounded net (z,) in AR A
with [[zaa—azall 45 4—0 and ||m(z4)a—alla—0 for all a€ A. In the unital C*-algebra
case we can replace the second condition by ||m(zs)—14|—0. Approximate diagonals
are closely connected to virtual diagonals, since any ultraweak accumulation point of an
approximate diagonal gives a virtual diagonal, while in [27, Lemma 1.2] Johnson uses a
Hahn—Banach argument to create an approximate diagonal from a virtual diagonal. Just

as a virtual diagonal plays the role of an invariant mean, the elements of an approximate



106 E. CHRISTENSEN, A. M. SINCLAIR, R. R. SMITH, S. A. WHITE AND W. WINTER

diagonal play the role of Fglner sets. To support this viewpoint, note that if G is a

countable discrete amenable group and {F,}>2; an increasing exhaustive sequence of

Fglner sets, then
1 N °
{|Fn| 29 ®g}

geF, n=1

is an approximate diagonal for C*(G). Combining Haagerup’s work [23] on the location
of a virtual diagonal in a nuclear C*-algebra with [27, Lemma 1.2] gives the following

result.

LEMMA 3.1. Let A be a unital nuclear C*-algebra. Given a finite set X CA and
£>0, there ezist contractions {a;}"_, in A and non-negative constants {\;}_, summing
to 1 such that

> Njaja;—1al|<e (3.1)
j=1
and
n n
x(Z)\ja;-(X)aj)—(Z)\ja;@aj)x <&, zeX.
j=1 j=1 A®A

If in addition A is strongly amenable, then each of the a;’s can be taken to be unitary in

A and so (3.1) can be replaced by

n
* —
E )\jajaj = ].A.
j=1

Our next lemma is a point-norm version of [9, Lemma 3.3] for nuclear C*-algebras.

LEMMA 3.2. Let A and D be C*-algebras and suppose that A is nuclear. Given a
finite subset X of the unit ball of A, e>0 and 0<p<(25v/2)~", there exists a finite subset
Y of the unit ball of A (depending only on X, A, e and p) with the following property:
If ¢: A= D is a (Y,v)-approzimate x-homomorphism for some < %,

an (X, €)-approzimate *-homomorphism 1: A— D with ||¢p—1| <8V2y' /% +pu.

then there exists

Proof. Let n>0 be such that if 0<py<1 is an operator with spectrum contained
in Q=[0,0.496]U[0.504, 1] and ¢ is the spectral projection of py for [0.504, 1], then the
inequality ||xpo—poz||<n for a contractive operator x implies that ||zqg—gz|<e. The
existence of n (depending only on ¢) follows from a standard functional calculus argument
using uniform approximations of X[9.504,1] by polynomials on Q, see [2, p.332].

Nuclearity of A implies nuclearity of the unital C*-algebra A obtained by adjoining
a (possibly additional) unit (see Notation 2.18). By Lemma 3.1, we may choose {a;}_;



PERTURBATIONS OF NUCLEAR C*-ALGEBRAS 107

from the unit ball of A and non-negative constants {Aj}j—; summing to 1 satisfying

< (3.2)

42

and

<n, zeX. (3.3)
ARA

x(ZAja;f@aj) - (ija;@@aj)x
j=1 j=1

Each @, has the form a4 z; for a; €C and z; € A. Projection to the quotient A/A shows
that |a;|<1 and so ||z;]|<2. Define a;=4%z;, 1<j<n, so that each a; lies in the unit ball
of A and a;=a;+2a;. We then take the set Y to be {aj, a;legjgn}, a finite subset of
the unit ball of A. We now verify that Y has the desired properties.

Consider a cpc map ¢: A— D satisfying the inequalities

lp(aja;)—d(aj)pay)|| <v and [[¢(ajaf)—dla;)d(a) <7, G=1,...n,  (34)

for some v< 5 17 Let ¢: A— D' be the canonical extension of ¢ to a ucp map. Assume
that DT is faithfully represented on a Hilbert space H so that Ix is the unit of DT.
Stinespring’s representation theorem allows us to find a larger Hilbert space K and a

unital *-representation m: A—B(K) such that

p(z)=pr(z)p, z€A, (3.5)

where p is the orthogonal projection of K onto H. Define
po = Z M(@ o) (3.6)

Then 0<po<1, and this operator lies in C*(m(A), p), since this is an ideal in C*(7(A), p)
containing p. Using (3.2), we obtain the estimate

o1 = p—pr(a >w<aj>+zxjm<a;aj>—pH

Jj=1

p”(ZAjaiéj—lA) H (3.7)
j=1

2XZAII7T )p—pr(a )H+4\[

wa Yp—pm(@; ||+\

We are in position to closely follow [9, Lemma 3.3] for the remainder of the proof.
Firstly

I7(a5)p—pm(ai)||* = max{||pr(a;) (1 ~p)m(a;)pl, lp7(ai) A =p)(az)pl},  (3.8)
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by the estimate in [9, p.4]. For a€ A, we have
¢(aa”)—¢(a)p(a”) = pr(a)(1—p)m(a)p,
so taking a=a; and a=aj gives the estimate
I (aj)p—pm(a;)|* <7, 1<j<n, (3.9)
by (3.4). Using (3.9) at the end of (3.7) yields the inequality

lpo—p <2w2+ﬁ <0.496, (3.10)

where the latter inequality follows from the bounds on v and p. Define 3 to be the
constant 2y'/24(4y/2)" . The spectrum of py is contained in [0, B]U[1—3,1]. Let-
ting g denote the spectral projection of pg for [1—0,1] (or equivalently [0.504, 1]), the
functional calculus gives ||po—q|| <8, and so ||p—¢||<26<1 by (3.10). Both p and ¢

lie in C*(w(A),p), and so there is a unitary w in this C*-algebra so that wpw*=q and
| Ix —w||<2v/23, by Proposition 2.5 (2). Define a cpc map 1: A—B(H) by

Y(z)=pwn(x)wp, x€A. (3.11)

Since w*n(A)wCC*(m(A),p), we observe that 1) maps A into D because pm(A)p is the
range of ¢: A—D. The estimate

lo—ll < 20 —w] <4V28=8vV2y"2+p (3.12)

is immediate by (3.11).
It remains to check that ¢ is an (X, ¢)-approximate #-homomorphism. The defini-
tion of the projective tensor norm ensures that the map y®z—7(y)pm(z) extends to a

contraction from A® A into B(K). Applying this map to (3.3) gives
7 (2)po—pom(z)l| <n, z€X, (3.13)
using the definition of pg from (3.6). The choice of 7 then gives
|m(z)g—gm(z)|| <e, zeX. (3.14)
Thus, for re X,
[P (") = (2)y («7) | = [lpw”m (22" )wp—pw” m (x)gr (z*)wp|| <&, (3.15)

using (3.14) and the relation pw*g=pw*. O
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Remark 3.3. (i) If we choose to regard « as fixed in the previous lemma, then we
could add the constraint p<vvy'/? (where v is a fixed but arbitrary positive constant) to
the hypotheses. This would change the concluding inequality to ||¢—1|| < (8v2+v)y/2,
a form that is convenient for subsequent estimates.

(ii) With the hypothesis of Lemma 3.2, if A is strongly amenable, then so is A.
As such we can replace the estimate (3.2) by the identity Z;L:1 Ajaja;=1z. It then
follows that we can take =0 and obtain an estimate ||¢—1|| <8v/27'/2. Without strong
amenability, if we want Y to be independent of v we are forced to introduce the constant

& upon which our estimates do not send ||¢p—1|| to zero as y—0.

We now turn to our second averaging lemma which is the analogue of [9, Proposi-
tion 4.2]. It is important to ensure that our point-norm version of this result handles
not just *-homomorphisms but also (Y, §)-approximate *-homomorphisms for sufficiently
large Y and small § as these are the outputs of Lemma 3.2. Taking this into account
gives the following lemma.

LEMMA 3.4. Let A be a nuclear C*-algebra and let D be a C*-algebra. Given a finite
set X in the unit ball of A and €>0, there exist a finite set Y in the unit ball of A and
>0, both depending only on X, A and e, with the following property: If ¢1,¢pa: A—D
are (Y,0)-approzimate *-homomorphisms such that ¢1~y 2, for some v< %, then
there exists a unitary u€ DT satisfying ||u—1Ip+| <2v2y+5v28 and ¢1~x.Ad(u)ops.

Note that Ad(u)o¢s maps A into D, since D is an ideal in DT.

Proof. Fix a finite set X in the unit ball of A and €>0. By considering polynomial
approximations to ¢'/2 on [0,1], we may find >0, depending only on &, such that the

inequality ||s*sy—ys*s||<n for contractive operators s and y implies the relation
[1sly—ylsl|| < ze

(see [2, p. 332]).
Let § satisfy
0 <6 <min{557°, 765" 355 - (3.16)
By Lemma 3.1, we may find {a;}7_; in the unit ball of A and non-negative constants

{)\j}?:l summing to 1, such that

n
> Nasaj—1g|l<6 (3.17)
j=1
and .
> N (xd @a,—a; @a,x) <0? reXux*. (3.18)
A®A

Jj=1
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As in Lemma 3.2, each a; can be written as o;+2a;, where o is a constant and a; is
in the unit ball of A. Let Y={a4, ..., a,}. We now show that Y and ¢ have the desired
property.

Let (bl, ¢2: A— D be (Y, §)-approximate *-homormorphisms satisfying ¢~y @2 for

some 7<=, and let ¢, $2: A= DT be their unital completely positive extensions. Define

15>
§= Z i (@ ¢2 (a;).
Since x®yr—>g51(x)¢~>2 (y) is contractive on A® A, the inequality

jgbl xaj; ) ( a;) Z)\](bl Yo ( a;x) <62 zeXUX*, (3.19)

follows from (3.18). Now, we have a;=a;+2a;, and ¢; and ¢, are (Y,0)-approximate
x-homomorphisms, so Proposition 2.15 gives the inequalities

161(2a}) —d1(2)d1 (@) < 20| d1(aay) —da(af)dr (ag)||'/? < 261/, (3.20)
162(aj2) — d2(a;)2(2) || < 2/ ¢2(a;a}) —da(aj)da(af) || /? < 261/ (3.21)

for  in the unit ball of A, and therefore in particular for z€ XUX*, and 1<j<n. Then
(3.19)—(3.21) combine to yield

|1 (2)s—spa(x)| <502, ze XUX*. (3.22)
Taking adjoints gives
|s*p1(x) — o (z)s*|| <562, ze XUX*. (3.23)
Since
8 5¢2(x) = P2(2)s"s = 5" P1(2)s+5" (s¢02(2) — P1(2)s) = P2(2)s"s (3.24)
= (8701 () = P2(x)s")s+5" (s¢2(2) — 1 (x)s),
the inequality
||s* s¢ha () — o (x)s*s|| <106Y/2, z e XUX*, (3.25)

follows from (3.22) and (3.23).
The choice of § gives 106'/2<n so, defining z to be |s|,

|22 () —p2(x)z]| <%€, re XUX™, (3.26)
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by the definition of . Now

[s—1pill= Z/\]¢1 )$a(a;)— Lo

< Zwl )61(a;)—1pt||+27
0 (3.27)
< &(Z&@@M)]h S0 (64(@) ()~ (@ amHm
j=1 j=1
<O+40+2y
=50+27,

using (3.17), ¢1~y,,¢2, and the fact that ¢, is a (Y, d)-approximate *-homomorphism.
As 50+2y<1, (3.27) gives invertibility of s, and the unitary v in the polar decomposition
s=uz lies in D' and satisfies ||u—1p+|| <5v/20+2v/27y by Proposition 2.5 (1). Then

lz=1ptl|=llu"s=1ptl| = lls—ul <lls—1pt|[+[lu—1pt]| (3.28)
<H(1+V2)5+2(1+V2)y < 3.
From this we obtain [|z71||<2 so, for z€ X,
[f1(x) —ude(z)u’|| = [[f1(z)u—uds(z)]|

<1 (2)uz—udz ()2 |27
< 2|91 (2)s— s (2) || +2]|uzde () —ude(z)z|| (3.20)
< 106" +2|| 22 (x) — p2 () 2|
<106'2+1e
s,

using the definition of § and equations (3.22) and (3.26). O

Remark 3.5. (i) Having found one pair (Y, 4) for which Lemma 3.4 holds, it is clear
that we may enlarge Y and decrease §. Thus we may assume that X CY, and we are at
liberty to take § as small as we wish.

(ii) We have chosen to formulate Lemma 3.4 so that § does not depend on . How-
ever, if we demand that - lies in the interval [’yo, %] for some 7y >0, then we could
add the extra constraint 6<(5v/2) 'vyp to (3.16), where v is a fixed but arbitrarily
small positive number. This changes the estimate on u from ||1p1 —ul|<2v/27+5v/26
to ||1pt —ul|<(2v/2+v)y. In particular, we can take v to be so small that the estimate
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Il pt —ul|<3v holds. We will use this form of the lemma repeatedly in §5, for a finite
range of v simultaneously.

(iii) If A, and hence A, is strongly amenable, then we can replace the estimate (3.17)
by Z?:1 \jb1 (ZL;)QEQ(d;):lDT. However, this does not allow us to obtain a stronger
version of the lemma for (Y, d)-approximate *-homomorphisms. If we further insist that
both ¢ and ¢y are x-homomorphisms (rather than just approximate ones), then we can

take 0=0 in Lemma 3.4 in the strongly amenable case.

Next we give two Kaplansky density style results for approximate relative commu-
tants. Consider a unital C*-algebra A acting non-degenerately on some Hilbert space H
and let M =A". Given a finite-dimensional C*-subalgebra F' of A, one can average over
the compact unitary group of F' to see that the relative commutant F'NA is *-strongly
dense in the the relative commutant F'NM. The next lemma is a version of this for
approximate relative commutants, replacing averaging over a compact unitary group by

an argument using approximate diagonals.

LEMMA 3.6. Let A be a unital C*-algebra faithfully and non-degenerately repre-
sented on a Hilbert space H with strong closure M=A". Assume that Ay is a nuclear
C*-subalgebra of A with 14€Ag and let X be a finite subset of the unit ball of Ayg.
Given constants €, 1>0, there exists a finite set Y in the unit ball of Ay and >0 with
the following property: Given a finite subset S of the unit ball of H and m in the unit
ball of M such that

Imy—ym|| <5, yev, (3.30)

there exists an element a€ A with ||a||<||m|| such that
lax—za||<e, z€X,

and
lag—mgll<p and a*¢—m*e|l<p, €€S.
If m is self-adjoint, then a can be taken self-adjoint.

Proof. Fix 0<d< %u. By Lemma 3.1, we can find positive scalars {\; }?:1 summing

to 1 and elements {b;}7_; in the unit ball of Ag satisfying

> O Abibi—14]| <0 (3.31)
j=1

and
n

Z Aj (b @b — bl @bj)

Jj=1

<g, zelX. (3.32)
Ao ® Ao
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Now define Y to be {by,...,b,}. If meM has ||m||<1 and satisfies (3.30), then

ZAjb;f(bjmfmbj)

Jj=1

’ <6+0=26, (3.33)

HmZAjb;mbj < Hmz Ajb;fbij+
j=1 j=1

by (3.30) and (3.31).
Given a finite set .S in the unit ball of H, the Kaplansky density theorem gives ag€ A
with [|ag||<||m] satisfying

l(ao—m)bi€ll < S and [[(ag—m)*by€ll < ip. j=1,.im, E€S. (3.34)

If m=m", then we can additionally insist that ap=ag. Define
a=>Y_ \;baob;, (3.35)
j=1

which is self-adjoint if m, and hence ag, is self-adjoint. Furthermore, ||a||<||ao|<||m||.
The definition of the projective tensor product norm shows that y®z—yagz gives a
contractive map of Ag® Ag into A. Using (3.32) and (3.35), we conclude that

lax—za|| <e, zeX.

For £€8,

I(a—m)é|| < H (; )\jb;(ao—m)bj)SH-f—H (; Ajbjmb;—m>£H < g+267

by (3.33) and (3.34). The choice of ¢ gives |[(a—m)&||<p. Similarly, |[(a—m)*¢||<u
for £€S. O

In §5, we will use the following version of Lemma 3.6 for unitary operators. The
hypothesis ||u—Ig||<a<2 which we impose below is to ensure a gap in the spectrum,

permitting us to take a continuous logarithm. This is essential for our methods.

LEMMA 3.7. Let A be a unital C*-algebra faithfully and non-degenerately repre-
sented on a Hilbert space H with strong closure M=A". Assume that Ag is a nuclear
C*-subalgebra of A with 14€ Ay and let X be a finite subset of the unit ball of Ay.
Given constants g, to>0 and 0<a<2, there exist a finite set Y in the unit ball of Ag
and do>0 with the following property: Given a finite set S in the unit ball of H and a
unitary w€M satisfying |lu—Ig||<a and

Juy—yul| <o, yeY, (3.36)



114 E. CHRISTENSEN, A. M. SINCLAIR, R. R. SMITH, S. A. WHITE AND W. WINTER

there exists a unitary vE€ A such that

[lve—zv|| <eo, z€X, (3.37)

lv€—uéll < po and |[v*E—u*E|| <po, EES, (3.38)
and |Jv—TIg||<|[lu—Ig|<a.

Proof. Fix 0<a<2. The result is obtained from Lemma 3.6 using some polynomial
approximations and the following two observations.

Firstly, there is an interval [—c, |, with 0<c<, such that |[1—e?|<a if and only
if 0 lies in this interval modulo 27. Any unitary u satisfying ||u—1||<« has spectrum
contained in the arc

{ew i—c<0<c}

on which there is a continuous logarithm. By approximating log z on the arc by polyno-
mials in the complex variables z and Z, we obtain the following. Given §>0, there exists

00>0 so that if u€ M is a unitary operator satisfying |[u—1||<a and
luy —yul < do (3.39)

for some yeB(H) with ||y||<1, then

log u log u
Y

<6, (3.40)

™

as in [2, p.332]. Note that this deduction also requires (3.39) to hold with u replaced
by u*, but this is immediate from the algebraic identity u*y—yu*=u*(yu—uy)u*.
Secondly, as we show below, the map z++¢e™® is uniformly strong-operator contin-
uous on the unit ball in the self-adjoint part Mg, of M, in the following sense. Given
1o >0, there exists p>0 with the following property: For each finite subset S of the unit
ball of H and each he€ Mg, with ||h||<1, there exists a finite subset S’ of the unit ball of

H (depending only on S, po and h) such that the inequalities
I(e™ ™)l < po and [[(e™" —e ™) €|l <po, €S, (3.41)
are valid whenever an element k in the unit ball of M, satisfies
[(h=k)¢ll <p, £€8" (3.42)

This follows by considering polynomial approximations of e/ for t€[—1,1]. Given jo>0,

let p(t)=>_"_q Ajt’ be a polynomial in ¢ with sup_; ;< [p(t) —e"™*|< o and define

0
3T Z;:O |A.7|
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Given h and S, define S’={h/¢:£€S and j=0,...,r—1} and suppose that (3.42) holds.
For £€S and j=0,...,r, we compute

[(h? —kD)E[| < || (b9~ =k )R |+ || K7~ (h—K)é||
SN2 =K 72)R2E )| + (|67 2 (h—k)Re] |+ | K~ (h—k)E]|
<.
j—1
<Y I(h=k)p™¢|
m=0
<ru,

so that

1p(R) =p(R)EN < D NI IR =K)EN <D INjlrn= gp0, €€,
0

Jj= Jj=0

and, similarly,

[(p(h)—p(k))* ¢l < Spo, E€S.

The estimates in (3.41) follow.

We can now deduce the lemma from Lemma 3.6. Assume then that X, ep and g
are given, and let Ag be a nuclear C*-subalgebra of A containing X and 14. By means
of another polynomial approximation argument, choose € >0 such that if k€ Mg,, || k| <1,
and

|zk—kz||<e, zeX, (3.43)

then
|lze™ —e™F x| <ey, zE€X, (3.44)

as in [2, p. 332]. Let ;>0 be the constant corresponding via the second observation above
to po and apply Lemma 3.6 to (X, e, i), producing a finite set Y in the unit ball of A and
a constant 6 >0. Let g be the constant corresponding to ¢ given by our first observation
so that (3.39) implies (3.40).

Suppose that we have a unitary u€ M satisfying |u—Ig||<a and
luy—yul| <do, yeY.
Define h= —ilogu/m in Mg,. The definition of §y gives

|hy—yh| <5, yeY.
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Given a finite set S in the unit ball of H, let S’ be the finite set corresponding to h,
S and p from the uniform strong-operator continuity of x+e?™*. Putting this set into
Lemma 3.6, we can find a self-adjoint operator k in the unit ball of A with ||k <] A

which satisfies (3.42) and (3.43). Let v=e"*, which has
lo—Inll <[lu—Iu| <o

By the definition of &, (3.44) holds and this gives (3.37). Similarly the definition of
ensures that (3.42) implies (3.41) so that (3.38) also holds. O

Remark 3.8. In [38, §4] it is shown that Haagerup’s proof that nuclear C*-algebras
are amenable also implies that every C*-algebra A has the following property: Given an
irreducible representation m of A on H, a finite subset X of A, a finite subset S of H
and £>0, there exist {a;}7_, in A such that

) |5 <1

(2) S0, w(aja})E=¢ for £€S;

@) | [2?21 ayal, ||<e for all z€ X and all y in the unit ball of A.

Although we do not need it in this paper, using the property above in place of nuclearity

in the proof of Lemma 3.6 gives the result below. Comparing this with Lemma 3.6,
the key difference is that the set S below must be specified with X and e, whereas in
Lemma 3.6 the set S can be chosen after m is specified. When we use these results in

85, being able to choose S at this late stage is important to our argument.

PROPOSITION 3.9. Let A be a C*-algebra represented irreducibly on a Hilbert space
H. Let X be a finite subset of the unit ball of A, let S be a finite subset of the unit ball
of H and let €>0. Then there exist a finite subset Y of the unit ball of A and 6>0 with
the following property: Given any meB(H) with ||my—ym| < for y€Y, there exists
a€A with |la]|<||m]|, |laz—zal|<e for x€X and ||[(m—a)||<e for £€8S.

4. Approximation on finite sets and isomorphisms

In this section we establish the qualitative version of Theorem A, that is, C*-algebras
sufficiently close to a separable nuclear C*-algebra A must be isomorphic to A. To do
this, we use an approximation approach inspired by the intertwining arguments of [11,
Theorem 6.1] and those in the classification programme (see, for example, [22]). This
is presented in Lemma 4.1, where we have given a general formulation in terms of the
existence of certain completely positive contractions. This is designed for application in
several contexts where this hypothesis can be verified, and so it forms the basis for all

our subsequent near inclusion results as well as Theorem A.
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LEMMA 4.1. Suppose that A and B are C*-algebras on some Hilbert space H and
that A is separable and nuclear. Suppose that there exists a constant n>0 satisfying
n<m such that for each finite subset Z of the unit ball of A, there is a completely
positive contraction ¢: A— B satisfying ¢~z ,t. Then, given any finite subset X4 of the

1

unit ball of A and 0<u<gu55, there exists an injective *-homomorphism a: A— B with

azXA78\/6771/2+77+N L.
If, in addition, BCy5A, then we can take o to be surjective.

Proof. Let {a,}52, be a dense sequence in the unit ball of A, where ap=0. Fix
a finite subset X 4 of the unit ball of A. Given u< ﬁ, define u:%,u< ﬁ. We will
construct inductively sequences {X,,}22, and {Y;,}22, of finite subsets of the unit ball
of A, a sequence {4, }22, of positive constants, a sequence {6,,: A—B}>2 , of completely
positive contractions, and a sequence {u, }>°, of unitary operators in Bf which satisfy
the following conditions:

(a) The sequence {X,,}22 is increasing, a, € X,, for n>0 and X4 CXj;.

(b) 0,<27" for n>0, and given any two (Y,,,d,)-approximate *-homomorphisms

@1, ¢p2: A— B satisfying ¢, %Yn,Z(&%\/@nl/%n—s—u)@b?v there exists a unitary u€ B with

Ad(u)egr ~x, 2-ny P2.

This u can be chosen to satisfy [|[u—1z+| <4vV2(8vV6n'/2+n+v)+v.

(¢) X,,CY, and 6, is a (Y,, d,)-approximate *-homomorphism for n>0.

(d) 0=y, gEt/2pnsst for n=0.

(e) Ad(un)obn~x, |2 -1,0n-1, [[un—1pi[|<4V2(8V6n'/2+n+v)+v for n>1.
When n=1, we take u;=1.

If BCy/5A then, by Proposition 2.10, the separability of A ensures the separability
of B. In this case, we fix a dense sequence {b,,}>2 , in the unit ball of B with by=0 and
additionally require, in our induction, the extra condition

(f) d(uf,_y ...uibjuy ... up_1, X,) <2 for j=0,...,n.

Assuming for the moment that the induction has been accomplished, we first show

that conditions (a)—(e) allow us to construct the embedding «: A< B. Define, for n>1,
ap =Ad(ug ... up) o,

so a1 =07 since u;=1. For a fixed integer k£ and an element x € Xy, we have, for n>k,

e s1(2) = (@) = || Ad(us ... ) > Ad(tn11)oOng1 (2) —Ad(uy ... un )20 ()]
= | Ad(unt1)oOnt1(2) =0, ()| <27 v,

(4.1)
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by (e). Density of the X}’s in the unit ball of A then shows that the sequence {a,}72
converges in the point-norm topology to a completely positive contraction a: A— B.
Condition (¢) implies that « is a *-homomorphism since each «,, is a (Y}, §,,)-approximate
*-homomorphism, lim,,_,, 6, =0 and UZOZO Y,, is dense in the unit ball of A. For each
x€X,, it follows from (4.1) that

lom () = (@) < D Namsr (@) —am(@)| < Y 27w =270y (4.2)
and, in particular, that
(@) =01 ()| = () —ar(z)[| Sv, zE€XAC X (4.3)

Thus, from (4.2) and (d), for z€X,, we have

la@) | = llevn ()| =27~ Vv = |6 ()| =27 Dw > ol - (8v6n" > +np+v) 27D
(4.4)
Letting n— o0 in (4.4), it follows that

la(@) ]| > |zl - (8v/6n" /2 +n+v) (4.5)

for any x in the unit ball of A, using the collective density of the X,,’s. This shows that
o is injective since ||a(z)||>1—(8v/6n/2+n+v)>0 for z in the unit sphere of A. Thus
« is a *-isomorphism of A into B. Then, for z€ X 4 C X, the estimate

la(z)—z| < |Jalz) =0y (@)||+ 01 (z) —z|| < v4+8V6n' 2 +n+v =8V6n" 2 +n+pn  (4.6)

follows from (4.3) and hypothesis (d).
In the case when BCy,5A, we shall show that the additional assumption (f) gives
BcCia(A) and so « is surjective by Proposition 2.4. Indeed, given 0<j<n, find z€ X,

with [l —u},_; ...uibjuy ... un—1[|<2. Then

ot ()= | = Nt )i, . 05—y
<N unbp (2)uy, —z||+ |z —up_q ... uibjus ... Up_1]]

<2|jun—1pi[|+]10n(2) = ||+l —up_y - uibjus .t |
<8V2(8V6n 2+ n+v)+2v+(8V6n 2 +n+r)+ 2
<0.94

<1,
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using (d), (e) and the upper bounds 1< 575555 and v< ;5. The claim follows from the
density of {;}52, in the unit ball of B. It remains to complete the inductive construction.

We begin the induction trivially, setting Xo=Yp={ao}={0}, do=1 and taking any
completely positive contraction 0y: A— B. Suppose that the construction is complete up
to the nth stage. Define X,, 11 =X4UX,,U{an+1}UY, so that condition (a) holds. When
BCy/5A, we will have the same near containment for their unit balls with % replacing é
(see Definition 2.2 and Remark 2.3). Thus we can extend X, 11 so that condition (f)
holds. Now use Lemma 3.4 and Remark 3.5 (i) to find a finite set Y,,;1 in the unit ball
of A containing X,,;1, and 0<d, 1 <min{d,, 2"+ (5v/2)7 1} so that condition (b)

holds. This is possible because direct calculation shows that
1/2 13
2(8V6n' /2 +n+v) < 10
by the upper bounds on n and v, and the estimate
lu=1p || 4V2(8v60 2 +-p+v) +v

follows from ¢, < (5\/5)*1% Now use Lemma 3.2 to find a finite set ZDY,,41 in the unit
ball of A so that given a (Z,3n)-approximate *-homomorphism ¢: A— B, we can find a
(Y41, 0nt1)-approximate x-homomorphism ¢: A— B with

lo =l <8V2(3n) "/ +v=8v6n'/? +v.
This is possible because 377<1—17. Let
Z'=70Z"U{zz" 1 2€ ZUZ"}.
By the hypothesis, there is a completely positive contraction ¢: A—B with ¢~z ,¢,

whereupon ¢ is a (Z, 3n)-approximate x-homomorphism. The definition of Z then gives

us a (Y41, 0p41)-approximate s-homomorphism 6,,;: A— B with
p—Onia || <8VOR/ 240

verifying (c). It follows that 6,11~y

n

©1,8vBn1/ 244yt and so condition (d) holds. Since

0,, and 6,41 are (Y,,,d,)-approximate *-homomorphisms which satisfy
On Yo, 2(8vVBn L/ 2 tw) Ont1,
there exists a unitary u,41 in BT with Ad(uni1)ebni1~x, 2-n,0n and
Jtnt1—1pt || <4V2(8V6n' /2 +n+v)+v

by the inductive version of condition (b). This gives condition (e). This last step is not

required when n=0, as Xo={0} so we can take u;=1 in this case. O



120 E. CHRISTENSEN, A. M. SINCLAIR, R. R. SMITH, S. A. WHITE AND W. WINTER

Using Proposition 2.16, it follows that sufficiently close separable and nuclear C*-

algebras are isomorphic. In fact we only need one near inclusion to be relatively small.

THEOREM 4.2. Suppose that A and B are separable nuclear C*-algebras on some
Hilbert space H with ACyB and BCsA for

7 4201000 and 0 < %

Then A and B are isomorphic.

Proof. Take 0<v'<~ so that AC,, B. Then Proposition 2.16 provides the cpc maps
A— B required to use Lemma 4.1 when n=2+', and so the result follows. O

The qualitative version of Theorem A also follows as algebras close to a separable
and nuclear C*-algebra must again be separable and nuclear. While the examples of [29]
show that it is not possible in general to obtain isomorphisms which are uniformly close
to the identity between close separable nuclear C*-algebras, Lemma 4.1 does enable us

to control the behaviour of our isomorphisms on finite subsets of the unit ball.

THEOREM 4.3. Let A and B be C*-algebras on some Hilbert space with
d(A, B) < < f50505-

If A is nuclear and separable, then A and B are isomorphic. Moreover, given finite sets
X and Y in the unit balls of A and B, respectively, there is a surjective x-isomorphism
0: A— B with

||0(x)—x||<2871/2 and Hﬁ_l(y)—y|\<2871/2, reX, yeY.

Proof. As d(A, B)<T%1, Proposition 2.9 ensures that B is nuclear. Choose 7' so

that d(A, B) <7’ <7 and enlarge the set X if necessary so that Y C.» X. Proposition 2.16

shows that the hypotheses of Lemma 4.1 hold for n=2+" so A and B are isomorphic.

1

5000 emma 4.1 provides a surjective *-isomorphism

Furthermore, for a constant 0<u<
0: A— B with

10(z)—z|| < 8V6(2¢) /2429 +p, z€X.

For each y€Y, there exists x€ X with ||z —y||<v'. As |07 (y) —z|=|ly—0(x)|], it follows
that
167" () =yl < 2llz—yll+[10(z) —y ]| < 8V6(27)/*+4~+p.

In these inequalities, a suitably small choice of 1 and the inequality ’7/<7<W1000 lead

1/2

to upper estimates of 28y*/< in both cases. O
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Lemma 4.1 is also the technical tool behind our three near inclusion results. We can
deduce two of these results now, using Propositions 2.16 and 2.17 to obtain the cpc maps
required to use Lemma 4.1. Our third, and most general result, which only assumes that

A has finite nuclear dimension is postponed until §6.

_1
420000

inclusion ACyB of C*-algebras on a Hilbert space H, where A and B are nuclear and

COROLLARY 4.4. Let «v be a constant satisfying 0<y< and consider a near
A is separable. Then A embeds into B and, moreover, for each finite subset X of the

unit ball of A there exists an injective x-homomorphism 0: A— B with 0~ x 55,1/t

Proof. Proposition 2.16 shows that A and B satisfy the hypotheses of Lemma 4.1
when nn=2v. The number 28 appears from the inequality

8V/6(27) Y 24+ 2y 41 < 28~1/2,

which is valid for a sufficiently small choice of p. O

. . 1 ~ _8 .
COROLLARY 4.5. Let 7y be a constant satisfying 0<vy< 1505000 ~7-9-107°. Consider
a near inclusion AC, B where A is unital, separable and has approzimately inner half-
flip. Then A embeds into B and, moreover, for each finite subset X of the unit ball of

A there exists an injective x-homomorphism 0: A— B with 0~ 159,1/2¢.

Proof. Recall that the proof of Proposition 2.8 in [20] shows that A is nuclear. Write
a=(4v2+ 1)’y+4\/§’y2. Proposition 2.17 shows that the hypotheses of Lemma 4.1 hold
for n=8a+4a>+41/27 and the bound on ~ is chosen so that <60y < m. The number
152 appears from the inequality

8V6n'/? +n+pu <1529/,

which is valid for a sufficiently small choice of u. O

We briefly examine stability under tensoring by the strongly self-absorbing algebras
introduced in [52]. Recall that a separable unital C*-algebra D is strongly self-absorbing
if there is an isomorphism between D and D® D which is approximately unitarily equiva-
lent to the embedding D—D® D, x—x®1p. Such algebras automatically have approx-
imately inner half-flip [52, Proposition 1.5] and so are simple and nuclear. A separable
C*-algebra A is D-stable if AQ D=A. When A is unital, an equivalent formulation of
D-stability for A is the following condition: Given finite sets X in A and Y in D and
£>0, there exists an embedding ¢: D— A such that ||¢p(y)x—zp(y)||<e for all z€ X and
y€Y ([52, Theorem 2.2]).
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COROLLARY 4.6. Let C and D be C*-algebras with D separable and strongly self-
absorbing in the sense of [52]. Then, within the space of separable C*-subalgebras of C

containing 1o, the D-stable C*-algebras form a closed subset.

Proof. Suppose that ACC' is a unital C*-subalgebra such that, for any v>0, there
is a D-stable C*-algebra BCC with d(A, B)<~y. We have to show that A is D-stable.
To this end, note that any finite subset X of A may be approximated arbitrarily well by
a finite subset X in a nearby unital D-stable B. Now for a finite subset Y of D, there
is an embedding of D into B such that Y almost commutes with X. From Corollary 4.5
we obtain an embedding of D into A which sends Y to a close subset Y CA. Now, if D
and B were sufficiently close, Y and X will almost commute. By [52, Theorem 2.2], this
is enough to ensure that A is D-stable. O

We have not been able to decide whether the D-stable subalgebras also form an open
subset. However, Corollary 4.5 immediately gives results for embeddings of strongly self-

absorbing C*-algebras, since these have approximately inner half-flip.

COROLLARY 4.7. Let AC,, B be a near inclusion of C*-algebras on a Hilbert space H,
where 0<’y<m%7.9-10_8, and let D be a strongly self-absorbing C*-algebra. If A
admits an embedding of D, then so does B. Also, on finite subsets of the unit ball of D
one may choose the embedding into B to be within 1522 of the embedding into A.

Recent progress in the structure theory of nuclear C'*-algebras suggests that the
preceding corollaries are particularly interesting in the case where D=2, the Jiang-Su
algebra. Moreover, Z-stability is relevant also for non-nuclear C*-algebras; for example
it is shown in [26] that it implies finite length (and hence Kadison’s similarity property).
We have not been able to establish whether Z-stability is preserved under closeness, i.e.,

to answer the following question:
If A and B are sufficiently close, and A is Z-stable, is B Z-stable as well?

Corollary 4.7 at least shows that the existence of embeddings of Z is preserved under
close containment. The existence of such embeddings is highly non-trivial (even for
otherwise well-behaved C*-algebras, such as simple, unital, approximately homogeneous
(AH) algebras, cf. [16]).

5. Unitary equivalence

In the previous section we have shown that two close separable nuclear C*-subalgebras A

and B of B(H) are *-isomorphic. We now show in Theorem 5.4 that there is a unitary u
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such that uAu*=DB when H is separable. This establishes Theorem B of the introduction
and gives a complete answer to Kadison and Kastler’s question from [32] in this context.

The technicalities of the upcoming proofs warrant some additional overall explana-
tion of the methods employed. Before describing our approach, we recall our unitisation
conventions from Notation 2.18, so that if A and B have the same ultraweak closure, then

At and BT have the same unit e4, where e4 is the support projection of A (and of B).

In Theorem 5.3 below, we obtain a unitary operator implementing a *-isomorphism
under the additional assumption that A and B have the same ultraweak closure. This
restriction is removed in Theorem 5.4 by using known perturbation results for injective
von Neumann algebras to reduce to the situation of Theorem 5.3. The assumption that
A and B have the same ultraweak closure enables us to use the Kaplansky density result
of Lemma 3.7 to approximate unitary operators in C*(A, B, 1) with a uniform spectral
gap by unitary operators in A and B in the *-strong topology. The basic idea of our proof
is to construct a sequence {u,}52 ; of unitary operators in C*(A, B, 1) using Lemma 3.4
and Theorem 4.3 such that lim,,_, o, Ad(u,,) exists in the point-norm topology and defines
a surjective x-isomorphism from A onto B. If the sequence {u, }22 ; converged *-strongly
to a unitary u, then this v would implement the required unitary equivalence between
A and B. However, there is no reason to believe that this happens. Thus we produce
a modified sequence {v,}52; of unitary operators which explicitly converges #-strongly,
while maintaining the requirement that lim,,_,~, Ad(v,) gives a surjective *-isomorphism
from A onto B. Lemma 3.7 enables us to approximate *-strongly the unitary operators
obtained in C*(A, B,1) by unitary operators in Bf. In principle, the idea is to multiply
by unitary operators produced by Lemma 3.7, to ensure *-strong convergence. In order
for lim,, oo Ad(v,) (in the point-norm topology) to exist and define a *-isomorphism, it
is essential that these unitary operators can be taken to approximately commute with
suitable finite sets. In practice, we have further technical hurdles to overcome. One
instance of this is the need to ensure that the unitary operators to which we apply
Lemma 3.7 have the required uniform spectral gap. This leads us to split off two technical
lemmas (Lemmas 5.1 and 5.2) which combine the results of Lemmas 3.4 and 3.7 and
Theorem 4.3 in exactly the correct order for use in the inductive step of Theorem 5.3.
We advise the reader to begin this sequence of results with the latter one, referring back

to the preceding two as needed.

The bounds on the constant « in the next three results are chosen so that whenever
we wish to use Lemma 3.4 or Theorem 4.3, it is legitimate to do so. In particular,
the choice ensures that 39271/2<%, so that Lemma 3.4 and Remark 3.5 (ii) can be
applied with  replaced by ay!'/? for a<392. It also guarantees the validity of (5.44), an

inequality that governs the overall bound on «. In part (VIII) of the following lemma,
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the inequality
184872 < 1848-107* < 1

will allow us to use Lemma 3.7.

LEMMA 5.1. Let A and B be two separable and nuclear C*-algebras acting non-
degenerately on a Hilbert space H. Suppose that A”"=B"=M and d(A, B)<y<1078.
Given finite subsets Xo and Zy g of the unit ball of B, a finite subset Zy s of the unit
ball of A, and constants €9>0 and po>0, there exist finite subsets Yy and Zy of the
unit ball of B, §p>0, a unitary ug€EM and a surjective x-isomorphism o: B— A with
the following properties:

(I) XoCYo;

(I) 6o<3e0;

(III) Zo, g < Zo;

(IV) 0Rz, 0841720 and 07" Ry 917215

(V) o=y, 6,/2Ad(uo);

(V) o~ Tag | <8491/,

(VII) Given any x-homomorphism ¢¥: B—D for some unital C*-subalgebra D of M
with V=5 s64,1/2L, there exists a unitary wo€C*(A, D, 15r) with |10 —wo || <11764/2
such that

Ad(wo)er) =y, 5, /2 0;

(VIIT) Given a unitary vo€M with |[vo—uol| <1848vY/? and Ad(vo)~y,.s,0, and
given a finite subset S of the unit ball of H, there exists a unitary v{)GBT satisfying
|vh— 15+ <1848~'/2, Ad(vovh)~x,.c00 and

l(vovo—uo)éll < po and |[|(vovy—uo)*E|l < po, £ €S, (5.1)

Proof. By Lemma 3.7 applied to the unitisation B, there exist a finite subset )N/o of
the unit ball of BT and a constant § >0 such that if u€ M is a unitary operator satisfying
lu—157]|<18487'/? and

| gu—ug| <380, §€Yo, (5.2)

and a finite subset Sy of H is given, then there exists a unitary v€ BT satisfying

|v—1pt] < 1848712,

|zv—vz| < Leo, x € Xo, (5.3)

and
[(v—w)él| <po and |[(v—u)"¢[| <po, &€ So. (5.4)
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In applying this lemma, we have replaced g by %50 and dy by 3d9. We may replace g
by any smaller number, ensuring that condition (IT) holds.

Each g; €Y, can be written yj=a;+2y; for scalars a; and elements y; in the unit
ball of B, and let Y7 denote the collection of these y;’s. Define Yy=YUXy, so that
condition (I) is satisfied. If the inequality

lyu—uyl| < 3d0, yeYo, (5.5)

holds for a particular unitary uw€ M, then it also holds for y€Y; CY), implying (5.2) and
hence there exists a unitary v€ Bf such that (5.3) and (5.4) hold.

Since *x-homomorphisms are (X, §)-approximate #-homomorphisms for any set X and
any >0, we may apply Lemma 3.4 and Remark 3.5 (ii) for any unital C*-subalgebra D
of M to conclude that there is a finite set Zy in the unit ball of B with the following
property: if ¢1, ¢2: B— D are x-homomorphisms with ¢12, ,.1/2 ¢2, where a€ {28,392},
then there exists a unitary wo € D with ||1p —wo|<3ay!/? and Ad(wo)od1~y, s,/2¢2. By
increasing Z, to contain Zy g, condition (III) is satisfied.

By Theorem 4.3 we may now choose a surjective #-isomorphism o: B— A so that
condition (IV) holds. Since o and ¢ are x-homomorphisms of B into C*(A, B,1,/)C M,
there then exists a unitary uo€M with [Jug—1/(| <8472 such that o~y 5, /0Ad(uo),
using a=28 above. This establishes conditions (V) and (VI).

By (IV), we have 0~ 55,1/2¢. If : B—DCM is another *-homomorphism satis-
fying Y~z 36441/2¢, then Y=y 599,120, Taking a=392 above, the choice of Z, allows
us to find a unitary wo€M with ||1p; —wo || <11767/2 so that condition (VII) holds.

It only remains to establish (VIII). Suppose that vy € M satisfies ||vg —ug|| < 1848y'/2
and Ad(vo)~y,,s,0, and that a finite subset S of the unit ball of H is given. Since
TRy, 5, /2 Ad(uo) by condition (V), we obtain that

Ad(vo) Ay 3502 Ad(uo), (5.6)

implying that
[vguoy —yvguoll < 380, Y € Yo. (5.7)

Since |1 —vguo|| <1848v%/2, we can take So=SUvES, so the choice of Yy at the start
of the proof allows us to find a unitary v € BT with the following properties:

(1) g1 —vpll<184871/%;

(2) |lvpz—=zv) < 5€0, € Xo;

(3) ll(vo—vguo)él <po and [|(vg—vguo) v5&ll <po, EES.
The third condition above gives (5.1), while the second shows that Ad(vgy)~x, .z, 2t
Since Xy CYy and 50<%60, we have Ad(vo)=x, c,/20. It follows that Ad(vovy)~xy,e0 0,
and condition (VIII) is proved. O
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LEMMA 5.2. Let A and B be two separable and nuclear C*-algebras acting non-
degenerately on a Hilbert space H. Suppose that A”"=B"=M and d(A, B)<y<1078.
Given finite subsets X in the unit ball of A and Zp in the unit ball of B and con-
stants €, u>0, there exist finite subsets Y of the unit ball of A and Z of the unit ball of
B, a constant 6>0, a unitary u€M and a surjective x-isomorphism 6: A— B with the
following properties:

(i) d<eg;

(i) XC.Y;

(iif) [Ju—1ar]| <2529

(iv) O~y sAd(u);

(V) 0mx 364y1/2L and 071 g, seur1/2t;

(vi) Given a surjective x-isomorphism ¢: A=B with ¢~ =z 354.1/21, there exists a
unitary we BT with |w—ul|<15967"/? and Ad(w)odrry 5/20;

(vii) Given a unitary ve€ M with |jv—u| <1848y'/2? and Ad(v)a2y s0, and given any
finite subset S of the unit ball of H, there is a unitary v'€ Bt with |15+ —v'|| <1848+'/2,
Ad(v'v)~x 0 and

I/ v—u)l <p and [[Wv—u)ell<p €. (5.8)

Proof. By Lemma 3.4 and Remark 3.5 (ii), there exists a finite subset Z; of the
unit ball of A with the following property: Given a unital C*-subalgebra D of M, if
¢1,¢2: A= D are x-homomorphisms such that ¢~ 55,1/2¢2, then there is a unitary
wy €D satisfying ||w; —1pl|| <1687'/2 and ¢, ~x,e/3Ad(wr)opa.

By Theorem 4.3, we may choose a surjective #-isomorphism (3: A— B with the prop-
erty that 8~ og,1/2¢. Then define a finite subset Xy of the unit ball of B by Xo=03(X).
Taking 50:%5, to=p, Zo.a=X and Zy p=0(Z1)UZp, we may apply Lemma 5.1 to ob-
tain Yy, Zo, 0o, o and wug satisfying conditions (I)—(VIII). We then define Z=2,CB
and 0=6y. By Lemma 5.1 (II), <4e9<e so condition (i) holds. By Lemma 5.1 (IV),
Rz, ogy1/2L, SO 00~y s6.1/21da, since 3(Z1)CZo,pCZy by Lemma 5.1 (III). By the
choice of Z; above, there exists a unitary w; € AT C M with H1M7w1||§16871/2 so that

Ad(wl)%x75/3 O'Oﬂ. (59)

Now define a surjective *-isomorphism 6: A— B as 0~ tcAd(w;). Then =1 =Ad(w})eo,
and (5.9) can be rewritten as
0 XX,e/3 B, (5.10)

which implies that
0 ~xge3 B (5.11)
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If z€ Zy then, by Lemma 5.1 (IV),
|o(2)—z|| < 28~Y/2. (5.12)
Thus, for z€ Zy,

167 () — 2l = | Ad(w}) (o(2) —2) + Ad(w)(2) 2|

(5.13)
<2892 42wt — 1,7 < 364~1/2.

Consequently 67"~ 7 354-1/2¢, and thus the second statement of condition (v) holds since
ZpCZy,pCZy. By Lemma 5.1(IV), ailzzolA,zgvl/a t, so a similar calculation leads to
0~ 7, . 36441/2 ¢, establishing the first statement of condition (v), since X=2Zj 4.

We now define u=ujw;. By Lemma 5.1 (VI), |Jug— 1/ <84~'/? and so

lu—=Tar ]| = llwr —uoll < llwr = Lag ||+ 1ar —uo|| 16872484912 = 252912, (5.14)
giving condition (iii). Now let
Y:wfo(Yo)wl :9_1(Y0), (515)

where the latter equality comes from the definition of #. Lemma 5.1 (V) states that
0=y, 5/2Ad(ug), and s0 071 &, (v,),5/2 Ad(uf). The relation =0~ 'oAd(w:) then gives

0 R wio(voyw /2 Ad(w), (5.16)

since u=ujw; and so condition (iv) holds. By definition, Y=071(Yy) and 3(X)=Xo.
Moreover, XqCY, by Lemma 5.1 (I). Using (5.11), we see that

X =p8""(Xo) Ce/3 01 Xo) SO (Yy) =Y, (5.17)

verifying condition (ii).

Now consider a surjective *-isomorphism ¢: A— B with ¢! Rz 36441/2 L, Which we
extend canonically to a unital *-isomorphism of AT onto BT, also denoted ¢. By statement
(VII) of Lemma 5.1, there is a unitary wo € C* (A, 137)= AT C M with ||wg — 1| <1176~/2
such that

Ad(wp)o¢™ " ~y, 572 0. (5.18)

Each y€Y can be written as Ad(w})oo(yo)=0""(yo) for some yo €Yy, so

10(y) = d(wowrywiwo)|| = [lyo—(pAd(wg)>0)(yo) |

(5.19)
=[[(Ad(wo)=¢~")(y0) —o(yo)ll < 36,
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by (5.18). Thus
0~y 572 poAd(wgwn). (5.20)
Then
¢oAd(wyw:) = Ad(p(wywr))-, (5.21)
since wiwy €AT. If we define w=¢(wjw1)€BT, then O~y 52 Ad(w)e¢ by (5.20) and
(5.21). Moreover, the earlier estimates ||wo— 1| <11767"/2 and ||w; — 1] <168'/2
give |lwiwy — 1] <13449/2 and so ||w—1,]| <134471/2. Recalling the estimate (5.14),

lw—mu| < lw—Tar||+|lu—1ar]| < 1344724252912 = 1596~1/2, (5.22)

and condition (vi) is verified.
It only remains to verify (vii). Consider a unitary v€ M with |Jv—u| <18487'/2 and
Ad(v)~y,56, and fix a finite subset S of the unit ball of H. Then

Ad(vw]) R, ywr,s 0o Ad(wi) =01, (5.23)
S0
Ad(vwy) R (vy) 50 (5.24)
and
Ad(wv*) Ry, s 0, (5.25)

using that §=c"1oAd(w;) and Y=60"1(Yp). Since u=ujw;, we have the estimate
|wiv* —ug| = ||v* —u*|| < 1848~y1/2. (5.26)
Let S’=SU{w;£:£€S}, a finite subset of the unit ball of H. Then Lemma 5.1 (VIII), with
vo=wyv*, gives a unitary vy€ B satisfying ||vy—1,7] <1848/, Ad(w1v*vg) R x, /30
and
|(wrv* v —uo)€|| < p and ||(wrv*vy—uo) wi||<p, E€S. (5.27)

Set v'=(v})*. Then |1, —2'|| <1848y/? and
J(0* () —u)ell <o and |(o—w)E| <p, €€S. (5.28)
Moreover, since wyv*(v')* =wiv*v], we obtain that
Ad(v* (V)*) R xp e 3 Ad(w])eo =071, (5.29)
and so
Ad(0" (V")) Rxg2e/3 B (5.30)
by (5.29) and (5.11). Thus
Ad(v'v) 2 x 9073 B, (5.31)

because X =8"1(Xy). Since O~x /33 by (5.10), we obtain Ad(v'v)~x 6. Thus condi-
tion (vii) holds, completing the proof. O
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We are now in a position to prove one of the main results of the paper, the unitary
implementation of isomorphisms between separable nuclear close C*-algebras. We first
prove this under the additional hypothesis that the two algebras have the same ultraweak

closure, from which we will deduce the general case subsequently.

THEOREM 5.3. Suppose that A and B are C*-algebras acting non-degenerately on a
separable Hilbert space H, and that A is separable and nuclear. Suppose that A”=B"=M
and d(A, B)<y<107%. Then there exists a unitary u€M such that uAu*=B

Proof. Since v< -, Propositions 2.9 and 2.10 show that B is also separable and

o7
nuclear. Fix dense sequences {a,}52; and {b,}22 in the unit balls of A and B, respec-
tively, and a dense sequence {&,}22 ; in the unit ball of H. We will construct inductively
finite subsets {X,,}52, and {Y,,}22, of the unit ball of A, finite subsets {Z,,}52, of the
unit ball of B, positive constants {d,}22,, surjective x-isomorphisms {6,,: A—B}22,
and unitary operators {u,}52, in M satisfying the following conditions:

(1) ay, .y an € Xy, n21;

(2) XpnCony3Yy, and 5, <27, n>0;

(3) Onmx, | o--1bp_1,n=1;

(4) b,~y, 5, Ad(uy,), n>0;

(5) ll(un—un-1)&[|<27" and ||(un —un—1)"&;|| <27 for 1<j<n;
(6) For each 1<j<n, there exists 2€ X,, with ||0,,(z)—b;|| <15 0

(

7) Given a surjective *-isomorphism ¢: A— B with ¢~1 Ry, 36441/2L, there exists a
unitary we BT with ||w—u,| <15967"/2 and Adwegp=y, 5, /20n;

(8) For a unitary ve M with |Jv—u,|<1848y'/? and Ad(v)=y, s, 0, and for any
finite subset S of the unit ball of H, there is a unitary v’ € Bt with ||v’ —1,/( <1848/,
Ad(v'v)~x, 9-m+1) b, and

[(v'v—upn)€|| < 27D and ||(v'v—u,)*E]| <2~ MY ¢es; (5.32)

(9) There exists a unitary z€ Bt with ||z —u,, || <2527/2.

Conditions (7)—(9) are not needed to derive unitary equivalence but are used in the
inductive step. Assuming that the induction has been accomplished, we first show how
conditions (1)—-(6) establish unitary implementation.

Conditions (1) and (3) imply that the sequence {60,,}2; converges in the point-
norm topology to a x-isomorphism 6 of A into B. Fix j>1. For a given integer n>j,
condition (6) allows us to choose x€X,, such that [|6,(z)—b;[|<-5. By condition (3),
1041 (x) =0, (2)||<27™ for m>n. Thus

10(z)—b; || < |0 (x)—b, ||+Z 2= +2 (n=1), (5.33)
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Since n>j was arbitrary, (5.33) and the density of {b;}?2, in the unit ball of B show
that d(B,0(A))<%, and so §(A)=B by Proposition 2.4. Thus §: A= B is a surjective
*-isomorphism. Since the unitary group of M is closed in the *-strong topology, con-
dition (5) ensures that the sequence {u,}22, converges #-strongly to a unitary u€M.
Conditions (1), (2) and (4) then show that §=Ad(u), and so B=uAu*, proving the result.

We start the induction by taking Xo=Yy=9, Zy=0, 50:%7 up=1, and 6y to be
any *-isomorphism of A onto B. This is possible by Theorem 4.3. At this initial level,
conditions (1), (3), (5) and (6) do not have meaning, but these will not be used in the
inductive step. Conditions (2) and (4) are trivial (as X, =Y, =), while conditions (7)
and (9) are satisfied by taking w=1); and z=1);, respectively. In condition (8), given a
unitary v€ M with ||v—uo|| <18487'/2 and any finite subset S of the unit ball of H, take
v'=v* so that ||[v'—1||=|lv—wuo| and the left-hand sides of both inequalities in (5.32)
vanish. It remains to carry out the inductive step. In order to distinguish the conditions
that we are assuming at level n from those we are proving at the next level, we employ
the notation (), and (-),+1 as appropriate.

Now suppose that the various objects have been constructed to satisfy (1),—(9)..
Let z€ BT be the unitary operator of condition (9),, satisfying ||z —u,||<2527"/2. Then
z*b;z lies in the unit ball of B for 1<{j<n+1, so we may choose elements x; in the unit
ball of A such that ||z;—2z*b;z| <7, for 1<j<n+1. Now define

Xnp1 =X, UY,U{ay, -, appr JU{Z1, o0y g1

so that condition (1),41 is satisfied.

In Lemma 5.2, let X=X,,41, 5:%6,“ p=2-""*2) and Zp=27,, and let Y,+1CA,
0nt+1>0, Z,+1C B, ue M and 0: A— B be the resulting objects which satisfy conditions
(i)~ (vii) of that lemma. By (2),, and Lemma 5.2 (i) 6,41 <e=26,<£2~("*D and so the
inequality 6,41 <2~ (1 holds. Also X, 41 Co—(n+1) /3 Yn41 by Lemma 5.2 (ii), since (2),
ensures that E<%2_("+1). Thus condition (2),41 is satisfied. By Lemma 5.2 (v), we
have 9_1%27“364%/2 ¢, and hence we may apply condition (7), to find a unitary we BT
with [lw—u,[|<15967/% such that Ad(w)0=y, s, /20,. By Lemma 5.2 (iv), we have
Ad(u)=~y, ,,5,..0. As Y, CX, 1 C.Yp1 and 6,4 <E=%5n, a simple triangle inequality
argument gives Ad(u)=y, s, /20. It follows that

Ad(wu) ~y, 5, - (5.34)
By Lemma 5.2 (iii), |u—157]|<2527'/2, so

lowu || < = wnl|+ Jw(u—1a0) || = |w—unll+ Ju—1ar ]| < 184872, (5.35)
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Thus the unitary wu satisfies the initial hypotheses of condition (8), which we can
now apply to the set S={¢;,...,&,41}. Consequently there exists a unitary v'€ BT with
[0 = 1ar|| <1848/2,

Ad(v'wu) =x, 9-m+1) On, (5.36)

and
(v wu—un)&]| <27+ and ||(Vwu—u,)*E || <27 1< i<n+l. (5.37)

Defining u,,; 1 =v"wu, we see that condition (5),,.; follows from (5.37). Now v'w€ BT, so

we may take z in condition (9),1 to be this unitary operator, since
0" W=t || = ||0"w— 0" wul| = |1 —u|| < 252y (5.38)

Next, define 6,,,1=Ad(v'w)-f, which maps A onto B because B is an ideal in BT.
By Lemma 5.2 (iv) we have Ad(u)=y, ,s,,,0. Therefore applying Ad(v'w) results in
Ad(tn11)Ry, 16,41 0nt1, Proving condition (4),41.

We now turn to condition (3),4+1. The choices of X,,+1, Y41 and J,41 give the
inclusions X, 11 Co-(min)/3 Y,+1 and X,, CX,, 11, and also the inequality d,,11 <%2*("+1).
Thus

Ont1=Ad(V'w)ol = x o1 Ad(Uuny1). (5.39)

Combined with (5.36), we obtain that
Ont1~x, 2-n On, (5.40)

and condition (3),41 is proved.
The choice of § from Lemma 5.2 (v) entailed 0~ | 3g4,1/2¢. Applying Ad(v'w) to
this gives
971-‘,—1 %Xn+l’364,yl/2 Ad(’Ulw) (541)

Recall that, by construction, there are elements x; € X,, 1 such that
[2*bjz—z;[| <7y, 1<j<n+l, (5.42)

and that ||z —u, | <2527'/2, ||v/ —1a]|<1848~'/? and ||w—u,| <15967'/2. From these

inequalities, it follows that

222" — v wa; (V'w)*|| < [Jupzju) — (V'w)z; (v'w)* || +504~1/2

<
(5.43)
<
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Thus, for 1<j<n+1, it follows from (5.41)—(5.43) that

1041 () =bj [| < 10n g1 (25) = (v'w) s (V'w) ||+ ]| (v'w); (v'w) " — 227+ | 222" by |
<3649 /247392912 44 <TTSTY2 < 2, (5.44)
since y<1078. This proves condition (6),1.
We now prove condition (7)1, so take a surjective #-isomorphism ¢: A— B with
¢z, ., 364y1/21- By Lemma 5.2 (vi), there is a unitary w' € BT with ||w’ —ul| <1596+~'/2
and Ad(w')eo¢p=y, , s,.,/20- Apply Ad(v'w) to this to obtain that

Ad(v'ww')og RV 1,0m11)2 Ad(v'w)e0.

1/2

Since U1 =v"wu, we have ||v'ww’ —u,11]]<1596v'/# and also

Ad(vlwwl)o¢ ~ n4+1,0n+41/2 0n+17

as 0,11=Ad(v'w)ef. Then v'ww' is the required unitary operator in condition (7),41
which now holds.

It remains to verify condition (8),4+1. Recall that § and u were chosen to satisfy
condition (vii) in Lemma 5.2 for Y11, dpi1, 5:%5n<%2’(”+1) and p=2-"*+2) and
we now show that the same is true for 6, ,1=Ad(v'w)<0 and u,41=v'wu. Given a
unitary v€M with ||v—v'wu|<18484/% and Ad(v)=y,,, s,., Ad(v'w)<0, and given a
finite subset S of the unit ball of H, the unitary w*(v')*v satisfies

[w* (v')*v—ul| <1848y? and  Ad(w*(v')*v) Ry, .6, 0- (5.45)

n+1

Let
S =Suf{w*(v')*¢: €€ S}

Applying Lemma 5.2 (vii) to S’, there is a unitary o€ BT satisfying ||0—1,,]| <18487'/2,

Ad(ow* (v")*v) R x4 . b, (5.46)
and
[|(pw* (") v—u)n|| <272 and ||(Gw* (V') v—u) || <2+ neS.  (5.47)
Applying Ad(v'w) to (5.46) gives

Ad(v'wow* (V') v) R x, e Ad(V'w)e0 =0, 41. (5.48)
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From the first inequality of (5.47) we obtain
|(Vwiw* (V') )o—v'wu)é|| <2~ ¢es. (5.49)
For £€8, put n=w*(v")*ne S’ into the second inequality of (5.47), to yield
(v wiw* (v')*)v—v'wu)*¢|| <2~ 2 ces. (5.50)
The unitary v'wdw*(v')* € BT then satisfies the requirements of condition (8),,11, since
| wow* (v')* —1pg|| = [|5—1ag|| < 1848~41/2, (5.51)

and e<2~("*2) Thus condition (8),4; holds and the proof is complete. O

In the next result we remove the hypothesis that A and B have the same ultraweak
closure from Theorem 5.3 and so establish Theorem B. In the theorem below, the algebras
A and B do not necessarily act non-degenerately, so we use A” and B for the ultraweak
closures of A and B rather than A” and B”.

THEOREM 5.4. Let A and B be C*-algebras acting on a separable Hilbert space H .
Suppose that A is separable and nuclear, and that d(A, B)<10~''. Then there exists a
unitary uwe(AUB)" such that uAu*=B.

Proof. Since d(A, B)<10i1, Propositions 2.9 and 2.10 show that B is also separable
and nuclear. Choose 7 such that d(A, B)<n<10~!!, and denote the support projections
of A and B by e4 and ep, respectively. These are the respective units of A” and B¥. By
[32, Lemma 5], we have d(A", B¥)<d(A, B), so by Proposition 2.11 there is a unitary

upEW*(A, B, Iy) such that upeaui=ep and || Iz —uol| <2v/2n. Let Ag=uoAuy. Then
d(Ao, A) 2| T —uo|| <4v'2n,

SO
d(Ao, B) < (4vV2+1)n< L.

Another use of [32, Lemma 5] shows that the same estimate holds for d(A¥, B*). These
injective von Neumann algebras have the same unit eg, so we can use Proposition 2.12
to obtain a unitary veW*(A, B, Iy) such that vA¥v*=B" and

|15 —v| <12d(AY, BY) < (48V2+12)1.
If we define w=vug, then wAw* and B have identical ultraweak closures, and

1z —wll = 0" —uol| < | Trr —v* ||+ |11 —uo| < (50v2+12)n.
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Now define A; =wAw*. Then
d(Ay, B) <d(Ay, A)+d(A, B) < 2| Iz —w|+n < (100v/2+25)y < 1078,

since n<1071L,
Now let K be the range of ep and restrict A; and B to this Hilbert space. The

hypotheses of Theorem 5.3 are now met, so there exists a unitary
up € W*(A;UB)=W*(B) CB(K)

such that u; Ajuf=B. We extend u to a unitary us€ B” by us=u1+(Ig—ep), so that
ugA1us=DB. Then uswAw*ui=B, and the proof is completed by defining

u=ugw € W*(A, B, Ig). O

COROLLARY 5.5. Let A be a separable nuclear C*-algebra on a separable Hilbert
space H. Then the connected component of A for the metric d(-,-) is

V={B:B=uAu" and ueU(B(H))}.

Proof. Each unitary u may be written u=e" for a self-adjoint operator h, so A is
connected to uwAu* by the path tsetth Ae=h for 0<t<1. Thus V is contained in the
connected component.

If DeV*, then the open ball of radius 10~!! centred at D must lie in V¢, otherwise
there exists BEV with d(B, D)<10711. If this were the case then, by Theorem 5.4, D
would be unitarily equivalent to B and thus to A, placing D€V and giving a contradic-
tion. Thus V is closed, and it is also open by another application of Theorem 5.4. The

result follows. O

6. Near inclusions and nuclear dimension

In this section we return to near inclusions AC, B, where A is nuclear and separable,
and study the problem of whether A embeds into B for sufficiently small values of ~.
For this we will use Lemma 4.1, so the question reduces to finding cpc maps from A
to B which closely approximate the inclusion map of A into the underlying B(H) on
finite subsets of the unit ball of A. Making use of the nuclearity of A to approximately
factorise id4 through matrix algebras, we see that the core question is this: Do cpc
maps 6: M, — A perturb to nearby cpc maps 0:M,,— B? The obvious approach is to

use the well-known identification of # with a positive element of the ball of radius n of
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M, (A), approximate this by a positive element of M,,(B) and take the associated cp map
6: M, — B. However, we will lose control of ||§—8|| which will depend on n, forcing us to
employ other methods. We do not know the answer in full generality, but will be able to
give a positive solution for the class of order-zero maps, defined in Definition 6.1. This
will enable us to pass from a near inclusion AC, B to an embedding of A into B whenever
A has finite nuclear dimension (see Theorem 6.10 which is the quantitative version of
Theorem C in the introduction). The nuclear dimension (see Definition 6.6 below) of a
C*-algebra, like its forerunner the decomposition rank [37], is defined by requiring the
existence of suitable cpc approximate point-norm factorisations ¢: A—F and ¢: F— A
for id4 through finite-dimensional C*-algebras F' with the map ¢ splitting as a finite
sum of order-zero maps. We note that in all classes of nuclear separable C*-algebras
which have so far been classified, the constituent algebras have finite nuclear dimension.
We begin by defining order-zero maps; all such maps in this paper will be contractions

so we absorb this into the definition.

Definition 6.1. Let F' and A be two C*-algebras. An order-zero map is a cpc map
¢: F— A which preserves orthogonality in the following sense: if e, f€ F'* and e f=0, then

¢(e)¢(f)=0.

Order-zero maps are more general than x-homomorphisms, but nevertheless have
many pleasant structural properties. In particular, we will use the following two facts
from [54] and [55] (see also [56], where these assertions are established when F' is not

finite-dimensional).

PROPOSITION 6.2. Let A and F be C*-algebras with F finite-dimensional and let
¢: F— A be an order-zero map. Suppose that A is faithfully represented on H. Then
there exists a unique *-homomorphism m: F—C*(¢(F))Y CAY such that

6(z) = 7(2)6(1r) = 6(1p)n(x), weF.

PROPOSITION 6.3. Let A and F be C*-algebras with F finite-dimensional. Given

an order-zero map ¢: F'— A, the map id(071]®x»—>¢(x) induces a x-homomorphism
04:Co(0,1]@F — A.

Conwversely, given a x-homomorphism
0:Cp(0,1]@ F — A,

there is an order-zero map og: F'— A defined by x> o(id(g 1) ®x).



136 E. CHRISTENSEN, A. M. SINCLAIR, R. R. SMITH, S. A. WHITE AND W. WINTER

We can now perturb order-zero maps. In the theorem below we do not obtain that
1 is automatically of order zero, but will address this point in Theorem 7.8.

THEOREM 6.4. Let A be a C*-algebra on a Hilbert space H. For a finite-dimensional
C*-algebra F and an order-zero map ¢: F'— A, there exists a finite set Y in the unit ball
of A with the following property: If B is another C*-algebra on H with Y C, B for some
v>0, then there exists a cp map : F— B with

[¢—1llcb < (27+7%) (2+27+77).

Proof. Let ¢: F— A be cpc and order-zero. By replacing A by the image of the
s-homomorphism g4: Co(0, 1] F—A from Proposition 6.3 we may assume that A is
nuclear. Let 7: F—C*(¢(F))” CA™ be the unique *-homomorphism with

o(x)=m(x)p(lp) =p(1p)m(x), z€F, (6.1)

given by Proposition 6.2. Write F'=M,,, ®...&M,, . Without loss of generality, we may

assume that 7 is injective, as if Ml,, Cker(m), then (6.1) ensures that ¢lu, =0, allowing
(k) e

JhSj,h=1
matrix units for M. Let m=max{n,...,n,} and let {f;»}7}_, be a system of matrix

us to remove the summand M,,, from F'. For each 1<k<r, let { e be a system of

units for M,,,. For each 1<k<r, define a non-unital *-homomorphism 6;: M, —M,, by
O (e§{€,2):fj7h. Define a non-unital #-homomorphism 6: F—M.,.(B(H)®M.,,) by

Ig®6;(x1) 0 0
0 IH®6‘2($2) 0
0(x10..0x,) =
0 0 IH®9T(5L'T)

For each 1<k<r, define self-adjoint partial isometries

Ng

S = Z W(e;-fc,z)(}?fh,j en(F)@M,,.
j,h=1

These satisfy

sk @0k (z1))s) :W(xk)®z fii» Tk €My,,. (6.2)
j=1
By (6.1),

2

(b(1r) @1, )sk= Y ¢(€§-f€;3) ® fhj = (¢(lm,, )®1m,, )sk € AQMp,.
jih=1
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The continuous functional calculus then shows that f(¢(1ar,, )®1wm,,)sr € AQM,,, when-
ever f is a continuous function on [0, 1] with f(0)=0. In particular,

b= (¢(1Mnk)1/2®1Mm)5k € AgM,, for all k.

Let teM; . (A®M,,) be the row matrix (¢,...,t,). We can then define a completely
positive map ¢g: FF— AQM,,, by

¢o(z)=t0(x)t*, xzeF.
For z=21®...®z,€F, use (6.2) to compute

o) = 3" (T @0y (1)1}

k=1

=0l ) 0, ) (7D 5 )60, ) 20,
k=1 j=1

T ngk
= Z <¢($k)®z fj,j) ,
k=1 j=1
In particular, under the identification B(H )2 f1 1 (B(H)®M,,) f1,1, we can recover ¢ by

o(x)={Iu®fi1)¢o(z)In®f11), z€F

Now

r

N (@1, ) 2@ 1, )sksi (6 (1, )2 @1,
k=1

> ()
k=1

so {t} is a finite subset of the unit ball of M x,(A®M,,). Accordingly, Proposition 2.7
gives a finite subset Y of the unit ball of A with the property that whenever B is another
C*-algebra on H and Y C., B, then {t}C, M, (B®M,,), where p=27+~2. Assume we
are given such a C*-algebra B so that we can find some u=(uy, ..., u) EM «.(BOM,)
with |[t—u||<p in My, (B(H)®M,,).

Define a cp map 1g: F—B®M,, by setting ¢ (z)=uf(x)u*. Use the identification
B(H)=f11(B(H)®M,,)f1,1 to define a cp map ¢: F—B by

Y(x) = fiivo(z)fi, weF.

6] = [t =

<

\= l6(Le) = 6] <1,

Finally
6= llev <lldo—tollen < [t —ul [[#]1 4t —ull [lul] < ptp(1+p),

exactly as claimed. O
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COROLLARY 6.5. Let A and B be C*-algebras on a Hilbert space H with AC, B for
some v>0. Then for each finite-dimensional C*-algebra F' and order-zero map ¢: F— A,
there exists a cp map Y: F— B satisfying

lp=tllen < (274+7) (24+27+77).
We now work towards our embedding result for a near containment of a separable

C*-algebra of finite nuclear dimension. We first recall the definition of nuclear dimension
from [57].

Definition 6.6. Let A be a C*-algebra and n>0. Say that A has nuclear dimension
at most n, written dimy,.(A)<n, if for each finite subset X of A and >0, there exists
a finite-dimensional C*-algebra F' which decomposes as a direct sum F=Fy®...0F,,
and maps ¢: A—F and 9: F— A such that ¢¥e¢p~x ida, ¢ is cpc and 1 decomposes as
PY=3"7_o1;, where each 1;: Fj— A is order-zero.

The definition of nuclear dimension is a modification of the decomposition rank
from [37]. The decomposition rank dr(A) of A is defined in the same way as the nuclear
dimension, but with the additional requirement that the map 1 in the definition above
is also cpc. Suprisingly the small change in the definition from decomposition rank to
nuclear dimension considerably enlarges the class of C'*-algebras with finite dimension
(while retaining the permanence properties). Indeed in [37] it is shown that a separable
C*-algebra with finite decomposition rank is necessarily quasidiagonal and so stably
finite, while in [57] it is shown that the Cuntz algebras O,, (and all classifiable Kirchberg
algebras) have finite nuclear dimension. We need one final structural property of the cp
approximations defining nuclear dimension (see [57, Remark 2.2 (iv)]); this is immediate

in the unital case.

PROPOSITION 6.7. Suppose that A is a C*-algebra with dimp,.(A)<n. Given a
finite set X CA and €>0, there exist F' and maps ¢ and ¢ as in Definition 6.6 with the
additional property that Wo¢ is cpc.

Given a near inclusion AC, B, where A has finite nuclear dimension, we can now

approximate, in the point-norm topology, the inclusion of A into the underlying B(H)

by cpc maps A— B.
LEMMA 6.8. Let n>0. Let D be a C*-algebra with dimpy,.(D)<n, A be a C*-algebra

represented on the Hilbert space H and 0: D— A be an order-zero map. Given a finite
subset X of the unit ball of D and >0, there exists another finite subset Y of the unit
ball of A with the following property: If B is another C*-algebra on H with Y C, B for
some v>0, then there exists a cpc map ¢: D— B with

|o(x)—0(z)| <2(n+1)(2v++2)(2+27+72)+e, zeX. (6.3)
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Proof. Given a finite subset X of the unit ball of D and >0, we first use the defini-
tion of nuclear dimension in conjuction with Proposition 6.7 to find a finite-dimensional
C*-algebra F' and cp maps ¥1: D—F and ¥5: F— D such that

(i) %1 is cpe;

(ii) F decomposes as Fy@®...®F, and ¢ decomposes as 1@22?20 2, j, where each
9 ;: F;—D is cpc and order-zero;

(ill) tPa01hy is contractive and Pgotp~x idp.

Theorem 6.4 enables us to find a finite set Y in the unit ball of A such that whenever B
is another C*-algebra on H with Y C., B, we can find cp maps s ;: F; — B with

10o%2 j — o jlleb < (27+72) (24+27+42)

for 7=0,...,n. This is the set Y required by the lemma, as given such maps, we can
define a cp map 1»: F— B by E?:o 1o and this satisfies

1642 sl < (n+1)(27+77) (2+27+77).
We define a cp map ¢~): D— B by &:15201/11. Now
16 =0otpaotpn e < (n+1)(27+9%) (2+27+17),

SO
Hg)”cb < 1+(n+1)(27+72)(2+2’7+’}/2).

If ¢ is already cpe, we set ¢p=¢. Otherwise we let ¢:¢~>/||Q~5||cb. Thus
16— lle < 1 llen —1 < (n+1)(2y+9°) (2427 +77).
For ze X,

lp(2)—0(2)]| < lo(x) — d(@) | + | d(x) — (Borpaarpr ) (@) ||+ | (Dorpaotpr ) (z) — O ()
<2(n+1)(27+79°)(2427+7°) +,

establishing the result. O

Taking 6 to be the identity map on A, the next corollary is immediate, since if
AC, B, then we can find 7' <y with AC,, B and take

e=2(n+1)[(27+7*)2+27+7%) — (27 + (V) (2427 + (7)?)]

in the previous lemma.
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COROLLARY 6.9. Let A and B be C*-algebras on a Hilbert space H with ACB
for some v>0 and suppose that dimpy,.(A)<n for some n>0. For any finite subset X
of the unit ball of A, there exists a cpc map ¢: A— B with

[¢(x) =]l < 2(n+1)(27+7°)(2+27+7°), zeX.

The intertwining argument of Lemma 4.1 combines with the previous corollary to
give immediately the following quantitative version of Theorem C. The number 20 ap-

pearing in (6.4) below is an integer estimate for 84/6 from Lemma 4.1.

THEOREM 6.10. Let n>0. Let AC,B be a near inclusion of C*-algebras on a
Hilbert space H, let n=2(n+1)(2y+72)(2+2v+72) and suppose that A is separable with
nuclear dimension at most n. If n<m, then A embeds into B. Moreover, for each

finite subset X of the unit ball of A, there exists an embedding 0: A— B with
16(2) — || < 209"/, (6.4)

Remark 6.11. The hypotheses on A in the previous theorem are, in particular, sat-
isfied for all separable simple nuclear C*-algebras presently covered by known classifi-
cation theorems. These include Kirchberg algebras satisfying the UCT, simple unital
C*-algebras with finite decomposition rank for which projections separate traces (and
also satisfying the UCT), and transformation group C*-algebras associated with compact

minimal uniquely ergodic dynamical systems (see [57] and [53]).

7. Applications

In [3] Bratteli initiated the study of separable AF C*-algebras, namely those separable
C*-algebras arising as direct limits of finite-dimensional C*-algebras. He gave a local
characterisation of these algebras, showing that a separable C*-algebra is AF if and only
if for each >0 and each finite set X C A there exists a finite-dimensional C*-subalgebra
Ag of A such that X C. Ay. By changing ¢ if necessary, we can scale the set X above so
that it lies in the unit ball of A. This characterisation can be weakened: it is not necessary
to be able to approximate a finite set of the unit ball of A arbitrarily closely by a finite-
dimensional C*-algebra; an approximation up to a fixed small tolerance is sufficient to
imply that A is AF. The proposition below states this precisely and is implicit in the
proof of [11, Theorem 6.1].

PROPOSITION 7.1. There exists a constant ~y>0 with the following property. Let
A be a separable C*-algebra and suppose that for all finite sets X in the unit ball of A,
there is a finite-dimensional C*-subalgebra Ao of A such that X C,,Ag. Then A is AF.
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Our first objective in this section is to generalise this last result to other inductive
limits, which admit a local characterisation. In [22], Elliott gave a local characterisation
of the separable AT-algebras (those C*-algebras arising as direct limits of algebras of
the form C(T)® F, where F is finite-dimensional). Loring developed a theory of finitely
presented C*-algebras and showed that local characterisations are possible for inductive
limits of finitely presented weakly semiprojective C*-algebras. There are many examples
of such algebras, including the dimension drop intervals used in [25]. We refer to Loring’s
monograph [40] for more examples and background information on these concepts (see
also [19]). The proposition below is Lemma 15.2.2 in [40], scaling the finite sets involved
into the unit ball.

PROPOSITION 7.2. (Loring) Suppose that A is a C*-algebra containing a (not nec-
essarily nested) sequence of C*-subalgebras A,, with the property that for each finite set
X of the unit ball of A and each >0, there exists n€N with X C.A,,. If each A, 1is

weakly semiprojective and finitely presented, then A is isomorphic to a direct limit

h_H}(AkW ) ¢n)

for some subsequence {k,}72, and some connecting x-homomorphisms ¢y: Ak, — A, ., -

Provided that the building blocks A,, are all nuclear, the arbitrary tolerance €>0
appearing above can be replaced by the fixed quantity m. The only fact we require
about finitely presented weakly semiprojective C*-algebras is the following easy proposi-
tion, which is immediate from the definition of weak stability of a finite presentation of

a C™-algebra.

PROPOSITION 7.3. Let A be a finitely presented, weakly semiprojective C*-algebra.
Then, for each finite subset X of the unit ball of A and each €>0, there exists a finite
subset Y of the unit ball of A and §>0 with the following property: If ¢: A—B is

a (Y,0)-approzimate x-homomorphism, then there is a x-homomorphism ¥: A— B with

sz,sd)-

In the proposition above, the choice of § depends on both X and e. Indeed, one
proves the proposition by replacing X by a weakly stable generating set for A, reducing
e if necessary, and taking Y=X. The result follows since the image of Y under a (Y, §)-
approximate *-homomorphism is an 7-representation for the presentation Y (where n—0
as 0—0). When A is nuclear, Lemma 3.2 can be used to show that the 0 appearing in
Proposition 7.3 only depends on € and not on X or A. This approach results in enlarging
the set Y.
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LEMMA 7.4. Fiz >0 and let 5<min{1—17, %62}. Suppose that A is a finitely pre-
sented, weakly semiprojective nuclear C*-algebra. Then for each finite subset X of the
unit ball of A, there exists a finite subset Y of the unit ball of A with the follow-
ing property: If ¢: A—B is a (Y,)-approzimate x-homomorphism, then there exists a
*-homomorphism : A— B with Yy=x ..

Proof. Fix £>0 and take 0<§< - such that 8v/26'/2<¢. Fix p>0 such that
8V261 2t <e

and write ¢/ =e—8y/26'/2—;1>0. Given a finitely presented, weakly semiprojective nu-
clear C*-algebra A and a finite set X in the unit ball of A, use Proposition 7.3 to find §’ >0
and a finite set Z in the unit ball of A such that if ¢1: A= B is a (Z,§')-approximate
*-homomorphism, then there exists a *-homomorphism ¢: A—B with Y~x . ¢1. By
Lemma 3.2, there is a finite set Y in the unit ball of A such that given any (Y,0)-
approximate *-homomorphism ¢: A— B, there is a (Z, §')-approximate #-homomorphism
¢1: A— B with ||¢—¢1]| <828/ +p. Thus § has the property claimed in the lemma. [

We now show that we do not need arbitrarily close approximations in order to detect

direct limits of finitely presented weakly semiprojective nuclear C*-algebras.

THEOREM 7.5. Let A be a separable C*-algebra and suppose that there is a (not
necessarily nested) sequence {Ap}7° | of finitely presented, weakly semiprojective nuclear
C*-subalgebras of A with the following property: For each finite subset X of the unit
ball of A, there exists k€N such that X C, Ay for some n satisfying n<m. Then A

18 1somorphic to a direct limit

lim (A, , $n+1)

for some subsequence {kyn};>, and connecting *-homomorphisms ¢ny1: Ap, — Ak, -

Proof. Fix a dense sequence {a;}?2, of the unit ball of A. For each n>1 we will
construct k, €N, a dense sequence {a§-n) }jil in the unit ball of Ay and a unitary u,, in the
unitisation AT. For n>>1, we will define connecting *-homomorphisms ¢,,: Ay, _, — A, .
These objects will satisfy the following properties:

(1) laj—u1 ...un_lag»n)u;‘l_l .uil|< 15 for all n>1 and j=1,...,n;

(2) for n>1, |Jun(Pn(z))u) —x|| <2~ whenever x€ Ay, _, is of the form

(dn-t1oodn)(@"™ ), 1<i<n, 2<h<n—1;

(3) llun—1atlI<2
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Once the induction is complete, the second condition above ensures that the following
diagram gives an approximate intertwining in the sense of [22, §2.3], where ¢,: A,,— A is

the inclusion map:

Ak Ak Ak-‘ >
! $2 2 ¢3 3 ’
Ad(ul)oLIZLkl Ad(U1UQ)0Lk2 Ad(u1u2u3)0Lk3
A ida A ida A

In particular [22, §2.3] produces a *-homomorphism
0:lim(Ay,, , pny1) — A

as a point-norm limit. This map is injective since each of the vertical maps is injective

(and the connecting maps id4 are injective). For surjectivity, fix n€N. Let b,, denote

the image of a't") in lim(Ay,,, ¢nt1) so that

e(bn)ZT)}Liﬁ)I{l)Oul...um(¢mo...o¢n+1)(an"))u;...ui“

in norm. Repeatedly using the second condition, we have

16(b) w1 oo wpauy, i < Y27

m>n

so that

10(br) —an| < Z 277 |uy . upalul L uk —an|

m>n

<Y 22— Lar [ a0y e —a
m>n

<> 27 m+ +—

m>n

by conditions (1) and (3). Hence

a(4,0(limy(Ay,, 6n11) ) ) < %<1

so that 6 is surjective by Proposition 2.4.
We start the construction by using the hypothesis to find k; and a dense sequence
{ag»l)};il, so that condition (1) holds. We take u; =14+, so condition (3) holds and at
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this first stage condition (2) is empty. Suppose that all objects have been constructed up
to and including stage n—1 for some n>1. Let X be the finite subset of the unit ball of
Ay
Lemma 3.4 (with y=
the unit ball of Ay
V1~y,13/1502, there is a unitary u€ B with ||u—1p+| g% and Ad(u)et); = x o—n1p2. By

consisting of the elements (d)n_lo...odm)(a;h*l)) for j<n and h=2,...,.n—1. By

13 s 1
ﬁv‘s—m

such that, given any two *-homomorphisms v, 3: Ay, _, —B with

n—1

and B any C*-algebra), there exists a finite subset Y of

n—1

enlarging Y, we may assume that Y O X. By Proposition 7.4, there is a finite subset Z of
the unit ball of Ag__, such that if ¢: A
for some 7 satisfying n< m = % (%)Zﬁlsv then there is a *-homomorphism ¢: Ay, _, —B
with ¥~y 5/95¢. Now use the hypothesis to find &, €N such that

- ., —Bisa (Z,6n)-approximate *-homomorphism

ZU{uy_q .. ujaug o Up_1 i 1<j<ny Gy Ay,

n—1-

Since Ay, is nuclear, Proposition 2.16 gives a cpc map ¢: Ay, _, — A, with ||¢(z)—z]|<2n
for zeYUZUZ*U{z2*:2€ ZUZ*}. In particular such a map is a (Z,6n)-approximate
*-homomorphism and so there is a *-homomorphism ¢,,: Ag, _, — Ay, with ¢,y 2,259
In particular

lén(y)—yll < 24+2n< L, yey,

so our choice of Y gives us a unitary u, € AT with |Ju,, —14:[|<% and
[(Ad(un)ogn) (@) =2 <27", z€X,

and conditions (2) and (3) hold. Since {w)_; ...ufa;u; ...up—1:1<j<n}C, Ay, for some

1
1< 130000
pletes the induction. O

we may choose a dense sequence {aé") }jil to fulfill condition (1). This com-

As an example, Elliott’s local characterisation of AT-algebras from [22] can be weak-
ened to give the following statement. Note that the algebras Ay below are all semipro-
jective by combining [40, Theorems 14.1.7, 14.2.1, 14.2.2 and Lemma 14.1.8].

COROLLARY 7.6. Let A be a separable C*-algebra. Suppose that, for any finite set
X in the unit ball of A, there exists a C*-subalgebra Ag of A with X C1 /120000 A0, where
Ap has the form C(T)QF,®CI[0,1|QF2®F3 for finite-dimensional C*-algebras Fy, Fy
and F5. Then A is AT.

In a similar fashion, we obtain a generalised characterisation of the Jiang—Su algebra
Z (see [25, Theorems 2.9 and 6.2]). The algebras Z, , in the statement are semiprojective
by [21].

COROLLARY 7.7. Let A be a unital, simple, separable C*-algebra with a unique
tracial state. Suppose that for each finite subset X of the unit ball of A, there exists a
prime dimension drop C*-algebra Z, , with X C1 /120000 Zp,q- Then A=Z.
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We now return to our perturbation result for order-zero maps (Theorem 6.4) and
show that the resulting maps can also be taken of order zero. For simplicity, we establish
this result for near inclusions rather than for the context of finite sets used in Theorem 6.4.
In the next theorem we will make use of the fact that a map ¢ whose domain is a finite-

dimensional operator space E is completely bounded with ||¢||c» < (dim E) ||| (see [18]).

THEOREM 7.8. Let AC,B be a near inclusion of C*-algebras, where v satisfies
0<y<107". (7.1)

Given a finite-dimensional C*-algebra F and an order-zero map ¢: F— A, there exists

an order-zero map ¥: F'— B satisfying

=] e < 49372,

Proof. Let v/ <7 be such that AC.» B. Denote the linear dimension of F' by m and
choose 3>0 such that 3mB<~'/2. Let Xy be a 3-net for the unit ball of F, and let

X= {id((),l] Rr:xre X()} - CO(O, 1]®F

Now apply Lemma 3.4 and Remark 3.5 (ii) to the nuclear C*-algebra Cy(0,1]®@F with

~ replaced by 8271/2<% >0 replaced by >0 and D replaced by C*(A, B). Then

there is a finite subset Z of the unit ball of Cy(0, 1]® F such that if ¢1, ¢a: Co(0, 1| F —
C*(A, B) are *-homomorphisms satisfying ¢1a7; g5,1/2 2, then there exists a unitary
ueC*(A, B)t with ||u—1]|<2467/? and ¢=sx sAd(u)ops. Choose >0 such that

(179 +e)/2 426 < V1772,
and then define
n=4(27'+()*)(2+27'+ (7)) +e <17y +e,

since 7/ <10~7. The C*-algebra C(0,1]®F is finitely presented and weakly semiprojec-
tive, [40, Chapter 14], and has nuclear dimension 1, [57]. The choice of  gives

3n <min{1i7, %8(8171/2)2},

since ﬁ(8171/2)2>517>3n. We may now apply Lemma 7.4 with X replaced by Z
to conclude that there is a finite subset X7 of the unit ball of Cy(0,1)QF with the
following property: If 6: Cy(0,1]®@ F— B is an (X7, 3n)-approximate x-homomorphism,
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then there is a *-homomorphism m: Co(0, 1]®@ F'— B with = g1.,1/20. We may enlarge
X, if necessary so that ZC X;.

Given an order-zero map ¢: F'— A, by Proposition 6.3 there is a *-homomorphism
04:Co(0,1]@ F— A defined by 04 (id(,11®z)=¢(z) for z€F. The nuclear dimension of
Co(0,1]®F is 1, so Lemma 6.8 gives a cpc map 6: Cy(0,1]®@ F— B with

los(x)—0(x)[| <4(2y'+(¥)?) 2427+ (v')?)+e=n

for
re X UXTU{za" 1z € X1UXT}.

Since gy is a *-homomorphism, 6 is an (X1, 3n)-approximate *-homomorphism. By the
choice of X, there is a *-homomorphism 7: Cy(0, 1]®@ F— B with 7~ g;.1/20, and the
inequality n<17v leads to a2 g9,1/204. Thus the choice of Z ensures the existence of
a unitary u with ||u—1||<246+'/2 such that gs~x sAd(u)om. Define an order-zero map
Y: F— B by (z)=n(id,11®z) for z€F. Then ¢~x, gAd(u)o1). Since Xy is a B-net

for the unit ball of F', a simple approximation argument gives
[o(x)—(Ad(u)oy)(2)[| <3B[lz], e F.
Recalling that F' has dimension m, we find that
16— Ad ()= l|en <mllo—Ad(w)ew)|| < 3m <~'/2. (72)
We also have the estimate
= Ad(u) oo < 20|u—1]| < 492772, (7.3)

and the desired conclusion ||¢—1||cp <493v/? follows from (7.2) and (7.3). O

We end by using our methods to give a new characterisation of when a separable
nuclear C*-algebra is D-stable, where D is any separable strongly self-absorbing C*-
algebra. For simplicity we only state and prove a unital version, but it seems clear that,
with some extra effort, one can use [52, Theorem 2.3] to give a non-unital version as well.
We first establish some notation. For a C*-algebra A, []°~, A will denote the space of
bounded sequences with entries from A, while > | A is the ideal of sequences {a,}52;
for which lim,, o ||an]|=0. We write A, for the quotient space and 7 for the quotient
map of [[)7; A onto As. We identify A with a subalgebra of A, by first regarding
A as the algebra of constant sequences in [[ >, A and then applying m. The relative

commutant A, NA’ is the algebra of central sequences.
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THEOREM 7.9. Let D be a separable unital strongly self-absorbing C*-algebra and
let v satisfy 0<y< ﬁ. Suppose that A is a separable unital nuclear C*-algebra and that
for any finite subsets X and Y of the unit balls of A and D, respectively, there exists
a ucp (Y,7)-approximate x-homomorphism 0: D— A with ||0(y)x—z0(y)|| <y for z€X
and yeY. Then A is D-stable.

Proof. Suppose we are given a finite set Z (containing 1p) in the unit ball of D
and some £>0. Since 4fy<1—17 and D is nuclear, Lemma 3.2 shows that there is a finite
set Y (also containing 1p) in the unit ball of D so that, if ¢y: D—ANA" is a (Y, 4v)-
approximate *-homomorphism, then there exists a (Z, ¢)-approximate #-homomorphism
Yz D—ANA near ¢y.

Let {a,}52 1 be dense in the unit ball of A. Fix n and use Lemma 3.1 to find positive

real numbers {)\;}72; summing to 1 and contractions {b;}7", in A such that

m . 1
ZAjbjbj—lA <
j=1
and
" 1
> A (arb; @b —b; ®@bjax) <=, 1<k<n. (7.4)
j=1 AR A n

By our hypotheses, there is a ucp (Y, ~)-approximate *-homomorphism 6: D— A with
16(y)b; —b;0(y)||<v for yeYUY*U{yy*:ycYUY*} and j=1,...,m. Define a cpc map
¢n: D— A by

On(x) =) Ab30(x)b;.
j=1
For ye YUY *U{yy*:y€YUY*}, we have

0 =001 = [ Y- A0 - Y- titsotw)|+ | (o A1 )otw) | <+
Jj=1 j=1 j=1

As 0 is a (Y, v)-approximate x-homomorphism, ¢,, is a (Y, 4v+3/n)-approximate *-homo-
morphism. Therefore we can define a (Y, 4v)-approximate *-homomorphism ¢y : D— Ao,
by ¢y (z)=m({¢n(x)}52,), where m: [[72 A=A is the quotient map. For each d in

the unit ball of D, the map z1 ®@xor>x160(d)xs extends to a contractive linear map from
A®A into A. The estimate (7.4) then gives

1 .
lasén(d)=dn(d)al| <= for j<n
and so ¢y takes values in A, NA’. Moreover, as 6 is unital, we have

oy (1p) —1a || <.
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Now, by our choice of Y, Lemma 3.2 yields a (Z,¢)-approximate x-homomorphism
Vz.e: D—AsNA’ such that |9z — ¢y <1291/2.

Finally, using the separability of D, upon increasing Z and decreasing €, we obtain
a *-homomorphism ¢: D—(ANA’)s such that

[¥(1p)—1a) |l <1292 4y <1

The latter in particular implies that v is unital. Since D is nuclear, we may use the
Choi-Effros lifting theorem to obtain a ucp lift 1: D—][y«nA- Now astandard diagonal
argument yields a unital *-homomorphism ¢: D— A, NA’. By [52, Theorem 2.2], this
shows that A is D-stable. O
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