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1. Introduction

The main goal of the present work is to study geodesics in the random metric space called
the Brownian map, which appears as the scaling limit of several classes of discrete planar
maps. We prove in particular that a typical point of the Brownian map is connected by
a unique geodesic to the distinguished point called the root. We are also able to give an
explicit description of the set of those points that are connected to the root by at least
two distinct geodesics. In particular, we obtain that this set is dense in the Brownian map
and is homeomorphic to a real tree. Moreover we show that countably many points are
connected to the root by three distinct geodesics, but no point is connected to the root by
four distinct geodesics. Because of the invariance of the distribution of the Brownian map
under uniform re-rooting, similar results hold if we replace the root by a point randomly
chosen according to the volume measure on the Brownian map. Although the Brownian
map is a singular metric space, there are striking analogies between our analysis and the
classical results known in the setting of Riemannian manifolds.

Our main results have direct applications to uniqueness properties for geodesics in
discrete planar maps. One indeed conjectures that the Brownian map is the universal
scaling limit of discrete random planar maps, in a way similar to the appearance of Brow-
nian motion as the scaling limit of all discrete random paths satisfying mild integrability
conditions. If this conjecture is correct, the present work will provide information about
the behavior of geodesics in large discrete random maps in a very general setting. The
preceding analogy with Brownian motion also suggests that the Brownian map should
provide the “right model” for a Brownian random surface.

To motivate our main results, let us start by describing some typical applications
to discrete models. Recall that a planar map is a proper embedding of a connected
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graph in the 2-dimensional sphere S?. Loops and multiple edges are a priori allowed.
The faces of the map are the connected components of the complement of the union of
edges. A planar map is rooted if it has a distinguished oriented edge called the root
edge, whose origin is called the root vertex. Two rooted planar maps are said to be
equivalent if the second one is the image of the first one under an orientation-preserving
homeomorphism of the sphere, which also preserves the root edge. Two equivalent planar
maps are identified. Given an integer p>2, a 2p-angulation is a planar map where each
face has degree 2p, that is 2p adjacent edges (one should count edge sides, so that if an
edge lies entirely inside a face it is counted twice). A 2p-angulation is bipartite, so that
it cannot have loops, but it may have multiple edges. We denote by M?P the set of all
rooted 2p-angulations with n faces. Due to the preceding identification, the set M? is
finite.

Let M be a planar map and let V(M) denote the vertex set of M. A path in M with
length k is a finite sequence (ag, ay, ..., ax) in V(M) such that a; and a;_1 are connected
by an edge of the map, for every i€{1,...,k}. The graph distance dg(a,a’) between two
vertices a and a’ is the minimal k such that there exists a path y=(aq, a1, ..., ax) with
ap=a and ap=a’. A path y=(ag, a1, ..., ar) is called a discrete geodesic (from ag to ay) if
k=dg:(ao,ar). If y=(ao, ..., ar) and v'=(ay, ..., a},,) are two paths (possibly with different
lengths), we set

d(v,") = max{dg: (aink, Uippr) 2120}

Throughout the present work, we fix an integer p>2, and consider a random 2p-
angulation M,,, which is uniformly distributed over the set M?. We denote the vertex
set of M,, by m,, =V (M,) and the root vertex of M,, by 0, €m,,. Note that, by Euler’s
formula, #(m,,)=(p—1)n+2 . For every a,a’€m,, we denote by Geo,(a,a’) the set of

all discrete geodesics from a to o’ in the map M,,.

PROPOSITION 1.1. For every §>0,
1
—#{acm,:there exist v,y € Geo,(dn,a) such that d(v,~')>=én'/*} =0,
n

as n— 00, in probability.

Recall that if R(M,,)=max{ds(0s,a):a€m,} is the radius of the map M,, it is
known that n~*/*R(M,) converges in distribution to a positive random variable ([13]
if p=2, and [27], [40] in the general case). Thus typical distances between vertices of

M,, are of order n'/*

. Proposition 1.1 means that when n is large, for a typical vertex
a of M, there is essentially a unique discrete geodesic from the root vertex to a, up to

deviations that are small in comparison with the diameter of the map.
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One can get a stronger version of Proposition 1.1 by considering approximate geo-
desics. Fix a non-negative function 6(n), n€N, such that (n)=o0(1) as n—oco. An
approximate geodesic from a to ¢’ is a path from a to o’ whose length is less than
(146(n))dgr(a,a’). Denote the set of all approximate geodesics from a to a’ in M,, by
Geoy,(a,a’). Then the statement of Proposition 1.1 still holds if Geo,,(9,,a) is replaced
by Geo,, (0, a).

Proposition 1.1 is concerned with discrete geodesics from the root vertex to a typical
point of m,,. What happens now if we consider exceptional points? To answer this
question, fix §>0, and for every a,a’€m,, let Mult,, s(a,a’) be the maximal integer k
such that there exist k paths 71, ..., v, €Geo,(a,a’) with d(v;,v;)=6n'/* if i#j. Define
analogously Mult,, 5(a,a’) by replacing discrete geodesics with approximate geodesics.

PROPOSITION 1.2. We have, for every §>0,

lim P(there ezists a € m,, such that Mult, 5(0,,a)>4)=0.

n—oo

In other words, when n is large, there cannot be more than 3 “macroscopically dif-
ferent” discrete geodesics connecting a point of m,, to the root vertex. Can the maximal

number 3 be attained? The next proposition provides an answer to this question.

ProrosiTiON 1.3. We have

lim lim inf P(there exists a € m,, such that Mult,, 5(0,,a) =3)=1.

§—0 n—oo

It should be emphasized that the root vertex 0,, plays no special role in the preceding
propositions. These statements remain valid if 9, is replaced by a vertex chosen uniformly
at random in m,,.

The proofs of Propositions 1.1, 1.2 and 1.3 depend on analogous results concerning
the Brownian map. We will now explain how the Brownian map can be obtained as the
continuous limit of rescaled uniform 2p-angulations [24]. We first observe that (m,,, dgy)
can be viewed as a random compact metric space, or more precisely as a random variable
taking values in the space K of isometry classes of compact metric spaces. We equip K
with the Gromov-Hausdorff distance dgn (see [11], [18] and §8 below), and the metric
space (K, dgu) is then Polish. It is proved in [24] that we can find a sequence {ng}r>1
of values of n converging to co and then construct the random maps M, in such a way

that along the sequence {ny}r>1 we have the almost sure convergence
(m,,, 3,0~ Y 4dg) 225 (Moo, D), as n— oo, (1)

in the Gromov-Hausdorff sense (here s, is a positive constant depending on p). The
limiting random metric space (my,, D) is called the Brownian map. At this point we
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need to comment on the necessity of taking a subsequence in order to get the conver-
gence (1). As will be explained below, the space m., is obtained as a quotient space of
the well-known random real tree called the continuum random tree, by an equivalence
relation which is explicitly defined in terms of Brownian labels assigned to the vertices of
the continuum random tree. However the metric D, which induces the quotient topology
on m,, has not been completely characterized, and it is conceivable that different sub-
sequences might give rise to different limiting metrics D in (1). Still one conjectures that
the space (mo., D) does not depend on the chosen subsequence, nor on the integer p,
and that a convergence analogous to (1) holds for more general classes of random planar
maps. In the present work, we abusively talk about the Brownian map, but it should
be understood that we deal with one of the possible limits in (1) (our terminology is
thus different from [29], where the Brownian map refers to the same space mq, but with
a specific choice of the distance, which may or may not coincide with D). Despite the
lack of uniqueness, the topological or even metric properties of (my,, D) can be inves-
tigated in detail and yield interesting consequences for large planar maps. For instance
the non-existence of small “bottlenecks” in large 2p-angulations was derived in [25] as a
consequence of the convergence (1) and the fact that (m.., D) is homeomorphic to SZ.

Our study of geodesics in the Brownian map is motivated in part by the same strategy.

Let us now give a more precise description of the space m,,. We use the notation
(7, de) for the random rooted real tree known as the continuum random tree, which was
introduced and studied by Aldous [1], [2]. The notation 7 is justified by the fact that
7 can be defined as the tree coded by a normalized Brownian excursion e=(e;)o<i<1-
Precisely, 7c=10,1]/~¢ is the quotient space of the interval [0,1] for the equivalence
relation ~, such that s~ct if and only if e;=e;=min{;x; 54 €. The distance de(a, b) is
defined for a,b€7e by de(a,b)=es+e;—2minga¢ sv¢ €, Where s (resp. t) is an arbitrary
representative of a (resp. b) in [0, 1] (see §2.3 and §2.4 below). The root ge of 7 is the
equivalence class of 0 in the quotient [0, 1]/~e, and the uniform probability measure on

7. is the image of Lebesgue measure on [0, 1] under the canonical projection.

We then introduce Brownian labels assigned to the vertices of the continuum random
tree: Conditionally given the tree 7o, Z°=(ZS).c71. is the centered Gaussian process
whose distribution is characterized by the properties Z8 =0 and E[(Z$—Zg)*|=de(a, b)
for every a,be7,.

We are in fact interested in the pair (7g, (Z,)ae7.), which may be defined as the
pair (7, (Z8)aer,) conditioned on the event {Z¢>0 for all a€7T}. Some care is needed
here, since the latter event has zero probability. The paper [26] provides a simple explicit

construction of the pair (7, (Z4)ac7.): If ax denotes the (almost surely unique) vertex of
Te such that Z§ =min{Z§:a€Z.}, then Tg coincides with the tree 7¢ re-rooted at a,, and
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the new labels Z, are obtained by setting Z,=Z2g—Z¢_, so that the label of the new root
is still 0. We can again write Ts=10, 1]/~s, where the equivalence relation ~z is defined
as above from a random continuous function € which has a simple expression in terms
of e (see §2.4 below) and the root p=ps of Tz is the equivalence class of 0 in [0, 1]/~s.
If a,b€Ts, we denote by [a, b] the subset of Tz which is the image under the projection
[0,1]—[0,1]/~s of the smallest interval [s,t] such that s (resp. t) is a representative of
a (resp. b) in [0,1], and s<t. If there exists no such interval [s,t], we take [a,b]=Ts
by convention. Informally, [a,b] corresponds to those points of 7z that are visited when
going from a to b “around the tree” in “clockwise order” and avoiding the root. We
define an equivalence relation on 7 by setting, for every a,be7s,

axb ifand onlyif Z,=Z,= min Z. or Z,=Z,= min Z,.
c€la,b) c€(b,al
The space me, is then defined as the quotient space 75/~. We denote the canonical
projection from 75 onto my, by II. The metric D induces the quotient topology on me,

and satisfies the bound

D(II(a), 1(3)) < Zo +Zy=2 min, Z, 2)
cela,

for every a,be7Ts. We use the same notation p for the root of 7z, and for its equivalence
class in 7g/~2, which is a distinguished point of m..

If (E,9) is a compact metric space and z,y€FE, a geodesic or shortest path from
r to y is a continuous path y=(7(t))o<t<s(a,y) such that v(0)=z, v(d(x,y))=y and
0(y(s),v(t))=|t—s| for every s,t€[0,d(x,y)]. The compact metric space (F,d) is then
called a geodesic space if any two points in E are connected by (at least) one geodesic.
The space (m,, dg,) is not a geodesic space, but it is easy to construct a geodesic space
whose Gromov-Hausdorff distance from (m,,, dg,) is bounded above by 1. From (1) and
the fact that Gromov—Hausdorff limits of geodesic spaces are geodesic spaces (see [11,
Theorem 7.5.1]), one gets that (me, D) is almost surely a geodesic space. Our main goal
is to determine the geodesics between the root ¢ and an arbitrary point of m.

Before stating our main result, we still need to introduce one more notation. We
define the skeleton Sk(7z) by saying that a point a of Ts belongs to Sk(7z) if and only
if Ts\{a} is not connected (informally, Sk(7z) is obtained by removing the leaves of the
tree 7g). It is proved in Proposition 3.3 below that, with probability 1, the restriction
of the projection II to Sk(7s) is a homeomorphism, and the Hausdorff dimension of
II(Sk(7z)) is equal to 2. We write Skeloo=II(Sk(7z)) to simplify notation. Since the
Hausdorff dimension of m., is equal to 4 almost surely [24], the set Skel,, is a relatively
small subset of m,,. The set Skel,, is dense in m., and from the previous observations
it is homeomorphic to a non-compact real tree. Moreover, for every x€Skel,,, the set
Skeloo \{x} is disconnected.
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The following theorem, which summarizes our main contributions, provides a nice
geometric interpretation of the set Skely, (see Theorems 7.4 and 7.6 below for more

precise statements).

THEOREM 1.4. The following properties hold almost surely. For all x€m.,\Skely,,
there is a unique geodesic from o to x. On the other hand, for every x€Skely, the
number of distinct geodesics from o to x is equal to the number of connected components
of Skeloo\{z}. In particular, the mazimal number of distinct geodesics from o to a point

of my, is equal to 3.

Remarks. (i) The invariance of the distribution of the Brownian map under uniform
re-rooting (see §8 below) shows that results analogous to Theorem 1.4 hold if one replaces
the root by a point z distributed uniformly over m.,. Here the word “uniformly” refers
to the volume measure A on my,, which is the image of the uniform probability measure
on 75 under the projection II.

(ii) The last assertion of the theorem easily follows from the previous ones. Indeed,
we already noticed that the (unrooted) tree 7g is isometric to the continuum random tree
7., and standard properties of linear Brownian motion imply that the maximal number of
connected components of Sk(7¢)\{a}, when a varies over 7Tq, is equal to 3. Furthermore

there are countably many points a for which this number is 3.

The construction of the Brownian map (my,, D) as a quotient space of the random
tree 7Tz may appear artificial, even though it is a continuous counterpart of the bijections
relating labeled trees to discrete planar maps (see in particular [7]). Theorem 1.4 shows
that the skeleton of 75, or rather its homeomorphic image under the canonical projection
II, has an intrinsic geometric meaning: It exactly corresponds to the cut locus of m,
relative to the root g, provided we define this cut locus as the set of all points that are
connected to g by at least two distinct geodesics. Note that this definition of the cut locus
is slightly different from the one that appears in Riemannian geometry (see e.g. [16]),
since the latter does not make sense in our singular setting.

Remarkably enough, the assertions of Theorem 1.4 parallel the known results in the
setting of differential geometry, which go back to Poincaré [34]. Myers [33] proved that
for a complete analytic 2-dimensional manifold which is homeomorphic to the sphere, the
cut locus associated with a given point A is a topological tree, and the number of distinct
geodesics joining A to a point M of the cut locus is equal to the number of connected
components of the complement of {M} in the cut locus (see Hebda [19] and Itoh [21]
and the references therein for more recent related results under C*° or C?-regularity
assumptions). On the other hand, Shiohama and Tanaka [38] give examples showing
that in the (non-differentiable) setting of Alexandrov spaces with curvature bounded



GEODESICS IN LARGE PLANAR MAPS AND IN THE BROWNIAN MAP 293

from below, the cut locus may have a fractal structure.

We are able to give explicit formulas for all geodesics from the root to an arbitrary
point of m.,. Indeed all these geodesics are obtained as simple geodesics, which had
already been considered in [29]. The main difficulty in the proof of Theorem 1.4 is to
verify that there are no other geodesics from the root. To this end, we define for every
point z€m,, a minimal and a maximal geodesic from the root to x. Loosely speaking,
these are defined in such a way that any other geodesic from g to x will lie “between”
the minimal and the maximal one: See §4 for more exact statements. Then one needs
to check that for a given point x€m., \Skels, the minimal and the maximal geodesic
from p to = coincide, and therefore also coincide with the simple geodesic from g to x.
For this purpose, the key step is to prove that a minimal (or maximal) geodesic cannot
visit a point of Skely,, except possibly at its endpoint. The technical estimates of §5
and §6 below are devoted to the proof of this property. Some of these estimates are of
independent interest. In particular Corollary 6.2 gives the following uniform estimate on
the volume of balls in (my, D): For every 5€]0, 1], there exists a (random) constant Kz
such that the volume of any ball of radius r in m, is bounded above by K 57‘4"’, for
every r>0. In the multifractal formalism, this means that the multifractal spectrum of

the volume measure A on m,, is degenerate.

A rather surprising consequence of our results is the following remarkable confluence
property of geodesics. For every £>0, there exists a (random) constant a>0 such that,
if v and ' are two geodesics starting from the root and with length greater than e, we
have v(t)=~'(¢) for every t€[0, a (Corollary 7.7). Some calculations related to a discrete
version of this property can be found in Bouttier and Guitter [9] in the particular case
of quadrangulations.

Let us comment on recent results related to the present work. The idea of studying
continuous limits of discrete planar maps appeared in the pioneering paper of Chassaing
and Schaeffer [13]. The problem of establishing a convergence of the type (1) was raised
by Schramm [37] in the setting of triangulations. Marckert and Mokkadem [29] considered
the case of quadrangulations and proved a weak form of the convergence (1). See also
[27] for a generalization to Boltzmann distributions on bipartite planar maps. As an
important ingredient of our proofs, we use a bijection between bipartite planar maps and
certain labeled trees called mobiles, which is due to Bouttier, Di Francesco and Guitter [7].
The recent work of Miermont [30] and Miermont and Weill [32] strongly suggests that
a convergence analogous to (1) should hold for planar maps that are not bipartite, such
as triangulations. In a recent paper [31], Miermont has obtained, independently of the
present work, certain uniqueness results for geodesics in continuous limits of discrete

quadrangulations, in a setting which is however different from ours. See also the recent
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work of Bouttier and Guitter [8] for a detailed discussion of the number of geodesics
connecting two given points in a large planar map, and of exceptional pairs of points
that can be linked by “truly” distinct geodesics. In a different but related direction,
the papers of Angel and Schramm [5], Angel [4] and Chassaing and Durhuus [12] study
various properties of random infinite planar maps that are uniformly distributed in some

sense.

To complete this presentation, let us mention that planar maps are important objects
in several areas of mathematics and physics. They have been studied extensively in
combinatorics since the pioneering work of Tutte [39]. Planar maps, or maps on more
general surfaces, have significant geometric and algebraic applications: See the book of
Lando and Zvonkin [22]. The interest in planar maps in theoretical physics first arose
from their connections with matrix integrals [20], [10]. More recently, planar maps have
served as models of random (discrete) surfaces in the theory of 2-dimensional quantum
gravity: See in particular the book of Ambjern, Durhuus, and Jonsson [3]. Bouttier’s
recent thesis [6] provides a nice account of the relations between the statistical physics
of random surfaces and the combinatorics of planar maps.

The paper is organized as follows. §2 contains a detailed presentation of the ba-
sic objects which are of interest in this work. In particular we discuss the Bouttier—
Di Francesco—Guitter bijection between bipartite planar maps and the labeled trees called
mobiles [7], which plays an important role in our arguments. Such bijections between
maps and trees were discovered by Cori and Vauquelin [14] and then studied in particular
by Schaeffer [36]. Theorem 2.2 restates the main result of [24] in a form convenient for our
applications. §3 is devoted to some preliminary results. In §4, we recall the definition of
simple geodesics, and we introduce minimal and maximal geodesics. The main result of
this section is Proposition 4.1, which shows that the so-called minimal geodesic is indeed
a geodesic. §5 proves the key technical estimate (Lemma 5.1). Loosely speaking, this
lemma bounds the probability that the range of a minimal geodesic intersects (the image
under the canonical projection of) an interval containing the right end of an excursion
interval of e with length greater than some fixed §>0. The estimate of Lemma 5.1 is
then used in §6 to prove Proposition 6.3, which shows that the range of a typical minimal
geodesic does not intersect Skel,,. As another ingredient in the proof of Proposition 6.3,
we use our uniform estimates for the volume of small balls in m,. §7 contains the proof
of our main results Theorems 7.4 and 7.6, from which Theorem 1.4 readily follows. §8
discusses the re-rooting invariance property of the Brownian map. Finally §9 provides
applications to large planar maps, and gives the proofs of Propositions 1.1, 1.2 and 1.3.

The proof of two technical discrete lemmas is presented in the appendix.

Let us conclude with a comment about sets of zero probability. As usual in a random
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setting, many of the results that are presented in this work hold almost surely, that is
outside a set of zero probability. In a few instances, such as Lemma 3.4, this set of zero
probability depends on the choice of a parameter U €0, 1], which corresponds to fixing
a point of my,. In such cases, we will always make this dependence clear: Compare

Propositions 7.1 and 7.2 below for instance.
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his comments on a preliminary version of this work, and to Grégory Miermont for sev-
eral stimulating conversations. I also thank Jérémie Bouttier and Emmanuel Guitter
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Finally, I wish to thank the referee for his careful reading of the original manuscript and

several useful remarks.

2. The Brownian map

2.1. Real trees

As was already mentioned in the introduction, the Brownian map is defined as a quotient
space of a random real tree. We start by discussing real trees in a deterministic setting.
A metric space (7,d) is a real tree if the following two properties hold for every a,beT.

(a) There is a unique isometric map f, from [0, d(a,b)] into 7 such that f, ,(0)=a
and fqp(d(a,b))=0.

(b) If ¢ is a continuous injective map from [0,1] into 7, such that ¢(0)=a and
q(1)=b, we have ¢([0, 1])= f4.5([0, d(a, b)]).

A rooted real tree is a real tree (7, d) with a distinguished vertex p=9(7) called the
root.

Let us consider a rooted real tree (7, d) with root o. To avoid trivialities, we assume
that 7 has more than one point. For a€7, the number d(p,a) is called the generation
of a in the tree 7. For a,beT, the range of the mapping f,, in (a) is denoted by
[[a,b]]=[[b, a]]: This is the line segment between a and b in the tree. We will also use
the obvious notation Ja,b[[, [[a, [ and Ja, b]. For every a€T, [[o,a] is interpreted as the
ancestral line of vertex a.

More precisely we can define a partial order on the tree, called the genealogical
order, by setting a<b if and only if a€[[o,b]. If a<b, a is called an ancestor of b, and
bis a descendant of a. If a,b€T, there is a unique c€7 such that [[o,a]N[e, b]=]e, ]
We write c=a/A\b and call ¢ the most recent common ancestor to a and b. Note that
la, b]=[a’sb, a] U[aAb, b].
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The multiplicity of a vertex a€7 is the number of connected components of 7\ {a}.
In particular, a is called a leaf if it has multiplicity one. The skeleton Sk(7) is the set
of all vertices a of 7 which are not leaves. Note that Sk(7") equipped with the induced
metric is itself a (non-compact) real tree. A point a€Sk(7) is called simple if 7\{a} has
exactly two connected components. If 7\{a} has (at least) three connected components,
we say that a is a branching point of 7T.

If aeT, the subtree of descendants of a is denoted by 7 (a) and defined by

T(a)={beT:a=<b}.

If a#p, a belongs to Sk(7T) if and only if 7 (a)#{a}.

2.2. Coding compact real trees

Compact real trees can be coded by “contour functions”. Let ¢>0 and let g be a
continuous function from [0, o] into [0, oo[ such that g(0)=g(c)=0. To avoid trivialities,

we will also assume that g is not identically zero. For every s,t€(0, o], we set

mg(s,t)= min T
g( ) re[s/\t,s\/t]g( )’

and
dg(s,t)=g(s)+g(t)—2my(s,t).

It is easy to verify that d, is a pseudo-metric on [0, o]. As usual, we introduce the equiv-
alence relation s~4t if and only if d,(s,t)=0 (or equivalently if and only if g(s)=g(t)=
mg(s,t)). The function d, induces a distance on the quotient space 7,:=[0,0]/~,, and
we keep the notation d, for this distance. We denote by pg: [0, 0]—7, the canonical pro-
jection. Clearly p, is continuous (when [0, 0] is equipped with the Euclidean metric and
7, with the metric dy), and therefore 7,=p,([0, ¢]) is a compact metric space. Moreover,
it is easy to verify that the topology induced by d, coincides with the quotient topology
on 7.

By [15, Theorem 2.1], the metric space (7, d,) is a (compact) real tree. Furthermore
the mapping g— 7, is continuous with respect to the Gromov—Hausdorff distance, if the
set of continuous functions g is equipped with the supremum distance. We will always
view (74,d,) as a rooted real tree with root g94=p4(0)=p,(c). Note that dg(04,a)=g(s)
if a=pg4(s).

If 5,t€[0, 0], the property py(s)<p,(t) holds if and only if g(s)=my(s,t). Suppose
that 0<s<t<o. Then [[py(s), pe(t)]| Cpy([s,t]), and in particular p,(s)Apy(t)=p,(r) for
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any re€ls,t] such that pgy(r)=my(s,t). Such simple remarks will be used without further
comment in the forthcoming proofs.

Let a€7, and let s(a) (resp. t(a)) denote the smallest (resp. largest) element in
py'(a). Then Ty(a)=py([s(a),t(a)]). Hence, if g is not constant on any non-trivial
interval, a vertex a7 g, belongs to Sk(7,) if and only if s(a)<t(a), that is if p;'(a) is
not a singleton. Moreover, if g does not vanish on ]0, o[, then o, ¢Sk(7,). The last two
properties will hold a.s. for the (random) functions g that are considered below.

2.3. The Brownian snake

Let g be as in the previous subsection, and also assume that g is Holder continuous
with exponent § for some d>0. We first introduce the Brownian snake driven by the
function g.

Let W be the space of all finite paths in R. Here a finite path is simply a continuous
mapping w: [0, (] =R, where (=((,, is a non-negative real number called the lifetime of

w. The set W is a Polish space when equipped with the distance
dyy (w, w') = |C(w)*C(w')|+Sl>118 [w(EA(w)) =W (EA(wr))]-
t=

The endpoint (or tip) of the path w is denoted by W=w(((,)). For every z€R, we set
We={weW:w(0)=z}.

The Brownian snake driven by g is the continuous random process (W9 )o<s<o taking
values in W), whose distribution is characterized by the following properties:

(a) For every s€[0,0], (wey=g(s)-

(b) The process (W9)p<s<o is time-inhomogeneous Markov, and its transition ker-
nels are specified as follows: If 0<s<s’, then

o Wi (t)=WJI(t) for every t€[0,my(s,s')], a.s.;

e the random path (W2 (1my(s,s")+t) =WZ (my(s,5")))oct<g(s)—my(s,s7) 1S indepen-
dent of W¥ and distributed as a 1-dimensional Brownian motion started at 0 and stopped
at time g(s’) —my(s, s").

Informally, the value W¢ of the Brownian snake at time s is a random path with
lifetime g(s). When g(s) decreases, the path is erased from its tip, and when g(s)
increases, the path is extended by adding “little pieces” of Brownian paths at its tip.
The path continuity of the process (W¢)ogs<o (or rather the existence of a modification
with continuous sample paths) easily follows from the fact that g is Holder continuous.

Property (b) implies that if s~gs’ then WI=W}, a.s., and this property holds si-
multaneously for all pairs (s, s’) outside a single set of zero probability, by a continuity
argument. Hence we may view W9 as indexed by the tree 7,=[0,0]/~,. We write
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Z9 :ng for the endpoint of W,. According to the preceding remark, we can view Z9 as
indexed by the tree 7,: If a€7,, we interpret Z¢ as the spatial position of the vertex a.
Then it is not difficult to verify that, for every r€[0,d,(0q4,a)], WI(r) is the spatial
position of the ancestor of a at generation 7.

The process (Z)ac7, can be viewed as Brownian motion indexed by 7y: Indeed it
is a centered Gaussian process such that Z§ =0 and E[(Z9—Z])*=dg(a,b) for every
a,bedy.

We now randomize the coding function g. Let e=(e;);c[o,1] be the normalized Brow-
nian excursion, and take g=e and o=1 in the previous discussion. The random real tree
(7e,de) coded by e is the so-called continuum random tree. Using the fact that local
minima of Brownian motion are distinct, one easily checks that points of 7¢ can have
multiplicity at most 3 (equivalence classes for ~ can contain at most three points).

We then consider the process (W¢),c(o,1) such that conditionally given e, (W¢).cjo.1)
is the Brownian snake driven by e. Notice that for every s€[0, 1], We=(W£e(t),0<t<e;)
is now a random path with a random lifetime e;. As previously, we write Z;?:Wf for
the endpoint of We. We refer to [23] for a detailed discussion of the Brownian snake
driven by a Brownian excursion, and its connections with non-linear partial differential

equations.

2.4. Conditioning the Brownian snake

In view of our applications, it is important to consider the process (Wy)se[o,1] conditioned
on the event
We(t) =0 for every s€0,1] and t €0, e,].

Here some justification is needed for the conditioning, since the latter event has probabil-
ity zero. The paper [26] describes several limit procedures that allow one to make sense
of the previous conditioning. These procedures all lead to the same limiting process W
which can be described as follows from the original process W*e. Set

and let s, be the (almost surely) unique time in [0, 1] such that Z§ =Z,. The fact that
the minimum Z, is attained at a unique time ([26, Proposition 2.5]) entails that the
vertex pe(ss«) is a leaf of the tree 7. For every s,t€(0, 1], set

{ S+t if s+¢<1,
sOt= .
s+t—1, if s+t>1.
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Then, for every t€0, 1], we set

o =€, te; at—2Me(Sk, S+ Dt);

o Zy=7¢ 5~ 72 .
Note that Zo=2;=0 and Z;>0 for every t€]0,1[. The function & is continuous on [0, 1],
positive on ]0, 1[, and such that eg=e; =0. Hence the tree T is well defined, and this tree
is isometrically identified with the tree 7 re-rooted at the (minimizing) vertex pe(s.):
See [15, Lemma 2.2]. To simplify notation, we will write o=gs for the root of Ts.

One easily verifies that s~gt if and only if s,.®s~es.®t, and so Z, only depends
on the equivalence class of ¢ in the tree 7z. Therefore, we may and will often view Z as
indexed by vertices of the tree 7s.

The conditioned Brownian snake (V_Vs)se[o,1] is now defined by the following proper-
ties. For every s€0,1], Wj is the random element of W, such that

(a) the lifetime of W, is e,

(b) we have WS:ZS, and more generally, for every r€[0, &,], W,(r)=Z,, (), where
as(r) is the ancestor of ps(s) at generation r in the tree Tg.

To interpret this definition, note that Z and W can both be viewed as indexed by
the tree 75, which is identified with the tree 7 re-rooted at the minimal spatial position.
The new spatial positions Z, on the re-rooted tree are obtained by shifting the original
spatial positions Z¢ in such a way that the position of the new root is still zero, and
the path W, just gives the (new) spatial positions along the ancestral line of a in the

re-rooted tree. See [26] for more details.

2.5. The Brownian map

To simplify notation we write ~ instead of ~g in the remaining part of this work. Then
~ is a (random) equivalence relation on [0, 1] whose graph is closed.

We now use the process (Zt)te[o,l] of the previous subsection to define one more
(random) equivalence relation on [0, 1]. For every s,t€[0, 1], we write

s~t ifandonlyif Z,=Z,= min Z,..
SALST<sVL

Notice the obvious similarity with the definition of ~ (in fact the equivalence relation =
is nothing but ~z). From the fact that local minima of Z® are distinct ([25, Lemma 3.1]),
one easily obtains that equivalence classes of ~ contain one, two or three points at most:
See the discussion in [25, §2].

We say that t€]0,1] is a left-increase time of & (resp. of Z) if there exists £€]0,|
such that &,>8&; (resp. Z,>Z;) for every r€[t—e,t]. We similarly define the notion of
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a right-increase time. For t€]0,1[, ps(t)€Sk(Ts) if and only if ¢ is a left-increase or a

right-increase time of €.

LEMMA 2.1. With probability 1, any point t€]0, 1] which is a right-increase or a left-
increase time of @ is neither a right-increase nor a left-increase time of Z. Consequently,
it is almost surely true that, for every s,t,r€l0,1[, the properties s~t and s=r imply

that s=t or s=r.

In other words, if the equivalence class of s€]0,1[ for ~ is not a singleton, then
its equivalence class for & must be a singleton, and conversely (we need to exclude the
values s=0 and s=1, since clearly the pair {0,1} is an equivalence class for both ~ and
~). Lemma 2.1 is proved in [25] (Lemma 3.2). This lemma plays a very important role
in what follows. We will systematically discard the negligible set on which the conclusion
of Lemma 2.1 does not hold.

Due to Lemma 2.1, we can define a new equivalence relation ~ on [0, 1] whose graph
is the union of the graphs of ~ and ~ respectively: s~t if and only if s~t or s=t.

By definition, the Brownian map me, is the quotient space [0, 1]/~, equipped with
a random distance D which is obtained as a weak limit of the graph distance on ap-
proximating discrete maps. We will explain this in greater detail below, but we already
record certain properties that can be found in [24]. It is more convenient to view D as
a pseudo-distance on [0, 1]. Precisely, the random process (D(s,t))s c[0,1] is continuous,
takes values in [0, oo, and satisfies the following conditions:

(i) D(s,t)=D(t,s) and D(r,t)<D(r,s)+D(s,t) for every r,s,t€[0,1];

(ii) D(s,t)=0 if and only s~t, for every s,t€(0,1];

(iii) D(0,t)=2; for every te0,1];

(iv) D(s,t)<Zs+Z;—2mingai<r<sve Zr for every s, te(0,1].

Due to (i) and (ii), D induces a distance on the quotient space mq,=[0, 1]/~~, which is
still denoted by D. The (random) metric space ([0, 1]/~~, D) appears as a limit of rescaled
planar maps, in the sense of the Gromov-Hausdorff convergence: See §2.7 below. The
canonical projection from [0, 1] onto m, will be denoted by p. By definition, the volume
measure A on My, is the image of Lebesgue measure on [0, 1] under p.

In agreement with the presentation that was given in the introduction above, it is
often useful to view the Brownian map as a quotient space of the random real tree Tg.
Note that the equivalence relation ~ makes sense on Tg: If a,b€7g, axb if and only if
there exist a representative s of a and a representative ¢ of b in [0, 1] such that s~¢. Then,
D induces a pseudo-distance on Tg: D(a,b)=D(s,t) if s (resp. t) is any representative
of a (resp. b). The quotient space Tz/~, equipped with D, is a metric space, which is
canonically identified with (m.,, D). This slightly different perspective will be useful as
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the genealogical structure of 7 plays an important role in our arguments. Note that the

equivalence class of any a€Sk(7g) for ~ is a singleton, by Lemma 2.1.

As in §1, the canonical projection from 73 onto m., is denoted by II. Note that
p=Ilops (as above ps denotes the canonical projection from [0, 1] onto 7g). Both pro-
jections p and II are continuous, when [0, 1] is equipped with the usual topology and 75
with the distance dg: For the first one, this is a consequence of (iv), and the result for
the second one follows because the topology of 7g is the quotient topology. It will be
important to carefully distinguish elements of [0, 1] from their equivalence classes in mq,
or in T5. We will typically use the letters s, t to denote elements of [0, 1], a, b for elements
of 7Tz and x,y for elements of m.,. The symbol g will stand both for the root of 75 and
for the corresponding element in m.,, which is just the equivalence class of 0 or of 1.

If x€m,,, property (iii) above implies that Z;=D(g,z) for every t€0,1] such that
p(t)=x. So Z can also be viewed as a random function on m.,. We will write indifferently
Zy=Z,=Z, and D(z,y)=D(a,b)=D(s,t), when x,y€m,,, a,b€Ts and s,t€[0,1] are
such that p(s)=II(a)=x and p(t)=II(b)=y.

2.6. Discrete maps and the Bouttier—Di Francesco—Guitter bijection

Recall that the integer p>2 is fixed throughout this work, and that M? denotes the set of
all rooted 2p-angulations with n faces. We will first discuss the Bouttier—Di Francesco—

Guitter bijection between MP and the set of all p-mobiles with n black vertices.

We use the standard formalism for plane trees as found in [24, §2.1]. A plane tree T

is a finite subset of the set
(o]
u=Jn"
n=0

of all finite sequences of positive integers (including the empty sequence &), which satisfies
three obvious conditions: First g€, then, for every v=_(uy,...,ux) €7 with k>1, the
sequence (uq,...,ug—1) (the “parent” of v) also belongs to 7, and finally for every v=
(uq,...,ux) ET there exists an integer k,(7) >0 (the “number of children” of v) such that
the vertex vj:=(uy, ..., ur, ) belongs to 7 if and only if 1<j<k,(7). The generation of
v=(u1, ..., ux) is denoted by |v|=k. The notions of an ancestor and a descendant in the

tree 7 are defined in an obvious way.

A p-tree is a plane tree 7 that satisfies the following additional property: For every
veT such that |v| is odd, k,(7)=p—1.
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Figure 1. A 3-tree 7 and the associated contour function C™° of r°.

If 7 is a p-tree, the vertices v of 7 such that |v| is even are called white vertices, and
vertices v of 7 such that |v| is odd are called black vertices. We denote by 7° the set of
all white vertices of 7 and by 7° the set of all black vertices. See the left side of Figure 1
for an example of a 3-tree.

A (rooted) p-mobile is a pair 0=(7, (€, )yer-) that consists of a p-tree 7 and a collec-
tion of integer labels assigned to the white vertices of 7, such that the following properties
hold:

(a) £y=1 and £, >1 for each veT;

(b) let veT®, let v(g) be the parent of v and let v¢jy=vj, 1<j<p—1, be the children
of v; then for every j€{0,1,...,p—1}, £y, =Ly,

The left side of Figure 2 gives an example of a 3-mobile. The numbers appearing

—1, where by convention v,y =v(q).

inside the circles representing white vertices are the labels assigned to these vertices.
Condition (b) above means that if one lists the white vertices adjacent to a given black
vertex in clockwise order, the labels of these vertices can decrease by at most 1 at each
step.

We will now describe the Bouttier-Di Francesco—-Guitter bijection between MP and
the set of all p-mobiles with n black vertices. This bijection can be found in [7, §2] in the
more general setting of bipartite planar maps. Note that [7] deals with pointed planar
maps rather than with rooted planar maps. However, the results described below easily
follow from [7].

Let 7 be a p-tree with n black vertices and let k=#71—1=pn. The depth-first search
sequence of 7 is the sequence wg, w1, ..., woi of vertices of 7 which is obtained by induction
as follows. First wo=¢, and then for every i€{0, ...,2k—1}, w;11 is either the first child
of w; that has not yet appeared in the sequence wy, ..., w;, or the parent of w; if all
children of w; already appear in the sequence w, ..., w;. It is easy to verify that wop =9
and that all vertices of 7 appear in the sequence wq, wy, ..., wa (of course some of them
appear more than once).
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Figure 2. A 3-mobile § with 5 black vertices and the associated spatial contour function.
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The vertices w; are white when 7 is even and black when 7 is odd. The contour
sequence of 7° is by definition the sequence vy, ..., vy defined by v;=ws; for i€{0,1, ..., k}.

Now let 8=(1, (£,)ver-) be a p-mobile with n black vertices. As previously, denote
the contour sequence of 7° by vg, V1, ..., Vpn. Suppose that the tree 7 is drawn in the
plane as pictured on Figure 3 and add an extra vertex 9. We associate with 6 a rooted
2p-angulation M with n faces, whose set of vertices is

V(M) =7U{0}

and whose edges are obtained by the following device: For every :€{0,1,...,pn—1},

e if /,,=1, draw an edge between v; and 0,

o if /,,>2, draw an edge between v; and v;, where j is the first index in the se-
quence i+1,i+2,...,pn such that £, =/, —1 (we then say that j is the successor of i,
or sometimes that v; is a successor of v;—mnote that a given vertex v can appear several
times in the contour sequence and so may have several different successors).

Notice that vy, =v9=2 and ¢z =1, and that condition (b) in the definition of a p-tree
entails that £, , >/, —1 for every i€{0,1,...,pn—1}. This ensures that whenever ¢, >2
there is at least one vertex among v;41, Viy2, ..., Vpn With label £,, —1. The construction
can be made in such a way that edges do not intersect, except possibly at their endpoints:
For every vertex v, each index ¢ such that v;=v corresponds to a “corner” of v, and the
associated edge starts from this corner. We refer to [7, §2] for a more detailed description
(here we will only need the fact that edges are generated in the way described above).
The resulting planar graph M is a 2p-angulation, which is rooted at the oriented edge
between 9 and vg=9, corresponding to i=0 in the previous construction. Each black
vertex of 7 is associated with a face of the map M. See Figure 3 for the 6-angulation
associated with the 3-mobile of Figure 2.
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&)

Figure 3. The Bouttier—Di Francesco—Guitter bijection: A rooted 3-mobile with 5 black
vertices and the associated rooted 6-angulation with 5 faces. The root of the map is the edge
between the vertex 9 and the root of the tree at the right end of the figure.

The following property, which relates labels on the tree 7° to distances in the planar
map M, plays a key role in our applications: For every vertex veT°, the graph distance
in M between v and the root vertex 9 is equal to £,,.

It follows from [7] that the preceding construction yields a bijection between the set

T? of all p-mobiles with n black vertices and the set MP.
The contour function of 7°is the discrete sequence Cf ’ CcT o C’;:L defined by

or = 1lv;|  for every 0 <i< pn.
See Figure 1 for an example with p=n=3. It is easy to verify that the contour function
determines 7°, which in turn determines the p-tree 7 uniquely. We will also use the
spatial contour function of 0=(r, (£,)yer-), which is the discrete sequence (A, A9, ..., Azn)
defined by

A= £,, for every 0 <i<pn.

?

From property (b) of the labels and the definition of the contour sequence, it is clear
that A? ; >A?—1 for every 0<i<pn—1 (cf. Figure 2). The pair (C7", A’) determines 0

uniquely.
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Define an equivalence relation ~;; on {0, 1,...,pn} by setting i~ j if and only if
v;=v;. The quotient space {0,1,...,pn}/~|; is then obviously identified with 7°. If i<y,
the relation i~ j implies that

min Cy =C7 =C7.
i<k<j F

The converse is not true (except if p=2) but the conditions j>i+1, C’f:CjTu and
Cr >Cr for every k€li, j[NZ

imply that i~ j.

2.7. Convergence towards the Brownian map

For every integer n>1, let M, be a random rooted p-angulation, which is uniformly dis-
tributed over the set My, and let 0,,=(7y, (£} )vers) be the random mobile corresponding
to M, via the Bouttier—Di Francesco—Guitter bijection. Then 6,, is uniformly distributed
over the set T? of all p-mobiles with n black vertices. We denote by C"={C7 }o<i<pn
the contour function of 7, and by A"={A?}o<,<pn the spatial contour function of 6,.
Recall that the pair (C™, A™) determines 6,, and thus M,,.

Let m,, stand for the vertex set of M,. By the Bouttier-Di Francesco—Guitter

bijection, we have the identification
m, =71, {0},

where 9,, denotes the root vertex of M,. The graph distance on m, will be denoted
by d,. In particular, if a,b€7;, d,(a,b) denotes the graph distance between a and b
viewed as vertices in the map M,,.

To simplify notation, we write ~, for the equivalence relation ~, ; on {0,1,..., pn},
so that 7, is canonically identified with the quotient {0,1,...,pn}/~[,. We also write
pn for the canonical projection from {0,1,...,pn} onto 7.=m,\{d,}. To be specific,
pn(i)=v}, if vy, 7, ..., vy, denotes the contour sequence of 7,,. We have A7 =d,,(9p, pn(i))
for every i€{0, ..., pn}, by the properties recalled in the previous subsection.

If i,5€{0,1,...,pn}, we set d,, (4, j)=dn(pn(i),pn(j)). By the triangle inequality, we
have [A} — AT [<d, (i, 7).

The following theorem restates the main result of [24] in a form convenient for the

present work. To simplify notation, we set

1 p 9 1/4
)\pfi pi—l and %p<4p(p—1)> .
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THEOREM 2.2. From every sequence of integers converging to oo, we can extract
a subsequence {ny}r>1 such that the following properties hold. On a suitable probabil-
ity space, for every integer n belonging to the sequence {ny}r>1 we can construct the

uniformly distributed random p-angulation M, in such a way that

Ao 2O g 2™ VAN g 2™ A (Lpms ), Lpt)))o<s<r 0 3

22 (84, Zi, D(5,1))ocs<1,0<t<1, @8 M — 00,
where the convergence holds uniformly in s,t€(0,1] along the sequence {ni}r>1. In (3),
(&, Zi)o<i<1 has the distribution described in §2.4, and (D(s,t))o<s<1,0<t<1 18 a con-
tinuous random process that satisfies properties (1)—(iv) stated in §2.5. Furthermore, the

pointed compact metric spaces
(mn,xpn_1/4dn, On)

converge almost surely to (M, D, 0) in the sense of Gromov—Hausdorff convergence.

Remarks. (a) The convergence of the first two components in (3) does not require
the use of a subsequence: See [40, Theorem 3.3]. A subsequence is needed only to get
the convergence of the third component via a compactness argument.

(b) The last assertion of the theorem refers to the Gromov-Hausdorff distance on
the space of isometry classes of pointed compact metric spaces. The definition of this
distance is recalled in §8 below (this definition is not needed in the proof of our main
results, and our main tool will be the convergence (3)). The last assertion is then a rather
simple consequence of the convergence (3), and the fact that the process D satisfies the
above-mentioned properties (i)—(iv): See the proof of Theorem 8.1 below for a sketch of
the argument. The key point in the proof of Theorem 2.2 is to verify property (ii) for

the pseudo-metric D. See [24] for more details.

We will need a simple application of (3) to the convergence of “discrete snakes”
associated with the p-mobiles (7, (£} )ver:) . Recall that the contour sequence of 7,
is denoted by vg, v, ...,vp,. Then, for every i€{0,1,...,pn}, define the finite sequence
Wnr=(W(j),0<j<CP) by requiring that W (j) zfzy (j)» Where uj! (j) €7, is the ancestor
of v} at generation 2j in the tree 7,,. In particular, W (C}")=A?. Now, if (3) holds, we

also have, along the sequence {ny}r>1,

Oiuglslilg|zpn*1/4WL"pnsJ(L)\glnlﬂrj/\CfpnsJ)fWg(r/\ésﬂ&O, asn—oo, (4)

where the process (W;)ogs<1 is defined from the pair (85, Zs)o<s<1 as explained at the
end of §2.4. The convergence (4) is a consequence of the convergence of the first two
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components in (3). A simple way to verify this is to use the homeomorphism theorem of
[28]. We leave the details to the reader.

In the remaining part of this work (with the important exception of §9), we choose
a sequence {ng}r>1 as in Theorem 2.2 and we consider only values of n belonging to
this sequence. We fix the random maps M,, as in the theorem, and we argue on the
set of full probability measure where the convergences (3) and (4) hold, and the process
(D(s,t))oxcs<1,0<t<1 satisfies the properties (1)—(iv).

3. Preliminary results

In this section, we state and prove a few preliminary facts that will be used in the
subsequent proofs.

Recall our notation 7z(c) for the subtree of descendants of a vertex c€7s. Before
we state the first proposition, we make a simple remark concerning the boundary of the
set II(7z(c)), when c is a vertex of Sk(7z). We claim that this boundary consists of the
point II(c) and the points II(d) for all de7z(c) such that there exists d' €75\ Ts(c) with
d'~d. To see this, first note that II(c) belongs to the boundary since the set II([[g, c[[) is
contained in my, \II(75(c)) by Lemma 2.1. Similarly, for every point d€7s(c) such that
there exists d’ € 75\ Tz (c) with d’~d, the point I1(d) belongs to the boundary. Conversely,
let  be a point on the boundary of II(7z(c)), and write x=II(b) with b€Tz(c). We may
assume that b##c. Then we have II(b)=limy_,o II(ay), where {ax}r>1 is a sequence in
Ts\Ts(c). Note that (7Ts\7s(c))U{c} is compact as the image under ps of the union
of two closed subintervals of [0,1], and so we may assume that the sequence {aj}r>1
converges to a€(7s\Zs(c))U{c}. Then II(b)=II(a) and a#c, since we assumed that b#£c.

This gives our claim.

ProrosITION 3.1. Almost surely, for every a,b€Tg and every continuous curve
(w(t),0<tLT) in Mmoo such that w(0)=II(a) and w(T)=IL(b), we have

7 .
Zc = OglélT Zw(t) (5)

for every c€ [a,b]]. Furthermore, if equality holds in (5), then there exists t€[0,T] such
that w(t)=TII(c).

Proof. By symmetry, we may restrict our attention to the case when c€[[aAAb,b].
When ¢=b there is nothing to prove. Suppose first that c€]Ja/Ab, b[. We can also assume
that TI(c)¢{w(t):0<¢<T}. Note that beTs(c) but a¢Ts(c). Set

to=inf{t € [0,T]:w(t) € I(Ta(c))}.
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Notice that II(7z(c)) is closed as the image under the projection p of a compact subin-
terval of [0, 1]. It follows that w(to)€II(7z(c)).

If t9=0, then II(a)=w(0)=II(a’) for some a’€75(c). Thus a=a’, which from the
definition of the equivalence relation ~ entails Z.>Z,=Z, (note that c€[a,a’]] so that,
if a=ps(s) and o' =ps(t), the set {ps(r):sAt<r<sVi} contains ¢). There is even a strict
inequality because otherwise we would have c~a, which is impossible by Lemma 2.1,
since ¢ belongs to the skeleton of the tree 7.

If t5>0, then w(tg) belongs to the boundary of II(7z(c)) in ms. We apply the
remark preceding the statement of the proposition, noting that w(to)#II(c) since II(c) ¢
{w(t):0<t<T}. Thus, there exists a point d€Ts(c) such that w(te)=II(d)=II(d") for
some d' €75\ Ts(c). As in the case to=0, this entails that Z.>Z,, and there is even a
strict inequality.

It remains to consider the case c=aAb. Then the bound (5) is immediate by a
continuity argument. To get the desired conclusion when there is equality in (5), we
can assume that a#aAb and b#a/Ab. We then argue in a similar way as in the case
c€]laAb,b], but we replace Tz(c) by ps([ri,72]), where [r1,72] is the unique compact
subinterval of [0, 1] such that ps(r1)=ps(r2)=aAb, b€ps([ri,r2]) and a¢ps([r1,r2]). We
leave the details to the reader. O

As an immediate consequence of the proposition, we get a useful lower bound for
the distance D, which should be compared to the upper bound (2), or equivalently to
assertion (iv) in §2.5.

COROLLARY 3.2. Almost surely, for every a,beTs, we have

D(I(a),TL(b)) > Za+Zp—2 rr[fir%)]] Ze.
ce|a,

Proof. In agreement with §2.5, we write D(a, b)=D(Il(a),II(b)). We already noticed
that (me., D) is a geodesic space and so we can choose a geodesic w=(w(t),0<t<D(a, b))

from II(a) to II(b) in my. By Proposition 3.1,

min Z,> min Zw(t).
c€lla,b] 0<t<D(a,b)

On the other hand, we may choose to €0, D(a,b)] such that

Zus(to) = gtgi)f(lmb) Zo(t)-

By the definition of geodesics, D(a,b)=D(w(0),w(to))+D(w(to),w(D(a,b))). Further-

more,
D(w(0),w(t0)) > Za—Zu(,) and D(w(to),w(D(a,b))) > Zo—Zo(1y),

by the triangle inequality. The desired result follows. O
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Recall the notation Skelo, =II(Sk(7z)).

PROPOSITION 3.3. The following properties hold almost surely. The restriction of
the projection 11 to Sk(7z) is a homeomorphism from Sk(7g) onto Skel., and the Haus-

dorff dimension of Skely, is equal to 2.

Proof. We already know that the projection II from 7z onto m, is continuous, and
so is its restriction to Sk(7g). This restriction is also one-to-one by Lemma 2.1. We
need to verify that its inverse is continuous in order to get the first assertion. To see
this, let {zx}r>1 be a sequence in Skel,, that converges to a point z.€Skely, in the
sense of the metric D. For every k>1, we have x,=II(ax) with a;€Sk(7z) and similarly
Too=II(as0) With a €Sk(Ts). As Tg is compact, we may find a subsequence {ay, };>1
that converges to a point b€T5. By the continuity of II, we have then II(b)=2=II(ax).
Since as €Sk(7z), Lemma 2.1 shows that this is possible only if b=a,,. We conclude
that the sequence {ay }x>1 must converge to as, as required.

As for the second assertion, we first observe that Sk(7z) is a countable union of
sets that are isometric to line segments, so that its Hausdorff dimension is 1. On the
other hand, the bound (iv) in §2.5 easily implies that the mapping II from (7, ds) onto
(M, D) is Holder continuous with exponent §—e¢, for every £>0 (see [24, Lemma 5.1]
for a closely related statement). This gives the upper bound dim(Skely,)<2

To get the corresponding lower bound, we can in fact prove that the Hausdorff
dimension of the image under II of any (non-trivial) line segment in Sk(75) is bounded
below by 2. To see this, let I be a non-trivial line segment contained in Sk(7z), and
denote Lebesgue measure on I by py. From standard results about Hausdorff measures,
it is enough to verify that, for every §>0,

pi(da)pr (db)
//MDMH < 0. ()

This follows from the lower bound on D(a,b) provided by Corollary 3.2. Recall that
Z has been constructed by shifting the process Z¢, which behaves like linear Brownian
motion along any segment of 7. Denoting by B a standard linear Brownian motion, we

see that the bound (6) is a consequence of the fact that

(2-9)

// B +B;—2 min B ) dsdt<oo a.s.
0,1]2 SN

This property easily follows from a first-moment calculation, using Pitman’s theorem

([35, Theorem VI.3.5]), which asserts that the process R;:=B;—2mingg,<; By is a 3-

dimensional Bessel process. [
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Our next lemma shows that for any fixed time U€]0, 1], ps(U) does not belong to
the skeleton of 75. Although this statement is intuitively clear, it is not so easy to give

a precise argument.
LEMMA 3.4. Let U€]0,1[. Then ps(U)¢Sk(Ts) and p(U)¢Skels almost surely.

Proof. To get the first assertion, we need to prove that for every e€]0, UA(1-U)|,
we have almost surely mg(U,U+¢)<ey and mg(U—e,U)<ey. Since the law of the
pair (e, Zf)o<i<1 is invariant under the time-reversal operation t+—1—t, the same holds
for the pair (€, Z;)o<i<1, and so it is enough to prove the first part of the preceding

assertion. Equivalently, we must show that P(A)=0, where

A= | {me(UU+e)=ey}.
€]0,1-U|

Now recall the definition of s, and € in §2.4. It follows from the invariance under
re-rooting stated in [26, §2.3] that s, is independent of € and uniformly distributed over

[0,1]. In particular, if we fix eg€]0,1—U][, we have
(1-U—€9)P(A)=P({s+ <1-U—¢gp}NA).
On the other hand, from the definition of € in terms of e, we get
{8+ <1=U—gp}NAC A1UA,,

where

A1:{3*<1—U—50}ﬂ( U {me(s*+U,s*+U—|—5):es*+U}>
e€]0,e0]

and
Ay ={s. <1-U—-ceo}N{me(ss,5:+U) =€, 1}

Let us verify that P(A;)=0. For every rational ¢€]0, 1], set

S*(q) :sup{s € [05 q] : Zs :OIgn'ruglq Zr}

Clearly the random variable s,(q) is measurable with respect to the o-field generated by

(er, Wi)ogr<q- As a consequence, the random time
Ty =q+(U+s:(q)—q)"

is a stopping time of the filtration generated by (e,, W;)o<r<1. Notice that the process
(er)ogi<a is Markovian with respect to this filtration. By a standard property of linear
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Brownian motion, we get that, almost surely on the event {T{, <1}, we have for every
e>0,

me(T(q), (T(q)+e)A1) < er, -

Finally, on the event {s,<1—U—g¢}, we can pick a rational ¢ such that s, <q<s.+U,
and then we have s.(q)=s. and T4 =s.+U. From the preceding observations we see
that A; does not hold almost surely. A similar argument gives P(Az)=0. It follows that
P(A)=0, which completes the proof of the first assertion. The second one follows since

the equivalence class of any a€Sk(7z) for ~ is a singleton, by Lemma 2.1. O

Recall from §1 the definition of a geodesic connecting two points of m.,. Also recall

that D(g,z)=2, for every r€mo..

LEMMA 3.5. Almost surely, for every xr€me, every geodesic w=(w(t))o<t<z, from
o to x and every interval [u,v] such that 0<u<v<Z,, the range of w over [u,v] inter-

sects My \ Skely.

Proof. Let x€mg, and let w be a geodesic from g to z. Also, let u and v be reals such
that 0<u<v<Z,. We argue by contradiction and suppose that the set {w(t):u<t<v} is
contained in Skel,. From Proposition 3.3, we may write w(r)=II(¢(r)) for every r€[u, v],
where 1 is a continuous mapping from [u,v] into Sk(Zg). This mapping v is also one-
to-one because w is a geodesic. Since Sk(7z) is a (non-compact) real tree, it follows that
the range of 1 is the line segment [[¢)(u),1(v)], and moreover ¢ is a homeomorphism
from [u,v] onto [¢)(u), 1 (v)]]. The fact that Zy ) =r for every r€[u,v] then implies that
the mapping a+Z, is monotone increasing over [[¢)(u),(v)]]. However, this is absurd
since Z has been constructed by shifting the process Z¢, and we already observed that
7 behaves like linear Brownian motion along line segments of the tree 7, so that it

cannot vary monotonically on a line segment of the tree. O

4. Two classes of geodesics

In this section, we will discuss several classes of geodesics connecting the root to a point
of my,. This point will be of the form p(s) for s€[0,1]. All the results of this section
are valid outside a set of zero probability (discarding such a set is needed e.g. to apply
Lemma 2.1 or Proposition 3.1). It is important to note that this set of zero probability
does not depend on s. We will omit the words “almost surely” in the statements of this

section.
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4.1. Simple geodesics

For every s€[0, 1], we define a mapping ¢s: [0, Z5]—[0, 1] by setting
s(t)=sup{r<s:Z,<t}, 0<t<Z,.
Clearly, p(¢s(0))=p and p(¢s(Z,))=p(s). Also, Z,_ )=t and if 0<t<t' < Z,,

D(ps(t), 0s(t) < Zp,1y+ Zp,4ry—2 min  Z,=t+t' =2t =t'—t.
i [‘Ps(t)7Ws(t,)]

Since
D(s(t), s(t') = D(0, (') = D(0, ps(t)) =t'—t,

we must have D(p,(t), p,(t'))=t'—t for every 0<t<t'<Z,. Thus (p(ps(t)),0<t< Zy) is
a geodesic from g to the point p(s). We will write

D4 (t) =p(ps(t))

for every t€[0, Z,] and call ®, a simple geodesic from o to p(s) (sometimes we abusively
say that s itself is a simple geodesic). We can also give a dual definition of simple

geodesics, by setting, for every s€[0, 1],
p.(t)=inf{r>s:7,.<t}, 0<t<Z,.

It is immediate that ¢4 (t)~@,(t), so that p(@,(t))=p(ps(t))=P,(t) for every t€[0, Z,].
Let s and s’ be two distinct points in ]0, 1] such that p(s)=p(s’). If s~s’, we have

Z.=Zy= min Z,
[sAs’,sVs']
and it readily follows that the geodesics @, and ®, coincide. On the other hand, if s~s’
(so that s~s’ does not hold), it is not hard to see that the geodesics ®4 and @, differ.
We will come back to this later.

It is important to note that a simple geodesic from ¢ to p(s) does not intersect
Skels,, except possibly at its endpoint p(s). Indeed, if 0<t<Z,, it is immediate from
the definition that ¢,(#) is a right-increase time of Z, and then Lemma 2.1 implies that
p(ps(t))¢Skelos. Much of what follows is devoted to proving that a similar property

holds for any geodesic connecting the root to another point of m..
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4.2. Minimal geodesics

Let s€[0,1], and denote by G(s) the set of all mappings 7: [0, Z,]—[0, s] such that
(p(y(t)),0<t<Z,) is a geodesic from g to p(s). Notice that G(s) is not empty since
©s€G(s). We then define a mapping ~,: [0, Z;]—[0, 1] by setting

vs(t) =inf{y(t):v€G(s)}, 0<t<Z,.

In contrast with g, vs only depends on p(s) and not on the particular choice of a
representative of p(s) in [0, 1].
We have 7,(0)=0 and p(vs(Z;))=p(s). From the continuity of Z and of the distance
D, it is also clear that
Zy, () =D(0,75(r)) =7 (7)
and
D(vs(r),s) = Zs—r (3)

for every rel0, Z,).
It is easy to verify that the mapping t+—~4(¢) is monotone increasing. Indeed, let
t€]0, Z,] and y€G(s). Put
~ ¥(r), ifrelt,Z,),
A ={ 20k e
Oy (r), if rel0,t].

Then, we also have Y€ G(s). Furthermore, ¥(r)<~y(t) for every r€[0,t[. From the defini-
tion of s, it now follows that 7, (r) <~s(t) for every 0<r<t<Z, (note that v, (r)="s(t)
is impossible since Z, ) =r#t=2,_)).

To simplify notation, we set I's(t)=p(7s(t)) for every t€[0, Z].

PROPOSITION 4.1. The curve (Ds(t),0<t< Zs) is a geodesic from o to p(s). It is
called the minimal geodesic from o to p(s). (Sometimes we also say that s is a minimal

geodesic.)

The proof of Proposition 4.1 is based on the following lemma. We denote by G*(s)
the set of all ye€G(s) such that v(¢) is the smallest representative of p(vy(t)) for every
t€(0, Zs]. Obviously we may replace G(s) by G*(s) in the definition of ~.

LEMMA 4.2. If v and ' belong to G*(s), then yAvy' also belongs to G*(s).

Proof. We first claim that the set {t€]0, Z,[:v(t)<~'(¢)} is open. To see this, let
t1 be an element of this set. We argue by contradiction and assume that there exists
a sequence {rytr>1 in |0, Zs[ such that ry—t; and y(ry)=>~'(ry) for every k>1. Via a



314 J.-F. LE GALL

compactness argument, we may further assume that v(ry)—w and v/ (rg) —u’ as k—oo,

where 0<u'<u<1. By the continuity of geodesics, we have

p(u)=p(7(t1)) and p(u’)=p(y'(t)).

In particular,
Zu="Zoyy=t1="Zy(1,) = Z-

Since 7/(¢1) is the smallest representative of p(y'(t1))=p(u'), we have ~/(¢1)<u’, and
we also know that v(¢1)<~v'(t1) by assumption. Thus we have both ~v(t1) <7/ (¢t;)<v'<u
and p(u)=p(y(t1)). Note that v(¢1)~u is impossible, because the previous observations
(and the fact that Z.;,)=Z,(,)) would imply that we also have v(t1)~7/(¢1) and then
~v(t1)=+'(t1), contradicting our initial assumption. Thus, we have 7(¢;)~wu, and the
inequalities (1) <~'(t1) <u imply that ps(+'(t1)) is a descendant of ps(y(t1)) in the tree
To. Equivalently, pe(7(t1))€]le. pe(y'(t1))[, and in particular pe(y(t1))€Sk(T,).
Consider first the case when ps(y(t1))€]lo, ps (7' (t1)) Apa(s)[. As ps(v(t1))€Sk(Ts),
Lemma 2.1 shows that the representatives of p(+y(¢1)) in [0,1] are exactly the represen-
tatives of ps(y(t1)) in [0, 1]. Let v be the greatest representative of ps(y(¢1)) in [0, s]. As
p(u)=p(y(t1)) and u€]0, s] (at this point, we use in a crucial way the fact that v takes

values in [0, s]), we get that u<v. On the other hand, since

pe(7(t1)) € [0, pe(v' (t1)) Ape(s) ],

simple considerations about the genealogy of the tree 7z show that v<~/(t1). It follows
that u<v<~/(t1)<v', which is a contradiction.

Let us turn to the case when ps(v(t1)) €[[pa(¥'(t1))Aps(s), ps(¥'(t1))[. In this case,
we apply Proposition 3.1 to the continuous curve (p(y'(Zs—t)),0<t<Zs—t1). The as-
sumptions of this proposition are satisfied with a=ps(s), b=ps(7'(t1)) and c=ps(y(t1))-
Since

Z“/(tl) =t :inf{Zw’(t) <t < Zs},

we get that p(y(t1))=p(y/(t*)) for some t* €[t1, Z;]. Necessarily t*=t; and vy(t1)=>"(t1),
which is again a contradiction. This completes the proof of the claim.

We can now complete the proof of Lemma 4.2. Let us fix r€]0, Z,[ and verify that,
for every te[r, Z,],

D(yAY' (r),yAY () =t—. (9)

Notice that this equality holds for t=2Z, since both v(Z,) and v'(Z,) are equal to the
smallest representative of p(s). If v(r)=+'(r), (9) holds because p(y(¢)) and p(y'(t)) are
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both geodesics. We can thus assume that ~v(r)#~'(r), and by symmetry we may restrict
our attention to the case y(r)<~'(r).
We again argue by contradiction and assume that (9) fails for some t€]r, Z,[. We
then set
to =inf{t €]r, Zs[: D(YAY (1), yAY (1)) #t—1} < Z.

We consider the following three cases:
Case 1. If v(tg)=7'(to), then

D(YyAY (1), v Ay (to)) =to—r

and, for every t€lto, Zsl,
D(yAY (to), YAV (1)) =t —to.
Thus
D(yAY (r),yAY' (1) St=r

for every t€[tg, Zs]. The reverse inequality is also clear by writing

D(yAY'(r),yAY'(t)) = D(0,yAY' (1)) = D(0,y Ay (1)) =t —7

and we get a contradiction to the definition of .
Case 2. 1If v(tg)<~'(to), then the claim gives £>0 such that v(t)<v/(t) for all
telto, to+e¢[, and thus

D(yNY (1), yAY'(8)) = D(y(r),~(t)) = t—r-

This again contradicts the definition of #g.
Case 3. 1If vy(to)>7(to), then to>r (because v(r)<+'(r)) and the claim gives e€
10, to—r[ such that y(t)>~'(t) for every t€lto—e,to+e[. Then, for every t,t' €]to—e, to+
e[, with t<t/,
Dy Ay (£), 7 Ay () = D' (), 7' (#)) = —t.

Fix t€]to—e, to[. By the definition of to,

DyAY (r),yAY (1) =t—r

and so
D(YAY (r),y Ay (8) <t/ —r

for every t' €[to, to+e[. As in the first case above, the last inequality must be an equality,
which again contradicts the definition of ;.
This completes the proof of Lemma 4.2. O
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Proof of Proposition 4.1. We need to verify that

D(Vs(r)a’)’s(t)):tfr (10)

for every 0<r<t<Z,. If r=0, or if t=Z,, (10) follows from (7) and (8). Let e>0 and
let us fix r and t with 0<r<t<Z,. By the definition of v, we can find v,y € G*(s) such
that

Vs(r) <y(r) <ys(r)+e and 7, (t) <¥/(8) < s (t) +e.
It follows that
Vs(r) SYAY(r) <s(r)+e and ys(t) SyAY () <s(t) +e.
Choosing ¢ small, we see that D(vs(r),vs(t)) can be made arbitrarily close to the quantity

D(yAY'(r),yAv'(t))=t—r, by Lemma 4.2. This completes the proof of (10). O

In view of our applications, it will also be important to consider a notion that is
dual to the notion of a minimal geodesic. For every s€[0, 1], we denote by G(s) the set of
all mappings v: [0, Z,]—[s, 1] such that (p(y(t)),0<t<Z,) is a geodesic from p to p(s).
We then set

¥s(t) =sup{y(t):7€G(s)} and T,(t)=p(7:(t)

for every t€[0, Z,]. The very same arguments as in the proof of Proposition 4.1 show
that (T'4(t),0<t<Z,) is a geodesic from g to p(s), which is called the mazximal geodesic.

The next two sections are devoted to a number of technical results about geodesics.
Although we concentrate on minimal geodesics, it should be noted that symmetric argu-

ments yield corresponding results for maximal geodesics.

5. The main estimate

In this section we fix U €]0, 1[. Recall that 7y is the minimal geodesic that was introduced

in the previous section. We denote by R(yy) the range of yy:
R(yw)={w(t):0<t< Zu}.

We also fix ug€ |0, 3U|.
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LEMMA 5.1. Let 56}0,%1@[ and n>0. For every uel0,U][, let B, , denote the

event

By = {éu >n, inf  W,(t)> 77}.

n/2<t<e,

Then, there exists a constant C=C(p, U, ug,n,d) such that, for every w€ug, U[, vE€|u, U]
and a>0,

P [{R('yU)ﬂ]u, v] # @}ﬂBn}uﬁ{ %Iéfl;< € > 86, —aH < CaP[R(v)Nu,v] #2]. (11)
The remaining part of this section is devoted to the proof of Lemma 5.1. To simplify
notation, we will write y=-y and I'=I"y in this proof. The underlying idea is to apply

the Markov property in reverse time to the process (€,, W, )o<r<1 at time u. Notice that

the event B, , only depends on (€,,W,). Assuming that the event {R(vy)N]u,v]#&} is
also measurable with respect to the o-field generated by (e, Wr)ugrgh we would need
to bound the conditional probability of the event

{, .o}
given that o-field. The latter conditional probability is bounded above by Ca as would
be the case if € were replaced by a linear Brownian path.

The above line of reasoning is not easy to implement, mainly because the required
measurability property of the event {R(vy)N]|u,v]#@} seems difficult to establish. In-
stead, we will use a discrete version of the preceding ideas, and we will rely on the
convergence (3) to derive the bound of Lemma 5.1 from our discrete estimates. This ex-
plains why the constant C' in Lemma 5.1 depends on p. Assuming that the distribution
of the Brownian map is unique, or more precisely that the distribution of the limiting
triplet (e, Z, D) in (3) is independent of p, the constant C' in Lemma 5.1 should of course
not depend on p.

The proof of Lemma 5.1 requires several intermediate lemmas. Before stating the
first of these lemmas, we start with a few simple remarks.

We already noticed that the minimal geodesic (y(r),0<r<Zy) is monotone increas-
ing. Moreover, for every r€]0, Zy] we have p(y(r-))=I(r-)=T(r)=p(y(r)) by conti-
nuity, and the definition of the minimal geodesic shows that we must have v(r-)=~(r).
The mapping r+—~(r) is thus left-continuous on 10, U].

Then let 71,79, ... be a sequence dense in |0, oo[. We have for every u<wv,

k
{ROINJu, 0] £2} = lim | J{u<y(r) <o},
i=1
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Here and below we make the convention that v(r)=cc if r>Zy.

Thus, if we can prove that a bound analogous to (11) holds when the event

{R(MN]u, v] # @}

is replaced by an event of the type

k
Ut <t <o),
i=1
with a constant C independent of k, then a monotone passage to the limit will give us
the desired result.

Our first technical lemma will relate events of the form {~(r)<wu} to other events that
are more suitable for the discrete approximations that we will use to derive our estimates.
For every u€]0, 1[, we denote by Fr([0,u]) the set of all v€[u, 1] such that p(v)=p(v") for
some v’ €[0, u]. Note that Fr([0,u]) is a closed subset of [0, 1]. Furthermore, the ancestral
line of pg(u) is contained in pg(Fr([0, u])).

In the following three lemmas, we fix ©€]0,U[ and r>0.

LEMMA 5.2. For every €>0, let Ac(r,u) stand for the event on which there exist an

integer ¢=1 and points sg, s1, ..., 84€ [u, U] such that so=U, s,€Fr([0,u]) and, for every
i€{0,1,...,q—1},

Zsi 27‘7 (12)
D(s;,841) <¢, (13)
and, for every i€{0,1,...,q—2},
_ 5
D(si,si_i_l)SZsi—ZsHl—Fg. (14)

Then,
{y(r)<u} C ﬂ Ac(ryu)  a.s.

e>0
Remark. The inclusion in the conclusion of the lemma can in fact be replaced by an
equality. See Lemma 5.4 below.

Proof. Let £>0 and let us verify that {y(r)<u} CA:(r,u) a.s. We set
ro=sup{t € [0, Zy]:v(t) <u}.

If 7o=Zy, then v(Zy)<u by left-continuity, and since p(U)=p(y(Zy)) we get that
U €Fr([0,u]). In this case, we simply take g=1 and sop=s;=U, noting that Zy >r on the
event {y(r)<u} (recall that we made the convention that ~(r)=o0 if r>Zy).
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So we may assume that ro< Zy. We observe that v(ro+) €Fr([0,u]). Indeed we have

Y(ro) <u, v(ro+)=u and p(y(ro))=p(v(ro+)) by continuity.
‘We then set

so=U, s1=v(Zu—e), .., Sq—1=7(ZU—(q—1)€)7

where ¢ is the first integer such that Zy —ge<ro. We finally set s,=~(ro+). Then s,>u
and s; €[u, U] for every i€{0,1, ..., ¢} because v is non-decreasing. Conditions (13) and
(14) clearly hold: In (14) we have even D(s;, si1+1)=Zs, —Z
v(r)<w implies that r<r¢ and thus Z, > Z,(;,) = Z, () =r for every i€{0,1,...,q}. O

si4+1+- Moreover the condition

We now want to use the convergence (3) in order to get discrete approximations of
the sets A.(r,u). For every integer n, and for 0<k<k'<pn, we denote by G"(k, k') the
o-field generated by the variables (C7*, AT), k<i<Kk'.

Fix ke{0,1,...,pn}. If i,j€{k,k+1,...,pn}, then the distance d, (¢, ) is in general
not measurable with respect to the o-field G"(k, pn). However, we may define a “modified
distance” Jﬁ(l, j) for which this will be true: To this end, we restrict our attention to
edges of the map m, that are generated between steps k and pn—1 of the Bouttier—
Di Francesco—Guitter bijection of §2.6. To give a more precise definition, recall from §2.6
the notion of a successor (with respect to the mobile (7, (£} )ver=)), and say by convention
that the successor of any integer i€{0, 1, ..., pn} such that the corresponding vertex in 7,
has label 1 is pn+1. Then, for i,j€{k,k+1,...,pn}, dﬁ(l,]) is the minimal integer £>0
for which there exists a sequence g, jo, i1, J1, ---, i¢, je of integers in {k, k+1, ..., pn, pn+1},
such that

® j9=i and j,=Jj;

o for every 0<m </, either i, #pn+1 and j,,#pn+1, or iy, =jn=pn+1;

® iy~ [n)Jm for every 0<m</ such that i,,#pn+1;

e for all 1<m</, either i, is the successor of j,,_1 or j,,_1 is the successor of i,,.

By convention, Jﬁ(i,j):oo if i¢{k,k+1,...,pn} or j&¢{k,k+1,...,pn}. It is then

easy to verify that Jﬁ(z, Jj) is measurable with respect to G"(k, pn). Furthermore,
d (i, ) > dn(i, 5).

Recall our notation p,, for the canonical projection from {0,1,...,pn} onto 7, (if
vy, VT, ., Uy, denotes the contour sequence of the tree 7, then p,(i)=v;'). We denote
by Fr,, ([0, k]) the set of all je{k,k+1,...,pn} for which at least one of the following two
conditions holds:

(a) there exists 1€{0, 1, ..., k} such that d,,(pn(2),pn(4))€{0,1};

(b) A?}A? for every k<i<j.
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One can then verify that, for every je{k,k+1,...,pn}, the event {j€Fr,([0,k])} is
measurable with respect to the o-field G™(k,pn). In particular, the properties of the
contour function imply that the event {p,(j)€{pn(0),...,pn(k)}} is measurable for the
o-field generated by (CP', k<i<pn). The event

{there exists i € {0, ..., k} such that d,,(p,(i),pn(j)) =1}

is not G"(k, pn)-measurable in general, but its union with the event where (b) holds is
G™(k, pn)-measurable.

To simplify notation, we write Jn:J,Ep ") Recall that d,,<d,,. We can now define
our discrete approximation of the set A.(r,u). We let A”(r,u) denote the event on
which there exists an integer ¢, >1 and points sj, ..., s” in {| pnu],..., | pnU |} such that

an
sg=|pnU], si €Fr,([0, [ pnu]]) and for every i€{0,1,...,q,—1},

A > J{;l(r—e)nl/4, (15)
czn(szﬂ 5i01) < 2z;1€n1/4, (16)
and, for every i€{0,1, ..., ¢, —2},
T (oM o n n 2%10_18 1/4
dn(s7, s 1) SAG —Adn + o (17)

It is important to observe that the event A7 (r, u) is measurable with respect to the o-field
G"(Lpnu,pn).
1

LEMMA 5.3. For every EE]O, 1—07’[,

Ac(r,u) Climinf AZ(r,u)  a.s.

n—oo

Proof. On the event A.(r,u), we can choose sg, $1, ..., $q€[u, U] as specified in the
statement of Lemma 5.2, so that in particular properties (12), (13) and (14) hold. Since
54 €Fr([0,u]), we can find sj, €]0,u] such that p(s,)=p(s;). We set 5'=|pns;| for every
i€{0,1,...,q—1}, and 57 =| pns; | —1<|pnu|. Then 5§'=| pnU | and the convergence (3)

ensures that a.s. for all sufficiently large n, for every i€{0,1,...,q—1},

Afn > J{;l(r—s)nl/4, (18)
dn (5,5, 1) < 2;{1,_15711/47 (19)
and, for every i€{0,1,...,q—2},
25 le

dn (5], 81%1) S A — Ay + Z n'/4, (20)
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Consider the first index ig€{0,1,...,g—1} such that d,(5, 5" 1)<dn (57,57 1)
This index exists since d,,(5," 1,3, )=00, because 5;'<[pnu|. Then choose a discrete
geodesic wy, from p,,(3{) to p,(5), 1) in the map m,,. By (18), (19) and our assumption
€<1—10r, it is clear that this geodesic does not visit the root vertex of m,,. Furthermore,
at least one point on the geodesic w, must belong to {p,(0),...,pn(|pru])} (otherwise
we would have d,, (3], EZ%H):JH(EZ-’;, 5001))

We let b, be the first point on the geodesic wy, that belongs to {p,(0), ..., p, (| pru])}.
We put s7 =57 if b,=p,(5), and otherwise, we choose s} ., €{|pnu],...,pn} such
that pn (s}, ;1) is the point preceding b, on the geodesic w,,. In both cases it is clear that
sip+1 €Fra ([0, [pnul]).

We also set g, =ip+1 and sP=3" for every i€{0,1,...,4%0}. Then we have

dn (87, Sio+1) = dn (87, S3g41)-

Indeed, this equality is trivial if b, =p,(3?), and otherwise there exists a geodesic from
Pn(s?) to pu(si 1) such that for every point a of this geodesic all representatives of a
lie in {| pnu],...,pn}. It then follows from (18)—(20) that the points sg, s, ..., sy satisfy
(15)—(17), so that A?(r,u) holds for n large. This completes the proof. O

LEMMA 5.4. For every €>0, set

A.(r,u) =limsup A" (r, u).

n—00

Then,
{v(r) <u}= ) A(r,w) =) Ac(r,u)  a.s.

e>0

Proof. From Lemma 5.3, we have that A.(r,u)CA.(r,u) as. if e< -s7. Then it

follows from Lemma 5.2 that

{rv(r)<u}c () Ac(ru)C () Aclru)  as.
e>0

e>0

Thus we only need to prove that

ﬂ Ac(ryu) C{y(r)<u} as.

e>0

From now on we assume that the event A.(r,u) holds for every e belonging to a
(fixed) sequence decreasing to 0. Fix one value of € in this sequence. By the definition
of the set A.(r,u) we can find, for every n belonging to a (random) sequence converging



322 J.-F. LE GALL

to oo, a discrete path () =(7f, (1), 0<i< L) taking values in {0,1,...,pn}, such that
the following properties hold:

® 7(, starts from [pnU] and ends at a point z, €Fr, ([0, [pnu]]);

e the length Lfn) is bounded above by ALanj A7 —|—6zp_1€nl/4;

e any point on the path V(n) lies within d,,-distance at most 2%;18711/4 from a point
z of {| pnu), ..., |pnU]} such that A? =5 (r—e)n!/*;

o dn(V5n (1), 75, (7)) <[i—i] for every 4,j€{0,1,..., L7, };

o if y=n(,) () and y'=9(,(j), with 0<i<j<L{,, then

dn(y,y') <AZ—AZ/+10zp_15nl/4. (21)

The path 'y(En) is constructed by choosing the points s{j, s7, ..., sy as in the definition of
AZ(r,u) and then concatenating discrete geodesics (relative to d,,) between s ; and s}
for 1<i<q,. The preceding properties of 'y(en) follow from the properties stated in the
definition of A7 (r, u), using also the fact that d, <d, and the bound Ay —AP[<dn(y, ')
for every y,y’ €{0,1,...,pn} (see §2.7). In particular, (21) follows from (16) and (17).
Using (3) and extracting a diagonal subsequence, we may assume that along a se-
quence {n/;};>1 of values of n converging to oo, %pn_l/‘lLfn) converges to L¢< Zy +6e,

(pn) 1z, converges to z., and for every rational a€[0, L¢],

(pn) ™ 960y (L35, '/ a))

converges to a number 7 (a) €0, 1]. Then, for all rationals a,b€[0, L¢[, the convergence

(3) gives
D(v"(a), (b)) = lim s, (n; Dy (0 (Lo ()M a)) 2y (Lo ()M *0))
<la—b|.

Set w®(a)=p(7°(a)) for every rational a€[0, L¢[. By the preceding bound, the mapping
a—wt(a), from [0, L°[NQ into mg,, is 1-Lipschitz. It can thus be extended to a 1-
Lipschitz path from [0, L?] into m.,, which we still denote by w®. Clearly, w®(0)=p(U)
and w®(L%)=p(ze0)-

Using the fact that z, €Fr, ([0, | pnu]]), it is not hard to verify that z., €Fr(]0, u]),
and thus w® (L) ep(Fr([0, u])). From the bound Lf, <AT
get

"o — AL, +63c, Len'/4, we also

LF < ZU_ZWE(LE)+68.

Moreover (21) gives
D(w? (1), w(t") < Zue (1) = Zuoe (1) +10
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for every 0<t<t'<L*. Finally, any point of the path w® lies within D-distance at most
2¢ from a point z of p([u, U]) such that Z,>r—¢. In particular, ng(t) >r—3¢e for every
te[0, Le].

The preceding construction can be made for every € belonging to a sequence decreas-
ing to 0. Again via a compactness argument, we can extract a subsequence of values of
¢ along which L¢ converges to L and the 1-Lipschitz paths (w®(tAL),0<¢<L) con-
verge uniformly to a limiting path (w°(t),0<¢<L). The path w° satisfies the following
properties:

e ¥ is 1-Lipschitz, starts from p(U) and ends at a point w®(L)ep(Fr([0,u]));

e for every 0<t<t' <,

D(WO(t),w’(t") € Zoo(ty— Zuo (113 (22)

e for every te[0, L], w°(t)ep([0,U]) and Zwo“)>r;
° L<ZU—ZWO(L).
By the last property and the triangle inequality,

L<D(e,p(U))~D(e,w"(L)) < D(p(U),w’(L)).
Since w? is 1-Lipschitz, we also have the reverse inequality D(p(U),w°(L))< L, and thus
D(p(U), (L)) =L,

which implies that w® is a geodesic from p(U) to w(L). For similar reasons, the inequality

in (22) must be an equality, and in particular
D(e,p(U)) = D(0,w*(L))+D(w*(L), p(U)).

Since w°(L)ep(Fr([0,u])), we can choose t1 €[0,u] such that p(t;)=w’(L). Due to
the property in the last display, we can concatenate w” with the (time-reversed) simple
geodesic @, in order to get a geodesic from p(U) to 9. Write @ for the time-reversal
of the latter geodesic. Then @ is a geodesic from g to p(U), which takes values in
p([0,U]). Hence we can find a mapping 7: [0, Zy;]—[0, U] such that @(t)=p((t)) for
every t€[0, Zy]. We can impose 5(Z,o(r))=t1<u. However, by the definition of y=~y,
we have v(t)<7(t) for every t€(0, Zy], and thus in particular v(Z,o(r)) <3(Zwo(r)) <u.
On the other hand, we know that ZL,O( ry=r, and by the monotonicity of v we conclude

that v(r)<wu. This completes the proof of Lemma 5.4. O

Before we proceed to the proof of Lemma 5.1, we need one more estimate. Recall
from §2.7 the notation (W] )ogi<pn for the “discrete snake” associated with the p-mobile
(Trm (KZ)UET,,“L)'
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LEMMA 5.5. Let 56]0, %uo[ and 1,1’ >0. There exists a constant
K= K(pa Ua Uo, 1, 7/7 5)
such that, for every u€lug, U[ and a>0, we have for all sufficiently large n,

P( inf cr=cr . —ant?| G (| pnul, pn ) <Ko
Lpn(u=5) |<i<Lpnu) el (Lpmeel )

on the event

, 1/2 . . 1, 1/4
{Crpm” = ’nn1/2/21<1}f<0f ] Wlpnay G) 217 }
NI pnu

The proof of Lemma 5.5 is postponed to the appendix.

Proof of Lemma 5.1. As we already noticed after the statement of Lemma 5.1, it is

enough to establish the bound

P[(Q{u <A(r) < v}) NByun{ inf_& >éu—a}}

u—I0<t<u

. (23)
< OaP[ Ufu<r(m) < v}} ;

=1

where 71, ..., are fixed positive numbers, and the constant C' only depends on p, U, ug,
1 and §.
By Lemma 5.4, we have for every i€{1, ..., k},

Lyerogwy =M La oy =lmlg o as.

and consequently
Lfucy(ri<o) = liir(l)(lAs("'i;'U) _1Aa(m,U))+ a.s.

So we have

k
1{ U{u<’y(ri) < v}} =lm sup (La.(ri0) =LA () 25
i=1

e—0 1<i<k

and a symmetric argument gives

k
i) < =1 i - *oas.
1{H{u<’y(rl)\v}} 21_1)% 1212.1216(1145(7'@7?1) 1a(riwy)” as
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We will verify that, for every >0,

T B ATt )
E[élzlgk( Actri) LA (o)1 u—(ligftsu Ct>Cumaplp,.,
(24)
< CCYE|: Sup (1A5(Ti71}) - lAE(Tivu))+] ?
1<i<k
where C’=/\;1K(p7 U, ug, /\;1777 x;ln, 0) with the notation of Lemma 5.5. By passing to
the limit e—0, we see that (23) follows from (24).

By Lemmas 5.3 and 5.4, we have a.s. for i€{1, ..., k},

n
(LA iy —14 (rs u))+ < (liminf 1 g (p; ) —Hmsup 1 gn u))
e\l n—oo € ’ n—00 e )

< lim inf(lAQ(ri,v) — 1Ag(ri,u))+-

n—oo

Therefore,

sup (1a_(r oy—17 . )" <lUminf sup (Langr o) —Lan(r o)) a.s.
SR (Laerin) =14, () SHLIE SUP (Lap i) = Laz (i)

Then, using (3), (4) and Fatou’s lemma, the left-hand side of (24) is bounded above by
lim inf E[ sup (1An(m7v) —]_An(n u))+
n—00 1<i<k en ey

x1{ inf C 2 Ol =Ny o 1y |,
Lpn(u—8)]<i<|pnu]

where

B”}uz{CfpnuJ 2)\;1nn1/2, inf W o) (j)}x;lnnl/‘l}.

! Apnt/2 [2<5<Cr

Now note that both By, and the variable

sup (1Ag(ri,v)*1Ag(n,u))+
1<i<k

are measurable with respect to G"(| pnu],pn). Hence, we can apply Lemma 5.5 and we
get that the left-hand side of (24) is bounded above by

A;lKa lim inf E[ sup (Lar(r, v —IA?(T“u))*] ,

n—oo 1<i<k

where K=K (p, U, ug, /\;1777 xp_ln, ). So, in order to get (24), it only remains to verify
that the latter liminf is bounded above by

E[ sup (1s o —1a(ru +]
1<12k( AE(T/L,U) AE( Ty ))
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To this end, we just have to note that

limsup sup (1Ag(ri,1))_1Ag(ri,u))+: sup hmsup(lAg(m,v)_]-Ag(ri,u))Jr
n—oo 1<i<k 1<i<k n—oo

n
< sup (lim sup 1 an (s, ») —liminf 1A?(Ti’u))

1<i<k ¥ n—oo n—oo

< sup (1A5 (riw) 1A5 (7'i7u))+'
1<igk

This completes the proof of Lemma 5.1. O

6. Uniform estimates for the volume of balls

Our next goal is to get uniform bounds for the volume of small balls in m,. The main
ingredient of the proof will be a bound on the moments of the quantities J([0, €]), where
e>0, and J is the occupation measure of Z, which is the random measure on [0, 00|
defined by

1
T(A) = /0 1a(Z.) ds

for every Borel subset A of [0, col.

We will rely on certain estimates under the infinite excursion measure Ny of the
conditioned Brownian snake. Let us briefly recall the definition of Ng. More details can
be found in [26].

Let C([0, oo, W) stand for the space of all continuous functions from R, into W,
and denote the canonical process on this space by (W;)s>0. Also let (s denote the lifetime
of Wy, for every s>0. For weC([0, 00, Wp), set o(w)=sup{s>0:(s(w)>0}.

Denote by N(()l) the probability measure on C([0, 00[,Wy) which is the law of the

process (Wsa1)s>0. Note that o=1 Ngl)—a.s. We can now use scaling transformations to

(a)
0

define a probability measure Ny, for every a>0, in the following way. For every u>0,

we set

¢ =1y, for s >0,
W (t) =puWy)a(t/p?), for s>0and 0<t< ¢,

_ 1/ _ _
By definition, Néa) is the law of (W&(a 4))520 under N((jl). Clearly, we have o=a N(()a)—a.s.

We may now set

o0
_ 1 _
Ny = / — N g, 25

0 0o 2V2mad® 0 (25)
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LEMMA 6.1. For every integer k=2, there exists a constant cp<oo such that, for

7 k
NO ((‘/0 1{W<§E} dS) ) :Ck54k—6.

Consequently, for every integer k=1 and every 6€]0,1], there exists a constant cj s<o0

every >0,

such that, for every >0,
LT[0, )] < s . (26)

Remark. Tt should be possible to replace e**79 by ¢** in (26): See [24, p.669] for
the case k=1.

Proof. Recall the notation W) introduced before the lemma. Then the law of
( (n ))320 under Ny is SNy. This is easily seen from the decomposition formula (25).

It follows that, for every >0,

- k 0(6) k
No((/o Liw.<o) ds) ) :5_6N0<</0 (WO <ey 48 )
_ 540 k
o k
o /0 ) ).

o k
Ch :NO(</ L, <1y dS) )
0

we need to verify that cp <oo if k>2.

So, setting

To this end we will use Theorem 5.1 in [26]. We need to introduce some notation. A
marked tree is a pair 0=(7, (hy)yer), where 7 is a plane tree (in the formalism of §2.6),
and, for every vertex veT, h, is a non-negative real number, which is interpreted as the
length of the branch associated with v. We then say that 7 is the discrete skeleton of 6.
The plane tree 7 is called binary if every vertex of 7 has either 0 or 2 children, and
vertices without children are called leaves.

The uniform measure on the set of all (binary) marked trees with k leaves is defined

by
/ d9 Z / 'u ”UET H dhvv

Abm VET

where AP™ is the set of all binary plane trees with k leaves. Let r>0 and let

0= (T7 (hv)UET)
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be a marked tree. We can combine the branching structure of § with spatial displacements
given by 9-dimensional Bessel processes, to get random variables V,, a€r, which are
defined under a probability measure QY and constructed as follows. First consider a
9-dimensional Bessel process R?=(R/);>o started from r, and set Vy= sz. Then,
conditionally given R?, consider two other independent 9-dimensional Bessel processes
R and R?, both started from Vg, and set Vi=R}, and Vo=Rj . We can easily continue
the construction by induction. See [26, §5] for more details.
As a direct consequence of [26, Theorem 5.1], we have cr=2%"1k!d,., where
dk—/Qo(( 11 V4) ( 11 Va_41{Va,<1})>Ak(d9)'
acI(0) acL(6)

Here L(0) stands for the set of all leaves of the discrete skeleton 7 of 0, and I(f) is the
set of all other vertices of 7. If k>2, we can decompose the binary tree 6 at its first node

to obtain that
k—1

dk—E(Q)[/O R4(Zd Ry)dy,— J(Rt))dt],

where R denotes a 9-dimensional Bessel process that starts from r under the probability
measure Pr(g) and for every j>1 and r>0,
/Q9(< 11 V4)< 11 Va—‘*l{va@}))/\j(de).
acl(0) acL(f)

Let us prove by induction that for every integer j>1 there exists a constant M; such
that, for every r>0,

~ M;(r—2Ar—7 if j=1

G {0 M e7)

M;(AAr—7), if j>2

If j=1,

o
di(r)=EY [/0 R, *1ir,<1) dt} :/Rg Golyr, 2)|2| 1211y d2,

where Go(y, z)=a|z—y|~7 is the Green function of 9-dimensional Brownian motion, and
y, denotes an arbitrary point in R? such that |y,.|=r. From the preceding explicit formula,
straightforward estimates give the bound (27) when j=1. Let £>2 and assume that the
bound (27) holds for j=1,...,£—1. Using again a decomposition at the first node, we get

o 0—1
0 =1
—1 o
<y M;M; ;E® [/ R;*(R;QAR;U?dt]
0
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for some constant M ¢. We have then
E® [/ (1ARt1°)dt} :/ Gg(y,«,z)(l/\|z|_10)dz:a/ lz—yr|T(1A]2]710) dz.
0 R® R®

Simple estimates show that the last integral is bounded above by a constant times 1Ar~7,
which gives (27) for j=¢.

If £>2, then &k:&k(0)<m, which completes the proof of the first assertion of
Lemma 6.1.

The bound (26) now comes as an easy consequence. Using the decomposition (25)

and a scaling argument, we get

1 k
N(Y ((/0 L <o ds> > < chet*6,

with another constant . Since J([0,¢]) has the distribution of

1
‘/0 I{nga} ds

under NV, it follows that
E[T([0,e])"] < che™°.

This holds for every integer k>2, so that a simple application of Hdélder’s inequality
yields (26). O

If zem,, and £>0, we denote by Bp(z,e) the closed ball of radius € centered at
x in the metric space (mq, D). Recall our notation A for the volume measure on mq,
(cf. §2.5).

COROLLARY 6.2. Let §€]0,1] and

S =sup
e>0

(. 2257)

Then E[S¥]<oo for every integer k>1.

Proof. Let k=1 and €>0. The same argument as in the proof of [24, Lemma 6.2]
gives the bound

E[ A(an,s))wdx)] < BN Bo(0. )] = ELT(0. )]

(the inequality is in fact an equality, see Theorem 8.1 below). Using Lemma 6.1, we thus

get
E [/m A(Bp(z, s))k)\(dx)} <epae™
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Let 7>0. If we suppose that there exists a point 2o €m,, such that A\(Bp(xg,))>re??,

then we have for every x€ Bp(xg,¢),
MBp(z,2¢)) = N Bp(zo,€)) =10,

and thus
/ N(Bp(x,2¢))*\(dzx) > (re*=0)k+L,

oo

It follows that
P(there exists z9 € m, such that \(Bp(xg,¢)) >re?=?)
< (r€4_5)_k_1E[ AMBp(z,2¢))*\(dx)
m., (28)
<0k71(7,€475)7k71(26)4k71

_dk—1, .—k—1_(k+1)5-5

k,1

We apply this bound with e=277, j€Z,, and k chosen so large that (k+1)5>6.

Setting
A(Bp(z,277))
S': _—
A I

we get from (28) that, for every r>0,
P(S;>7)<cprF127d,

:24k—1

where ¢, ck1- It follows that, for every r>1,

P(S>1) <Y P(S; > 27 070r) < oWkt g =kt
§=0

Since this holds for every (large enough) integer k, the result of the corollary readily
follows. 0

We will now state and prove the key proposition that motivated the technical lemmas
of this section and of the previous one. We denote by LI the set of all left-increase times
of e, and by RI the set of all its right-increase times. Note that

pe(LI) =ps(RI) =Sk(7s)U{o}.

If Ue]0,1] is fixed, then Lemma 3.4 shows that U¢LIURI a.s. Recall from §4.2 the

notation vy and Jy. Also recall the notation R(vy ) for the range of yy. As usual R(vy)
denotes the closure of R(vy).
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PROPOSITION 6.3. For every fized U€]0, 1], we have

R(yw)NLI=2 and REAy)NRI=o

almost surely.

Proof. Fix k€N, and denote by NNy the number of those intervals of the form
Ji27F (i+1)27%], 0<i<2¥—1, that intersect R(vy).

We also fix uoe]O, %U[, 7n>0 and 56}0, %uo[. Let ﬁE}O, %[, and choose 56]0,%[
such that

§>1-(1-B)(3-0). (29)
We denote by Nj the number of those intervals ]i2=*, (i4-1)27*] that intersect R(vyy)

and satisfy the following additional properties:

(a) 27 >wup;

(b) infio—r_s<icio—r € >€-k —(27F)%;

(c) €p-+>nand inf, n<ice, Wig—r(t)>n.
Applying Lemma 5.1 with u=i27% and v=(i+1)27FAU, for every integer i such that
up<i2~F<U, we get the bound

E[N;] < C(27F)E[N], (30)

with a constant C' that depends only on p, U, ug, 7 and 4.
We now need to bound E[Ny]. For every £>0, set

Q(e)= sup D(r,t).

r,t€[0,1]
lr—t|<e
Recall from §2.5 the bound
D(r,t)<Z,+Z;—2 inf  Z,, (31)
rAt<urvt

and also recall the construction of Z by shifting the process Z°, which conditionally
given e has the distribution of the centered Gaussian process with covariance function
me(r,t). Using the bound (31) together with standard chaining arguments, one easily
gets the estimate

P(Q(e) >4 Py = o(e) (32)

as €—0 (compare with [24, Lemma 5.1]).
Set g, =27%(1/4=8) to simplify notation and write

Re.(vv)={s€[0,1]: D(r, s) < g, for some r € R(vyv)}
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for the tubular neighborhood of radius e, of R(y), with respect to the pseudo-metric D.
Then, on the event {Q(27%) <&y}, any interval of the form ]i27%, (i+1)27*] that intersects

R(vyv) is contained in R, (vv), and so we have on the same event

AP(Re, (70))) = Nx27".

Thus
E[N] < 2°EA(P(Re, (v0)))]+2"P[Q(27F) > &)

By (32), the second term of the sum is o(1) as k—o0. In order to bound the first term,
we cut the geodesic vy into slices of length e;: Precisely we observe that p(R., (Yv))
is contained in the union of the balls Bp(p(yu(ick)), 2ex) for i€{0,1,..., e, ' Zp|}. Tt
follows that

EXP(Re, (W) < E|(e Zy+1) sup /\(BD(%?Ek))}

TEM oo

B 1/2
<& 'El(Zu+1"2B| swp ABp(w,220))?]

TEM o

as k— o0, by Corollary 6.2. Finally, we have
E[Ny] = O(2F(~(1/4=0)3=8))
and, using (29) and (30), it follows that
E[N;]—0, ask—oo.

Thus P(N}>1)—0 as k—o0.
To complete the proof, suppose that there exists a point to € R (yy)NLI, and suppose

in addition that we have the following properties:

(a) to>uo;

(b) €.=&,, for every t€]to—20, to|;

(c') e, >n and inf, n¢rca,, Wi, (1)>n.
By Lemma 3.4, we must have to<U (outside a set of zero probability depending on U).
For every k>1, let i(k) be the unique index such that to€li(k)27%, (i(k)+1)27%]. If k
is large enough, both indices i=i(k) and i=i(k)+1 will satisfy the properties (a)—(c)
listed above (for (b), we use (b’) together with the fact that the function t—e; is
Hélder continuous with exponent 3—e, for every e>0). Moreover, R(yy) intersects
Ji(k)27%, (i(k)+1)27%], or possibly |(i(k)+1)27*, (i(k)+2)27F] if to=(i(k)+1)27%, and
so we conclude that N} >1 for k large enough. Since P(N{>1) tends to 0 as k—oo0,

we get that, with probability 1, there exists no point o €R(yy)NLI which satisfies the
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additional properties (a’)—(c"). We apply this result to rationals ug, n and § that can be
made arbitrarily small and we obtain the first assertion of the proposition.

The case of the maximal geodesic is treated in exactly the same manner. All lemmas
of §5 can be extended to cover this case, with some minor changes due to the lack of
symmetry in the construction of the map M, from the pair (C™,A™). We leave the
details to the reader. O

7. The main results

For a fixed U€]0, 1[, we have defined the simple geodesic @y, the minimal geodesic I'y
and the maximal geodesic T'y;. The next proposition will imply that these three geodesics

coincide a.s.

PROPOSITION 7.1. Let Ue]0,1].
(i) Almost surely, for every mapping o: [0, Zy]—[0, U] such that (p(p(t)), 0<t< Zy)

is a geodesic from o to p(U), we have

p(p(t) =Tu(t)

for every t€[0, Zy). In particular, ®y=Iy a.s.

(ii) Almost surely, for every mapping ¢: [0, Zy]—[U, 1] such that (p(p(t)), 0<t< Zy)

is a geodesic from o to p(U), we have

p(p(t)) =Tu(t)

for every t€[0, Zy). In particular, ®y=Ly a.s.

Proof. Let us prove part (i) of the proposition. By the definition of the minimal
geodesic, we have v (1) <p(t) for every t€[0, Zy7]. We argue by contradiction and assume
that there exists 79€]0, Zy[ such that vy (o) <¢(ro) and p(yu (o)) #P(#(10)). Then we
can find s€]yy(ro), ¢(ro)[ such that

Zs <10=Zyyy(ro) = Zip(ro)»

because otherwise we would have vy (rg)=p(rg). Since the mapping ¢~y (t) is non-
decreasing and left-continuous, there exists r1 €[rg, Zy7| such that

’)/U(t)>8, iftE]Tl,ZU],
yw(t)<s, iftel0,m].
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Note that 71 =Z; does not occur a.s., because this would imply v (Zy) <s<U together
with p(U)=p(y(Zy)) and Z,< Zy: This is only possible if U~ (Zy), which contra-
dicts Lemma 3.4.

Thus 71 < Zy, and we have p(yy(r1))=p(yuv(r1+)) by continuity. Since

VU(TI) <s <7U(T1+) and Zs <rg<m= Z’YU(Tl) = Z’YU(TH-)’

the property vy (r1)~7y(ri+) does not hold. Hence, we must have vy (r1)~vy(r1+),
and it follows that ps(yy(r1))=ps(yu(r1+)) is an ancestor of pg(s) in Zz. This means in
particular that vy (r1+) is a left-increase point of €, which is impossible by Proposition 6.3.
This contradiction completes the proof of the first statement in (i). By applying this
statement to o=y, we get that &y =Ty a.s.

Part (ii) of the proposition is proved in a similar way. In particular, the identity
®y=Iy a.s. is obtained by taking p=¢y. O

PROPOSITION 7.2. Proposition 7.1 (i) holds simultaneously for all U€]0,1[\LI out-
side a single set of zero probability. Similarly, Proposition 7.1 (ii) holds simultaneously
for all U€]0,1[\RI outside a single set of zero probability.

Proof. The assertions of Proposition 7.1 hold simultaneously for every rational num-
ber U €]0, 1] outside a single set of zero probability. From now on, we argue outside this
set, and we deal only with part (i) of Proposition 7.1.

Set

H={UE€]0,1]:p(U)=p(U’) for some U’ < U},

so that LIC H in particular. If U € H\LI, then there exists U’ <U such that U'~U, and
U’'€]0,1[\H. Note that Z,>Zy=Zy for every r€[U’,U]. It is then obvious that if ¢
is as in the first statement of Proposition 7.1, we have ¢(r)€[0,U’] for every r€[0, Zy/|.
Putting ¢'(r)=(r) if r€[0, Zy|[ and ¢'(Zy)=U’, we get a function ¢': [0, Zy/]—[0, U]
such that (p(¢'(t)),0<t<Zy/) is a geodesic from g to p(U’). So if we can prove that
p(¢'(t))=Ty:(t) for every t€[0, Zy:], we will get the desired conclusion for ¢ since
P(4(H)=p(/(£)) and Ty (1) =Ty () for every t€[0, Zu].

Due to the previous observations, we may restrict our attention to the case Ue
10, 1[\H, which we consider from now on. Let e€]0, Zy7[. Then we can find s€]0,U[ such
that the following properties hold:

(a) e>e, for every t€]s, U], and thus ps(s)€]o, ps(U)][;

(b) Zy>Zy —e for every te[s, Ul;

(¢) Miae[pe(s),pe(w)]) Za<Zs-

In (a), we use the fact that U ¢LI. We can impose condition (¢) because the mapping

a7, is not monotone on any non-trivial line segment of the tree Ts.
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Figure 4. Illustration of the proof of Proposition 7.2. We have u<s<wv, u~v and ®,(Z,)=
p(u) for every rational r€]s, vl.

Let ¢ be as in the first statement of Proposition 7.1. Since U¢ H and ¢ takes values
in [0, U], it is clear that ¢(Zy)=U. Set

t* =inf{t €0, Zy]: o(t) > s}.

Let u be an accumulation point of ¢(t) along a sequence of values of ¢ belonging to
[0,¢*[ and converging to t*. By the definition of t*, we have u€[0, s], and we also have
p(u)=p(x(t*)) by continuity. Similarly, we can construct a sequence {tx }x>1 in [t*, Zy/]
such that p(tx)>s for every k, and ¢ —t* as k—o0. Let v be an accumulation point of
the sequence ¢(tr), so that ve€([s, U] and again p(v)=p(¢(t*))=p(u).

We claim that v>s. Indeed, if v=s, the curve (p(¢(t)),t* <t<Zy) starts from p(s)
and ends at p(U), and then (c), together with the fact that Zp(w(t))>zp(¢(t*)):25 for
every t€[t*, Zy], gives a contradiction with Proposition 3.1.

The preceding observations imply that umv. Indeed we saw that p(u)=p(v), and
u~v is impossible by (a) since u<s<w.

To complete the proof, choose a rational r€]s, v[. As u<r<wv and usv, the definition
of the simple geodesic shows that ®,.(Z,)=p(v)=p(¢(t*)). Since ¢(t)€0,s] for every
te[0,t*[ (by the definition of t*), the mapping @ defined by

(t)—{‘p’“(t)’ if t*<t< Z,,
@), ifo<t<tr,
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takes values in [0, 7] and is such that (p(@(t)),0<t<Z,) is a geodesic from g to p(r). As
we assumed that the assertions of Proposition 7.1 hold for every rational, we obtain that
p(p(t))=@,.(t) for every t€[0,t*]. From (b), we get t* =27, > Zyy —¢ and also ®,.(t)=® (t)
for t<Zy—e. Therefore p(p(t))=®y(t) for every t€[0, Zy —e[. Since e can be taken
arbitrarily small, we have that p(o(t))=® (t) for every t€[0, Zy7|. By taking p="y, we
also see that I'y =®y, which completes the proof. O

For every U€]0, 1], we set

Ly =pz ' ([e,ps(U)])

and
RU:{SG[O,U]:ZSZ min ZT}U{SE[UJ]:ZS: min ZT}.

s<r<U U<r<s
Then Ly and Ry are closed. Furthermore, it is easy to verify that p(Ry ) is just the range
of the simple geodesic ®y. It then follows from the discussion at the end of §4.1 that
p(Ly)Np(Ry)={0,p(U)}. This property holds simultaneously for all U€]0, 1] outside a
single set of zero probability.

We also set
Of =[0,UN\(RyULy) and  Of =[U,1]\(RyULy).

Then Of; and O are open and disjoint, and it is not hard to verify that p~ (p(O};))=0¢,
and p~!(p(O%))=0%. From the definition of the quotient topology, it follows that p(O};)

and p(0%) are two disjoint open subsets of m..

LEMMA 7.3. Almost surely, for every U€|0, 1] and every geodesic (w(t),0<t<Zy)
from o to p(U), the set {w(t):0<t<Zy} does not intersect p(Ly).

Proof. We argue by contradiction and assume that there exists to€]0, Zy7[ such that
w(to)ep(Ly). Then w(ty)ep(Ly)\p(Ru). Since p(Ry) is closed, a continuity argument
shows that w(t)¢p(Ry) if t>1¢ is sufficiently close to . Also Lemma 3.5 implies that
we can find values of ¢>t, arbitrarily close to ¢y such that w(t)¢p(Ly). It follows that

we can find a connected component |tq, to[ of the open set
{t€lto, Zu[:w(t) ¢ P(RuULY)}

such that w(t;)€p(Ly). Since w(]t1,t2]) is connected, we have either w(]t1,t2[) Cp(Of)
or w(Jt1,t2[) Cp(OF). We assume for definiteness that w(]t1,t2[) Cp(O}).

Let a7 be the unique element of 75 such that II(aq)=w(t1), and let 1 <U denote the
smallest element of [0, 1] such that ps(r1)=a;. Recall that 7z(a1) denotes the subtree of

all descendants of a;. As a simple consequence of Proposition 3.1, we have

w([t1, Zy]) CT(Ta(ar)).
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Figure 5. Illustration of the proof of Lemma 7.3. The geodesic w visits a1, then stays in the
(image under II of the) subtree 7s(a1). It hits the smaller subtree Ts(ao) at time T' at the
point II(b)=II(¥").

Indeed, suppose that there exists ¢} €]t1, Zy[ such that w(t))¢I(Zs(a1)), and let a} e
Ts\Zz(a1) be such that w(¢])=II(a}). Then a;€[a)Aps(U),ps(U)], and by applying
Proposition 3.1 to the curve (w(t),t|<t<Zy), we get Z,,)=min{Z,¢):t) <t<Zy},
which is a contradiction.

Fix t*€]t1, to[, and choose a*€Ts(ay) such that II(a*)=w(t*). Set ap=a*Aps(U).
Again, a simple application of Proposition 3.1 shows that ag#a;, and therefore agée

lla1, ps(U)]]. If 7o is the smallest representative of ag in [0, 1], we have thus r <rg. Set
T=inf{t >t :w(t) €(Ts(ao))}.

We have T'>t; because II(75(ag)) is closed in meo, and w(ty)=I(a1)¢I1(Zs(ag)). More-
over T'<t* because a*€Il(Ts(ag)). Thus we have t; <T<t*<ts. Furthermore, we can
write w(T)=II(b) for some beTs(ap). Note that w(T') belongs to the boundary of
I1(7s(ao)), and w(T)#II(ag) (because {w(t):t1<t<t2} does not intersect p(Ly)). As
noticed in §3, this implies the existence of b’ €75\ Ts(ap) such that bab’.

Let s be the unique representative of b in [0, 1], so that p(s)=II(b)=w(T'). Since
beTs(ag) and b#ag, we have ro<s. On the other hand, for every t€lt;, T'[, we know that
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w(t)eme \II(Ts(ap)), and w(t)ep(O}). It follows that, for every t€]ti, T[, we can find
¥(t) €0, ro] such that w(t)=p(L(1)).

We also set (T)=s, and for every t€[0,t1], we put (t)=¢p,, (t). The mapping
(1(t),0<t<T) is such that (p(¢(t)),0<t<T) is a geodesic from p to w(T), and ¥(t)€
[0,9(T)] for every t€[0,T]. Since ¥(T)=s¢LI (by Lemma 2.1, since the equivalence
class of s for a2 is not a singleton), the first statement of Proposition 7.2 entails that
(p(¥(t)),0<t<T) coincides with the simple geodesic ®,. This is a contradiction, since
p(Y(t1))=w(t1)€Skely and a simple geodesic cannot visit a point of Skels,, except pos-
sibly at its endpoint.

In the case when w(]t1,t2[)Cp(O%), the proof is exactly similar, but we now use
the second statement of Proposition 7.2. O

We now come to one of our main results.

THEOREM T7.4. Almost surely, for every x€my, \Skely,, there is a unique geodesic
from o to x, which is the simple geodesic ®y for an arbitrary choice of s€[0,1] such that
p(s)=z.

Proof. Let x€m,\Skel,, and let U€]0,1[ be such that p(U)=x (we exclude the
trivial case x=p). Notice that, for every r€[0, Zy/], there is exactly one point y in p(R)
such that Z,=r, and this point is y=®(r). In order to prove the theorem, we need only
prove that any geodesic from p to = takes values in p(Ry).

So let (w(t),0<t<Zy) be a geodesic from o to x=p(U). From Lemma 7.3, we
already know that (w(t),0<t<Zy) does not intersect p(Ly). We argue by contradiction
and suppose that the range of w intersects mo\p(Ry). Let ]t1,%2] be a connected

component of the open set

{s €10, Zy[: w(s) € moo \ (P(Ru)UP(Ly))}-
Then, w(t1)€p(Ru), and w(tz)ep(Ry). By the remark of the beginning of the proof,
we have that w(t1)=Py(t1) and w(te)=Py(t2). Also, as in the preceding proof, we
have that w(]t1,t2[)Cp(O}) or w(]t1,t2[)Cp(OF), and we assume for definiteness that
w(]t1,t2[)Cp(Of). For every t€|ty,ta[, let ¥(t) be the smallest representative of w(t)
n [0,1]. Also, let 9(t2) be the largest representative of w(t2). Finally set 1(t)=¢p(t)
for t€[0,%1]. Then (t)<U for every t€[0,ts], whereas ¥ (t2)>U. So we see that 9
takes values in [0,v(t2)] and (p(¥(t)),0<t<ty) is a geodesic from ¢ to p(¥(t2)). In
order to apply Proposition 7.2, we still need to verify that ¢ (t2)¢LI. This is clear if
to<Zy (because the equivalence class of 1)(t3) for ~ has at least two representatives)
and if to=2Zy this follows from our assumption x¢Skel,,. Proposition 7.2 now shows
that p(t(t)) must coincide with ®y,)(t) for every t€[0,f;]. This is a contradiction,
since the range of the simple geodesic ®y(,) is contained in p(Ry). O
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COROLLARY 7.5. Almost surely, for A-almost every x€me,, there is a unique geo-

desic from o to x.

Proof. By Lemma 3.4, A(Skels)=0 a.s., so that the statement follows from Theo-
rem 7.4. O

We then consider the case of vertices belonging to Skel,,. Such a vertex z can
be written uniquely as z=II(a) with a€Sk(7s), and we denote the multiplicity of a in

Ts by m(z). By Proposition 3.3, m(x) is also the number of connected components of
Skeloo \{z}.

THEOREM 7.6. Almost surely, for every x€Skely, there are exactly m(z) distinct
geodesics from o to x. These geodesics are the simple geodesics @4 for all s€[0,1] such
that p(s)=u.

Proof. Let x€Skely, and let (w(t),0<t<Z,) be a geodesic from o to z. By Lem-
ma 3.5, we can find a sequence {ry}r>1 in [0, Z,] such that r,— Z,, as k—o0, and
w(rg) Emy \Skely, for every k. Choose s;€[0,1] such that p(sg)=w(rx). By extracting
a subsequence if necessary, we may assume that sy —s€[0,1] as k—o0, and we have
then p(s)=z. On the other hand, for every k>1, Theorem 7.4 and the fact that w(ry)€
mq. \Skelo, imply that we have w(t)=®y, (t) for every ¢t€[0,r;]. Passing to the limit
k— 00 we get w(t)=,(t) for every t€[0, Z,][.

Conversely, for every s€[0, 1] such that p(s)=xz, @, is a geodesic from p to z, and
the geodesics obtained in this way are distinct. Indeed, consider the case when m(z)=2.
Then there exist two reals s; and ss such that 0<sy<s2<1, ps(s1)=ps(s2) and z=
p(s1)=p(s2). By Lemma 2.1, we must have

min 2, < Zsl = ZSQ.

51582

It follows that, if »>0 is sufficiently small, ¢,,(Z,—r) is a point of |s1, so[ which is not
equivalent to any point of [0, s1]. Thus the geodesics @, and ®,, are distinct. The same

argument applies when m(z)=3. This completes the proof. O

A consequence of the previous results is the fact that if  and z’ are two points of
m,, distinct from the root, and if w (resp. w’) is a geodesic from g to z (resp. from p
to 2’), then w and w’ must coincide over a small time interval. We state this confluence

property of geodesics in a slightly more precise form.

COROLLARY 7.7. Almost surely, for every n>0, there exists a€]0,n[ such that the
following holds. Let x,x’€émy, be such that D(p,z)=2n and D(p,2')=n, and let w
(resp. w') be a geodesic from g to x (resp. to x'). Then, w(t)=w'(t) for all t€[0,q].



340 J.-F. LE GALL

Proof. If >0 is given, we can choose £>0 such that Z,<n for all s€[0,]U[1—¢, 1].
We then set

a= inf Z,.
s€le,1—¢]

Notice that a>0, since Zs>0 for every s€]0, 1[.

Let z, 2/, w and W’ be as in the corollary. By the previous two theorems, we can
write w=®, and w'=®,,, where r,7'€[0,1] are such that z=p(r) and z'=p(r’). In
particular, Z,.=D(g,z)>n and Z,»=D(g,z')>n. Our choice of ¢ now ensures that both
r and 7’ belong to [e,1—¢]. But then, from the definition of the functions ¢, and ¢,, it
is immediate that ¢, (t)=e,(t) for every t€[0, a[. O

Remark. Our results show that all geodesics starting from the root are simple
geodesics. It follows that a point x of mg, which is a relative interior point of a geodesic
from the root must be of the form x=p(s), for some s€0,1[ which is a right-increase
time of Z. One easily checks that the set of all such points x has Hausdorff dimension 1,
and so is a very small subset of m,,, which has Hausdorff dimension 4. This may be
compared to the work of Zamfirescu [41], who proved, in the sense of Baire’s category,
that on “most” convex surfaces, a typical point is not an interior point of any geodesic

segment.

8. Gromov—Hausdorff distances and the invariance under re-rooting

The previous sections were devoted to the study of geodesics connecting the root of
M, to another point. Similar results hold if we replace the root o=p(0) by a random
point chosen according to the volume measure A. This follows from the invariance of
the distribution of the Brownian map under uniform re-rooting, which will be discussed
below.

Let us first recall some basic definitions concerning pointed metric spaces and the
Gromov—Hausdorff convergence. Let k>0 be an integer. A k-pointed compact met-
ric space is a triplet (E,d, (a1,as,...,ax)), where (E,d) is a compact metric space and
(a1,az,...,ax) is a k-tuple of (not necessarily distinct) distinguished points of E. A 0-
pointed compact metric space is just a compact metric space, and when k=1 we say
pointed rather than 1-pointed. We denote the space of all isometry classes of k-pointed
compact metric spaces by K(*) (and in agreement with the introduction above, we set
K=K©). The Gromov-Hausdorff distance on K*) is then defined by

dGH((Ead7(al""’ak))a(Eladla(a’llw-'va;c)))
= inf {5H(¢(E),¢'(E'))v max 6(¢>(ai),¢’(a2>)},

(F,8),0,¢' 1<i<k
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where the infimum is over all choices of the metric space (F,d) and the isometric embed-
dings ¢: E—F and ¢': ' —F, and §g stands for the usual Hausdorff distance between
compact subsets of F. Then dgy is a distance on K*), and the space (K*), dgy) is
Polish. We equip K*) with the associated Borel o-field.

An equivalent definition of the Gromov—Hausdorff distance can be given in terms of
correspondences. Let (E,d, (a1, ...,a)) and (E',d’, (a}, ..., a},)) be two k-pointed compact
metric spaces. A correspondence C between (E, d) and (E’,d’) is a subset of the Cartesian
product ExE’ such that for every z€FE there exists y€E’ such that (z,y)€C, and
conversely. The distortion of C is defined by

dist(C) =sup{|d(z,y)—d' (2, y")

:(2,2") €C and (y,5/) €C}.

Then dagu((E,d, (a1,...,ax)), (E',d’, (a}, ..., a))) equals half the infimum of the quantities
dist(C) when C varies over correspondences between E and E’ that contain all the pairs
(a;,a}) for 1<i<k. See [11, Theorem 7.3.25] for a proof in the case k=0, which is easily
extended.

As was already stated in Theorem 2.2, we have the almost sure convergence in
(K(l)vdGH)»

a.s

(m,,, zpn_1/4dn,8n) — (M, D, 0), asn—oo. (33)

The next theorem gives a precise form of the invariance of the distribution of the

Brownian map under uniform re-rooting.

THEOREM 8.1. Let F be a non-negative measurable function on K1) . Then
B| [ P, D)) = ElF (e, D, )]

More generally, for every integer k=2 and every non-negative measurable function

F on K®),

E[/ F(mu, D, (21, ..., x))A(dxy) ... )\(dxk)]
E{/F(moo,D,(g,xl,...,xk_l)))\(d:rl) M) .

Proof. We deal only with the first statement of the theorem. The second one can
be proved in a similar manner. Let U be a random variable that is uniformly distributed
over [0, 1] and independent of the sequence of random maps {M,, },,>1 (and in particular
of (meo, D)). The first assertion of the theorem will follow from the fact that the law of
(my,, D, p(U)) coincides with the law of (mq, D, ).
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To establish this fact, we will use a similar invariance property for the discrete
maps M,, and then pass to the limit n—oo using (33). We start with some simple
combinatorial considerations. We let M}»* denote the set of all pairs (M,e), where M
is a rooted 2p-angulation with n faces (M €My) and e is a distinguished oriented edge
of M. If (M,e)e My*, we define I'(M,e)e M} by saying that I'(M,e) is the “same”
map as M but re-rooted at the oriented edge e. Then it is easy to verify that the image
under I' of the uniform distribution over My is the uniform distribution over My.

Now comnsider the random 2p-angulation M,,. The Bouttier-Di Francesco-Guitter
bijection of §2.6 allows us to associate with each i€{0, 1, ...,pn—1} a unique non-oriented
edge e; of M, and in this way we get a bijection between {0,1,...,pn—1} and the set
of all (non-oriented) edges of M,,. Set U,=|pnU |, in such a way that U, is uniformly
distributed over {0,1,...,pn—1}. Choose one of the two possible orientations of the edge
ey, with equal probabilities, independently of U and of the sequence of maps {M,, },>1,
and denote the resulting oriented edge by é€r;, . Also set Mn:F(Mn, éu, ). Note that the
vertex set and the edges of M,, are the same as those of M,,, but the root is different.
By the combinatorial considerations of the beginning of the proof, M, has the same

distribution as M,,. Writing d,, for the root vertex of M n, We thus have

_ = d _
(mn; Hph 1/4dna n) (:) (mnv ApN 1/4dn; an)- (34)

Note that both sides of (34) are viewed as random variables with values in K1),
In view of (33) and (34), the proof of the theorem will be complete if we can verify
that
(my,, 3,0~ Y40, 0,) 225 (Moo, D, p(U)),  as n— oo. (35)

To this end, let us first recall the proof of (33) in [24]. We define a correspondence C,,
between (m,,, »,n~/4d,,) and (m.,, D) by declaring that a pair (a,b) €m,, x m, belongs
to Cy, if and only if a=09,, and b=y, or if there exists t€[0, 1] such that a=p,, (| pnt]) and
b=p(t). Then it easily follows from the convergence (3) that dist(C,) converges to 0
a.s. as n—oo (see [24], but note that the presentation there is slightly different because
[24] does not deal with pointed spaces—the same argument however goes through without
change). We may slightly enlarge the correspondence C,, by including also those pairs
(a,b) em,, x my, for which there exists £€[0, 1] such that d,, (a, p, (| pnt]))=1 and b=p(¢).
If C/, denotes the enlarged correspondence, the distortion dist(C},) still converges to 0
a.s. as n—oo. However, from our construction of the root edge of Mn, it is clear that

we have d,(0n,pn(|pnU]))<1. Therefore (9,,p(U))€eC,,, and the fact that dist(C},)

converges to 0 also yields our claim (35). This completes the proof. O

As a by-product of the preceding proof, we get the following variant of (33), which

will be useful in the next section.
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PROPOSITION 8.2. For every n we can construct a random vertex V, which is uni-

formly distributed over m,,, in such a way that
(mnv}fpn_l/4dn;(anvvn))g(moo;Dy(gap(U))% as n— o0, (36)
where the random variable U is uniformly distributed over [0,1] and independent of the

sequence of random maps {Mp}n>1, and the convergence holds in the space (K(g), dcn).

Proof. The argument for (35) also gives the convergence
(mn,%pnfl/zldn,(8,“((5”))&(mw,D,(g,p(U))), as n— oo, (37)

which holds in the space (K®), dgp). This does not immediately give the desired result,

because 9, is not uniformly distributed over m,,. However, we may set
Ny =((p—1)n+2)U|

and let V,, denote the N,,-th vertex of 7, in lexicographical order, with the convention that

V=0, if N,=0. Then, V,, has the property stated in the proposition, and furthermore
n*1/4dn(Vn, 5n) 22,0, asn—oo.

See the proof of [24, Proposition 3.5] for a justification of this convergence. The result

of the proposition now follows from (37). O

As was mentioned above, Theorem 8.1 allows one to get information about geodesics
starting from a point chosen uniformly in m, rather than from the root 9. We illustrate
this in the following corollary. If z,2’€m.,, we denote by Geo(z—2x’) the set of all

geodesics from x to z’.

COROLLARY 8.3. The following properties hold almost surely:

(i) A@XM(z,2):# Geo(z—12')>1}=0;

(il) A{remyo:there exists @’ €my, such that # Geo(zr—a')>4})=0;
(i) AM({xemyo:there exists ¥’ €my, such that # Geo(x—a')=3})=1.

Remark. Property (i) of the corollary should be compared to [31, Theorem 3].

Proof. We start by proving (i). Let U and U’ be two independent random variables
which are uniformly distributed over [0, 1], and such that the pair (U, U’) is independent

of the sequence {My},>1. The statement in (i) is equivalent to proving that

#Geo(p(U)—=pU’'))=1 as.
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However, as a simple consequence of Theorem 8.1, we have

(mae, D, (0,p(U))) 2 (mee, D, (p(U), p(U))),

where both sides of the equality are random variables with values in K(2). Note that the
set of all 2-pointed spaces (E,d, (z,2’)) such that there exists a unique geodesic from x
to o’ is a measurable subset of K(). Indeed, if 6>0 is fixed, the set of all (FE,d, (x, "))
such that there exist two geodesics v and +' from z to 2’ with max{d(v(t),7'(t)}>¢ is
closed in K. Hence, using the previous identity in distribution, we see that property (1)
reduces to the fact that # Geo(p—p(U))=1 a.s. But this follows from Corollary 7.5.

The arguments for (ii) and (iii) are similar. We use the identity in distribution

(d)
(Moo, D, 0) = (Moo, D, p(U)),
and the fact that, for every integer k>2, the set of all pointed spaces (F,d, x) such that
there exist a point '€ F and at least k distinct geodesics from x to x’ is a measurable
subset of K(!). The details are left to the reader. O

9. Asymptotics for large planar maps

In this section we discuss the applications of our results to large planar maps, and in
particular we prove Propositions 1.1, 1.2 and 1.3 which were stated in §1. Note that, in
contrast with the previous sections, we do not limit ourselves to values of n belonging to

a suitable sequence converging to oo.

Proof of Proposition 1.1. We prove the stronger form of Proposition 1.1, where
Geo,,(0n,a) is replaced by Geo,(9,,a). Let us fix 6>0 and, for every n>1, let V,
be a vertex that is uniformly distributed over m,,. The desired result is equivalent to
saying that

lim P(there exist v, € Geo, (9, Vy,) such that d(vy,7") > dn'/*) =0.

n—oo
We argue by contradiction and suppose that there exist >0 and a subsequence 7100

such that, for every k,

P(there exist v, € Geog, (0, , Vi, ) such that d(y,~) > 57@,16/4) >.

From this sequence {75 }r>1 we can now extract another subsequence {ny}x>1 such that
the properties stated in Theorem 2.2 hold. By Proposition 8.2, we may assume that the

random vertices V;,, are constructed in such a way that

(M, s 6om Ay s Oy Vi) =2 (mse, D, (0, p(U))), s k — o0, (38)



GEODESICS IN LARGE PLANAR MAPS AND IN THE BROWNIAN MAP 345

where U is uniformly distributed over [0, 1] and independent of the sequence {My}n>1.

Consider then the event

F:Iigl sup {there exist 7,y € Geop, (On,, Vny,) such that d(v,7") > 5n,1€/4}.
— 00
By our assumptions, P(F)>n>0.

From now on, we argue on the event F. We can then find a (random) subse-
quence {mg }tr>1 of {ng}r>1 such that, for every k, there exist Vi, 75 € Geoum, (Omys Ving )
such that d(’yk,wl’ﬁ)26m,1€/4. On the other hand, by (38), we can find, for every k, a
correspondence Cj, between the 2-pointed spaces (mmk,xpmlzl/ 4dm,c7 (Omy> Vim,,)) and
(M, D, (0,p(U))), in such a way that dist(Cy) tends to 0 as k—oo. This implies in

particular that zpmlzl/ :

Ay (O, > Vi, ) converges to D(o,p(U))=Zy. For every ra-
tional 7€[0, Zy|, and for k sufficiently large, we can find zj(r),z},(r)€mes, such that
(7;6(L;fp_lrrL,1€/47“J)7 x(r)) €Cr and (V;(nglmiﬂLTJ% x} (1)) €Ck. Via a compactness argu-
ment and extracting a diagonal subsequence, we may assume that x(r) (resp. x}(r))
converges as k— o0, for every rational r€[0, Zy[, and we denote the limit by .o (r)
(resp. 7., (r)). The fact that each ~y is an approximate geodesic, together with the prop-
erty dist(Cx)—0, implies that D (e (r), Yoo (r"))=|r—7'| for all rationals r,r’'€[0, Zy[. It
easily follows that 7., can be extended to a geodesic from ¢ to p(U) in my,. Similarly,
we can extend 7. to a geodesic from g to p(U) in ms,. However,
max D (Voo (7), 75 (1)) = lim inf xpm,;l/4d('yk, Vi) = 750 >0,
0<r<Zu ko0
and so we find that there are two distinct geodesics from g to p(U) in my,. This holds

on the event F', which has positive probability, thus contradicting Corollary 7.5. O

Proof of Proposition 1.2. This is very similar to the proof of Proposition 1.1. We
argue by contradiction and assume that there is an increasing sequence {7y }r>1 such

that, for every k>1,
P(there exists a € my, such that Mults, 5(0s,,a) >4) >n

for some 1>0. We can then extract a subsequence {ny}r>1 and construct the random

maps My, in such a way that we have the almost sure convergence

(my,,,syn5 Ay, O, ) =25 (Moo, D, ), as ki — o0, (39)
in K. The event

F =limsup {there exists a € m,, such that Mult,, 5(0y,,a) >4}

k—oo
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has probability bounded below by 7. Furthermore, on the event F', we can use the
convergence (39) and compactness arguments to construct a point z of m., which is
connected to g by at least four distinct geodesics, thus contradicting Theorem 1.4. We
leave the details to the reader. O

Remark. As we already mentioned in the introduction, the statements of Proposi-
tions 1.1 and 1.2 remain valid if d,, is replaced by a vertex chosen uniformly at random
in m,. Let us outline the argument in the case of Proposition 1.1. We consider two
random vertices V;, and V! that are distributed independently uniformly over the vertex
set of m,,. From the argument in the proof of Proposition 8.2, we can construct V,, and
V;, and the random maps M, in such a way that along a suitable sequence {ny}r>1 we

have the almost sure convergence
(m,,, 2,0~ Y4, (V,, V) 225 (me, D, (p(U), p(U"))), as n— oo, (40)

where U and U’ are independent and uniformly distributed over [0, 1], and (U,U’) is
independent of the sequence {M,,},>1. Then a simple adaptation of the proof of Propo-
sition 1.1, using Corollary 8.3 (i), shows that P(Mult,, s(V,,,V,))>2) tends to 0, as n—o0,

along the sequence {ny}r>1. Since from any sequence {n} }r>1 we can extract a subse-

quence {ng}r>1 such that the previous conclusion holds, the desired result follows.

Proof of Proposition 1.3. Recall our notation v, v, ..., vy, for the contour sequence

of 77. Let a>0. We denote by H,(a) the set of all triplets (j1,72,J3) of integers such
that 0< 71 <j2<J3<pn and the following properties hold:

o Uil =vi =V

o max{minj, <;j<;, A}, minj, <j<jo AT}<AT, —an'/%.

Suppose that (j1,j2,j3) €Hn(a). Then we have C7 =C7 =C7., A7 =A7 =A7 and
C}=2C7 it j1<j<js. From the properties of the spatial contour function, it is also clear
1/4

that A" takes all integer values between A}, and A7 —an'/* on each of the intervals

[1,j2], [J2, js] and [j3, pn].
We denote the event {H,, () #2} by A, (a).

LEMMA 9.1. We have
lim liminf P(A,(a)) =1.

a—0 n—oo

We postpone the proof of Lemma 9.1 to the appendix.
Let §>0. For i=1,2, we say that the event A%)(a,é) holds if, for every triplet
(J1, 52, J3) EHn() and for every j€[ji, jit1] such that

A"= min A} and A7 —Zan'/*<A?<A? —Llan'/*
N s I8
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we have

dn(j,j') = 0n'/* for every j' € {jit1,....pn}. (41)

We claim that, for every a>0,

sup P(Ap (a)\ (AW (o, 5)NAP) (0, 6))) =0, as §—0. (42)

n>1
Assuming the claim, it is easy to complete the proof of Proposition 1.3. Let n>0.

Using Lemma 9.1 and (42), we can choose first a>0, and then §>0 in such a way that

lim inf P(A,(a)N (AW (o, 6)NAP) (, 6))) > 1.

n—0o0

However, on the event An(a)ﬂ(Ag)(a, 6)0A£L2) (,0)), there is at least one point a€m,,
such that Mult,, 5(9y,a)>3. Indeed we pick a triplet (j1,j2,j3) EHn(a) and set

We consider the “simple geodesics” 1, 2 and -3 defined by

~i(£) :U;in(f)’ where m;(¢) =inf{j > j; SAT =AY, —{} for 0< 4K A7 —1,
Vi (A;a) = On,
for i=1,2,3. It is then easy to verify that -1, 72 and ~3 are three geodesics from a
to 0, in the map M, and the property (41) guarantees that d(v;,~i/)=dn'/* for every
i,i'€{1,2,3} with i#£1".
We still have to prove our claim (42). We verify that
sup P(A, (a)\AWD(a,8)) =0, asd—0, (43)

n>1

and the same argument applies if A%l)(a,é) is replaced by Ag)(a,d). We argue by
contradiction and assume that (43) does not hold. Then we can find €>0 such that, for

supP<An(a)\A53> <a, ;)) Se.

n=1

every k>1,

Hence, for every k>1, we can find a positive integer nj such that

P(Ank (@)\AL (a, ;)) >e.

The sequence {fig}r>1 must converge to co (for any fixed n, the condition (41) holds

automatically if ¢ is small enough). So from this sequence, we can extract a monotone
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increasing subsequence {n}x>1 along which the almost sure convergence (3) holds for a

suitable choice of the random maps M, . Then we have

(i (2eenst (o)) >

Furthermore, on the event
W) (o 1
limsup [ Ay, (a)\ A}/ ,
k—o0 ]f

we can find a (random) sequence of values of k along which the following holds: There
exists a triplet (j§, j5, j%) €M, () and two integers my, € [5¥, j5] and m} €55, pny] such
that

A = min AP, A" —Zan)t SATE < ATE—Lan/!

o JE<e<my, J1 k J1

and
1/4
A, (Mg, mly) < knk/ . (44)
By a compactness argument, we may assume that
-k ok /
m
I e d2 Ly T and kol
png png png pn

as k—o00. We have then s<r<t<r’, s~t (and so in particular Z,=2;) and D(r,7')=0
from (3) and (44). Furthermore, the convergence (3) also implies that
inf Z,<Z, —atp,
s<ukt
and that

Z.= inf Z, and Zs—%a%pgz <Z,—
s<usr

w\»—t
"@

From these properties, it follows that neither of the conditions r~7’ or r=7r’ can hold.

This contradicts the equality D(r,r')=0, and this contradiction completes the proof. [

Remark. In the same way as Propositions 1.1 and 1.2, Proposition 1.3 still holds if
the root vertex 0, is replaced by a vertex chosen uniformly at random in m,. A way
to obtain this result is to use the variant of the Bouttier—Di Francesco—Guitter bijection
that is presented in [27, §2.3]. We omit the details of the argument.

We conclude this section with a discrete version of Corollary 7.7.
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PROPOSITION 9.2. Let x>0 and €>0, and let Geo} denote the set of all discrete
geodesics starting from the root 0, and with length greater than xn/* in the map M,,.
Then we can choose a constant B€]0, x| so that, for every §>0,

lim inf P( sup sup  dn(v(9),~' (1)) < 5n1/4) >1-—c.
noee vy €Geo) 0<ig|Bnl/4]
Proposition 9.2 is derived from Corollary 7.7 and the Gromov—Hausdorff convergence
in Theorem 2.2 in a way very similar to the above proof of Proposition 1.1. To be specific,
if >0 is the random variable appearing in the statement of Corollary 7.7 when n=s¢,Y,

we choose the constant >0 so that
Pl la>pB)>1—¢.

From the proof of Corollary 7.7, we see that the choice of [ is determined from the
values of x and ¢ and the distribution of the process Z, so that it does not depend on
the particular subsequence used in Theorem 2.2. The remaining part of the argument is
straightforward.

The recent article [9] gives explicit calculations related to the confluence property

of discrete geodesics, in the particular case of quadrangulations.

Appendix

In this appendix, we prove Lemmas 5.5 and 9.1. As previously, the integer p>2 is fixed,
and all constants that will appear depend on p, even though this will not be mentioned

explicitly.

Proof of Lemma 5.5. The proof depends on an intermediate estimate on the distri-
bution of labels in a labeled p-tree. We say that a pair (7, (€,)ye,+) consisting of a p-tree
7 and a collection of integer labels assigned to the white vertices of 7 is a labeled p-tree
if it satisfies property (b) in the definition of a p-mobile (cf. §2.6). We say that it is a
standard labeled p-tree if in addition £z =0. In a labeled p-tree, labels may take negative
values.

Let (7, (fy)vers) be a standard labeled p-tree, and let ver®. Let vy, v(1), ., V(p—1)
be the neighboring vertices of v listed as in property (b) of the definition of a p-

2p—1

mobile. Simple combinatorics shows that given £, there are ( ) possible choices

p—1
for Ly sy loy_yy- As an immediate consequence, given a p-tree 7 with n black vertices,
there are (zpp:11)n choices for the labels £, veT°, that produce a standard labeled p-tree.

We denote by II? the uniform distribution over the set of all standard labeled p-trees
with n black vertices.
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LEMMA A.1. For every integer k=1, there exists a constant Cy, such that, for every

n>=1 and every x>0,
Ck

Hfl(max |0,] > xn1/4) < (45)
veT’ x

Consequently, for every >0, there exists a constant C .y such that, for every n>=1 and
every r2=e,

154 ( rréir% 4, < —mn1/4> <l—exp(—Crz™).

Remark. When p=2, the bound (45) follows from the much stronger exponential
estimate in [13, Proposition 4]. It is very plausible that such an exponential estimate
holds for general p, but we content ourselves with the weaker bound (45). This bound is

sufficient to get the second assertion of the lemma, which is what we really need.

Proof. We write (7,, (Zﬁ)veﬂ) for a random labeled p-tree which is uniformly dis-
tributed over the set of all standard labeled p-trees with n black vertices. From the
remarks preceding the lemma, it is clear that 7,, is uniformly distributed over the set of
all p-trees with n black vertices. For our purposes, it will be convenient to view 7,, as a
conditioned multitype Galton—Watson tree. To this end, consider the random p-tree 7,
whose distribution is informally specified as follows:

(i) for every very, ky(7«)=p—1;

(i) for every very, ky(7.) is geometrically distributed with parameter p~!, that is
P(ky(r)=k|ver)=0-p Hp~* k>0

Then 7,, has the same distribution as 7, conditioned on the event #7;=n, or equiv-
alently on the event #7,=(p—1)n+1.

Now note that 7 can be viewed as a random plane tree, by declaring that two
vertices v and v’ of 70 are linked by an edge if v is the grandparent of v’ or conversely
(and of course keeping the root and the order structure). With this interpretation, 77 is
a Galton-Watson tree, whose offspring distribution is the law of p—1 times a geometric
random variable with parameter p~!.

Recall that 7, has the same distribution as 7, conditioned on the event
#7.=(p—1Ln+1.

We denote by 77, ..., 63(p71)n the depth-first search sequence of 7, viewed as a plane tree,

and we set

C=3lo7|
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for every i€{0,1,...,2(p—1)n}. An estimate of Gittenberger [17] gives two positive con-

stants Cy and C1, Wthh do not depend on n, such that, for every i,7€{0,1,....,2(p—1)n}
and every x>0,
. C()TL Clx
P(C;’+C’-L—2 min C”Zx)g —— ex (— > 46
T Tinj<a<ivy i~ “P V9=l 1o

Let N>4 be an integer. As an immediate consequence of the bound (46), we get

_ . N , (i
E[(n 1/2(cg+c;u2, min _cg)) }<0N< . ) : (47)

INJSgSiV]

with a constant C' that does not depend on n.

Fix i,j€{0,1,...,2(p—1)n} such that i<j, and let me{3,i+1, ..., j} be such that o),
is the most recent common ancestor to v;' and 07 in the tree 7,. Then, conditionally
on Ty, £7~ é"n is distributed as the sum of (|v"\—|vﬁb|) integer-valued independent
random varlableb, which are centered and bounded by p in absolute value. A similar
property holds for Zgy —Eg&. Noting that

1/1=n ~ ~n _ 3 .
s (|97 [+ 195 | —2|vy, >—C?+C;?—2qulgchg,

we can use standard arguments to derive the bound
m m 12N | ~ " n n : n N
E|€Gy L5 [ [ 7] SCN (Ci +C;j —Qmjglc;givjc ) ; (48)

where the constant C%; only depends on N.
Set Vi'={§n for i€{0,1,..., 2(p—1)n} and extend V" to [0, 2(p—1)n] by interpolating
linearly between integers. From (47) and (48), we have, for s,t€{0,1,...,2(p—1)n},

n v 2N N/2—1
e e () B

nl/a
where Cy=C%C%. This bound remains valid for all reals s,t€[0,2(p—1)n], with a
possibly different constant Cy that still depends only on N.
Set Vr=n=1/4Y"_ for every s€[0,2(p—1)]. From (49), for all s,t€[0,2(p—1)] we

have

E[[V; =V [*N] < Onls =[N/,

Since %N— 1>1, an application of the Kolmogorov criterion (see e.g. [35, Theorem 1.2.1])

gives a constant C v, which does not depend on n, such that

E[ sup \17;‘\2]\[] <Cy.
0<s<2(p—1)
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The bound (45) follows.
To get the second assertion, first note that for every >0 there exists a constant

C’EE) >0 such that, for every integer n>1,
1117 ( min £, < —€n1/4) >l (50)
Indeed, it follows from [27, Theorem 11] that

lim sup IT? ( min £, < —€n1/4) < P( min Z¢ < —zp5>7
N—00 veT® 0<s<1

and the limit is strictly less than 1, as can be seen for instance from the invariance of

the continuum random tree under uniform re-rooting. Using (50) and the first assertion

of the lemma with k=4, we get for every z>¢,

Hﬁ(min 4, < —xn1/4) < (1—0(’5))/\04:15_4 <l—exp(—Coyz™)

veT’
for some other constant C(.). This completes the proof of the lemma. O

We now turn to the proof of Lemma 5.5. We will in fact prove a dual version
of this lemma. Precisely, we will show that, for every choice of U€]0, 1], uo€|U,1],
66}0, %(l—uo)[ and n,n' >0, there exists a constant K=K (U, ug,n,7n’,0) such that the
following holds. Whenever u€]U, ug[ and a>0, we have, for all sufficiently large n,

( LpnnJ<ii<anpn(u+6)J G2 Clpna —an!/2[G"(0, [pnu] )) SKa (51)

on the event

n 1/2 . n . 1, 1/4
{C“’"“J Zm ’nnl/z/zlgr}fs%w W omuy () 21 } (52)

Strictly speaking, this dual version is not equivalent to Lemma 5.5, because of the lack
of symmetry in property (b) of the definition of a p-mobile. However, the reader will
easily check that the same arguments we will use to prove the dual version also apply to
the statement of Lemma 5.5, at the cost of a somewhat heavier notation.

In proving the bound (51), we may and will assume that a<n/4p. Let us fix

n

u€lU, up[, and to simplify notation set N:CLpnuJ'

3 n n n
Recall our notation vy, vy, ..., vy,

for the contour sequence of 7, , and let

wy =9, wy, wy, .. Wy :’Ufpnuj
be the white vertices of 7, that are ancestors of v}, ., listed in such a way that [wg'|=2i
for 0<i<N. Also let wi, wy,...,wR be the black vertices that are ancestors of vfpnu I
listed in such a way that |w}|=2i—1 for 1<i<N.
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Consider now all vertices z €7, that are of one of the following two types:

e cither xe{wf,wh,...,wk}, or

e there exists i€{1,..., N} such that z is a child of @} that has not yet appeared in
the sequence vf,v7, ..., vfpnu]'

Let 23, 27, ..., 27, be the sequence consisting of all such vertices « listed in such a way
that |2 |<|2]| if i<, and in lexicographical order for vertices of the same generation.
Notice that N<M < (p—1)N.

It is easily verified that the quantities IV, M and the random vertices g, z7, ...,z
are measurable with respect to the o-field G™(0, | pnu]). This measurability property
does not hold for the labels £7,, 0<i<M (unless p=2). So we let G (0, | pnu]) be the
o-field generated by G"(0, | pnu]) and the labels Cyn, 0<i<M, and we will prove the
stronger form of (51) where the o-field G"™(0, | pnu]) is replaced by é\"(O, [ pnu)).

Let k and m be two positive integers, with k<m<(p—1)k, and let 5o, 81, -, B pnu);

V0, V1y s V| pnu) and lo, l1, ..., lm be non-negative integers such that
P(N =k and M =m;C}' = f; and A} =v; for all j € {0, ..., [pnu]};
lyn =1; for all i €{0,...,m}) > 0.
Recalling the event considered in (52), we also assume that
k=nn'/? and ;> %77’711/4 for i € {m—|3nn'/?|,...,m}.

(To justify this last assumption, note that the label of a child of @} can differ by at most
p from the label of w7, for any i€{1,..., N}.) Consider then the conditional probability

P*"=P(-|N=k and M =m;C} = 3; and A} =v; for all j€{0, ..., pnul};
£ =1; for all i €{0,...,m}).

In order to get (51), we need to verify the bound

P*"™(By(u,a,6)) < Ke, (53)
where
By (u,a, 6 :{ inf cr=cr foml/z},
( ) Lpnu|<i< [ pn(u+d)] Lpnu)

and the constant K depends only on U, ug, i, ' and 4.
From now on, we argue under the conditional probability P*". For i€{0,1,...,m},
we define a labeled p-tree (7, (), (EZ’(Z))UGT; (i)) in the following way:

o if 27 ¢{wy, wy,...,wi}, then 7, (;) is just the subtree of descendants of z7, i.e.

T, (i) =1V EU TV ET,},
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where z]'v stands for the concatenation of the words =} and v;

o if 27 =w for some j€{0,1,...,k}, then 7, (;) consists of @ and all v€U such that
xlv is a vertex of 7, which has not yet appeared in {vf, v, ..., ”ﬁmuj i

. 627(”:@% for every 1€{0,1,...,m} and ver, .

We need to describe the distribution of the collection (7,, (5, (w’(i))uer;(i) ), 0<i<m,
under P*™. To this end, introduce another collection (T;, (L})yers), 0<i<m, of inde-
pendent random labeled p-trees defined under a probability measure P and such that,
for i€{0,1,...,m},

e T; is distributed as the multitype Galton—Watson tree 7, considered in the proof
of the lemma above;

e given T}, the labels L¢, veTy, are distributed uniformly at random among admis-
sible choices making (T}, (L%)yer:) a p-labeled tree with L =l;.

Consider also the two events
Ay ={L! >0 for every i € {0, 1,...,m} and v € T},

Ay = {pi #T7+m=pn—| pnu) }

=0

Then the distribution of (7, ), (w,u))”&; (i))ogigm under P*"™ coincides with the dis-
tribution of (T3, (LY )vers)o<i<m under P(-|A;NA;). This follows from the fact that,
given the information provided by the conditioning event in P*", the distribution of
(Tns (€1)ver, ) is uniform over the set of all p-mobiles that are compatible with this infor-
mation.

Let us set m'=m— L%r]nlﬂj to simplify notation. Consider the event
A} ={L! >0 for every i € {0, 1,...,m'} and v € T}}.

CLAIM. There exists a constant K, depending only on n', such that for all suffi-
ciently large n,
P(AllﬂAg) < ]?P(AlﬂAg).

Let us verify the claim. To simplify notation, set
L(T;) =min{L! :v € T}}

for every 1€{0,1,...,m}. Then it suffices to prove that, for every choice of the integers

00,01, ..., 01, >0 such that p Y 7" o, +m<pn,

P(L(T;) >0 for all i € {m'+1,...m} | #T; =0, for all i € {0,1,....,m}) > K,
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with a constant K depending only on 7. By independence, this conditional probability

is equal to
P(L(T;)>0|#T =0;) = 1-TIY ( miné, < —1;) ),
i:lm_’[+1 7 i—]T';LI+1< (UET ))

with the notation of the lemma above. Now recall that [, > %77’711/‘1 for ie{m/+1,...,m}.

Using the second assertion of the lemma, we get, for i€ {m’+1,...,m},

.
7, (min £, < ~1;) <1-exp( ~K % ),
o 1r)%l7_n£1 i eXP< l?)

where K only depends on 7’. Hence,

H (171_[51 (mirﬂv < fl¢)> > H exp (f(;f)
i=m/+1 veT i=m/+1 i
16K & 16K
mp(‘ oy 2 ‘”) 26’“’(‘ (n'>4>’
i=m’/+1
since Zﬁo o; <n. The claim now follows.

From the claim and the obvious property A; C A}, we get
P(-|A1NAy) < KP(- | AINAy). (54)

Under the probability measure P*", if the event B, (u,a,d) holds, then we must

have
m

> (I4p#r, i) 2 Lpn(u+6)] — | pnu,
i=m—p(lan/2]|+1)+1
because, from the properties of the contour sequence and our definitions, the ancestor of

V', @b generation 2(CT | — |an!/?| 1) is visited by the contour sequence after time

Lpnu]
| pnu] and before time

m

| pru] + > (L+p#7) (1))

i=m—p(|lanl/2|+1)+1
From this observation and (54), we get the bound

P5(Bn(u, a,6))

< KP( S (p#HT) > [pn(utd)] - [pu)
i=m—p(lan!/2]+1)+1

(55)

A’lmA2).
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Notice that the event A} does not involve the labeled trees (T3, (LY, )vers) for m’ <i<m.
Hence the distribution of the collection (#7177, m' <i<m) under P(-|A]NAjz) is exchange-
able.

On the other hand, put g=|n/2pa] —1>1 (recall that we assumed a<n/4p). Then

qp(lan/?|+1)<m—m’ when n is large. On the event Ay, we have the trivial estimate

#{j e{l,..q}: S (U p#T2) > | pr(u-+)| - [ pru J}
m—jp(lanl/2|+1)<i<m—(j—1)p(lant/2|+1)

_ el _2(1-w)

= len(utd))=Lpnu) T 5

when n is large. By exchangeability, the expected value of the left-hand side under the
conditional probability P(-|A]NAs) equals

m
qP( Z (1+p#T7) = | pn(u+0)] — [ pnu| A’lﬂAg)
i=m—p(lan!/2]+1)+1
and, using (55), we finally obtain that
—2(1—u) 7 !
P*™(Bp(u,,0)) <K — -1 .
e (ET
The estimate (53) follows, and this completes the proof. O

Proof of Lemma 9.1. As we already observed after the statement of Theorem 2.2
we may choose the uniformly distributed p-mobiles (7,, (£} )ver:) in such a way that the

convergence
Aot 20 g sy VAN g Dot = (&4, Zi)oses (56)

holds as n— o0 and not only along a subsequence {nj}r>1 as in (3).
Let >0 and let F,,() denote the event on which there exist three integers

ki <ky <ky

in [0, pn] such that Ujen =Ujip =Vjin, kY —k?>pn and k§ —k% >0n. Then, it is easy to see
that
lim lim sup P(F,,(6)\ A, (a)) =0. (57)

a—=0 500

Indeed, on the event
lim sup(Fy, (5)\ An (av))

n—o0



GEODESICS IN LARGE PLANAR MAPS AND IN THE BROWNIAN MAP 357

we can use (56) and a compactness argument to find three times s; <s3<s3 in [0, 1] such

that s1~so~s3, s9—s120/p, s3—s2=/p and furthermore

min Z, > Zsl —xpQ Or min Z,.> Zsl —xp0u.
r€[s1,s2] r€[sa,ss]
Lemma 2.1 now shows that the probability of the existence of such a triplet (s, s2, s3)
tends to 0 as a—0, which implies (57).
Due to (57), Lemma 9.1 will follow if we can verify that

éig}) linnLngf P(F,(B))=1. (58)
In the case p=2, the proof of (58) is easy from (56). Indeed (56) implies the existence
of vertices of 7,, whose removal produces three components each containing a number of
vertices of order n. If p=2, these vertices must be white vertices, but in the general case,
they could possibly be black vertices, and so we need a different argument.

A proof of (58) can be given along the lines of the proof of Lemma 5.5. The
arguments are relatively straightforward but somewhat tedious, and for this reason we
will leave certain details to the reader. We use the notation introduced in the proof

1

of Lemma 5.5, with the particular choice u=3. In particular, we let N:Cﬁm/ﬂ and

Me{N,...,(p—1)N}, and the random vertices z, ..., 7, and the labeled trees

(o> (00 D)oers )

for 0<i<M be defined as in the previous proof, with uz%. Given 1,1'>0, we also set
M'=(M—2|qm/?])* and M"=(M —|nn'/?|)*, and we denote by A, the event

A = {N >dnn' 2 W, 0 (G) > 1'n!/ +p for all j € {N—=2[nn'/2], .., N};

sup [0 g2 <o/ for all i € (M, ...,M"}}.

’UET:L,(”

Let e>0. We can fix  and 7’ so that P(A:;m,)>1—€ for every large enough n. Further-
more, due to the convergence (56), we can choose a constant 51 =/1(n)>0 small enough
so that the probability that the contour sequence of 7; visits the vertex x%};, between
times L%pnj and L%an +fB1n is bounded above by ¢ when n is large.

By making the distribution of the collection (7, ¢, (éﬁ’(i))veT:L(”)o@gM explicit as
in the preceding proof, one verifies that the distribution of the vector

(#70, (744) Joi< [nn2 /2
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under the conditioned measure P(-|A} ) is exchangeable. Notice that the proportion
of indices i€ {M’, ..., M"} such that zI' is an ancestor of Uy 2) 18 at least 1/p when n
is large.

Furthermore, from the convergence (56) and properties of the limiting random func-
tion e (recall from §2.4 that € is defined by a simple transformation of the Brownian
excursion e), one gets that, for every integer K >1, we can choose 3>0 sufficiently small
so that

- , 121 . o
lﬂng(Az,n,ﬂ{#{z €{0,1,..., [nm'/?]}: HTp (i) > B} 2 K}) > 1-2e.

Using an exchangeability argument, we can then find a constant 5y€]0, 51(n)] such that
the following holds: With probability greater than 1—3e when n is large, the event Afm,

holds and there exists io€{M’, ..., M"} such that z! is an ancestor of vl o) and

#T:l,(io) > ﬂon.

On the event where ig is defined, let k7 stand for the time of the first occurence
of zj' in the contour sequence of 7., let k3 be the time of the first occurence of z}!
after time L%an and let k3 be the time of the last occurence of z}!. Then the triplet
(K7, kD, k%) will be defined and will satisfy the property of the definition of F,(8y), with

a probability greater than 1—4e when n is large. Our claim (58) now follows. O

References

[1] ALpous, D., The continuum random tree. I. Ann. Probab., 19 (1991), 1-28.

[2] — The continuum random tree. III. Ann. Probab., 21 (1993), 248-289.

[3] AMBI@RN, J., DURHUUS, B. & JONSSON, T., Quantum Geometry. A Statistical Field The-
ory Approach. Cambridge Monographs on Mathematical Physics. Cambridge University
Press, Cambridge, 1997.

[4] ANGEL, O., Growth and percolation on the uniform infinite planar triangulation. Geom.
Funct. Anal., 13 (2003), 935-974.

[5] ANGEL, O. & SCHRAMM, O., Uniform infinite planar triangulations. Comm. Math. Phys.,
241 (2003), 191-213.

[6] BOUTTIER, J., Physique statistique des surfaces aléatoires et combinatoire bijective des
cartes planaires. Ph.D. Thesis, Université Paris 6, Paris, 2005.

[7] BOUTTIER, J., DI FRANCEscO, P. & GUITTER, E., Planar maps as labeled mobiles.
Electron. J. Combin., 11 (2004), Research Paper 69, 27 pp.

[8] BOUTTIER, J. & GUITTER, E., Statistics in geodesics in large quadrangulations. J. Phys.
A, 41 (2008), 145001, 30 pp.

[9] — Confluence of geodesic paths and separating loops in large planar quadrangulations. J.
Stat. Mech. Theory Exp., 3 (2009), P03001, 44 pp.

[10] BrEziN, E., ITzyksoN, C., Parisi, G. & ZUBER, J.B., Planar diagrams. Comm. Math.

Phys., 59 (1978), 35-51.



[11]
[12]
[13]
[14]
[15]
[16]

[17]

18]
[19]
[20]
21]
22]

[23]

GEODESICS IN LARGE PLANAR MAPS AND IN THE BROWNIAN MAP 359

Buraco, D., BURAGO, Y. & IvaNov, S.; A Course in Metric Geometry. Graduate Studies
in Mathematics, 33. Amer. Math. Soc., Providence, RI, 2001.

CHASSAING, P. & DURHUUS, B., Local limit of labeled trees and expected volume growth
in a random quadrangulation. Ann. Probab., 34 (2006), 879-917.

CHASSAING, P. & SCHAEFFER, G., Random planar lattices and integrated superBrownian
excursion. Probab. Theory Related Fields, 128 (2004), 161-212.

Cori, R. & VAUQUELIN, B., Planar maps are well labeled trees. Canad. J. Math., 33
(1981), 1023-1042.

DUQUESNE, T. & LE GALL, J.-F., Probabilistic and fractal aspects of Lévy trees. Probab.
Theory Related Fields, 131 (2005), 553-603.

GALLOT, S., HULIN, D. & LAFONTAINE, J., Riemannian Geometry. Universitext. Springer,
Berlin—Heidelberg, 1987.

GITTENBERGER, B., A note on: “State spaces of the snake and its tour—convergence of
the discrete snake” [J. Theoret. Probab., 16 (2003), 1015-1046]. J. Theoret. Probab., 16
(2003), 1063-1067.

GromovV, M., Metric Structures for Riemannian and Non-Riemannian Spaces. Progress
in Mathematics, 152. Birkh&duser, Boston, MA, 1999.

HEBDA, J. J., Metric structure of cut loci in surfaces and Ambrose’s problem. J. Differential
Geom., 40 (1994), 621-642.

'T HOOFT, G., A planar diagram theory for strong interactions. Nucl. Phys. B, 72 (1974),
461-473.

IToH, J.-1., The length of a cut locus on a surface and Ambrose’s problem. J. Differential
Geom., 43 (1996), 642-651.

LanDO, S. K. & ZvoNKIN, A. K., Graphs on Surfaces and their Applications. Encyclopae-
dia of Mathematical Sciences, 141. Springer, Berlin—Heidelberg, 2004.

LE GaLL, J.-F., Spatial Branching Processes, Random Snakes and Partial Differential
Equations. Lectures in Mathematics ETH Ziirich. Birkhauser, Basel, 1999.

[24] — The topological structure of scaling limits of large planar maps. Invent. Math., 169

[25]
[26]
[27]

28]

(2007), 621-670.

LE GaALL, J.-F. & PauLIN, F., Scaling limits of bipartite planar maps are homeomorphic
to the 2-sphere. Geom. Funct. Anal., 18 (2008), 893-918.

LE GALL, J.-F. & WEILL, M., Conditioned Brownian trees. Ann. Inst. H. Poincaré Probab.
Statist., 42 (2006), 455-489.

MARCKERT, J.-F. & MIERMONT, G., Invariance principles for random bipartite planar
maps. Ann. Probab., 35 (2007), 1642-1705.

MARCKERT, J.-F. & MOKKADEM, A., States spaces of the snake and its tour—convergence
of the discrete snake. J. Theoret. Probab., 16 (2003), 1015-1046.

[29] — Limit of normalized quadrangulations: the Brownian map. Ann. Probab., 34 (2006),

[30]

2144-2202.

MIERMONT, G., An invariance principle for random planar maps, in Fourth Colloquium on
Mathematics and Computer Science Algorithms, Trees, Combinatorics and Probabili-
ties, Discrete Math. Theor. Comput. Sci. Proc., AG, pp. 39-57. Assoc. Discrete Math.
Theor. Comput. Sci., Nancy, 2006.

[31] — Tessellations of random maps of arbitrary genus. Ann. Sci. Ec. Norm. Supér., 42 (2009),

32]

[33]

725-781.

MIeErMONT, G. & WEILL, M., Radius and profile of random planar maps with faces of
arbitrary degrees. Electron. J. Probab., 13 (2008), 79-106.

MyERs, S.B., Connections between differential geometry and topology. I. Simply con-
nected surfaces. Duke Math. J., 1 (1935), 376-391.



J.-F. LE GALL

POINCARE, H., Sur les lignes géodésiques des surfaces convexes. Trans. Amer. Math. Soc.,
6 (1905), 237-274.

REvVUZ, D. & YOR, M., Continuous Martingales and Brownian Motion. Grundlehren der
Mathematischen Wissenschaften, 293. Springer, Berlin—Heidelberg, 1991.

SCHAEFFER, G., Conjugaison d’arbres et cartes combinatoires aléatoires. Ph.D. Thesis,
Université Bordeaux I, Bordeaux, 1998.

ScHRAMM, O., Conformally invariant scaling limits: an overview and a collection of prob-
lems, in International Congress of Mathematicians (Madrid, 2006). Vol. I, pp. 513-543.
Eur. Math. Soc., Ziirich, 2007.

SuioHAMA, K. & TANAKA, M., Cut loci and distance spheres on Alexandrov surfaces, in
Actes de la table ronde de géométrie différentielle (Luminy, 1992), Sémin. Congr., 1,
pp- 531-559. Soc. Math. France, Paris, 1996.

TuTTE, W. T., A census of planar maps. Canad. J. Math., 15 (1963), 249-271.

WEILL, M., Asymptotics for rooted bipartite planar maps and scaling limits of two-type
spatial trees. Electron. J. Probab., 12 (2007), 887-925.

ZAMFIRESCU, T., Many endpoints and few interior points of geodesics. Invent. Math., 69
(1982), 253-257.

JEAN-FrRANCOIS LE GALL
Université Paris-Sud

Département de Mathématiques
Batiment 425

FR-91405 Orsay Cedex

France
jean-francois.legall@math.u-psud.fr

Received June 2, 2008
Received in revised form June 26, 2009



	Geodesics in large planar maps and in the Brownian map

	Introduction
	The Brownian map
	Real trees
	Coding compact real trees
	The Brownian snake
	Conditioning the Brownian snake
	The Brownian map
	Discrete maps and the Bouttier–Di Francesco–Guitter bijection
	Convergence towards the Brownian map

	Preliminary results
	Two classes of geodesics
	Simple geodesics
	Minimal geodesics

	The main estimate
	Uniform estimates for the volume of balls
	The main results
	Gromov–Hausdorff distances and the invariance under re-rooting
	Asymptotics for large planar maps
	Appendix
	References




