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1. Introduction

A classical theorem due to M. Berger [2] and W. Klingenberg [11] states that a simply
connected Riemannian manifold whose sectional curvatures all lie in the interval [1,4]
is either isometric to a symmetric space or homeomorphic to S™ (see also [12, Theo-
rems 2.8.7 and 2.8.10]). In this paper, we provide a classification, up to diffeomorphism,
of all Riemannian manifolds whose sectional curvatures are weakly i—pinched in a point-

wise sense. Our main result is the following theorem.

THEOREM 1. Let M be a compact Riemannian manifold of dimension n>4. Suppose
that M has weakly §-pinched sectional curvatures in the sense that 0<K (m)<4K (m2)
for all two-planes m, o CT,M. Moreover, we assume that M is not locally symmetric.

Then M is diffeomorphic to a spherical space form.

In a previous paper [5], we proved that a compact Riemannian manifold with strictly
i—pinched sectional curvatures is diffeomorphic to a space form. Theorem 1 is a corollary

of the following more general theorem.

THEOREM 2. Let M be a compact, locally irreducible Riemannian manifold of di-
mension n>4. If M xR? has non-negative isotropic curvature, then one of the following
statements holds:

(i) M is diffeomorphic to a spherical space form;

(ii) n=2m and the universal cover of M is a Kdhler manifold biholomorphic to
CP™;

(iii) the universal cover of M 1is isometric to a compact symmetric space.
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By a theorem of R. Hamilton [9], every compact, locally irreducible three-manifold
with non-negative Ricci curvature is diffeomorphic to a space form. Hence, Theorem 2

also holds in dimensions two and three.

Theorem 2 implies a structure theorem for compact Riemannian manifolds with the
property that M xR? has non-negative isotropic curvature. To explain this, suppose
that M is a compact Riemannian manifold such that M x R? has non-negative isotropic
curvature. By a theorem of Cheeger and Gromoll, the universal cover of M is isometric
to a product of the form N xRF, where N is a compact, simply-connected Riemannian
manifold (cf. [6] or [16, p.288]). Moreover, N is isometric to a product of the form
N1 Xx...xNj, where Ny, ..., N; are compact, simply connected, and irreducible (see [14,
Chapter IV, Theorem 6.2]). By Theorem 2, each of the factors Ny, ..., N; is either diffeo-
morphic to a sphere, or a Kéhler manifold biholomorphic to a complex projective space,

or isometric to a compact symmetric space.

We now describe our strategy for handling the borderline case. Let (M, gg) be a
compact Riemannian manifold of dimension n>4, and let g(t), t€[0,T), be the solu-
tion to the unnormalized Ricci flow with initial metric go. If (M, go)xR? has non-
negative isotropic curvature, then, by the results in [5], the product (M, g(t)) x R? has
non-negative isotropic curvature for all t€[0,T). If the manifold (M, g(7)) has general
holonomy for some 7€(0,7"), we are able to use a strong maximum principle argument to
show that the manifold (M, g(7)) satisfies the assumptions of Theorem 3 in our previous
paper [5]. This implies that gy will be deformed to a constant curvature metric by the

normalized Ricci flow. In particular, (M, go) is diffeomorphic to a spherical space form.

We remark that there is a version of the strong maximum principle due to R. Hamil-
ton [9] for the curvature operator, but it does not seem to be sufficient for the present
application. We believe the technique of this paper will have other applications to bor-

derline situations which may be studied by Ricci flow methods.

In §2, we state a variant of the strong maximum principle for degenerate elliptic

equations. This is a minor modification of a theorem of J. M. Bony [4].

In §3, we consider a family of metrics g(t), t€[0,T), that have non-negative isotropic
curvature and evolve by the Ricci flow. For each time t€(0,T), we consider the set of all
orthonormal four-frames with zero isotropic curvature. We show that this set is invariant
under parallel transport. To that end, we view the isotropic curvature as a real-valued
function on the frame bundle over M. Using results from [5], we show that this function
satisfies a degenerate elliptic equation. This allows us to apply Bony’s version of the

strong maximum principle.

In §4, we complete the proof of Theorem 2. From this, Theorem 1 follows easily.
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2. A general maximum principle for degenerate elliptic equations

Let © be an open subset of R™, and let FCQ be relatively closed. As in [4], we say
that a vector £ER™ is tangential to F' at a point x1 € F if (x1—x,£)=0 for all points
xo€R™ satistying d(zg, F)=|x1—xz¢|. The following lemma is a slight modification of
[4, Theorem 2.1].

LEMMA 3. Let € be an open subset of R™, and let F'CS) be relatively closed. Assume
that X1, ..., X,, are smooth vector fields on Q that are tangential to F'. Moreover, suppose
that ~:[0,1]—Q is a smooth path such that v(0)€F and ~'(s)=>_"" f;(8)X;(7(s)),
where f1,..., fm:[0,1] =R are smooth functions. Then y(s)€F for all s€|0,1].

Proof. Choose a positive real number € such that d(y(s),0)>2¢ for all s€[0,1].
We define a Lipschitz function g:[0,1]—R by o(s)=d(y(s), F)>. We claim that there
exists a positive constant L such that

lim sup ols+h)—els) < Lo(s)

ANO h

for all s€[0,1) satisfying o(s)<e?. To see this, we fix a real number s€[0,1) such

that o(s)<e?. There exists a point x1€F such that d(y(s), F)=|z1—v(s)|<e. Since

Xi,..., X, are tangential to F' at x1, we have (x1—7(s), X;(z1))=0 for j=1,...,m. This
implies that

e L6205 (s )Pl = ()P
hN\0 h A\ h

—_2 Z Fi(s) @i —7(s), X;(7(s)))

=2 Zfj(8)<$1—7(8),Xj(ﬂﬁl)—Xj(W(S)»

< Llzy () = Lo(s)

for some constant L>0. Since o(0)=0, we conclude that g(s)=0 for all s€[0,1]. This
completes the proof. O

PROPOSITION 4. Let 2 be an open subset of R™, and let Xi,...,X,, be smooth
vector fields on 2. Assume that u: Q—R is a non-negative smooth function satisfying
m
> (D*u)(X;, X)) < —K [nf (D*u)(&,)+K|Dul+Ku,
i=1 b
where K is a positive constant. Let F={xcQ:u(x)=0}. Finally, let v:[0,1]—=Q be a
smooth path such that v(0)€F and ’y’(s)zzyb:l fi(8)X,;(v(s)), where f1,..., fm:[0,1] =R

are smooth functions. Then (s)€F for all s€[0,1].
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Proof. In view of Lemma 3, it suffices to show that the vector fields X, ..., X,,, are
tangential to F. In order to prove this, we adapt an argument due to J. M. Bony (cf.
[4, Proposition 3.1]). Suppose that we are given two points x1 € F and xo€R™ such that
d(zg, F')=|z1—x0|. We claim that (x1—xz¢, X;(x1))=0 for j=1,....,m

Without loss of generality, we may assume that |z —xg|>|z1—x0]| for all z€ F\ {z;}.
(Otherwise, we replace 2 by %(zo+x1).) Suppose that

m
x1—20, X;(21))? >0.
j=1

Then there exists a real number a>0 such that

4az —20, X;(21))* =20 > |X;(21)]* > 2K a+2K alay — o+ K.

By continuity, there exists a bounded open set U such that z; €U, UcCQ and
4a22<x—x0, —2aZ\X > 2Ka+2Ka|z—xo|+ K

for all z€U. As in [4], we define a function v by
v(x) = exp(—alr—zo|?) —exp(—alz; —x0]?).

Moreover, we denote by B the closed ball of radius |x1 —x¢| centered at xo. By assump-
tion, we have u(z)>0 for all z€ B\{x1}. Since JUNB is a compact subset of B\{z1},
there exists a real number A\>0 such that Au(z)>v(z) for all t€dUNB. Moreover, we
have Au(x)>0>v(z) for all z€dU\B. Putting these facts together, we conclude that
Au(z)>v(x) for all z€AU. Pick a point x,€U such that Au(z.)—v(x.) < u(z)—v(x)
for all z€U. In particular, we have Au(z,)—v(z.) <Au(z1)—v(z1)=0. Consequently, we
have z,€U. This implies that

i(D%)(va X;)<A Em:(D%)(va X;)
j=1

Jj=1
<—K\ ‘gi‘n<f1(D2u)(§, &)+ K\ Du|+K\u
< —K‘ggl(D%)(&fHKIDvHKU

at x,. At the point x,, we have

m(Dzv)(X ( Zj: e =0, X; () —2aZ\X ) )exp(—a|x*—wo|2)

Jj=1
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and

inf (D0)(€,6) = —2aexp(—alz. —xo ).

Moreover, we have v(z,) <exp(—a|z,—zo|?). Putting these facts together, we obtain

40 Z(x*—xo, Xj(ac*)>2—2az |X(z.) > <2Ka+2Ka|z, —xo| + K.
j=1 j=1

This contradicts our choice of U. O

We point out that Proposition 4 remains valid if € is a Riemannian manifold: to
prove this, we subdivide the curve = into small segments, each of which is contained in

a single coordinate chart. We then apply Proposition 4 to each of these segments.

3. Application to the Ricci flow

In this section, we apply Bony’s maximum principle to functions defined on the or-
thonormal frame bundle. Let M be a compact manifold, and let ¢(t), t€[0,7], be a
family of metrics on M evolving under Ricci flow. We consider the (n+1)-dimensional
manifold M x(0,7). We denote by E the vector bundle over M x (0,7) whose fiber
over (p,t)eM x(0,T) is given by E, y=T,M. (In other words, E is the pull-back of
the tangent bundle TM under the map (p,t)—p.) We define a bundle metric h on E
by (V,W)p=(V, W)y for V,WeE,. We can extend the Riemannian connection to
M x (0, T) by specifying the covariant time derivative. Given two sections V and W of E,

we define

1o} .
<D8/BtV7 W>g(t) = <8tv’ W> ( )lecg(t)(V, W) (1)
g(t

(cf. [7]). Of course we take DxV to be the Riemannian covariant derivative with respect
to g(t) for Xe€T,M CT, (M x(0,T)). This defines a connection on the vector bundle
FE which is compatible with the bundle metric h.

We now define P to be the orthonormal frame bundle of FE equipped with the
natural right action of O(n). Note that P is a principal O(n)-bundle over M x (0,T).
By definition, the fiber of P over a point (p,t)eM x(0,T) consists of all n-frames
{e1,..,en} CE(py that are orthonormal with respect to the bundle metric h. For each
te(0,T), we denote by P, the time-t slice of P. Clearly, P, is the orthonormal frame
bundle of the Riemannian manifold (M, g(t)).

For each A€O(n), we denote by R4 the diffeomorphism on P given by right trans-
lation by A. Given any a€so(n), we denote by o(a) the fundamental vertical vector field
on P whose value at e€ P is given by the tangent vector to the curve s Rexp(sa)(€) at
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s=0. The map o then defines a linear isomorphism from the Lie algebra so(n) to the
vertical subspace at e. By transplanting the standard inner product on so(n), we obtain
a natural inner product on the vertical subspace at e.

The connection D defines a right invariant horizontal distribution on P. Hence,
for each point e={ey,...,e,} € P, the tangent space T, P can be written as a direct sum
H.®V,, where H, and V. denote the horizontal and vertical subspaces at e, respectively.
We next define a collection of smooth horizontal vector fields X Ty eees X, and Y on P. For
each j=1,...,n, the value of )?j at a point e={ey, ..., e, } € P is given by the horizontal lift
of the vector e;. Moreover, the vector field Y is defined as the horizontal lift of the vector
field 8/t on M x (0,T). Note that the vector fields X7, ..., X,, are tangential to P;.

PROPOSITION 5. Suppose that u: P—R is a non-negative smooth function which

satisfies

n

) =3 XX, ) > K inf (D*u)(&,6)=K sup Du(§)=Ku

j=1 °
1€I1<1 l€1<1

for some positive constant K. Let F={z:u(x)=0} be the zero set of u. Fiz a real
number t€(0,T) and let ¥:]0,1]—P; be a smooth horizontal curve satisfying 7(0)€F.
Then F(s)€F for all s€[0,1].

Proof. Suppose that 7:[0,1]— P, is a smooth horizontal curve satisfying 7(0)€F.
Then we can find smooth functions fi, ..., f: [0, 1] =R such that

7 (s) = Z Fi()(X))509)

for all s€0,1]. Hence, Proposition 4 implies that ¥(s)€F for all s€0,1]. O

We now impose the additional condition that (M, g(¢)) has non-negative isotropic
curvature for all t€[0,T]. We define a non-negative function u: P—R by

ue={ey,...,en} —> R(ey,e3,e1,e3)+R(er, eq,e1,€4)
+R(62, €3, €2, 63)+R(62, €4, €2, 64) —2R(61, €2, €3, 64),
where R denotes the curvature tensor of the evolving metric g(¢t). The curvature tensor R
can be viewed as a section of the vector bundle E*®@ E*Q E*Q E*. It follows from work

of R. Hamilton [9] that
DyjoeR=AR+Q(R), (2)

where D denotes the induced connection on the vector bundle E*Q E*Q E*Q E*, A is
the Laplace operator with respect to the metric g(t), and Q(R) is a quadratic expression

in the curvature tensor.
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LEMMA 6. At each point e={e1,...,e,} €P, we have

n

V()= X;(X;(w) = Q(R) (e, €5, e1, e8) + Q(R) (1, e, €1, 1)
= FQ(R)(ca, 3, ¢2, 03) + Q(R) ez, e, e2,e5) ~2Q(R) (ex, €2, €3, €4).

Proof. For each j=1,...,n, we have

X;(X;(u)) = (DZ, ., R)(e1, e3,e1,€3)+(DZ, . R)(er, eq, €1, 4)

+(DZ, ., R)(ea,e3,€2,€3)+ (D2, . R)(ea,eq,2,4)=2(DZ, . R)(e1,ea,€3,€4).

Summation over j yields

Z)?]()?j(u)) =(AR)(e1,es3,€e1,e3)+(AR)(e1,e4,€1,€4)
j=1
+(AR)(€2, es3, €2, 63)+(AR)(62, €4, €2, 64)—2(AR)(61, €2, €3, 64).

Moreover, we have

Y (u) = (DajarR)(e1, €3, €1, e3)+(DojaeR) (€1, ea, €1, e4)
+(DyjaeR)(e2,e3,e2,e3)+(Dyoe R)(e2, e, e2,e4) —2(Dy ¢ R)(e1, €2, €3, e4).

Hence, the assertion follows from (2). O

LEMMA 7. At each point e={ey,...,en }€P, we have

Q(R)(e1,e3,€1,e3)+Q(R)(e1, 4, €1, €4)
+Q(R)(e2, e3,e2,e3)+Q(R)(e2, €4, €2,e4) —2Q(R)(e1, €2, €3, €4)
> K inf (D*u)(¢,€)—K sup Du(§)—Ku,
§EVe £eV,
€It €11
where V. denotes the vertical subspace at e and K is a positive constant.

Proof. We have

Q(R)(elv €3,¢€1, 63)+Q(R) (617 €4,€1, 64)
+Q(R)(e2, e3,e2,e3)+Q(R)(e2, e4,€2,4) —2Q(R)(e1, €2, €3, €4)

n n
= > (Raspg—Raupg) (Rispg— Roapg)+ Y, (Riapg+ Raspq) (Raapg+Raspg)
p,q=1 p,q=1

127 4472 4273
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where
4 4
7O — Z (Rip1q+ Rapaq) (Rpsq+ Rapaq) — Z Ri2pg R3apq
p,g=1 p,q=1
4 4
- Z (R1p3q +R2p4q) (R3p1q +R4p2q) - Z (R1p4q - R2p3q) (R4p1q _R3p2q)v
p,g=1 p,q=1
n 4 n
Z Z Ripig+ R2p2q) (R3p3q JrR4p4q) - Z Z Ri2pq R3apq
p=1qg=5 p=1qg=5
4 n 4 n
=3 (Ripsq+Ropaqg) (Raprg+Rapzg) = > (Ripag— Rapsq) (Rapig— Ripaq),
p=1q¢=5 p=1g¢=5
and

n

n
1= Z (Rlplq+R2p2q)(R3p3q+R4p4q)_ Z Ri2pqR3apq

P,q=5 P,q=5
n

- Z (Rlqu+R2p4q)(R3p1q+R4p2q)_ Z (R1p4q_R2p3q)(R4p1q_R3p2q)~
P;q=5 P,4=5

By the results in [5, §2], we can find positive constants L, Ly and Lz such that

I > —Ly sup Du()—Lyu,
£EVe
l€l<1
1@ > —Ly sup Du(§),
£EV,.
l€1<1
19> Ly inf (D*u)(€. &)~ Lyu

lg1<1

for all t€(0,T). Putting these facts together, the assertion follows. O

PROPOSITION 8. Assume that (M, g(t)) has non-negative isotropic curvature for all
t€[0,T]. Fiz a real number t€(0,T). Then the set of all four-frames {e1,e2,e3,e4} that

are orthonormal with respect to g(t) and satisfy

Rgy(e1,es,e1,e3)+ Ry (er, eq, €1, e4)

+ Ry (e2, €3, €2, e3)+ Ry (€2, €4, €2,e4) —2Ry() (€1, €2, €3,€4) =0

1s invariant under parallel transport.
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Proof. Using Lemmas 6 and 7, we obtain that
Y(uw) - X;(X;(u))>K inf (D —K sup Du(¢)—Ku.
(=3 X%, () > K inf (D*u)(€. )~ K sup Du()—Ku

1 e §eVe

j:
l€l1<1 l€|1<1

Hence, the assertion follows from Proposition 5. O

We can draw a stronger conclusion if we assume that (M, g(¢)) x R? has non-negative

isotropic curvature for all t€[0, 7.

PROPOSITION 9. Assume that (M, g(t)) xR? has non-negative isotropic curvature
for all t€[0,T]. Fiz real numbers t€(0,T) and A\, u€[—1,1]. Then the set of all four-

frames {e1,ea,e3,e4} that are orthonormal with respect to g(t) and satisfy

Rg(t) (61, es, €1, 63)+)\2Rg(t) (617 €4, €1, 64)

+M23g(t) (e2,e3, €, 83)+/\2H23g(t) (€2, e4,€2,64) —2/\MRg(t) (e1,e2,e3,e4) =0

is invariant under parallel transport.

Proof. We will apply Proposition 8 to the manifolds (M, g(t)) xSt xS, t€[0,T].
Fix A\, pu€[—1,1] and ¢€(0,7). Suppose that {e1,es,e3,e4}CT,M is an orthonormal

four-frame satisfying

R(617 €3,€1, 63)+)‘2R(617 €4,€1, 64)

+1° Ry (1) (€2, €3, €2, €3) + A ° R(e2, €4, €2, €4) —2AuR (€1, €2, €3, €4) =0,

where R denotes the curvature tensor of (M, g(t)). We define an orthonormal four-frame
{é1,¢éq,¢3,64} CT,M xR? by

é1:(61,070), éQI(MGQ,O, \/].—/J,Q)7 égz(eg,0,0), é4:()\€4, \/1—>\2,0).
The four-frame {é1, és, €3, é4} satisfies the relation

ﬁ(élvé?nél,é?))—’_ﬁ(élvé47élvé4) (3)

+R(ég,83,69,3)+ R(é9, 4, 69,64)—2R (61, 89, é3,84) =0,

where R denotes the curvature tensor of (M, g(t)) xR2. Tt follows from Proposition 8
that the set of all orthonormal four-frames {é;, é2, é3, é4} satisfying (3) is invariant under
parallel transport. This completes the proof. O
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4. Proof of the main theorem

Let (M, go) be a compact Riemannian manifold of dimension n>4 such that (M, go) x R?
has non-negative isotropic curvature. We denote by ¢(t), t€[0,T), the solution to the
Ricci flow with initial metric go. It follows from the results in [5] that (M, g(t)) x R? has
non-negative isotropic curvature for all t€[0, 7). In particular, (M, g(t)) has non-negative

sectional curvature for all t€[0,T).
PROPOSITION 10. Suppose that there exists a real number 7€(0,T) such that
Hol’ (M, g(1)) =SO(n).
Then the normalized Ricci flow with initial metric gg exists for all time and converges to
a constant curvature metric as t— o0.

Proof. The assertion follows from [5, Theorem 3] if we can show that

Ry(ry(e1,e3,e1,e3)+ AN Ry(ry (€1, €4, €1, €4)
+,u2Rg(T)(eg, es, €, 63)+>\2,LL2R9(T) (e2,e4,€2,64) =2 \uRg(r) (€1, €2,€3,€4) >0
for all orthonormal four-frames {ej,eq,e3,e4} and all A\, u€[—1,1]. In order to prove
this, we fix a point p€ M and real numbers A, u€[—1,1]. Suppose that {e;,es,e3,eq4} is
a four-frame in T, M which is orthonormal with respect to g(7) and satisfies
Ry(ry(e1,e3,e1, 63)+>\2Rg(7)(617647 e1,es)
+N2R9(T) (€2, e3, €2, 63)+)\2M2Rg(7) (e2,e4,€2,€4) —2)\MRQ(T) (e1,e2,e3,e4) =0.

Since Hol’(M, g(7))=S0(n), the manifold (M, g(7)) is not flat. Hence, we can find a
point g€ M and an orthonormal two-frame {v1,v2}CT,M such that

Ry(ry(v1,v2,v1,v2) >0.

Since Hol’ (M, g(7))=SO(n), there exists a piecewise smooth path ~: [0, 1]— M such that
7(0)=p, v(1)=gq, vi=Pye; and va=P,es. (Here, P, denotes parallel transport along -y
with respect to the metric g(7).) Using Proposition 9, we obtain that
Rg(T)(’lJl,’U3,’U17’03)+)\2Rg(7—)(1}1,’v47’U1,’U4) (4)
+M2Rg(‘r) (U27 U3, V2, US) +A2,u2Rg(‘r) (U27 Vg, V2, U4) _2)‘MRg(T) (U17 V2,03, U4) =0,
where vs,v4 €Ty M are defined by v3=PF,es and v4=PFP,es. An analogous argument shows
that

Ry(ry(v1,v2,01,02) + A* Ry () (va, V4, V2, v4) 5)
+,U’2Rg(7') (Ula U3, V1, U3) +A2H2Rq(‘r) (U37 Vg, V3, U4) _2>\/JJR(](T) (v27 U3, V1, U4) =0
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and

Ry(ry(v2,v3, vz, 03)+)\2Rg(r)(1’37 Vs, U3, V4) (6)

+ 17 Ry () (v1, 02,01, 02) + A P Ry ) (v1, 04, V1, 04) —2ARy () (v3, v1, V2, v4) = 0.
In the next step, we add equations (4)-(6) and divide the result by 14 2. This yields

[Rg(r) (01,02, 01, v2)+ Ry (7) (v1, U3, 01, 03) + Rg(r) (v2, U3, V2, v3)]

+A2 [Rg(.,-) (’01, Vg4, V1, 1)4) Jng(.,-) (’UQ, Vg, V2, 1)4) Jng(.,.) (1)3, V4, U3, U4)] =0.
Since (M, g(7)) has non-negative sectional curvature, it follows that
Rg('r) (Ula V2, V1, ’U2) =0.

This is a contradiction. O

PROPOSITION 11. Assume that (M, go) is locally irreducible. Then one of the fol-
lowing statements holds:

(i) The normalized Ricci flow with initial metric go exists for all time, and converges
to a constant curvature metric as t—oo.

(ii) n=2m and the universal cover of (M,go) is a Kdhler manifold biholomorphic
to CP™.

(iii) The universal cover of (M, go) is isometric to a compact symmetric space.

Proof. By assumption, (M, go) is compact, locally irreducible, and has non-negative
sectional curvature. Hence, a theorem of Cheeger and Gromoll (see [6] or [16, p.288])
implies that the universal cover of M is compact. Suppose that (M, gg) is not locally
symmetric. By continuity, there exists a real number 6€(0,7") such that (M, g(t)) is
locally irreducible and non-symmetric for all t€(0,9). According to Berger’s holonomy

theorem (see [10, Theorem 3.4.1]; see also [1] and [17]), there are three possibilities.
Case 1. There exists a real number te€(0,4) such that Hol”(M, g(t))=SO(n). In

this case, Proposition 10 implies that the normalized Ricci flow with initial metric gg

exists for all time and converges to a constant curvature metric as t— oc.

Case 2. n=2m and Hol" (M, g(t))=U (m) for all t€(0,d). In this case, the universal
cover of (M, g(t)) is a Kéhler manifold for all t€(0,4). Since g(t)—go in C*°, it follows
that the universal cover of (M, go) is a Kdhler manifold. Moreover, the universal cover
of (M, go) is compact, irreducible, and has non-negative sectional curvature. Hence, a
theorem of N. Mok [15] implies that the universal cover of (M, go) is either biholomorphic
to CP™ or isometric to a Hermitian symmetric space. Since (M, go) is not locally
symmetric, the universal cover of (M, gg) must be biholomorphic to CP™.
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Case 3. n=4m>8 and there exists a real number t€(0,4) such that
Hol®(M, g(t)) = Sp(m)-Sp(1).

In this case, the universal cover of (M, g(t)) is a compact quaternionic-K&hler manifold
with non-negative sectional curvature. By a theorem of B. Chow and D. Yang, the
universal cover of (M, g(t)) is isometric to a symmetric space (cf. [3] and [8]). This

contradicts the fact that (M, g(t)) is non-symmetric. O

COROLLARY 12. Assume that (M, go) has weakly § -pinched sectional curvatures in
the sense that 0< K (m1) <4K (mg) for all two-planes w1, o CT,M. Moreover, we assume
that (M, go) is not locally symmetric. Then the normalized Ricci flow with initial metric

go exists for all time, and converges to a constant curvature metric as t— oo.

Proof. By assumption, (M, gg) is not locally symmetric. In particular, (M, go) is
not flat. Since (M, go) has weakly I-pinched sectional curvatures, it follows that (M, go)
is locally irreducible. By Theorem 11, there are two possibilities.

Case 1. The normalized Ricci flow with initial metric gy exists for all time, and

converges to a constant curvature metric as t—oco. In this case, we are done.

Case 2. m=2m and the universal cover of (M,go) is a K&ahler manifold. Since
(M, go) has weakly 1-pinched sectional curvatures, the universal cover of (M, go) is a
Kéhler manifold of constant holomorphic sectional curvature (cf. [13]). Consequently,
the universal cover of (M, gg) is isometric to complex projective space up to scaling.

This contradicts the assumption that (M, go) is not locally symmetric. O

References

[1] BERGER, M., Sur les groupes d’holonomie homogene des variétés & connexion affine et des
variétés riemanniennes. Bull. Soc. Math. France, 83 (1955), 279-330.

[2] — Les variétés Riemanniennes (1/4)-pincées. Ann. Scuola Norm. Sup. Pisa, 14 (1960),
161-170.
[3] — Trois remarques sur les variétés riemanniennes & courbure positive. C. R. Acad. Sci.

Paris Sér. A-B, 263 (1966), 76-78.

[4] Bony, J. M., Principe du maximum, inégalite de Harnack et unicité du probleme de Cauchy
pour les opérateurs elliptiques dégénérés. Ann. Inst. Fourier (Grenoble), 19:1 (1969),
277-304.

[5] BRENDLE, S. & SCHOEN, R.M., Manifolds with 1/4-pinched curvature are space forms.
Preprint, 2007. arXiv:0705.0766.

[6] CHEEGER, J. & GRoOMOLL, D., The splitting theorem for manifolds of nonnegative Ricci
curvature. J. Differential Geometry, 6 (1971/72), 119-128.

[7] CHow, B. & KNoPF, D., New Li-Yau—Hamilton inequalities for the Ricci flow via the
space-time approach. J. Differential Geom., 60 (2002), 1-54.



CLASSIFICATION OF MANIFOLDS WITH WEAKLY 1/4-PINCHED CURVATURES 13

[8] Cuow, B. & YAaNG, D., Rigidity of nonnegatively curved compact quaternionic-Kéahler
manifolds. J. Differential Geom., 29 (1989), 361-372.
[9] HaMILTON, R.S., Four-manifolds with positive curvature operator. J. Differential Geom.,

24 (1986), 153-179.

[10] JoycE, D.D., Compact Manifolds with Special Holonomy. Oxford Mathematical Mono-
graphs. Oxford University Press, Oxford, 2000.

[11] KLINGENBERG, W., Uber Riemannsche Mannigfaltigkeiten mit nach oben beschrénkter
Krimmung. Ann. Mat. Pura Appl., 60 (1962), 49-59.

[12] — Riemannian Geometry. de Gruyter Studies in Mathematics, 1. de Gruyter, Berlin, 1982.

[13] KoBavasHI, S. & Nowmizu, K., Foundations of Differential Geometry. Vol. I. Wiley Classics
Library. Wiley, New York, 1996.

[14] — Foundations of Differential Geometry. Vol. II. Wiley Classics Library. Wiley, New York,
1996.

[15] Mok, N., The uniformization theorem for compact Kahler manifolds of nonnegative holo-
morphic bisectional curvature. J. Differential Geom., 27 (1988), 179-214.

[16] PETERSEN, P., Riemannian Geometry, second edition. Graduate Texts in Mathematics,
171. Springer, New York, 2006.

[17] SmMoONs, J., On the transitivity of holonomy systems. Ann. of Math., 76 (1962), 213-234.

SIMON BRENDLE RICHARD M. SCHOEN

Department of Mathematics Department of Mathematics

Stanford University Stanford University

Stanford, CA 94305 Stanford, CA 94305

U.S.A. U.S.A.

brendle@math.stanford.edu schoen@math.stanford.edu

Received June 5, 2007
Received in revised form November 25, 2007





