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On iterated functions with asymptotic conditions at a ﬁxpoint
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1. Introduction

. It is a known fact that the problem of embedding a real function f in a
family {f,} of iterates, where a denotes an arbitrary real number, has no unique
solution. A chief problem in iteration theory is that of finding and describing
suitable uniqueness conditions for the iterates. It appears that a natural way
to obtain uniqueness is to require something about the behaviour of the func-
tions f, in a neighbourhood of a fixpoint. Many authors have dealt with such
conditions, but in this connection we mention only Fort [3] and Michel [4].
Michel has given uniqueness conditions for three cases concerning the behaviour
of f at a fixpoint. For these cases some existence theorems are given by
Szekeres [5]. In this paper we give some extensions of these theorems

In Sections 2 and 3 below, we state the basic concepts used here and some
simple results concerning iteration in general. In Sections 4 and 5 we give the
main theorems for extending the results by Michel and Szekeres. Finally, in
Section 6, we quote Michel’s uniqueness theorems and show a way to extend them.

2. Some definitions

For convenience we shall consider a rather special class of functions, but this
fact makes no essential restriction of the results obtained (see [4], Section 5).

Some of the concepts and notations introduced below are in accordance with
those given by Michel [4]. In the following we shall consider functions which
are continuous and strictly increasing, and this property is called c.s.z.

Definition 2.1. A4 function | belongs to the class S if, and only f,
(a) f(x) is defined and c.s.i. for x>0,

(b) 1(0)=0, f(c0)=oo.

Definition 2.2. By S, we mean the subclass of S consisting -of e, where e(z)=x
for every x, and the functions f such that f(x)=z for every x>0.

Definition 2.3. A4 set @={f,} =8y, — oo <a< oo, is called a continuous iteration
group if, and only if,
fafs=1fofa=fass, 1)
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A. LUNDBERG, lterated functions with asymptotic conditions at a fixpoint
and lim f,(x) = f(x). 2)
to>a

f«fs means the function obtained by composition, i.e. for every x>0 we
have f,fs(x)=f.(fs(x)). From (1) it follows that f,=e. If a given function f € §,
is embedded in G and if f,=f, we shall call @=G(f) an iteration group of f.
In this case f,f,, ... are the natural iterates of f, and f_, is the inverse of f.

In the following we shall always let f and ¢ denote functions in S, different
from e, and F be a function in 8. F_; shall always denote the inverse of F.
The iteration groups below are always assumed to be continuous.

3. Existence and general properties of iteration groups

The existence of iteration groups is trivial. For instance, {f.|f.(x)=%*z} is
an iteration group if £>0.

Lemma 3.1. Let f, <e and x>0. Then lim, o f2(x) =0, and limy o f_n(x) = 0.
Proof. Both sequences are monotonic, and they must tend to a fixpoint of f,.

Lemma 3.2. Let f+e and let {f,} be a continuous iteration group of f. For
any fixed x>0, f(x), regarded as a function of «, defines a mapping of (— oo,
+ o0) onto (0, + oo) which 1s continuous and strictly monotone, increasing if f>e
and decreasing if f<e.

Proof. The strict monotonicity is proved in [2]. The other propositions follow
from Lemma 3.1.

Lemma 3.3. Let a+0 be a given number, and let g={f, € G(f). Then the set
{95|95= 1.} equals the set G(f) and is an iteration group of g.
The proof is obvious.

Lemma 3.4. If {f,} ts a given continuous iteration group and if F€S, then
{Ff.F_1} is also a continuous iteration group. If {g,} is an arbitrary continuous
teration group, and if f, and g, are both either >e or <e, then there is an F €8
such that g,=Ff, F_,.

Proof. The first statement is obvious. To prove the other statement, we let
2>0 be a fixed number. By Lemma 3.2, for every x>0 there is one and
only one number §=pf(z) such that = fz(a); in particular, §(a)=0. If we define
F(0)=0 and F(zx)=gp(c), where c¢= F(a) >0 may be arbitrarily chosen, we obtain
from Lemma 3.2 that F€8. We have Ff,(x)= Ff,.5(a)=gn'p(c)=gs F(x), which
proves the statement.

If f is a given function and {g.}=@(g) an iteration group, where f and g are
both either >e or <e, then from Lemma 3.4 we obtain that the problem of
embedding f in an iteration group is equivalent to that of solving the equation
Ffx)=gF(x). In particular, if g,(x) =k*z, 0 <k=+1, we get the Schroder equation

Fix)=Fk-  F(z) (3)
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with multiplier k. It is a rather trivial fact that we can.construct solutions of
(3) if we do not require more than F€S. For this construction, see e.g.
Walker [7].

A solution FE€S of (3) shall be called a Schréder function of f. If for an
iteration group {f.}, Ff.(x)=1k*-F(x) for every «, then we shall call F a Schro-
der function of {f,}.

Lemma 3.5. If F is a Schroder function of {f.}, then any other Schroder func-
tion of {f.} has the form c-F°, where b and ¢ are constants >0.

Proof. Let F, and F, be two Schréder functions of {f,} with multipliers &,
and k, respectively, and suppose ki =k, Then for every x>0 and o we have

(F1 fal2))’ _ (Fy(2))"

Fofulx)  Fylx)
Keeping « fixed, let « range over the real numbers. The proposition then
follows from Lemma 3.2.
Sometimes it is convenient to use the Abel equation,

Af(x) =1+ A(z),

obtained from (3) by putting A(x)=,og F(z). As with Schréder functions, we
also speak of Abel functions of f and of {f,}. By means of a given Abel func-
tion of f, we can obtain every iteration group of f as follows:

Lemma 3.6. Let 4 be an Abel function of f and put B(x)= A(x) + pA(z), where
p ts periodic with period 1, and p+e is c.s4i. Then B also is an Abel function
of f, U:|f(0)=0, fu(2x)=DB_i(a+ B(x)) for x>0} is an iteration group of f, and
every G{f) can be obtained in this way by suitable choice of p. A and B generate
the same iteration group if, and only if, p= const.

The proof is obvious and is therefore omitted. We may note that the main
content of this lemma is already known; see e.g. Szekeres [5] or Tépler [6].

4. Differentiability at a fixpoint

A function f, which has a right derivative f(0) at zero, does not necessarily
have an iteration group such that f,(0) exists for every «. We now consider
a class of functions having iteration groups with this property.

Definition 4.1. A function f€ S, belongs to the class K if and only if | has a
continuous iteration group Q(f) such that f,(0) exists for every f,€ G(f), and for
a+0,

0<f(0)=+1. (4)

From Lemma 3.3 we immediately obtain that if every function of G(f) satis-
fies (4), then G(f)< K.
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A. LUNDBERG, Iterated functions with asymptotic conditions at a fixpoint

We shall give some conditions for belonging to K, and for this we introduce
the following notations, used throughout this section:

If a number k is associated with a function f, we let this fact imply that
f'(0) exists, that k=f(0), and that f'(0) satisfies (4).

By @ we mean the first quadrant, ie. the set {(z,y)|x>0,y>0}. For
(=, y)€Q, we put

:M =1.2
Pul2, ¥) () (n=1,2,3,...).
If f<e, we put @z, y)=lim @,(z,y) 5)

for (x,y)€D,, where D, is the subset of ¢ consisting of all points (x, y) such
that the limit (5) exists. Sometimes, when y is kept fixed and we regard ¢ as
a function of z only, we write ¢(x) instead of ¢(z,y), if nothing can be mis-
understood. In this case, we let ¢_; denote the inverse of ¢.

The following theorem gives a necessary and sufficient condition that f€ K,
and it also shows the known fact (see [4]) that the differentiability at a fixpoint
makes the iteration group unique.

Theorem 4.2. Let f be a function with k<1, and let a >0 be an arbitrary fixed
number. If f€K, then @(x,a) exists for every x>0 and s a c.s.i. function of x.
There is only one continuous iteration group G(f)c K; and ¢, together with f,,
where f, € G(f), satisfies

P(ful2), @) =k* - pl=, a). (6)
Conversely, if @(x,a) exists for every x>0 and is c.s.i., then f€K.
A weaker variant of this theorem is proved by Szekeres [5].

Remarks: In the theorem we have assumed that k<1, which, of course, im-
plies that f<e. This restriction is made in order to ensure that f,(x) =0, when
n—>oco. But the theorem can be applied to functions f>e, if we use f_; in-
stead of f. In fact, f€ K if, and only if, f ;€EK. '

By definition, the condition that f'(0) exists and satisfies (4) is necessary for
fEK, but it is not sufficient. If 0<f(0)<1, it may still happen that ¢(x) does
not exist for every #>0. It may also happen that ¢ exists but has jumps or
constancy intervals. The latter is exemplified in Szekeres [5].

The condition of the above theorem is not easily applicable, because it does
not clearly express the behaviour of f in a neighbourhood of 0. Therefore, we
give some sufficient conditions involving simple properties of f:

Theorem 4.3. Suppose that k<1. Let d be a fized number >0. Then each of
the following three conditions implies that f belongs to K:

(a) f(x) exists for O <x<d, and there is a number 6 >0 such that

f@)=k+0() (x—0)2 (7)

1 This condition is due to Szekeres [5].
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(b) f(x)/x is an increasing function of x for O<x<d;

(c) f is concave in (0, d).1

Remark: Every convex function satisfies (b). The corresponding condition,
satisfied by concave functions, would be that f(x)/z is a decreasing function of z.
It is a surprising fact, however, that this condition is not sufficient for f€ K.
It implies the existence and continuity of ¢ but not that it is strictly increasing.

In order to prove the above theorems, we make use of the following five
lemmata:

Lemma 4.4. Let G(fyc K be an iteration group of f. Then f(0)=k* for every
fa € G(f).

Proof. By definition, f,(0) satisfies (4), and therefore h(a)=log f,(0) is defined
for every «, and because it is monotone it is bounded in every finite interval.
From (1) it follows that

fo+p(0) = £2(0) - f5(0)
i.e. that h(a+ B) = h(e) + h(B).
It is a well-known fact (see e.g. [11) that every solution of this equation,

bounded in a finite interval, is of the form A{x)=ca, where ¢ is constant. This
gives the lemma.

Lemma 4.5. For any f with k<1, ¢ has the following properties.
(a) Let x>0. Then for every integer m, (fn(x), ) belongs to D,, and we have

P(ful2), )= k™ (8)
(b) For y fized, @(x,y) is an increasing function of xz; (x, y) € D,,.
For x fized, p(x,y) is a decreasing function of y; (z, y) € D,.
(©) @z, y)>0; (z,y) €D,

(d) If any two of (z,2), (z, y) and) (y, z) belong to D,, then the third also be-
longs to D,, and

P2, 2) =@z, y) * @(y, 2). 9)

(€) ¢(+0,9)=0, g(co,y)="00,
oz, +0)=o00, @z, 0)=0.

Proof.
fnfm(x)= lim Min(x)=f’m(0)=km,

yx)=H n x), z) =l
Pfm(z) x) Um @n(fn(), z) = lim. @) At
which proves (a). b) follows immediately from the fact that g@,, for every =, is

1 Convexity and concavity conditions in connection with iteration are also treated in Fort
[3] and in M. Kuczma, On the Schrider equation, to appear in Rozprawy Matematyczne.
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(strictly) increasing with respect t6 = and decreasing with respect to y. To
prove (c), we choose an arbitrary point (z,y) in D, and an integer m such that
fn{y) < x (the latter is possible because of Lemma 3.1). Then g(z, y) = @(fn(x), fn(y))
Z @(fn(x), 2)=k">0. (d) follows from the fact that the equality (9) holds
if we replace ¢ by an arbitrary ¢,. As for (¢), we prove only that ¢(-+0, y)=0,
the other equalities being quite analogous. Keeping y fixed, for every &>0
there is an m such that ¥"<e¢ Then for all z<f,(y) with (x,y)€ D, we have

(p(x, y)= (P(fm(x): fm(y)) < (P(.fm(x); )=k"<e.

Lemma 4.6. Let a be a given number >0. If @(x,a) exists for all x>0, then
Dy=Q. If p(x,a) is continuous for x>0, then @(x,y) is continuous in Q.

Proof. The lemma follows immediately from 4.5 (d) if we observe that
(x,a) € D, implies (a, ) € D,

Lemma 4.7. If ¢ is continuous in @, then ¢, converges uniformly on every
compact subset of Q.

Proof. The statement is an easy consequence of the known fact that if a
sequence of functions of one real variable, which are continuous and monotonic
in an interval, converges to a continuous limit function, then the convergence
is uniform on every compact subset.

Finally, we have to use the following well-known properties of convex func-
tions:

Lemma 4.8. (a) Let p and g be increasing, convex [concave] functions. Then
the composition pq is convex [concave] whenever it is defined.

() Let {p,} be a sequence of functions, convex [concave] on an interval I, and
assume that the sequence has a limit function p. Then p also is convex [concave]
on I.

() A function convex [concave] on an interval I is continuous in the interior
of I.

Proof of Theorem 4.2. Suppose {f.}=G(f)<K, and let a>0 be fixed. From
Lemma 3.2 it follows that for each x>0 there is one and only one « such that
fda)=2x. We then have

= fa(0) =K,

_ o alal@ _ . fafa(@)
?(2,0) = plfa(a), )= lim %% = lim =% 5

the last equality by Lemma 4.4. Because both f,(a) and k* are strictly de-
creasing, continuous functions of «, it follows that ¢(x,a) is a c.s.i. function
of z.

To prove (6), we first keep in mind that in the proof above, a could be
chosen quite arbitrarily. Replacing a by x we get ¢(fx (x), x) =k*. On the other
hand, by Lemma 4.5, (¢) and (d), we obtain

_glha@),0)
pllaa), o) = £ EEE

These two facts together give (6).
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For fixed «,f, is uniquely determined by (6) because ¢(z) is invertible, ¢ is
uniquely determined by f and @, and changing @ is the same as multiplying (6)
by a positive constant. Therefore G(f) is unique.

Now suppose that for some number a >0, p(z, a)=¢(x) is defined and c.s.i.
for 2>0. Define ¢(0)=0. Thus ¢ €S because of Lemma 4.5 (¢). We then
define GQ(f)={f.} by means of (6), i.e. f,(x)=¢ 1(k*-@(x)). This makes G(f) a
continuous iteration group because of Lemma 3.4, and it is an iteration group
of f because of (13) below.

It remains to prove that f, is differentiable at 0 with derivative k*. Let
{z;} be an arbitrary sequence with 2;>0 and lim;_,, x;=0. The thing to show
is that for any o

lim 2% _ e, (10)

j>o0 Z;

Let ¢ be a fixed number >0. Then for each j there exists an integer n; and
a number #;€[f(c), ¢] such that x;=fs(;). We observe that n;—>co when j—>oo.

@(x, a) is defined and continuous for >0, hence ¢(z,y) is defined and con-
tinuous in @ because of Lemma 4.6, Therefore by Lemma 4.7, @(z,y) con-
verges uniformly to ¢(z,y) on the closed rectangle

B={(@ )| () <x<fale), flO)<y<c},

ie. for a given £>0 there exists N(e) such that |p(x,y)— @.(z,y)| <& for every
n>N(e) and (x,y) € R. Now by definition of ¢,, we have

fa(@) _ fafnlty) _ frifulty) _
Zj fus(t) fi (t)

@i (fa (1), ;). (11)

Because (f,(t;),1,) €R, there is an integer J such that for j>J

| @(fa(t), ) — us(F(85), ) | < & (12)

We have only to choose J such that j>J implies n,>N(e). - (11) and (12) to-
gether with the fact that ¢(f.(t),t;)=const.=%* imply (10), which completes

the proof.

Proof of Theorem 4.3. We shall prove that the assumptions imply that for
some number a>0, p(x,a) exists and is c.s.i. for #>0. But it is enough to
prove it for O<z<d. Suppose that it is true for 0 <z <d, then from (9). it
follows (cf. Lemma 4.6) that ¢(r,y) exists for all 0 <z<d,0<y<d. But
@(fn(®), fn(y)) = @(x,y) for every integer m, and m can be chosen such that
0<fm(x)<d and 0<f,(y)<d because of Lemma 3.1. Hence we obtain that
@(x,y) exists in the whole of Q. By means of (8) and (9) we obtain that

P(fm(@), @) =k" - p(, a) (13)
for every integer m. This gives that ¢ is c.s.i. with respect to z, for all z>0.
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4.3. (a): It has already been proved by Szekeres [5] that ¢(z,a) (by Szekeres
called ) is strictly increasing and continuous for 0 <z <d. Hence f€ K.

We may point out that from (7) it follows that @(x) is differentiable at zero,
and that 0<¢'(0)< oo (proved by Szekeres). Therefore, in this case Theorem
4.2 is superfluous for proving that f,(0) exists.

4.3 (b): Assume f(z)/x is increagsing for 0<z<d. Suppose first x<a. For
sufficiently large =, f,(x)<d and f,(a)<d, which gives

iha(2) _ fHal)
fn() fn(a)’

i.e, (pn+1 (x; a)<¢n(x: a’)"

If x>=a, we see in the same way that @,(z,a), for sufficiently large =, is in-
creasing with respect to n. Further, @,(x,a) is bounded; ¢,(«;a)>0 and, if we
choose. an integer m such that f,(a)>x, we obtain @,(z,a)< @,(f.(a), a) > k"
because of Lemma 4.5 (a). Therefore ¢(x,a) exists for all z>0.

Now we show that for z; <xz,<d we have @(z,, a) < @(x,, ). Because of (9),
it is enough to suppose that z, <a<'z,. Since @,(x, a) is strictly increasing with
respect to x, we have

@u(2y, @) < @Pu{@, @) < @nl,, a).

The proposition follows from the fact that ¢u(r,, a) is decreasing and @,(z,, a)
is increasing with respect to =. ‘

It remains to show that @(x) is continuous in (0, d). We prove that @(z) is
continuous in every interval (b, ¢), 0 <b<c<d. In this interval we have: ¢(x, b)
[@(z, ¢)] is the limit of an increasing [a decreasing] sequence of continuous funec-
tions, hence lower [upper] semi-continuous.

But because of (9),

oz, )= 20 _0@ 9

9(@b) gl
i.e. p(x,a) is both upper and lower semi-continuous, hence continuous.

4.3 (c): The existence of ¢ is proved as in 4.3 (b), the only difference being
that @.(z,a) is, with respect to n, increasing for x<a and decreasing for z>a.
By Lemma 4.8 (¢) and (b), ¢ is concave in (0,d) and therefore, by Lemma
4.8 (c), continuous in (0,d). We know that g(z) is increasing, and we have only
to show that it is strictly increasing. Let f(z,) < 2, < x,<d, and suppose @(x;)=
@(x,). Then (13) gives that @f(z;) =k () =k  @(x,) =¢f(x,) < p(z,), which con-
tradicts the fact that ¢ is concave. This completes the proof of Theorem 4.3.

5. Transformation of the class K

The theorems of Section 4 can be applied to many functions not belonging
to K, because every iteration group can be transformed into an iteration group
included in K.
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Definition 5.1. Suppose F € 8; the function f€S, is said to belong to the class
K(F) #f, and only if, FIF_, € K.

If g=FfF_ €K, there is a unique iteration group {g,} <K and, by Lemma
3.4, the set X(f)={f.|f=F_19.F} is an iteration group of f. Supposing g.(0) =k,
O0<k=+1, we have

. Fflx)_ .
i Fe ”4’

Conversely, if G(f) is an iteration group of f satisfying (14), the set {g.|g.=
Ff,F_,} is an iteration group in K with ¢,(0)=#%* Thus K(F) is the union of
all the continuous iteration groups the elements of which satisfy (14) for some
positive constant k1.

A class K(F) may be determined in different ways. For instance, two different
functions F, and F, may determine the same class:

Lemma 5.2. Assume that there are two positive constants b and ¢ such that
lim, o Fy(x) - (Fy(x)) " =c. Then K(F,)=K(F,).

Proof. Tt is enough to prove that f€ K(F,) implies f € K(F,). Suppose

F,fu()
im ——— =k
z—0 F1(x)
This gives immediately lim F}LE‘(;;) =k,
z—0 2 xr

ie. f€K(F,).

Lemma 5.3. The class K(F) is the same for all Schroder functions F of a given
iteration group.

The proof follows immediately from Lemmata 3.5 and 5.2.

A class K(F) is also determined by a given iteration group, which is shown
below. For this and for later purposes, we introduce the following notations.
Let GQ(g)= {g,,,} be a given iteration group and let 4 € 8, be a given function. Then
by Lemma 3.2, for every x>0 there is one and only one number A=1(h,z)
such that

ga(x) = h(z). (15)

If h={f,€GQ(f), where G(f) is a given iteration group, then for brevity we write
Alee, z) instead of A(fy,x). The function A(x,x) satisfies the relation

Mo+ B, 2) = Ma, fp(x)) + A(B, x); (16)

forf if (11):1(!1, fo(x)) and 2,=A(B, x), then g;, .4, (x) = g1, g1, (%) =ga,fp(x) = fefp(x) =
= Ja+g(X).

For fixed x, the mapping « — A(x,z) is obviously strictly monotone.
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Lemma 5.4. Assume G(g)< K(F). Then G(f)< K(F) if, and only if, for every «
A, 0)=limn_ 0 A, z) exists and Alx, 0)+0 for a=+0. In this case, there is a
number ¢+0 such that

Alee, 0) = cer. (17)

Proof. It is no restriction to suppose that g>e. Then by assumption there
is a number k>1 such that lim._¢ (Fg.(z)/F(z))=k*. Now first suppose that
Aa, 0) exists and is non-zero for a=0. Since A(x,0) is non-decreasing, (17)
follows immediately from (16) (cf. Lemma 4.4). Obviously c¢+0. If ¢>0 we
then have

E Ffa(x)_.— Fgy(x) <1 Fgca+s(x)=kc<x+s

i F@) o8 Fl@) 1o F(2)

and in the same way lim, o (Ffs(2)/F(x))>k"*"°, which gives lim,o (Ffa(x)/
F(x)) =k, since >0 is arbitrary.
Conversely, suppose for some c¢=0 that lim, o (Ff.(z /F =k If u=

lim; 0 A(x, 2) and »=1lim,_,o A(«, 2), for ¢>0 we easily obtain

e k< kv+a,

which gives yu=v=cex, and the lemma is proved.

Theorem 5.5. K(F,)=K(F,) if, and only if, they have a common iteration group,
t.e. an iteration group belonging to a class K(F) determines the class uniquely.

Proof Because of symmetry it is sufficient to prove that f€ K(F,) implies
f€ K(F,). Let G(g) be the common iteration group, and let {f,} < K(F,) be the
uniquely determined iteration group of f. Because of Lemma 54, there is a
number ¢=+0 such that lim,_ ¢ A(x, x)=ca. From

. Fag.(x)
lim 225 =}
>0 Fz(x)

li F2faz(x)=kcaz

we obtain im
r—>0 Fz(x)

ie. {f.}<K(F,).

6. Asymptotic comparison of iteration groups

With somewhat different notations, we quote the following three theorems
from Michel’'s work [4]. The theorems have the same numbers here as in
Michel’s paper.

Theorem 6.1. Assume that q>1 and lim,_, (f(x)/x)=q. Then there exists at
most one tleration group G(f) such that for every f,€ G(f),
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lim fa(®) =g~

z—>0 X

Theorem 6.2. Assume that q=+=0 and

. fx)—=x
}1_{1(1) =9

where §>0. Then there exists at most one iteration group G(f) such that for every
1« € G(f),
i fa@) 2

PRET A

z—>0

Theorem 6.3. Assume that q¢>0. and lim,_, ¢ (f(x)/2*)=q, where 0<u<1. Then
there exists at most one iteration group G(f) such that for every f,€ G(f),

. x
lim f“_?(ﬁ_) = g -Dicu-D,
r—>0

Theorem 6.1 follows from Theorem 4.2. We show below that 6.2 and 6.3 also
follow from 4.2, if we apply the results of Section 5.

The theorems quoted exemplify uniqueness conditions for G(f) for some types
of asymptotic behaviour of f at zero. Michel brings up the question of whether
for any given f we may find asymptotic conditions for f, at zero which make
the group G(f)={f.} unique. The purpose of the following investigation is to
elucidate this question. We try to frame the question more precisely, even if
at the same time we lose some aspects of the question.

In the following, we shall always let G be a given iteration group of a func-
tion g. Let ¢ be a.relation defined for the group @ and arbitrary functions
h €S8, By o(G,h) we mean that the relation ¢ holds for G and h. If (G, k)
for every function % in a set M, we write o(G, M).

If o(G,f) for a given function f, the following questions arise:

(1) Is there any iteration group G(f) such that o(@, G(f))?
(2) If the answer is yes, is G(f) unique?

We now define some relations g to be investigated. Let A be the function
defined by (15), where {g,} =G.

Definition 6.4. 0,(@, %),j=1,2,3,4, is defined to be true for h=e. For h+e
we define:

01(G, k) to mean that A(h, 0)=lim,_, o A(h, ) exists and is different from zero;
02(G. b to mean that there exists =0 such that for every f =0,

i D)= gu(z)

0;
20 Jut+8(X) — ga()
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05(G, k) to mean that there exists a+0 such that im, o (A(z)/ga(x)) =1;
04(G, k) to mean that there exists a=+0 such that log (h(x)/g.(z)) s bounded for
O<x<d< oo,

For g, we have the following.

Theorem 6.5. Let F be a Schréder function of Q. Then G(f)< K(F) if and only
if 0,(G, G(f)).

Proof. Obviously G< K(F). Therefore the theorem follows immediately faom
Lemma 5.4.

This theorem, together with Theorems 4.2 and 5.5, gives a complete answer
to Questions 1 and 2 for the case g=p,. In fact, let f be a function in 8,
with ¢,(@, f). By means of Theorem 4.2 we may determine whether or not f € K(F)
(i.e. FfF_j€K). This gives the answer to Question 1, because of Theorem 6.5.
If fEK(F), the uniqueness of G(f)={f.} satisfying 0,(G, G(f)), follows from
Theorem 5.5.

For p=p;, =2, 3, 4, we have the following

Theorem 6.6.

(@) 0q(G, k) implies o,(G, h).

(b) If I‘Ll_lf_,olga{x)/x—1|>0 for a==0, then p,(G, k) implies o,(G, k).

(¢) If gu(x)/x—>0 or co when x—>0, for every a0, then g,(G, k) implies p,(G, h).

Proof. It is enough to prove the theorem for g>e. In the proofs of (a), (b)
‘and (c) below, we let « denote the numbers in the definitions of g,, pg and g,
respectively.

(@) Suppose' 0:(G, k). We first show that lim; o Alh, ) < «. If this were false,
there would exist an £>0 and a sequence {z,}, where x; >0 when j—oo, such
that A(k, x;} >« +¢ for every j. Then, because of Lemma 3.2, we would get

h(z;) — ga(z;) > Jore (%) — 8ul®y) _ 1
Jure(T)) = Gul®;)  Fasre(s) — gales)

b

in contradiction to g,(G, k). In the same way, we prove li___mx_,o Alh, x) = a, which
gives p,(G, k).

(b) We easily obtain that if lim, | ga(x)/z — 1] >0, then gy(G, h) = y(G, h), i.e.
the proposition follows immediately from (a).

(c) If g>e, then the assumption is that g,(z)/z tends to oo for >0 and to 0

for x<0, when 2 tends to 0. Now suppose lim,_, o A(h, z) > a, i.e. suppose there
is a number £>0 and a sequence {x;} with lim;_, ., ;= 0, such that A(h, z;) > +&.
Then

h(xi) >ga+s(xj) — gsga(xj) > 00
9.(%5)  galz)) g«(2y)

when j->co. This contradicts g,(G, %), i.e. g,(G, k) implies lim; 0 A(h, %) <a. In
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the same way we show that g,(G,k) implies lim;_ o A(h, x)>«. This gives that
04(G, h) implies p,(@, h), which was to be proved.

The Theorems 6.2 and 6.3 can be obtained as applications of Theorem 6.6.
Applying 6.6 (@) with

x
golx) = e

for sufficiently small z, and 6.6 (c) with g,(x)=x*" for sufficiently small z we
obtain Theorems 6.2 and 6.3 respectively. The existence of groups with the
mentioned properties follows from the investigation in Section 5 of Michel’s
work [4].

Of course, it is desirable to make a uniqueness condition of the type (G, G(f))
as weak as possible. In (a), (b) and (¢) of Theorem 6.7, the conditions
o/@, G(f)), j=2,3,4, are stronger than g,(G, G(f)). Therefore, the only interest
of Theorem 6.7 lies in the fact that g,(G, %), j=2, 3, 4, expresses the behaviour
of & more concretely than o (G, k). Whether there is any @ with the property
that there exists an / with unique G(f), fulfilling ¢,(@, G (f)), =3 or 4 but not
1, will not be determined here.

We conclude this paper by touching upon the problem of weakening g,(@, G(f)).
Maybe there are different natural ways of weakening this condition, but we
consider only the following: from Lemma 5.4 we know .that 0,(G, G(f)) is equi-
valent to the existence of a ¢+0 such that lim, o | (e, x)—coc1=0. By Lemma
3.3 it is no restriction to assume c=1. Let § be a non-negative function, and
define.

0o(G, G() = lim |4 (a, 2) — | < (). (18)

If 0(a)>0 for some o, then 0o(G, G(f)) is formally weaker than g,(G, G(f)), but
the following example shows that there are (), not identically 0, such that
06(@, G(f)) = 0,(&, G(f)):

Example 6.7. 6(0)=6’(0)=0. (19)
To show that if § has this property, oo(@, G(f)) = (G, G(f)), we put
l(oc)=£i§)[l(oc, z)—«f.
From (16) we easily obtain
W+ B) < Uor) + UP). (20)

Now we fix a number o and put a=nf, where n is a positive integer. From
(18) and (20) we get

Uo) = Unf) < nl(B) < nB(B) = * (n/2x) - O(at/m),
which tends to 0 when n —>oco, because of (19). This implies g,(d, G(f)).

The next example shows that 0(x) must take arbitrarily small values to give
uniqueness:
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Example 6.8. B(a) = e>0 for every o.

In this case, we may construct an iteration group G*(g) = G such that go(@, G*(g)).
Let A be an Abel function of G, and let p be a non-constant function with
period 1 such that p+e is c.s.i. and, for every

| p(x) | < &/2. (21)

By Lemma 3.6, G*(g9)={gx|9%(0)=0, gi(x) = B_1(a + B(x)) for >0} is an itera-
tion group of g different from G if we define B(x)=A(x)+ pA(x). By definiion
of Abel functions, we have

A (2) = A, ) + (@) (22)
and by definition of G*(g),
PAGi ) (%) + Aa, ) () = o+ A(z) + pA(2), (23)
where giq.z=ga(x). Combining (21), (22) and (23), we get
| Mo, @) — | < [pA (@) |+ | PAGacens (2) | < -

This shows that there is at least one function f (namely f=g) with more than
one iteration group G(f) satisfying pe(G, G(f)).

These two examples can be considerably improved, and the following question
arises: Is there any function 6(x) such that (@, G(f)) is a uniqueness condition
for G(f), strictly weaker than g,(@, G(f))? This question, however, will not be
answered here.
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