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On a Diophantine equation of the second degree 

B y  BEr~CT STOLT 

§ 1. Introduction 

I t  is easy to solve the Diophantine equation 

A x  ~ + B x y  + C y  ~ + D x  + E y  + . F  = 0  

with integral coefficients, in integers x and y when the equation represents an ellipse 
or a parabola in the (x, y)-plane. I f  the equation represents a hyperbola, the problem 
is much more difficult. For solving an equation of this type  one m a y  use either the 
theory of quadratic forms or the theory of quadratic fields. 

T. Nagell has shown ([1]-[5]) how it is possible to determine all the solutions of 
the Diophantine equation 

x ~ - D y  ~ =  ± N ,  (1) 

where D and N are integers and D is not a perfect square, by  quite elementary meth- 
ods. The author ([6]-[8]) used these methods to the equation 

x 2 - D y  2 = ± 4 N .  (2) 

Consider the Diophantine equation 

A u ~ + B u v  + C v  2 = ± N ,  (3) 

where A, B, C and N are integers and B ~ - 4A C = D is a positive integer which is 
not  a perfect square. I t  is obvious tha t  (3) can be t ransformed into (1) by  means of 
linear transformations with integral coefficients. The problem of determining all the 
solutions of (3) in integers u and v then reduces to the problem of finding all the 
integral solutions x and y of (1) which satisfy certain linear congruences; see Nagell 
[4], pp. 214-215. However, in this way we get no general view of the solutions of (3), 
and it will be ra ther  laborious to discuss the different cases which may  occur. 

The purpose of this paper is to show how it is possible to avoid the linear transfor- 
mations and congruences. In  fact, for equation (3), we shall deduce inequalities 
analogous to those determined by Nagell for equation (1). We shall use the notions 
proposed by  Nagell or notions analogous to them. 
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§ 2. The Diophantine equation x 2 -  D y  ~= 4 

Consider the Diophantine equation 

x ~ - D y  ~ = 4, (4) 

where D is a positive integer which is not a perfect  square. When x and y are integers 
satisfying this equation, the number ½(x + y V-D) is said to be an integral  solution 

of this equation. Two solutions ½(x + y  VD) and ½(x' +y '  VD) are equal, if x =x" and 
y = y ' .  Among all the integral solutions of the equation there is a solution 

½ (z~ + y, VD) 

in which x 1 and yl are the least positive integers satisfying the equation. This integral 
solution is called the/undamental  solution. 

A well-known result is the following 
T~.ORE~. When D is a natural number which is not a per/ect square, the Diophant ine 

equation 
x 2 - D y  ~ = 4 (4) 

has an in / in i t y  o / in tegral  solutions. 1 / t h e  ]undamental solution is denoted by e, every 

integral solution ½(x + y VD)  may  be written in  the /orm 

½(x+yVD)=+e  ~, (k=o, + l ,  +_2, +3,. . .) .  

I f  D ~ 5 (mod. 8), there only exist integral solutions with even x and y. 

§ 3. The classes of solutions of the Diophantine equation .4u2+ B u y  + Cv ~= + N. 
The fundamental solutions of the classes 

Let  A and Z r be positive integers and B and C be rational integers such that  
B z -  4 A C  = D is a positive integer which is not  a perfect square. Consider the 
Diophantine equation 

A u2 + B u v  + Cv 2 =  +25.  (3) 

I t  is suitable to define a solution of (3) in the following way. If u = t /A is a fractional 
number and v is an integer which satisfy (3), the number 

( 2 A u  + By )  + v V-D (5) 

is called a solution of (3). If (x + y~/D}/2) is an integral solution of the Diophantine 
equation 

x 2 - D y  2 ='4, (4) 
the  number 

( 2 A u + B v ) + v V D  x + y ~ - D  ( 2 A u x + B v x + D v y ) + ( 2 A u y + B v y + v x ) V - D  

2 2 4 
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is also a so lu t ion  of (3). This so lu t ion  is sa id  to  be associated with  the  so lu t ion  [(2A u + 

By) + ~/D]/2 .  The  set  of al l  solut ions  assoc ia ted  wi th  each  o the r  forms a class o/ 
solutions of (3). 

I f  u a n d  v are  two  in tegers  sa t i s fy ing  (3), t he  n u m b e r  [ ( 2 A u  + By) + v~-D]]2 is 
ca l led  an  integral solution of (3). 

I t  is poss ible  to  dec ide  whe the r  t he  two given solut ions  [ ( 2 A u  + By) + vg-D]/2 
a n d  [ ( 2 A u '  + By') + v'V-D]/2 belong to t he  same class or  not .  I n  fact ,  i t  is eas i ly  
seen t h a t  t he  necessa ry  and  suff icient  condi t ion  for these  two so lu t ions  to  be  asso- 
c ia ted  wi th  each o t h e r  is t h a t  the  two  numbers  [2Auu '  + B(uv '  + u'v) + 2 C v v ' ] / N  
a n d  (vu" - -  uv') / N be in tegers .  

I f  u = t / A  is a f r ac t iona l  n u m b e r  and  v is an  in teger  which  sa t i s fy  (3), - u a n d  - v 

also sa t i s fy  (3). I t  is a p p a r e n t  t h a t  t he  two solut ions _ [ ( 2 A u  + B y ) + v | / D ] / 2  
belong to  t h e  same  class. 

L e t  u a n d  v be two  in tegers  sa t i s fy ing  (3). Then  the re  exis ts  a f r ac t iona l  n u m b e r  
u' = - (Au  + B v ) / A  such t h a t  t he  number s  u '  a n d  v sa t i s fy  (3). So do the  n u m b e r s  
- u' = (Au  ÷ B v ) / A  a n d  - v. I t  is eas i ly  seen t h a t  t he  so lu t ions  

_~ (2Au'  + By) + v  ~ D  (2 Au  + By)  - v  V-D 
- 2 = ~  2 

belong to  t h e  same class. 

Suppose  t h a t  K is the  class consis t ing of the  solut ions  [(2 A u i + By,) + v~ VD]/2,  
i = 1 ,2 ,3 , . . . .  Then  i t  is ev iden t  t h a t  t he  solut ions  [ ( 2 A u ,  + Bvt) - v ~  ~/D]/2 ,  i = 1, 
2,3 . . . .  , a lso cons t i tu te  a class, which  m a y  be d e n o t e d  b y  K'. The  classes K a n d  K '  
a re  sa id  to  be conjugates of each other .  Con juga te  classes a re  in  genera l  d i s t i n c t  b u t  
m a y  somet imes  coincide.  

A m o n g  al l  t he  solu t ions  [ ( 2 A u  + By) + v~/D]2 in  a g iven  class K we now choose 

a so lu t ion  [ ( 2 A u  1 ÷ By1) + v lVD]/2  in  t he  fol lowing way:  L e t  v 1 be  t h e  l eas t  non-  
nega t ive  va lue  of v which occurs  in K. I f  K and  K' do no t  coincide,  t h e n  the  n u m b e r  
u 1 is also un ique ly  de te rmined ;  for  t he  so lu t ion  

( 2 A u ~ ÷ B V l ) ÷ V l ~ / D  - - ( 2 A u ~ ÷ B v , ) ÷ v l V - L )  
2 2 

belongs to  the  con juga te  class K ' .  I f  K a n d  K '  coincide, we ge t  a un ique ly  d e t e r m i n e d  

u 1 b y  prescr ib ing  u 1 ~_u'l. T h e  so lu t ion  [ ( 2 A u  1 ÷ BVl )÷  v I ~/D] /2  def ined  in  th is  
w a y  is sa id  to  be t h e / u n d a m e n t a l  solution o/the class. 

The  case v 1 = 0 can  on ly  occur  when the  classes coincide.  
W e  p rove  

THEOREM 1. Suppose that [ ( 2 A u  + B y ) +  v V-D]I2 is the/undamental solution o/ 
the class K o/ the Diophantine equation 

A u 2 ÷ B u y  + Cv 2 = N ,  (7) 

where A and N are positive integers and B and C rational integers, and further D = B ~ - 
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4A  C is a positive integer which is not a per/ect square. I] (xx + Yl  ~/D)/2 is the/unda- 
mental solution o/equation (4), we have the inequality 

0_<-v-_< ( x l - 2 ) .  (8) 

Proo]. If equality (8) is true for a class K, it is also true for the conjugate class K'. 
Thus we can suppose tha t  (2A u + By) is positive. 

We easily get 

Consider the solution 

( 2Au  + By)  +v  V-D x l - y ,  VD 
2 2 

(2 Au  + Bv )x  1 -  D v y  1 + (vx 1 - ( 2 Au  + Bv)y l )VD 
4 

which belongs to the same class as [(2Au + By) + v V~)]/2. Since [(2Au + By) + 

v ~/D]/2 is the fundamental solution, and since by (9) [(2Au + Bv)x  1 - D V y l ] / 4  
is positive, we must have 

( 2Au  + Bv )x  1 -  Dry1 >= 2 A u  + Bv  
4 2 

(10) 

From this inequality it follows that  

( 2Au  + By) 2 (x 1 -  2) 2 => Dv2y~ 
and finally 

D v 2 
A N  >= x 1 _ 2 -  

This proves inequality (8). 

THEOREM 2. Suppose that [(2Au + B y ) + v  l /D] /2  is the lundamental solution o/ 

the class K o/the Diophantine equation 

A u  ~ + B u y  + Cv z = - N ,  (11) 

where A and N are positive integers and B and C rational integers, and/urther D = B ~ - 
4A  C is a positive integer which is not a per/ect square. I f  (x 1 + Yl ~/D)/2 is the/unda- 
mental solution o/equation (4), we have the inequality 

O< v~_ ~ (x~ + 2). (12) 
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Proo[. If  equality (12) is true for a class K, it is also true for the conjugate class K' .  
Thus we can suppose (2A u + By) >= O. 

We clearly have 

x~v~ Y~ ~-I[(2Au+Bv)2+4AN]>D Y~(2Au+Bv)~  
4 4 4 

Thus 

Consider the solution 

xlv - y l ( 2 A u  + By) 
> 0 .  ( 1 3 )  

( 2 A u + B v ) + v V - D  x l - y ~  ( 2 A u + B v ) x ~ - D v y x + ( v x ~ - ( 2 A u + B v ) y ~ )  
2 2 4 

which belongs to the same class as [(2Au + B v ) + v  ~/D]/2. Since [(2Au + B y ) +  
v I /D] /2  is the fundamental solution of the class, and since, by  (13), [xlv - Yl ( 2 A u  -4- 
By)]]4 is positive, we must have 

xlv - Y l  ( 2 A u  + Bv) > v .  
4 = 2  

( 1 4 )  

From this inequality it follows that  

( z l  - 2 ) 2 v  2 > 2 = yl (2A u + Bv) 2 = y~ (Dv 2 - 4A N) 

o r  v 2 < - ~  (x I +2).  

This proves inequality (12). 
As only integral solutions are of interest, we prove 

TrIEOR~M 3. I /one  o/the solutions o/ the class K is an integral solution, every solU- 
tion of K is integral. 

Proo[. Let K be a class and [(2Au + By) + v V-D]]2 be an integral solution of it. 

If  there existed a solution [(2A u~ + Bye) + v~ ~/D]/2 belonging to K, where u 1 = t / A  
were no integer, we would have an integral solution (x + y ~/D) / 2 of (4) such that  

( 2 A u + B v ) + v V D  x + y l / D  (2Aul  + B V l ) + V  1VD 
2 2 2 

would hold. 

Hence 
v (x + By)  u(x - By)  Cry,  v 1 + A u y .  

Ul-- 2 2 

Both u 1 and v 1 are integers, for if B is even, D is divisible by  4 and x is divisible by 2. 
If  B is odd, D is odd. In  tha t  case both x and y are either even or odd. This proves 
the theorem. 
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I f  the solutions of a class K are integral, K is called a class o/integral solutions. I f  
the classes K and K '  are conjugates of each other, it m a y  happen tha t  K but  not  K '  
is a class of integral solutions. 

From the preceding theorems we deduce a t  once 

TH~ORV.M 4. 1/ A and N are positive integers and B and C rational integers, and 
/urther D = B z - 4A  C is a positive integer which is not a per/ect square, the Diophantine 
equations (7) and (11) have a ]inite number o/classes o/integral solutions. The ]unda. 
mental solutions o/al l  the classes can be ]ound after a / in i te  number o/trials by means 
o/the inequalities in Theorems 1 and 2. 

[(2Au 1 -4- By1) .÷ v 1 I /D] /2  is the/undamental solution o/ the  class K, we obtain all 
the solutions [(2Au ÷ B y ) ÷ v  ~/D]/2 by the /ormula 

(2Au+ B v ) + v V D  (2Aul + Bvl)+v~VL) x + y V D  
2 2 2 

where (x + y V-D) [2 runs through all the solutions o/(4), including +_ 1. The Diophantine 
equations (7) and (11) have no integral solutions at all when they have no integral solu- 
tions satis/ying inequality (8), or (12) respectively. 

We next  prove 

THEOREM 5. The necessary and su[/icient condition [or the solutions 

(2A u -4- By)  + v (-D ( 2 A u  1 + By1) "4"v I / D  
2 2 

o/ the Diophantine equation 

A u  ~ + B u v  + C v  ~ = + N  

to belong to the same class is that 

U V l  - -  U l  v 

N 
be an integer. 

Proo]. We already know tha t  a necessary and sufficient condition is tha t  

2 A u u  1 + B (uv 1 + UlV ) -4- 2Cvv  1 uv  1 - UlV 
N N 

(3) 

be integers. Thus it  is sufficient to show tha t  

2 A u u  l + B ( u v  l + u l v ) +  2 C v v  I 
N 

is an integer when (uv 1 - UxV ) / N  is an integer. 
Multiplying the equations 
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A u  2 + B u y  + Cv 2 = +_ N,  Au~ + B u l v  1 + Cv~ = +_ N (14) 

we get ( 2 A u u  1 + B ( u v l  + UlV ) + 2Cvv l )  ~ - D ( u v  1 - ulv)  2 = 4 N  2. (15) 

I t  is apparent  from (15) tha t  2 A u u  1 + B ( u v l  + u l v ) +  2 C v v  I is divisible by  N 
when uv  1 - UlV is divisible by N. 

§ 4. Quasi-ambiguous classes 

Let  K be a class of solutions of the Diophantine equation 

A u  ~ + B u y  + C v  ~= ± N.  (3) 

Further  let [(2Au + By)  + v V-D]/2 be a solution of K. If the number 

( 2 A u + B v ) v  

N 
(16) 

is an integer, K is called a quasi-ambiguous class. If u and v are integers, K is a quasi- 
ambiguous class of integral solutions. 

We prove 

T ~ o ~ . ~  6. 17/the conjugate classes K and K '  o / ( 3 )  coincide, the resulting class is 
quasi-ambiguous. 

Proof. Let  K and K'  be a pair of conjugate classes of (3), and let [(2Au ÷ By)  ÷ 

~/-D]/2 and [(2Au'  + By)  ÷ v l /D] /2  be one solution of every class. As the classes 
coincide, according to Theorem 5 the number (u - u ' ) v / N  is an integer. 

As ( 2 A u  + B y )  = - ( 2 A u '  + B y ) ,  we get B y  = - A ( u - u ' ) .  Hence we get 

( 2 A U + B v ) v  -(2Au'+Bv)v=A(u'u')v 
N N N 

Clearly this number is an integer. This proves the theorem. 

I t  is apparent from Example 4 that  two conjugate classes K and K'  may  be quas i- 
ambiguous without coinciding. 

THEOREM 7. Let K and K '  be two conjugate classes of integral solutions. I /  their 

]undamental solutions are [(2Au + Bv)  ÷ v ~/D]/2 and [ (2Au '  + Bv )  ÷ v ] /D]/2,  

respectively, and if we have v = O, the classes K and K '  coincide. 

Let K be a class o/ integral solutions, i / i t  has a solnt!on [ ( 2 A u  + B y ) +  v ~D]2,  
where u = 0, and if  C divides B,  the class is quasi-ambiguous. 

Proof. Let  K and K'  be two conjugate classes of integral solutions, and let [(2A U + 
By )  + v VD]/2 and [(2Au'  + By)  + v  ~/D]/2 be their fundamental  solutions. The 
necessary and sufficient condition for the two classes to coincide it tha t  the number 
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(U - -  ?~') V 

N 

be an integer. H we have v = O, the condition is clearly fulfilled. 

Let  K be a class of integral solutions, and let [(2A u + B v )  + v VD] ]2 be a solution 
of it, where u = 0. If  we put the values 0 and v into the Diophantine equation 

A u  ~ + B u y  + Cv ~ = +_N, (3) 

we get ± N = Cv  ~. 

The condition for the class K to be quasi-ambiguous is tha t  the number 

( 2 A u + B v ) v  
2v (16) 

be an integer. 
Putting u = 0 and _+ N = Cv 2 into (16) we get 

( 2 A u  + B v ) v  B 

N Icl 
This proves the theorem. 

TtIEOREM 8. A necessary condi t ion/or  the Diophantine equation 

A u ~ + B u y  + Cv 2 = +_ N (3) 

to have quasi-ambiguous classes is N = s t  ~, where s is a square-/ree integer that divides 
d A D .  

Proo/. Let  
A u  ~ + B u y  = C v  ~ = _+N (3) 

be a Diophantine equation, and suppose that  u = w / A  is a fractional number and v 
an integer which satisfy (3). Then the Diophantine equation 

( 2 A u  + B y )  2 -  D v  ~ = +_4AN (18) 

is solvable in integers ( 2 A u  + B y )  and v. 
Suppose that  we have N = s t  2, where s is square-free. Further  suppose that  (3) 

has a quasi-ambiguous class, and let the number [ (2Au + B v )  + v V-D]/2 be a solu- 
tion of it. Then the number 

(2A u + B v )  v (19) 
s t 2 

is an integer. 
Let P be a prime that  divides t. If  p divides v, it follows from (18) tha t  it also 

divides ( 2 A u  + By) .  If  p and v are coprime, p~ divides ( 2 A u  + B v )  as is easily seen 
from (19). But  then it follows from (18) that  p~ divides D. 

Now let p be a prime that  divides s. If  p divides v, it also divides ( 2 A u  + Bv ) .  
But then p2 divides 4 A N  and thus p divides 4A. If  p and v are coprime, p divides 
( 2 A u  + B y )  and thus p divides D. This proves the theorem. 
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§ 5. Numerical examples 

Fina l ly ,  we give some examples  which  i l lus t ra te  the  preceding  theorems .  

E x a m p l e  1. 209 u s + 2 9 u v  + v z = 31, D = 5. 

The  f u n d a m e n t a l  solut ion of the  equa t ion  x 2 - 5 y ~ = 4  is (3 +V5-)/2.  F o r  t he  
f u n d a m e n t a l  solut ions,  according to  i ne qua l i t y  (8), we ge t  0 -< v _< 35. 

W e  f ind  the  f u n d a m e n t a l  so lu t ions  [ ( 2 A u ~ + B v ~ ) + v i l / D ] / 2 ,  i = 1 , 2  . . . .  ,8, 
where  vl. 2 = 1 ,  u 1 = 6 / 1 9 ,  u ~ = - 5 / l l ;  Vz.~=14,  u s = - l l / 1 9 ,  u4 = - 1 5 / 1 1 ;  
vs. 6 = 23, u~ = - 249/209,  u6 = - 2; v7.8 = 35, u7 = - 2, us = - 597/209.  Thus  the  
equa t ion  has  on ly  two  classes of in teg ra l  solut ions.  

E x a m p l e  2. u ~ + 3 u v + v  ~= - 5 ,  D = 5 .  

F o r  t h e  f u n d a m e n t a l  solutions,  accord ing  to  i ne qua l i t y  (12), we ge t  0 _< v ~ 1. 

W e  f ind  the  f u n d a m e n t a l  so lu t ion  [ ( 2 A u  + B y )  + v  ~/-D]/2, where  v = 1, u = 1. 
The  equa t ion  is also sa t is f ied b y  the  numbe r s  v = 1, u = - 4 .  However ,  according  
to  Theo rem 5 the re  is only  one class, and  th is  class is quas i -ambiguous ,  according  to  
Theorem 6. 

' E x a m p l e  3. 3 u 2 + 7 u v + 3 v  2= - 1 3 ,  D = 1 3 .  

The  f u n d a m e n t a l  so lu t ion  of t he  equa t ion  x ~ - 1 3 y  2 = 4  is (11 + 3 V]-3)/2.  F o r  
t he  f u n d a m e n t a l  solut ions,  according  to  i ne qua l i t y  (12), we ge t  0 _< v _< 6. 

W e  f ind  the  f u n d a m e n t a l  solut ions [(2A u~ + B vi) + v, I/-D] ] 2, i = 1,2, where  vL~ 
= 5 ,  u 1 = 1 1 / 3  , u s =  - 8 .  Thus  the  equa t ion  has  only  one class of in teg ra l  solu- 

t ions ,  a n d  th i s  class is quas i -ambiguous .  

E x a m p l e  4. 2u  2 + 5 u v + v  ~ = 1 6 = 2 4  , D = 1 7 .  

The  f u n d a m e n t a l  solut ion of t he  equa t ion  x 2 - 17y ~ = 4 is (66 + 16 ~Zl-7)/2. 
F o r  t he  f u n d a m e n t a l  solut ions,  according  to  i nequa l i t y  (8), we ge t  0 -< v _< 10. 

W e  f ind  the  f u n d a m e n t a l  solut ions  [(2Au~ + 33v,) + v~ l / D ] / 2 ,  i = 1 , 2 , . . . , 6 ,  where  
Vl. 2 = 2 ,  Ul = 2 ,  u2 = - 6 ;  v3.4 = 4 ,  u3 = 0 ,  u4 = - 10; v5.6 = 7 ,  u~ = - 1, u6 = - 33/2 .  

Accord ing  to  Theorem 7 the  solut ions  [ ( 2 A u i  + Bvj )  + vj I / D ] / 2 ,  where  ~ = 3 or  
4, belong to  quaz i -ambiguous  classes. 

E x a m p l e  5. u s + 5 u v  + 2v 2 = 32 = 25, D = 1 7 .  

F o r  t he  f u n d a m e n t a l  solut ions,  accord ing  to  i ne qua l i t y  (8), we ge t  0 _< v _ 10. 

W e  f ind  the  f u n d a m e n t a l  so lu t ions  [ ( 2 A u  i + Bvi )  + v, V-D]/2, i = 1 ,2 , . . . ,  6, where  
v~.2 = 2 ,  u l  = 2 ,  u2 = - 12; vz. 4 = 4 ,  ua = 0 ,  u4 = - 20; v~.6 = 7 ,  u5 = - 2, u6 = - 33. 

Accord ing  to  Theorem 7 the  so lu t ion  [(2A u 3 + Bva) + v a [ / 3 ] / 2 ,  where  u a = 0, belongs 
to a class which is n o t  quas i -ambiguous .  

E x a m p l e  6. 3u ~' + 14uv  + 4v 2 = 259 = 7.37, D = 148. 

The  f u n d a m e n t a l  solut ion of t he  equa t ion  x 2 - 148y ~ = 4 is (146 + 1 2 ~ / ~ 8 ) [ 2 .  
F o r  the  f u n d a m e n t a l  solutions,  according to  i ne qua l i t y  (8), we ge t  0 -< v _< 27. 

W e  f ind  the  f u n d a m e n t a l  solut ions  [(2A u s + Bv i )  + v~ I / D ] / 2 ,  i = 1,2, where  vl. 2 = 
4, u I = 3, u S = - 6 5 / 3 .  According  to  Theorem 8 the  on ly  class of in teg ra l  solut ions 
is n o t  quas i -ambiguous .  
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