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On removable sets for
quasiconformal mappings

Robert Kaufman and Jang-Mei Wu(!)

Given a closed set ECR"™, let
QCH(E) = {homeomorphisms of R™ to R™ which are quasiconformal off E};
we call E removable for QCH if every f in QCH(E) is quasiconformal in R™,

In R?, the following theorems ([C], [G], [K]) are known:

Theorem A. (Carleson, Gehring) If SCR! is compact, then Sx[0,1] is re-
movable for QCH if and only if S is countable.

Theorem B. (Kaufman) If SCR! is uncountable, then S§x[0,1] contains a
graph E which is not removable for QCH.

In R", n>2, Cantor type sets are removable ([HK]):

Theorem C. (Heinonen and Koskela) Let E be a closed set in R™. Suppose
that there exist a>1, and {r;}, r;—0 as j—o00, such that at each zEE, the annular
regions {y:a~'r;<|y—z|<ar;} do not meet E. Then E is removable for QCH. In
fact, if f is quasiconformal off E, then f has a quasiconformal extension on R™.

In this note, we prove the following extension of Theorems A and C.

Theorem 1. Ifn>m>2 and S is an {ax}-porous set in R™ with 3 o =00,
then SxR™ ™ is removable for QCH in R™. If S is closed in R}, then S xR"!
is removable for QCH in R™ «f and only if S is countable.

Given {ox}, O<oax<1, a set SCR" is called {ag}-porous if there exists a
sequence of coverings Cr={By, ;=B (zk,;,7%,;)} of S, by balls with mutually disjoint
interiors, so that each By ;\S contains aring Ry j={z:(1—ag)rs j <|z—Zk ;| <7k;},
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Uey,, Be+15EUe, (Br,i\Rk,;), and sup; rg ;—0 as k—oo. Here B(z,r)={yeR":
ly—z|<r}.
An {ay}-porous set has zero n-dimensional Hausdorff measure provided that

Zak:oo.

Remarks on Theorem 1 are given in Sections 1 and 2.
The next theorem is related to the previous one, but uses special consideration
restricted to the plane.

Theorem 2. Let 2 be an open set in R2, and E be an {a}-porous set in
Q with > ap=occ. Let f be meromorphic in Q\E with the spherical derivative
F=1QA+72)7 in L2(Q\E). Then f can be extended by continuity to be mero-
morphic in 1.

The hypotheses are fulfilled if f is schlicht on Q\ E; the extension will be schlicht
(possibly taking the value 0o0) on {).

Koebe has proved that every planar domain can be mapped conformally onto
a slit domain whose complement has area zero ([AS, Theorem I11.11C]). In [B],
Bishop raised the question: if E is closed, has positive area and no interior, is there
a GeCH(E), so that G(E) has zero area? Here

CH(F) = {homeomorphisms on R?, conformal off E}.

We provide a partial answer.

Theorem 3. Given any ECR? of positive area, there exists GECH(E) that
maps a subset F' (of E) of positive area to a set G(F) of zero area.

We conjecture that in this theorem, F' can be chosen to have full measure, and
that the answer to Bishop’s question in its full generality is negative.

1. Proof and remarks of Theorem 1

We shall prove the first statement in Theorem 1 only. The second statement
regarding the removability of SxR! follows from minor modifications of the proof
of Theorem A.

Let Y ar=o00 and S be an {ax}-porous set in R™ with n>m>2, and let
feQCH(SxR™ ™). In order to show that f is quasiconformal in R", we only
need to verify that f is ACL—absolutely continuous on lines ([V, Theorem 34.6)).

Because S has zero m-dimensional Hausdorff measure, it suffices to show that
f is ACL on almost every hyperplane R™ x {a}, where acR"*™™.
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When m=n, the hyperplanes are R™, and the set A below should be disre-
garded.

Let @ be a ball in R™ whose interior meets S but whose boundary does not
intersect S. After deleting a set ACR™ ™ of Hausdorff A™ ™-measure zero, we
may assume that f is in W™ on (Q\S) x{a} (a¢A4),

/ [f'(ac)In dridzs ... de, <.
(Q\S) x{a}

Fix a¢ A, let By j, Tk, j, Tk,j, Rk,; be retained from the definition of porosity
for S, and let

o= [ If@Pda e,
Rpg,;x{a}

Yk,j be a sphere in Ry ; concentric to Ry ; of radius rk’j>%rk,j, on which
(1.1) / |/ (@)]" do(z) < CAjagtri,
Yie,j X160

where ¢ is the Hausdorff A™~1-measure, and C is a constant depending on m and
n only. This is possible because f is quasiconformal in Ry ; xR"™™.

Denote by Dy ; the ball in R™ bounded by 7, by Z the radial projection
of the point €Dy ; x {a} to the sphere vx ; x{a}, with (24,,a)=(z ;,a), and by
my,; the average of f on v ; x{a}.

Define

f(x) on (R™\U; Dx,;) x{a},
fi(z) = {

z—(zh.i,a _ .
mk,j+|——(r,ﬁj—)—'(f(x)—mk,j) on Dy ;x{a}, for each j.
k,j

Clearly fr— f everywhere, and in L™ on R™ x {a}. We note that the derivative of
fi on R™x{a} satisfies

/ lfi(z)|" dzy ... dz,, <C LF' @)+ 51 f (@) —mi 3" dy .. d,
Dy;x{a} Dg,;x{a}
<O jagl+CrymH / 1 (&) =g ;| do(z)
Y, x{a}
SC)\k,jOllzl'FC’I‘k,j / If'(w)lnda(x)
Ve, %X{a}

<CXg ozt
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in view of (1.1) and the Poincaré inequality. Here C denotes constants depending
on m and n only, with values varying from line to line. Hence for >k,

/Qx{ }l(fk_fl)lln dey ... dem <Cai" Dy Mj+C0at D Mg
a J A

+ / £ day .. dm.
zj: (Dr,s\S) x{a}

Since Y =00 and 35, 37 Ak, <00, liminfg_o0 o ! (>, Ak,j)=0. Taking a sub-
sequence of the fi’s we find that feW1™(Qx{a}). Thus f is ACL on @x{a}
because f is continuous. Hence f is ACL on R™ x{a}, and f is quasiconformal
on R™. This completes the proof of Theorem 1.

The proof is about extension of Sobolev functions, and is still valid for the class
Whls but it becomes more technical (as is natural) if the hypothesis of continuity
is omitted.

In view of the successful application of the concept of a ring-like porous set,
we may ask the following.

Question. Can porous sets be defined in a conceptually different way to allow
more removable sets? Can the porosity be defined to depend on the exponent of
integrability of |f’|?

The total disconnectedness of S in Theorem 1 is not essential. We note from the
proof that in some situations, the removability for QCH is about the extendibility
of Sobolev functions. For example, it follows from the Sobolev extension theorems
of Jones [J] that if S is a quasicircle in R? then SxR"2 is removable for QCH in
R™.

Question. Are the sets § x R™™™ in Theorem 1 removable for the class of func-
tions quasiconformal on R™\§xR"~™?

This is a question on homeomorphic continuation of quasiconformal mappings;
we have no conjecture in general. Martio and Néakki [MN] have proved a theorem
on homeomorphic continuation of quasiconformal mappings defined on domains
with totally disconnected boundary sets. First applying their theorem to obtain a
homeomorphic extension, then applying Theorem 1 to show quasiconformality, we
arrive at an answer for m=n.

Corollary. Ifn>2, S is an {ax}-porous set in R™ with 3 agy=o00, and f is
quasiconformal on R™\S, then f can be extended to be quasiconformal on R™.

When m=n~1, we conjecture that the answer is again positive. This is based
on the modulus estimation of a certain curve family in the next section.
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2. Modulus of a certain curve family

Given a family T of curves in R™, let adm(I") denote the family of Borel mea-
surable functions g: R™— [0, oo] such that f7 od|z|>1 for all locally rectifiable yeT".
We recall that the modulus of I is defined to be

d(I")= inf " dr.

wodm)= _jnt [ o"de

Given E, F,GCR", denote by A(E, F;G) the family of curves with interior in G
and endpoints on E and F respectively.

Proposition 1. Let n>3, S be an {ox}-porous set on R*1N{|z|<i} with
Y ag=00, D be the infinite cylinder {xeR" 1:|z|<1}xR!, and Q be the set
D\(SxR'). Suppose that I={a}x[0,h] is a line segment on SxR! with a€S
and h>0. Then
mod(A(I,0D,Q)) > Cph,

where Cy, is a positive constant depending only on n.

Let S be the set in Proposition 1, and f be a quasiconformal mapping on
R™\(Sx R1!). In view of the modulus estimation, the cluster set f(I) of a line
segment ICSxR! consists of more than one point. The conjecture at the end of
Section 1 is based on this observation.

The proposition may be derived from the interpretation of mod(IT") in terms of
variational integrals, and the fact that S xR! is removable for W" in R™, which
we prefer not to elaborate. Instead, we present a direct proof.

Proof. We retain By, ;, Zk,j, Tk,j, R, ; from the definition of the porosity for S,
and assume as we may that sup oy < %

After a piecewise linear transformation, we may assume that a is the origin.

Let
r=A(,8D,0),

I'y ={y€T :~ lies on a hyperplane z,, = ¢ for some c€ R'},

and note that mod(I") >mod(T,).
Let geadm(T';) with ¢=0 off DN{0<z,<h}. We shall modify ¢ so that the
new g is in adm(T'3), where

Ty={y€A(I,8D,D): is a line segment on which z, = ¢ for some c€ R'}.

We denote points in R™ by z, points in R®~! by 2’ and write z=(z', z,,).
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Fix a, 0<a<h, and define

Mej = / o(z) dz’,
Ry,5x{a}

Mg ; :/ o™ (z)dz’.
Rk,jx{u.}

In each Ry j, there is a sphere 74 ; concentric with Ry ; such that

(2.1) / o(z) do(z) < Ca;lrk_})\k,j,
k.3 x{a} ’
and
(22) / 0" (z) do(z) < Cai i tmy, .
» Tr,5x{a} ’

where ¢ is the Hausdorff A" ~2-measure, and C is a constant depending on n only.
Denote by Dy, ; the ball in R®~! bounded by ;.

Given s, a line segment with endpoints on vy ;=0Dj_ ;, we shall denote by ¢
the great circle of 74 ; lying on the hyperplane containing x ; and the endpoints
p,q of s. We shall let s; be the shorter arc of {\{p, ¢}, or either arc if both have
the same length.

Consider, from now on, only those By ; on which

dist(0, Bk’j) > 5 diam By ;.

Let 2’ € Dy, j and s be the segment on the line through 0 and z’, with endpoints
on v ;. Let w(z’) be the unique point on s; satisfying |w(z’)|=|2'|. And define on
ZTn=a,

g(w(z"),a), mleijv
2.3 ()= ’
23) P () { 0, elsewhere;
and

—1,,-n+1 /

o 1T Mg, x €Dy
2.4 () = k k,j 23 J
@4 Vei(®) { 0, elsewhere.

Let LeT3N{z,=a} and assume that s=LN Dy ; x {a}#0. If sN(3By ;) x {a}#
0, we may find an arc s on 7y ; joining the endpoints p and ¢ of s, such that

(2.5) / o(z) [dz| < C’a,:lr,;;”“)\k,j,

82
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for some properly chosen constant C' depending only on n. Define

(2.6) s :{ s1, if 8N (3 Bry) x{a} =0,

82, if sN (in’j) X {CL} 7é 0.

Here ¢B is the ball concentric to B of radius ¢ times that of B. Then
) J(@@)+615(0)+v5() ol 2 C [ ofo) dal.

To see this, we consider the case sN (1 By, ;) x {a}=0 and the case sN (1 By, ;) x {a}#
() separately, and use (2.3), and (2.4) and (2.5) respectively. Also we deduce from
(2.2) and the Holder inequality that

@8) [ (o) s @) @)

<C o™(z) d’ +Caj ! / o"(z)dx'.
Dy, 5x{a} Rg,;x{a}

We are now ready to modify ¢ on z,=a. If [ (wn=a} 0" (z) dz’ =00, we leave
¢(z) unchanged and let g,(z)=9(z) on z,=a.

If f{wnm} 0"(z) da’ <oo, we denote by My=3_; my,;, thus 3>, My<oo. Since
>~ o =00, there exists a sequence {k,} so that

qua;q1§2_q/{ B }g"(a:) dz’.

The measurability of the modified ¢ may be insured by choosing k, the smallest
possible value exceeding kq_1.

Let C be a covering of S\{0}, consisting of mutually disjoint balls from the set
Ugs1 U;{Dx,,;} satisfying dist(0, By,,;)>5 diam By, ;.

Define on z,=a,

i )_{ o(x)+dw,;(x)+vr ;(x), if 2’ €Dy  and Dy ; €C,
: o), if 2’ ¢ U Dk ;-

Given LeToN{z,=a}, define a new curve £ in A(I,0D, Q) by

c=U<<LnDk,jx{a}bu(L\UDk,jx{a}),
C C
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where ~ of a segment is defined by (2.6). It follows from (2.7) and (2.8) that

/L 6a() |da| > C /E o(@) |da| > C,

and
/ o (z)dx' < C/ o"(z)dz' +C Z My, a,;ql
29) = e =
< C/ o™ (x)dz’.
{zn=a}
Now let

. 0a(z), ifzp=0aand 0<a<h,
o(x) = .
0, elsewhere in R™.

Thus Cg€adm(I'y) for some C>0. A standard application of Holder’s inequality
shows that [g, 6" de>Ch. Therefore [g, ¢"(z)dz>Ch in virtue of (2.9). This
completes the proof of the proposition.

3. Proof of Theorem 2

Let 20€Q and let 7>0 be so small that B(zo,7)CQ and the integral of f** over
Q1=B(29,7)\E is less than the surface area of the Riemann sphere. Then f(£;)
omits a set of positive area in the plane. We choose a compact subset K of positive
area m(K), contained in the omitted set.

By a theorem of Nguyen Xuen Uy [N], there is a function G of class Lip! in
R?, analytic off K, whose expansion near oo is

Gw)=w'+aw > +azw3+..., |w/>R.
Since G is of class Lip',
|G’ (w)| < C(1+|w|)™?  for we R*\K.

Thus F=Gof is analytic on ;. Since |F'|<C|f*|, we see that F'€ L?(£)).
Following the argument in the proof of Theorem 1, with m=n=2, we can
conclude that F is the restriction to ; of a function in W12(B(zg,7)). If the
boundary of B(zp,r) intersects E, we need to approximate the boundary by a
smooth curve which avoids F; this is possible because F is totally disconnected.
Since F' satisfies the Cauchy—Riemann equations in 1, by Weyl’s lemma [AS], F
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coincides a.e. in B(z,r) with an analytic function F' in B(z,r). However, F is
continuous on the open subset ; of B(zg,r), whence F actually extends F from
Ql to B.

In consequence, F=Go f admits a limit {; at 2. There is a number wo € R*\ K
such that G(wo)#(o. It follows that wg is not a cluster value of f at zg; that
is, h=(f—wo) ™! is bounded on B(zg,1)\E for some 0<r;<r. This implies that
the usual derivative b’ is in L2(B(z9,71)\E). The previous steps show that h
can be extended to be analytic on B(2g,71). Therefore f can be extended to be
meromorphic. This completes the proof of Theorem 2.

4. Proof of Theorem 3

We construct by induction a sequence of quasiconformal mappings g, on R?
so that each g, maps a large portion of g,_1°gn_z2°...091(F) to a small portion
of gnogn—1°...cg1(E), and the limit function g=lim,_, . gne...cq1 is in QCH(E).
The mappings g, are approximately independent, therefore elementary ideas from
probability can be used. In passing to the limit g, there is a certain technical point
which unfortunately slows the exposition.

The construction uses the measurable Riemann mapping theorem repeatedly.
For literature and proofs, see [AB] and [LV].

Fix O<a<1, let K=(14a)/(1—a), and let M be the family of complex valued
measurable functions on R?, bounded by « and supported in B(0,1).

Theorem D. There exists p=p(a)>2, such that given any peM, one may
find a unique K-quasiconformal mapping f on R2, with the normalization f(z)=
24+0(1/2) near oo, that solves the Beltrami equation O0f=pdf on R? a.e., and
whose partials satisfy 0f €LP and Of —1€LP.

Moreover, there exists A=A(a,p)>1 so that the areas m(X) and m(f(X))
satisfy

(4.1) m(f(X)) < A(m(X))'~2,
(4.2) m(X) < A(m(f(X))*>/,

for any X CB(0,2), and that

(4.3) |f(21) = f(22)| < Alz1 — 2| =2/P,
(4.4) 17 (z) = F N (2)| < Alzy — 22|72/,

for any z1, 22€B(0,2).
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Furthermore, suppose that f, and f are the normalized solutions of the Beltrami
equation with Beltrami coefficients p, and peM respectively. If p,—u a.e., then
fn—f uniformly and f;'—f~1 uniformly, and 8f,—1—08f—1 and df,—0f in
L?, and 0f; ' —1—0f 1 —1 and Of; ' —d8f ! in LP.

Proposition 2. Let yu and v in M, and f and g be the normalized solutions

of the Beltrami equation with coefficients y and v respectively. Then for any X C
B(0,1),

(4.5) m(f(X)) —m(g(X))| < 16VK A(|0f ~0gll,+18 —dgll5),

where p and A are as in Theorem D.

Proof. Let f(z)=u(z,y)+iv(x,y) and g(z)=s(z, y)+it(z,y), and Jy and J, be
the Jacobians of f and g respectively. Then

lm(f(X))—m(g(X)NS/X|Jg(z)—Jf(z)|d$dy
S/ [uzllvy —ty|+[ty [tz — sz +|uylve —ta| +|tzlluy — sy | dz dy
X

<2VE (m(£(X))2+m(g (X)) 2ym(X) /2~ WP (|0 f ~Bgllp+110f ~Dgll,),

in view of the quasiconformality of f and g. The estimate (4.5) follows from (4.1).

The building block in our construction is an elementary function defined in the
following lemma, whose proof we shall omit.

Lemma 1. Let D be a disk with center a and radius b, and let ¢ be a homeo-
morphism on D defined by

o )_{ a—i—%(z—a) forzel%D,
" | a+(9-8b/|z—a|)(z—a) Jor ze D\ % D.

Then ¢ is 81-quasiconformal on D, conformal on 1—90D, and the identity map on OD;
moreover the Jacobian Jy is bounded between g and 9.

We shall refer to ¢ by ¢p in the context.

Here ¢D is the disk concentric to D of radius ¢ times that of D.

Denote by p the number p(42) and A the constant A(42, p) in Theorem D. Let
er=1075% for k>1.

By a point of density argument, we may assume that E is compact, contained
in B(0,1) and having area m(E)>1072.
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Let {D}} be a finite collection of mutually disjoint closed disks, so that
diam Dj <¢;, m(E\; D})<e; and

m(EﬂD}) > (1—e1)m(Dj) for each j.

Thus
m(Eﬂ%D}) > (0.81—61)m(EﬂD;) for each j.

Let f; be the 81-quasiconformal mappings on R? defined by

z, zeR? L
f1(z)={ eRA\U D;j

¢p1(2), = € D} for some j;
and let ;1; be the complex dilatation 0f, /0, defined a.e. on R2. Note that |, < %—(1),

1f1=2lloos 1T~ 2llo <e1,

and that
(4.6) 0.001m(D;) <m(fi1(EN{5D;)) < (0.01+&;)m(f1(END}))
for each j.

Let So=E, Si=En|J; D} and U;={z:0<dist(z, S1)<8;} be a narrow open
band around S; (61 will be made more precise later), and let

V= F"lXRQ\Ul d

Since S is closed, m(U;)—0 and v1—pu; a.e., as 6;—0.
Denote by g1 the unique 81-quasiconformal mapping on R? normalized by
91(2)=2+0(1/z) near oo, which solves

591=V1391, a.e.,
and satisfies dg; €LP(R?) and 8g;—1€LP(R?). Note that g; is conformal on

(R2\UD})ul;.
Assume that 6; has been chosen small enough so that

g1 —Filloos Nlgr = fi oo <e1,

and that B B
[0f1—8g1llp+1|0f1—gull, <1070 471 m}nm(Dgl')-
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Applying (4.5) to f1, g1 and X=EN D} and END}, we conclude from (4.6) that

m(g1(EN$D;)) < (0.0142¢1)m(g1 (END;)) for each j.

‘We observe for the future reference that EN %D} =8N %D}- and EﬂDjl- =5 ﬂDjl- .

Let gy be the identity map, F1=T1=51, no=1, ?712%7 ap=1 and
ar =inf{|g1(z)—g1(w)|: z,w € B(0,1),|z—w| > &1},

which is positive in view of the Hélder continuity of g7 .

Assume that for each k (1<k<n—1), numbers 6, o, Mk, 81-quasiconformal
mappings g, collection of disks {D;-“}j, sets Sk, Uk, Tr and Ej have been con-
structed so that the properties A through H below are satisfied. It would be conve-
nient to regard D}“ , Sk, Ux, and g;, as sets and function on the kth copy of R2, and
Ty and E}, as subsets of E on the first copy of R2.

A. {Df} is a finite collection of mutually disjoint closed disks that nearly covers
Gk-1(Sk-1):

(4.7) m]ax diam D;-“ < min{ek, Ok—1, Mk—1},

(4.8) m(gk_l(sk_l)\upf) <&k,

(4.9) m(gk_l(Sk_l)ﬂD;?) > (l—sk)m(D}“) for each j.
Denote by
(4.10) Sk=gk—1(5k—1)ﬂUDf,
J
(4.11) Ty = (gk—1°---290) " (Sk),

the pull-back of Sy in E, and
(4.12) Up={z: 0<dist(z, Sk) < bk},

an open band around Sji. Note that T, CTj_1.
B. {Df} are contained in a small neighborhood of gx—1(Sk—1) and do not meet
the boundaries of gr_1(DF™!) and g_1 (I—%Df_l) for any i:

(4.13) U D¥ Cgr-1(Sk—10Uk-1)\| J gr—1 (0D T WO DF ),
7 i
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when k£>2. The first inclusion is needed in proving that the composition ggo...cg; is
81-quasiconformal off S instead of 81*-quasiconformal; the second inclusion is used
to show that certain events are nearly independent.

C. The pull-back of gk—l(Sk—l)\Uj D}“ is also small:

(4.14)
m(Tk—1\Tk) =m(gx—1°-..cg0) "+ (gk—1(5k—1)\ UDf>
J
<1075% min (Illjin{m(gk_2o...ogo)_1 (Sp—1N I%D;?—l) },
min{m(gu_z°...og0) " (Se-1NDE\FDE) ),

when k>2; and
m(T}) > 1073,
D. gy, is 81-quasiconformal on R?, conformal off | D}\Us, and satisfies
(4.15) |lgx — 2|lco < min{2eg, 2mx_1},
(4.16) [l(gko--0g0) ™ =(gr—1°--90) " [loo < 265

E. g, maps a large portion of SkﬂD;.g with respect to m(gg_1°...0gg) "}, to a
small portion with respect to m:

(4.17)
m((gh-10---290) " (SkN15DF)) > (0.81—ex)m((ge-1°...o90) " (SN DF)),
(4.18) m(gr (SkN5DF)) < (0.01+2¢e,)m(gr (SN DY)).

This is the property on which our probabilistic idea is based.
F. Ey is a closed subset of T} satisfying

(4.19) m(Tp\Ex) < (0.985)F,
and
(4.20) m(gxe...o91)(Ex) <5755,

G. 0<nk§%nk_1 and

m(go-..og1(Ex)+B(0,dng)) < 5F+10,
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H. The number
(4.21) o =inf{|gro...og1(2) —gro...og1(w)|: 2, w € B(0,1), |2—w|>ex}

is positive.

We need to choose {D;‘}, Sny Uny Ty En, G, On, n and o, so that properties
A through H hold for k=n.

Using the fact that quasiconformal mappings map sets of area zero to sets
of area zero, and applying the Lebesgue differentiation theorems, and the n-fold
version of (4.2), we may find finitely many mutually disjoint closed disks {D}} in
R? so that (4.7), (4.8), (4.9), (4.13) and (4.14) hold for k=n, and that for each j,
(4.22)

m((gn_lo...ogl)_l (gn—l(Sn—l)ml%D?)) > (0‘81—5n)m((gn_1 0...Og1)_1(D;-7')).
Choose 6, >0 small, and define S,, T,, and U,, as in (4.10), (4.11) and (4.12) with
k replaced by n.

Since m(E)>10"2, m(E\T1)<107% and m(T;_;\T%) <1075 for 2<k<n, we
have m(T,,)>1073.

Let f, be the 81-quasiconformal mapping on R?, defined by

on RA\(JD
fnlz)= { ¢pr(z) on D} for each s

and note that
(4.23) [fn(2) =2l and |If71(2)~2lloc < min{en, ap—1,7n-1}.
Let p1,(2)=0fn(2)/0fn(2) a.e. on R?, and

Vp = /-l'nXRz\Un .

And let g, be the unique quasiconformal mapping on R2, which solves 8g,, =v,,8¢,
on R? a.e., with g,(2)=2+0(1/z) near oo, and dg, and dg, —1€LP(R?). Note
that gy, is conformal in (R?\U; D})UU,.

Because of Theorem D, §,, can be chosen small enough so that

(424) ”fn_gn”oo <min{€n,nn—1},
(4.25) 17 =g oo < n-,
and

(4.26) 10 fn—0gn|lp+10fr—8gnllp <1070, A1 mjin m(D}).
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It remains to verify properties D through H.

Let k=n. The inequality (4.15) follows from (4.23) and (4.24); and (4.16)
follows from (4.23), (4.25) and the definition of oy, 1.

The inequality (4.17) follows from (4.22) and from the fact that S,ND}=
gn_l(Sn_l)ﬁD;L and that SHO%D;}:gn—l(Sn_l)ﬂ'l%D?.

Recall that the Jacobian of f,, is bounded between % and 9. Thus it follows
from (4.9) with k=n that

0.001m(D}) < m(fn (SaN5D})) < (0.01+e5)m(f2(SnND}))

for each j. Applying (4.5) to fpn, gn and X :Snﬂ%D;-‘ and S,ND7, we deduce
(4.18) from (4.26).

Property E plays a central role in the proof of F. First we employ partitions
of Ty, (1<h<n) defined as follows. Let 1<q<h, and let

Al =(gg_10...090) " (U I%D?> NT,
j

and
Bl =Ty\Ab.
Because of (4.13), By=(gg-1°---2g0) " (U; (D{\ 15 D})) NTh..
The sets A}, AR ... ,AZ generate a finite Boolean algebra of subsets of Tj,, say

]-'(;1. When ¢=0, the algebra is the trivial one.
We need to show that for every set X in .7-'(?, 0<g<h—1,

(4.27) m(XNAL, ) > 3m(X).
Note from (4.13) and (4.17) that

m(XﬂAgﬂ) >24m(X) for each X € FIt.
Then for h>g¢+1 and Xe]-‘f;“,

h~1

m(XNAR) >m(XNALT) —m(Te\Th) > $m(X) — > m(T\Ti1).
l=q+1

Note that
m(X) > min (mjin{m(gqo,,,ogo)—1 (Sq+1ﬂ %Dgﬂ) },

rrljin{m(gq°~--°go)'1(Sq+1ﬂ(D§+1\%D§+l))})
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It follows from (4.14) that m(T;\Ti+1) <10~ m(X) for [>q+1. This gives
m(XNAP ) > 8m(X) for X € FIFY,

which is a stronger assertion than (4.27).
To select the sets E,, let r,=1 on A7 and r,=0 on By. Let E, be the subset
of T,, on which
1t +rp_1 > 3(n—1).
We need to verify (4.19) and (4.20).
Let 7 be the relative Lebesgue measure on T, i.e., m(X)=m(XNT,)/m(T,),

and £ the integral with respect to . (expectation). Let uy=r;+...4714, 1<g<n—1.
In view of (4.27), we obtain

Ee /) < S Pl =a,
and
E(e~un1/2) < g E(e~un2/2) <o L.
Hence
(T \En) =M{tun-1 < 2(n—1)} < a?len=1/3,

Since a;e!/3<0.985, (4.19) follows.

As for the measure of g o...091(E,), let us consider the algebra F7_; of subsets
of Ty, It has 2”1 atoms. Because of (4.18), each atom contained in E,, is mapped to
a set of measure <47(0.02)2("~1/3_ Since (0.02)%/2< % and there are 2"~ atoms,
we obtain the estimate (4.20).

Since gpo...og1(E,) is closed, we may choose 7, to satisfy property G. Because
(gno...og1)~* is Holder continuous in B(0, 2), the number , defined by (4.21) with
k=n is positive.

This completes the nth step of the induction.

We note from (4.15) and (4.16) that

g= lim gpo...oq;
n—o0

and

h= lim (gpo...0g1) ™"
n—00
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are uniform limits of uniformly continuous functions. Thus h=g¢~!, and g is a
homeomorphism on R2.

Each g, is 81-quasiconformal on R? and conformal off J ; Di\Un. In view of
property B,

(gn-10---090) " (U D}’\Un) C EU(gn-2°--°90) " (Un—1)\(gn-1°--2g0) "* (Un)-

J

Since (gn—2°-.-90) " (Un—1)\(gn—-1°---°g0) "*(Uy) are mutually disjoint, gne...og; is
81-quasiconformal in R?\ E. Therefore g is 81-quasiconformal on R?\E.

Let T=(T, and F=limsup E,=,2, Up_, En. We recall from property C
that m(T)>1073, from (4.19) that m(T\E,)<(0.985)" whence Y m(T\E,)<oo.
Thus m(F)=m(T)>0.

The estimate (4.20), our choice of 7 and the inequality

lg—gno-og1lloc < 4nn

derived from (4.15) show that > m(g(E,,))<oo. Hence g maps F to a set of measure

Zero.

Finally, let pg-1 be the complex dilatation for g~ ! and let ® be the quasi-

conformal mapping that has dilatation pe=0 on E=pg-1 on R2\E.
Then G=%-gcCH(E) and it maps F' to a set of measure zero.
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