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~. Introduction. 

Let  q = p r  be a power  of a prime p, a n d  let  [ql denote  the finite field (or 

"Galois  field") of q elements.  Le t  f~(x), . . . ,  f i (x )  be polynomials over [q], and 

let  Zt, . . . ,  Z,. be mult ipl icat ive characters  of [q] with t h e  convent ion  Z ( o ) ~  o. 

A charac ter  sum is an expression of the fo rm 

(i) ~( f ,  z) =: Y, z~ (.f~ <x~) . . .  z,. (f,. <x)). 
x in [q] 

We shall make  the (trivial) simplification of supposing tha t  Z~, . . . ,  Zr are non- 

principal  characters,  and tha t  f~(x), . . . ,  f i ( x )  are different  normal ised 1 polyno- 

mials, each irreducible over [q] .  Le t  kl, . . . ,  k~ denote  the  degrees of these 

polynomials,  and let  K =  kl + "'" + kr. 

In  connect ion with any such charac ter  sum we define a funct ion L (f, X; s) 

of the complex variable s - - a  + i t  which is in fac t  a polynomial  in q-S of de- 

g'ree K - - I .  These L-funct ions  are essentially the  same as those obta ined by 

Hasse ~ as factors  of the  congruence zeta-funct ion of an algebraic function-field 

genera ted  by an equat ion of the form y '~=f (x ) .  The  object  of this  paper  is to 

give a more direct  and e lementary  account  of  these L-funct ions.  

The definit ion is as follows. Le t  (f, g) denote  the resu l tan t  of two nor- 

malised polynomials f (x ) ,  g(x) over  [q].S Le t  

1 A n o r m a l i s e d  p o l y n o m i a l  i s  one  i n  w h i c h  t h e  coe f f i c i en t  of t h e  h i g h e s t  p o w e r  of x i s  I .  

2 J o u r n a l  f t i r  M a t h .  (Crel le) ,  I 72  ( I934)  , 3 7 - - 5 4 .  

( f ,  g j  ~ f (q~) ,  w h e r e  ~/, r u n s  t h r o u g h  t h e  r o o t s  of . q ( x )  = o .  
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(:) ~ = ~ z ,  (<fl, .q)) �9 �9 �9 z,. ((f~, g)), 
g 

where the summat ion is extended over all normalised polynomials g (x) over [q] 

of degree ~.1 Then 

(3) L ( f ,  7~; s ) = ~  a, q-"*. 

The results which will be p r o v e d  fall under  three heads. 

(I). I f  h is any positive integer,  the field [qh] is an extension-field of Iq], 

and any character  Z in [q] induces a character  Z I~) in [qh]. This character  is 

defined by Z(h)(~)--z(N~), where N ~  denotes the  norm relative to [q] of an 

element  ~ of [ql,.]. 

(4) 

Let  Sl, . . - ,  8 K - - 1  

2 ~  
..... in t. Then 
log q 

(5) 

In  particula.r, 

(6) 

Let  

�9 (h) (~ s(',) ( / ,  z) - -  ~ z~ ') (A @) �9 �9 z,. (fr ,)). 
a in [qh] 

denote  the different ze ros  of .L(f, Z; s), ignoring the period 

- -  ~b'(h)(f, Z) - qh~, ~_ . + qty,,A=_1. 

- -  S ( f ,  Z ) =  q'St ~- ' ~- q s K - l "  

k r (II). I f  Z~, . . .  Zr ::F=Z0 (the principal  character),  L ( f ,  Z; s) 

funct ional  equat ion 2 

q-1 (K--1)s r r ~ q�89 
(7) " ~ J ,  Z; s ) = e ( f ,  Z) L ( f ,  2; ~ --s) ,  

where 

(8) ~ (f,  z) - -  q -  ~<~-~)~-~, 

satisfies the 

I ~ ( / , z ) l = ~ .  

a z - 1  will be evaluated explicitly in terms of Gaussian sums and of the  characters  

of certain resul tants  of the polynomials  fl, . . . ,  f,'. 
kr __ q--S I f  Z~' . . .  Zr = ~Co, L ( f ,  Z; s) has the  fac tor  I Wri t ing  

1 For  v ~ o, t he re  is on ly  one  p o l y n o m i a l  g, n a m e l y  I. Also ( f i ,  I) ~ I. Hence  a0 = I. 

T h i s  was  con jec tu red  b y  Has se  (loc. cir., 52). A proof  di f ferent  f rom t h a t  in  t h e  p r e s e n t  
pape r  ha s  been  g iven  (in an  u n p u b l i s h e d  MS) by  Wi t t .  
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(9) L~ (f, Z; s) 
L( . f ,  Z; s) 

I _ _  q - - $  

' - '  , - - - ( K - - 2 )  s - -  a o + a', q--S + . . .  + uK--',. ,l 

L ~ ( f , z ; s )  satisfies (7) and (8) with K - - 2  in place of K - -  I and o~(-2 in place 

of o~--,, a~--2 will be evaluated explicitly�9 

(III). I t  is conjectured tha t  the zeros of L ( f ,  Z; s) (apart f rom the possible 

�9 k r  zero s = o )  all have real part  I I f  K ~ 2 ,  and Z~} ' . . .  Z~ ~eZ0, then  
2 

1 

and l al [ = q'~, b y  (8). 

L ( f ,  Z; 8)~---I + (~lq -s,  

k r I f  K =  3 and Z~' . . -  Zr =Zo ,  then  

L ( f .  z ;  8) = - + 

1 

and [ a ' , [ =  q~. Hence,  in these two cases, the conjecture is true. 

I t  is a deep theorem of Hasse I t ha t  the conjecture is t rue for K =  3 when 

each of the characters is the quadrat ic  character. 

I t  will be proved that,  

(except s = o) satisfies 

where 

in the general  case, the real part  of any  zero 

Oz__< o=< I --0~-, 

3 
0 ~ = 4  -~' a , ~ = i ( K + 4 )  (K_-->4). 

I f  Z~' . . .  Z,. = Z0, (Io) can be improved to 

(I2) 0~--1 ~ a ~ I - -  0K--I�9 

Combining (IO) with (6), we have 

(I3) [ 8 ( f ,  g ) [  <= ( K  - -  I) q l - -~ 

where O K c a n  be replaced by OK--1 if Z~' . . .  Z~ r =  Z0 .~ 

The inequali ty (I3) has several applications. The most obvious of these is 

to the dis tr ibut ion of power-residues (rood p). This is discussed in w 9. 

1 Hamburg Abh. IO (I934), 325--348. 
2 For K > 3, all previously known inequalities for S (f, Z) dealt only with the case in which 

all the characters are quadratic. For an account of them, see Davenport, Journal London Math. 
Soc. 8 (I933), 45--52. They are all weaker than (I3) above. 
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Another  application is to a result  of Bilharz on the distr ibution of the 

irreducible polynomials (modp) with respect to which a fixed polynomial  is a 

primitive roo t?  In  the proof of this, the hypothesis  ~ is made tha t  the zeros of 

L(f ,  Z; s) satisfy an inequali ty of the type (Io), where 0K is independent  of the 

characters Zx, . . . ,  Z,'. This, as we see, is the case. 

2. Proof  of  (5). 

In  this section we shall take for granted  the result  (which will be proved 

in w 4, w 5) t ha t  L(f ,  Z;s) is a polynomial  in q-S of degree K - -  ~, and shall 

show how (5) follows from the definition of L(f ,  Z; s). 

W e  observe first tha t  the definition (3) of L ( f ,  Z; s) can be wri t ten in a 

product  form, analogous to the Euler  product for Dirichlet 's  L-functions.  Wri te ,  

for brevity, 
X (g) = Z1 ((fl, g}) �9 �9 �9 Zr (:~jer, g)), 

then X (ga g2) : X (.ql) X (g2) for any two normalised polynomials g ,  g.~. Wr i t e  

also I g l =  q" for any normalised polynomial g of degree r. We have 

L ( f ,  Z; ,~')= ~_~X(g)]g[ -~, 

where the smnmation is extended over all normalised polynomials g over [q]. 

Since every such polynomial  is representable uniquely as a product  of normalised 

polynomials, and since X(q), ]g] are multiplicative,  we have (for irreducible 

(I4) L ( f ,  z; s ) =  H ( I  - X(G)I GI-~) -1, 
G 

where the product  is extended over all normalised irreducible polynomials G 

over [q]. 

I t  follows from (I4) tha t  

X (c;~)] G~I -,,. l o g L ( f , z ; s ) = ~ _ ~  ~ ;  
G v = l  

On the other hand,  if L ( f ,  Z; s) is a polynomial in q-~ with zeros Sl, . . . ,  sK-1, 

we have 

1 Math. Annalen I r4 (I937), 476--492. 
2 loc. cir. (2o). 
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log L (f, z; ~ )=  - Y, ~ q "  q-~. 
h ~ l  \ i : 1  

Comparing the coefficients o f  q-h~ in the two expressions, we obtain 

(i5) 

h'---1 

--  E q'~'~"=hZ I X(G~') 
i=. l  (4 v 

I GV ~ qh 

h'lh G 

where, in the last sum, G runs th rough  all normalised irreducible polynomials 

of degree h'. 

We now recall tha t  the elements of [qh] consist precisely of all roots ~ of 

all nornmlised irreducible polynomials G over [q] whose degree h' divides h. The 

h 
conjugates o f  such an element ~ consist of all the roots of G, each counted ~, 

times. Hence 

Thus 
( " )  

Z(/') (ft  (~)) �9 �9 . Zl! ') (fi (~3) = X G;' . 

Smnmat ion  over all elements ~ of [qh] is equivalent  to summation over h' and 

G under  the same conditions as in (I5), and each polynomial  G arises f rom h' 

different elements ~. Hence the sum (15) is equal to S(h)(f, Z) and (5)is proved. 

3. P r e l im i n a r i e s .  

Gaussian sums. Denote by ~ x  the absolute trace (Spur) of an element x 

of [q], i .e .  its trace relative to [p]. Corresponding to any non-principal character  

Z of [ql t h e r e e x i s t s  a Gaussian sum defined by 

(i6) ~ (z) = ~, z (*) ,~ (~ x), 
~c in  [q] 

cr, i u  

where e(u) is an abbreviation for e v . .  I t  is well known tha t  
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(x 7) I ,  (z) l - V q .  

If ,  in (16), we replace x by a x ,  where a q= o is an element of [q], and change 

g into the conjugate  complex character  2, we obtain the useful formula  

I 
(, s) z (~) = ; - ( i i  y '  2 (*) e (~ <~ ~)). 

x in [q] 

This formula  is obviously also valid for a = o. 

Le t  h be any positive integer,  and let g (h), as before, denote the character  

induced by Z in [q~q. Le t  

(~9) ~(") (z) = Y, z(~ ) (~) e (~ ~), 
ill [qk 1 

where |  again denotes the absolute trace of ~. I t  was proved by Davenpor t  

and Hasse ~ t ha t  

(20) ~(") (z) = ( -  ~)~-' (~<z))". 

A more elementary proof has been given by H. L. Sehmid. 2 

B a s i s  f o r  a f i n i t e  f ie ld .  Let  ,~ be any genera t ing  element of [qk] relative to 

[q], so t ha t  I, ,% . . . ,  ,,~k-1 form a basis for [qk] relative to [q], i .e .  every ele- 

ment  ~ of [qk] is representable uniquely as 

- -  X 0 ~- Xl. ~ -[- " '"  -J7 Xk- -1  ~ k - - 1  

with x0, . . . ,  xk-1 in [q]. 

There exists an element ). of [qk] such tha t  

(2 i )  I sp;~ = s p E ~  . . . . .  s p E ~  ~-2 ~- o, 

where sp denotes the trace of an element  of [q~] relative to [q]. For  the equa- 

tions (2I) are k l inear equations for E and its conjugates,  and are easily seen to 

have the solution 

z = I [ ( ~ -  ~')-1, 
0. p 

where 5 ~' runs th rough  the conjugates of ~ other  than  ~ itself. 

i Jou rna l  ftir Math .  (Crelle), I72 (I934), I 5 1 - - 1 8 2 .  

a nega t ive  s ign prefixed.  
Journa l  ftir Math.  (Crelle), x76 0937), I 8 9 - - I 9 I .  

The  Gauss ian  sums  are defined the re  w i t h  
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I f  an e l emen t  ~- O f [ql=] has the  f o r m  

(22) g == *'o + ut '~ + ' + n,.-1 0 '''-~ + 0." ("o . . . .  in [q]), 

whe re  o ~ ~, =< k - -  i, t he  equa t ions  (22) show t h a t '  

I t  is p la in  t h a t  as Uo, . . . ,  u , - t  r u n  t h r o u g h  all e l ement s  of  [ql, ~ r u n s  t h r o u g h  

all e lements  of  [qa'] w h i c h  sa t i s fy  (23). 

S i m u l t a n e o u . e  bas i s  f o r  se~,t, ra l  fiJ,it(,  f i e ld s .  L e t  kx, . . . ,  k,. be posi t ive  i n t ege r s  

(not  necessar i ly  different),  and  let  K =  kx + . . .  + k,.. Sets  

('r � 9  '1 C ' K 1 ;  s � 9  r 162  � 9  U l r ,  � 9  (2 'h ' r  

of  e lements  of  [qk,], . . . ,  [qT..,�9 respec t ive ly  will  be cal led a s imu l t aneous  basis f o r  

t h e s e  fields re la t ive  to  [q! if every  set  s~, c . �9 gr of  e lements  of  [q~,], . . . ,  [q~:~] 

respect ive ly  is r ep resen tab le  un ique ly  as 

~ i - - - X t C t l i  q- "'" q- X K C t K i  / ' =  I ,  . . . ,  r ) ,  

where  x,, . . . ,  xlc are  e lements  of  [q]. 

Le t  r �9 �9 0% be g e n e r a t i n g  e l ement s  of  [q<], . . . ,  [ql:,.] respec t ive ly ,  re la t ive  

to [q], and  suppose  also t h a t  no  two of  the  i t 's  are  equal  or  c o n j u g a t e .  T h e n  

f o r m  a s imu l t ane ous  basis  fo r  t he  fields. For ,  as Xo, . . . ,  xJc-1 r u n  t h r o u g h  Iq], 

the  e lements  ~,, ~- def ined by 

"C ~- X 1 ,~i -~ "'" -{- X]C---1 (~'--1 _~ i XO 

r u n  t h r o u g h  q l , -=  ql.,~ . . . .  +l..,. sets of  e lements  of  [ql,.,], . . . ,  [qt'r]. T h u s  i t  suffices 

to  show t h a t  these  sets are a l l  different ,  i .e .  t h a t  t he re  is no  non-zero  set  o f  

x ' s  fo r  wh ich  
x 0 4- x~ 3'. 0'~ c-1 q-  . . . .  }- XK~I  ~ 0 

fo r  i =  I . . . .  , r. This  is so, since the  d e t e r m i n a n t  of  the  K l inear  equa t ions  

f o r m e d  by these  equa t i ons  a nd  the i r  c o n j u g a t e s  is n o t  zero�9 

I f  r = k - -  I, the first line of (23) is empty. 

] 4 - - 3 9 3 2 .  Acta nmthematlca. 71. I m p r i m 6  le 15 m a r s  1939. 
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L e t  ,9 ,  . . . ,  .,9,,. be a se t  of  g e n e r a t i n g  e l emen t s ,  as above .  

e l e m e n t s  ).1, . . . ,  Zr in [qa',] . . . .  , [qkr] r e spec t ive ly ,  such  t h a t  

T h e r e  ex i s t  

sp ). =- .~'p Z,: .% - sp ),; ,9'~ "-~ -- o, 

(24) i = 1  i "  1 i : : 1  

'~.~,8p).i',9 h'-j - - I  
i - 1  

w h e r e  SP 2i ,9~' d e n o t e s  the  t r a ce  of  2i ~9~, c o n s i d e r e d  as an  e l e m e n t  of  Iq~'i!, rela-  

t ive  t o  [q]. For ,  d e n o t i n g  by Z~ ' )=  2,, Z{~/ . . . .  , Z~k,) t he  c o n j u g a t e s  of  Z, r e l a t i v e  

to [q], t he  e q u a t i o n s  (24) a re  K l inea r  e q u a t i o n s  in t he  K u n k n o w n s  )l~l, ...,/:;.,~.. 

T h e i r  so lu t i on  is easi ly  seen  to be 

(25) ~i ::= H (~9i --- ,#')--1 
:F 

w h e r e  0.' r u n s  t h r o u g h  all of  ,9' 1, . . . ,  3.,. a n d  t h e i r  c o n j u g a t e s ,  excep t  .~.~ i tself .  

W e  obse rve  t h a t  if  a se t  ~ ,  . . . ,  ~,. o f  e l e m e n t s  of  [q~',], . . . ,  [q~'r] has  t he  f o r m  

~'i : UO 2f_ HI , 9  i + . . .  + ~t,. 1 , 9 ~ - - i  .~_ 'tg~' ( , ,0 , . . . ,  ,,,-1 in [q]), 

w h e r e  o =<. v =< K - -  I, t h e n  (24) show t h a t  1 

(27) 

r 

i=:1 

r r 

i=:1 i::=1 

r 

s~p )-i ,9 '1 ' -1- ' '  " 

i - 1  

I t  is also p l a in  t h a t  i f  %, . . . ,  u,.-1 r u n  t h r o u g h  al l  e l e m e n t s  of  [q], t h e n  _~, . . . ,  _5,., 

def ined by  (26), r u n  t h r o u g h  all  sets  which  sa t i s fy  (27). 

4. T h e o r e m  1. 

L e t  ,9i be a r o o t  of  j ~ ( x ) =  0 ( i :  r, . . . ,  r). S ince  .fl(x), . . . ,  f r (X)are  
d i f f e ren t  n o r m a l i s e d  i r r educ ib l e  p o l y n o m i a l s ,  no  two  # ' s  a re  equa l  o r  c o n j u g a t e .  

1 I f  r = K - -  r, the first line of ~ ' ~27j is empty. 
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Thus  they form a set of genera t ing  elements of [qt',],..., [q~:,.] 
considered in w 3. 

Le t  ~lJ,.-= 7.1 ~:;) be the character  induced by Z~ in !q~:,]: Let  

~, = z~' . . .  z ~ " ( -  ~). 

T h e o r e m  1. F o r  v > I ( ,  m - o .  For o < v < K - - I ,  

107 

of the kind 

where ~l, . . . ,  ~r /'~:r 

~.,n.~fff (27). 
Proof I f  g(x) is 

gJ, " "  " ,  g r  

(~7) 

th,'o,rfh aZl d,e,,,,,#.~, d" [d"i, . . . ,  [d"] re,'pectively. -'which 

a normalised polynomial of degree r, we have, by the 

definit ion of the resultant ,  

(j;,., g) = ( -  ~ )n ,. (,,,, f,.) - -  ( -  ~ )n,. x , a  (,%:), 

where Ng(,~i) d e n o t e s  the norm of g(~;), considered as an e lement  of [q~V], rela- 

tive to [q]. Hence  
z~ 0:/;, v:,) = z ,  ( - -  I)~," ~ (y <~,,1. 

Let  g(x) - - x " +  , , . - i x  '-1 + " 4- %. By definition, 

. ,  = Y~ z ,  ('./;, ,J) � 9  z~ ( 7 ; ,  :~ )  
I t 0 ,  . ,  , t ~ _ _ l  

in [q] 

( 2 8 )  = ~v Z ~) !  (3  ( '~1:) ' �9 " 1~,. (g  ( a t ) ) .  

u o ,  * �9 ', ~ ' - -d  
in [q] 

In  view of the remark  made at  the  end of w 3, this establishes the second result.  

Since 
I : r ~  ~ K ~ I .  . ' ~ ~ " ~ 1  1~ " "  "~ ~*'t ~ . . . ~  I~ 0'r~ , . 

fro'ms a s imultaneous basis f o r  [qk , ] , . . . ,  [qkr] i t  follows that ,  if  "v>K, g(,~), 
. . . .  g(~%.) run  throu~'h all e lements  of these fields as u 0 . . . . .  ua--I run  th rough  

[q],~ for  fixed UK,, . . . ,  m--> Hence,  if v = > K ,  

This completes the proof  of  Theorem I. 
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5- The  F u n c t i o n a l  E q u a t i o n ,  and t h e  Value o f  a~-_~. 

Le t  f~(x) denote  the der ived polynomial  of f,.(x), and let  

(29) 
?, 

A, (.D,.t;)[[ (.D,.t;) 
. j = l  
.14: i 

for  i----- x, . . . ,  r. Since f~(x), . . ,  f~(x) are different  normal ised i rreducible  

polynomials,  Ai =~ o. 

]:1, T h e o r e m  2 ( a ) .  I f  l ~ ;  , . . .  X,. q= Z,,, 

(30) 
�9 k ~' 

~,,--, *(z,)~' " ~ - ! z r  ~ n  

Also, for  v -- o, 

(3,) 

I ,  . . . ,  K - -  I ,  

(~l' ~ K  1 O ' A ' ~ I  - - v  
- - -  | 

q},. q:2(lc-q) q~(K--l--,,) 

Pro@: I f  a is any clelneut of [q], we have 

~.]  e ( |  !it a:) ~= [ o i f  . =~ o ,  

t in [ q ]  t q i f  a =~ O. 

Suppose tha t  o ~ v ~ K - -  I, and let  to, t~, . . . ,  t ,v-i-,,  be any elements  of  [qj. 

Le t  t ( x ) - -  to + "" + t K - l - , . x  Ic-~-''. The value of the stun 

\ '  e | , ~  L. ~-~ t (,%) - t A - - , - , ,  
1~ . . . . .  t K _ _ i _ _  v 

in [q] 

is zero unless ~ , . . . ,  ~',. satisfy (27) , in which case it  is q~'-". Hence,  by 

Theorem t, 

~ - q~.~. E ,~'s' ... Z , ,  ( ;1)  . . .  , >  (~-,.) x 
to . . . . .  t ~ - _ l - , ,  ~, i,, [ql,,] _~,. i,, [,)','] 

in [q] 

•  ~ ' s p L . , S t ( , O ' i ) - -  h ; - 1  . . . .  
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By (,8), 

s~., IX,;] 

yx.,.) 
Since,  in the  n o t a t i o n  of  w 3, ~fli .... Z) , we have  

and,  by (20), 

By (25), 

= =  - N v~(z,) z,(~ z i ) ,  

~t ( ~ ) i )  - - -  ( - - I ) k i - - 1  (Z' (Z i ) ) t ' i .  

O. r 

hence  

W e  have,  the re fore ,  

r 

1"('~)1-[ D ( a )  
j =  1 
.i~- i 

I' 

~ v z ; ,  - -  ( f ; ,  , t ; )  I t  ( f J ,  f , )  - -  A , . .  
. i =  1 
j ~t: i 

i : : :  1 to . . . .  , t K _ _ l _ _  v 

I n  t he  s u m  over  the  t's, we cons ide r  first  all t e rms  fo r  wh ich  t~- -x- ,  : o. 

W i t h  any  set  to, . . . ,  t x - 2 - , .  (not  all zero) occur  also all  sets ut0, . . . ,  utK-,.,_~ 

fo r  any  u - ~  o of  [ql. T he  c o n t r i b u t i o n s  of  these  two sets differ  by the  f a c t o r  

Since 

k r ~,/,, (,) �9 �9 �9 ~,. (-) = ~'c' �9 �9 �9 z , .  (-). 

,it i n  [q] 
'it :b 0 

t he  to t a l  c o n t r i b u t i o n  of  the  t e rms  u n d e r  c o n s i d e r a t i o n  vanishes .  

I n  the  t e rms  fo r  wh ich  t~--1-~ 4 = o, we wr i te  

ti = tK--I--,. U i, 

g (x)-= "o + 'ut x + . . .  + .~,~,.--~-.,. xl"-:~-" + x I c -1 - ' .  
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Then the sum over to, . . . ,  tK- l - r  becomes 

Z ~I'1 (.(] ( a l l )  ' ' ' 'l/Jr (g (,9'r)) E '1~1 " " " '~/Jr ( t / ( - -1-- , . )C ( - -  ~ t K - - l - - r ) .  
"tr . . . .  , u K _ _ 2 _  v t K _ _ l _ _  , ,  i n  [ q ]  

i n [ q ]  . tK__l__ v bO 

The value of the sum over tlc-~-,, (in which the condition tK -~ - , ,  + o m a y  now 

be omitted) is 

~ 2 ; '  . . . 25: ( t ) , , ( : ~ t )  - : ~ ( z ~ ,  
t 

The sum over tile u's gives 

by (28). 

Hence 

.. K - - l - - r  
-c GK---1-- r 

(32) 

using (17). Taking v - - K - -  I, we obtain (3o)(since "0-= I). 

f r o m  (32) and (30). 

Tile reletions (3 i) are equivalent to the funct ional  

follows front (3o) and (I7)- 

{Tv__ qK__v i ) k i - - l T ( z i ) k i ~ i ( n i  ) T ( Z  ~, . ztjr) sK- -1  ..... (~I(--1-~ 

1 

~'~-' *(z,) ~' . :  ~ ( z , )~  [ ~  (_ 
- -qK - - l - - v  $(Z'; ' �9 . zkr~.," ! \ i  l'l']L= 1 I ) ~ ' i - ] Z i (A i ) f  (~h'--l--r, 

Fin~ny; (3 i) fonows 

e,~uatio. (7), ,~na (s) 

k S . Theorem 2 ( b ) .  [ f  z~, . . .  Z,. ...... Xo, 

- - a o ' +  ... + a,,, tlwl~ 

, I 

(33) - -  a , , - . - ~  ..... a , , ' - - 2  = - * '  "tZ~) k '  . .  
q 

Also, f o r  v - - o ,  I, . . . ,  K - - 2 ,  

(34) 

% + ai + " + aa---~ . . . .  o.  

~, (z,.)~:" ] I  ( -  , )"- '  z~ (:l,). 
i : = 1  

v t - - v  

(~ ~, a K-- 2 ff K--2--v  
. . . . . . . . . . .  - ~ 

I t '  ' [ �9 ( ~  i ,  - " 

],'?, 
P r o o f  We note  first tha t  ~=~Z~ , . . . : :Z~ ( - - I ) ~ I .  

I f  ~t, - . . ,  ~r run th rough  all sets sat isfying (27), and a runs th rough  all 

elements of [q]-except o, then  Vl--(r ~ ,  ., ,r],. = a ~ run through all sets satis- 

fying 
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(35 a) 
i = l  i - 1  / :=1  

(35 b) 

Hence 

[t follows tha t  

�9 . ,v,~ ~ o .  

(:~ a), (35 b) 

( s s a )  

Taking v = K - -  i, the conditions (35 a) disappear, and we obtMn 

(,t - i1 Wo + - -  ~ ~ = - ~ ) =  o .  

Replacing tile conditions (35 a) by smmnations over variables t o, . . . .  , t A - - ~ - , ,  

~s in }he proof of Theorem 2 (a), we  have 

in Iq) 

X e ~ '~1) ;oi ~i t (,%. 

I 
~-~ q,,:=~_,. 1Z| (--  I )z.~-~ Z~ (A~) ~ (Zff"~ ~.~ ipx (t (,9.[~) . . . ~p,. (t (,9.,.)). 

i =~ 1 t , ,  . . . ,  t K - - 2 - - v  

i n  [q ]  

As t o , . . ,  t l c -o_- , ,  run through all elements of [q], t(a,), . . . ,  t(3>) run th rough  

MI sets r~, , . . ,  ~2,, of elements of [qT,,,], . . . i  [qk"l which satisfy (35 a )wi~h  

replaced by K - - 2 , v .  Hence  

\ i = 1  ] 

T ~ k i n g ~  = - K - - 2 ,  we obt, ain (33) (since a: = I). FinMly, (34) follows f rom (33) 

and (37). 

The relat ions (34) are equivalent  tO the funct ionM equation (7) for L,  (f, Z; s) 

wi th  . K - - 2  i n  place of K - -  t, and the modified form of (8) follows f rom (33) 

and (!7). 
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6. Inequalities for the Zeros. 

In this and the following sections, the constants implied by the symbol 0 

depend only on K, 

Lemma 1. If ( i) 
(as) x~'  (A z) = o (r o < o < ) 

as h tends to il~fi~Tit.q through all ,~ultiplos o f  a .fixed positive i~teger k, the~ all 

zeros of  L ( f ,  Z; s) (except .~ = o) .~atisf~! 

O < _ a ~  i - - O .  

Proof. By (5), the  hypothes is  is equivalent  to 

qt,~, + , . .  + qh.~X--1 = O(q(~--ell,) 

a,s h ~ ~ ,  kih. L e t  a be the  m a x i m m n  real  p~r t  of any  of sj . . . .  , s~'--l, 

a t ta ined,  say, for  s'~, . . . ,  s),. Le t  ,o be the m a x i m u m  real  pa r t  of any  zero 

o ther  t h a n  s'~, . . . ,  s'i~. By Dir ieh le t ' s  t heo rem on Diophan~ine  app rox ima t ion ,  

there  exist, for  any ~ > o, infinitely m a n y  h, all mul t ip les  of k, such t ha t  

I q -v '  - x l < 

for  l== J, . . . ,  L. Fo r  such vMues of h, 

Iq ''~ + ' + q"*"- '  I > (, - ~,)Lq h ` ' -  ( K - -  i - -  L)q"". 
Hence  

qah =~: ()(q(1--O)h) Jr_ ()(q,oh). 

Since e < a, this  implies a =< I - - 0 .  Final ly ,  by the  func t iona l  equat ion (7), if  

s + o  is a zero of L ( f , z ; s )  t hen  l - - S  is a zero of L ( f , ~ ; s ) .  

I t  is an in te res t ing  consequence  o f  L e m m a  I t h a t  any inequal i ty  of the 

f o r m  (38) au tomat ica l ly  implies a more  precise inequali ty.  I f  

s~',~ (,t; z ) =  o(~ (~-~ 

for  an 3" e > o, as h -+ ~ t h r o u g h  mult ip les  of a fixed in teger  k, then,  by L e m m a  I 

and (S), 
I s(")(f,  z)l < ( K - -  i) q(,-o),, 

for  all h. Such a s ta te  of affairs is fami l ia r  in eonneet ion  wi th  the  R i e m a n n  

zeta-funct ion.  
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L e t  t: deno t e  the least  c o m m o n  mul t ip le  of  ~:~, . . . ,  ],',. L e t  aj, . . . ,  ten- 

deno t e  # , ,  . . . ,  #.,. and  the i r  con juga tes ,  a~, . . . ,  cCx are  all e l emen t s  of  [q{'],. 

and  are  all different .  I f  kih,  ft.(x) spli ts  up  in to  a p r o d u c t  of  l inea r  f ac to r s  in 

iqh}, and  u,e can wri te  

(39) S(h i  (.[: 7.) : -  ~ Llb'l (~ ---- ~1 ) �9 - " |l~f'( (_~" " fr 

i,, !,/'] 

where  ~/s ~ffl, are  cha rac t e r s  of  [qh], t'i of  t h e m  be ing  equal  to Cht (i=: I, r). 

F r o m  now  onwa rds  we cons ide r  the  stun 

(140) ,%' r.= 8 (~1'  " ( l ] ' ;  l l l[fl ' " " ilJ']~') - -  ~'~3 i '~ l  (~ -{- ((1") i1~"  (~ ~- C~/(), 
in [Q] 

where  cq, . . . ,  aK are a.nv e lements  and  ;P',, . . . ,  ~FA- any  c h a r a c t e r s  of  an  

a r b i t r a r y  finite field [Q!. I t  will be p roved  in the  nex t  two sec t ions  t h a t  if 

-~ . . . . .  cqc are  all different ,  and  z/z, . . . ,  '/+A are non- lwincipal ,  t h e n  

(4 ' )  S .... 0(@-",,) 

as Q->  ~ ,  where  01,- has  the  va lue  ~ iven  in ([ I). 

Suppose  fo r  a m o m e n t  t h a t  'ffl . . .  ~/+/~" is the  p r inc ipa l  c h a r a c t e r  and  t h a t  

I 
<q . . . .  , e~x are  different .  T h e  c h a n g e  of  var iable  ~ - --c~/c + in (4o) ~ives 

i] 

(4-=') s ( . , , ,  ~,,,; ~ , , , ,  ~ 1 . , . ) : :  . ,s ' ( ,~ ,  . . . .  , , ~ , , _ , ;  , I . ,  . . . .  , , g , , _ , ) +  o(,), 

where I '  i :  : ' a n d  

I 

( 4 3 )  f l i  = (/" = -  I . . . .  , ] ( - - I ) .  
f f i  " -= ~h" 

H e n c e  any ine, lual i ty  of  tim f o r m  (4I) wh ich  is val id  for  all sums wi th  K fac to r s  

fo r  wh ich  !t+~ . . .  ~/+A" is the  p r inc ipa l  c h u r a c t e r  is also val id fo r  all sums  wi th  

K - -  [ f ac to r s  w i t h o u t  any  snch res t r i c t ion ,  and  converse ly .  

7. T h e  case  K==: 3. 

I n  this  sec t ion 'h id the  fo l lowing  one,  all vari~rbles of  s u n n n a t i o n  r u n  t h r o u g h  

!Q], sub jec t  to  any  res t r i c t ions  expl ic i t ly  imposed .  

W e  no te  here  fo r  conven ience  o f  r e fe rence  two f o r m u l a e  r e s u l t i n g  f r o m  

l inear  t r a n s f o r m a t i o n  of  the  variable�9 Firs t ly ,  f r o m  the  t r a n s f o r m a t i o n  ~== 

--~ - -  a I + (a~ - -  cq) ~1 we ob ta in  
] 5 - - 3 9 3 2 .  .4cto mat/~rmati~'a. 71. T m p r h n d  ]e 15 m a r s  1939. 
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(44) 

where 

. . . . . . . . . . . . . . .  

Secondly, if qq W~ U s T~ is the principal character ,  successive upplication of (42), 

(43) and (44), (45) gives 

(46) 

where 

(47) 

Lemma  2. / f  cq, aa, aa are (l~O'ere,t element,~' o f  [Q], a , d  "qs ",is, "q~.~ are no,-  

pr inc ipal  characters o.f [Q], then 

Proof?  By (44) it is sufficient to consider  S = ~(o, I, a; ~Fj, ~g_~, W:~), where 

a~=o ,  I. We have 

This is unMtered if we impose the condit ion V =V o. Wri t ing  ~ '~  V~', we obtMn 

~4=o 

1 I r 
I f  we impose the  condition ~" + I, r~, a , the elements ~ , I, ~i'' e are all different. 

Hence,  by (46), (47), 

1 
~+0, I, a, 

where 

t T h i s  proof  is  e s sen t i a l l y  t h e  s ame  as  one g iven  in  a p r ev ious  pape r  ( Jou rna l  L o n d o n  Ma th .  

Soc. 7 (I932), I I 7 - - I 2 I ) .  
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{z (z - -  ~)~ 

The number  of solutions of 7 ( ~ ) =  7 for  given ;, is at most  2. Hence  

7 

7 

by Cauchy's  inequality.  

~ T  o w 

Z I ~'(O, I,  ~; iF.2, ~F2, ~r 2 

7 

Also, writing; 7 ' ~  I M - - ;  

~ §  

�9 p 

7 7':4:0 

The last sum has the value Q -  ~ if ~-~ ~l, and --  I o t ,  herwise. Hence  

IS( ~ ~ , / ;  .'-l',-,, '~'--,, ~V:,)l ~ .... O(q"). 
7 

Subst i tu t ing  in (48) we obtain the result  enunciated.  

Theorem 3. I f  (a) I f  == 3, "or (b) I f = ~  4 a , d  Z~ ' . . .  Z ,~"=  7~o, tl~e ze~'o, q/' 

L(L z; .,--o) 
l < a ~ - 3 .  
4 4 

This follows f rom Lemma  2, in vi r tue  of Lemmt~ I and the remarks  made 

in w  

. 

The proof  of (4 I) in the 

proof  for  K-~-3  jus t  given. 1 

T h e  ease K > 3. 

ease K >  3 uses quite di f ferent  ideas f rom the 

1 The proof is a ref inement  and extension of a method  previous ly  used in connection wi th  
a special case of the problem (see Quarterly dournal  of Math.  8 (I937" , 3o8--312). 
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L e t  R be  o n y  p o s i t i v e  i n t e g e r .  F o r  a n y  ~'1, , . . ,  ~ of  IQ] we de f ine  

~ ' t  ~" ~ '  " 

w h e r e  ~ , = ~ 1  + ' "  ~- ~ v = �9 ~R, . . . ,  -.t: gl . . .  ~R d e n o t e  t h e  e l e m e n t a r y  s y m m e t r i c  

f u n c t i o n s  of  ~ ,  . . . ,  ~le, ~ n d  ~ d e n o t e s  t h e  : a b s o l u t e  t r a c e  of  a n  e l e m e n t  of  [Q]. 

L e m m a  3. ~..~1 1 (~,, . . . ,  ,,:)1- < R!  q~: .  
r . . . . .  Cn 

Pro(~. T h e  s u m  is 

w h e r e  ~' v ,  ~' -' Z 1, . . . ,  ~ I: d e n o t e  t h e  e [ e m e n t u r y  s y m m e t r i c  f u n c t i o n s  of  v i, . . . ,  ~ I:. 

T h e  s u m  o v e r  t h e  ~'s is zero  u n l e s s  E 1 E 1, �9 ., ZR ~- R, i. e. u n l e s s  ~'1, �9 ~'1~ 

a r e  a p e r m u t a t i o n  of  ~i, . . . ,  ~'R. H e n c e  t h e  r e s u l t .  

L e m m a  4. Let cq . . . .  , al~ be &i t fere , t  elements o f  [Q] amt  ;g~, . . . ,  'glc be 

. ,o,-princ~Tal characters q/" [Q], a~d let S be the sum (4o). Then  

�9 IC 1:~'2 
, . . . ,  

'h', . . . . .  ' , ' K  \ i :  =1 i = 1  i -  1 

'~h =L~ O ,  . ~ . ,  ~ 1 (  =l~ 0 

t ' roo f ,  W-e h a v e  

~'~ Y, ' ~  ( ~  + -0 ~ .  + ~>) ~" ~'~ ~ . . . . . . .  ,c ~,_~ + ~o,) + r~,-)). - - -  �9 �9 �9 L ~ R  

g~, " ' ' ,  ; R  

~ e l ~ c e , ~ b y  (~ 8) ,  

S~: i . . . . . .  ,,~, + - ~ ) + - . .  )) 

Usino '  (~7), t h e  r-esui t  uo~v ~o l lows .  
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L e m m a  5. Suppose  that ,  i n  add i t i on  to the hypotheses  o f  L e m m a  4, ~ . . . T x  

i s  the p r i . c ~ ) m l  character .  L e t  ! %  #~, #s,  l q  be e l emen t s  o f  [Q] sat is~i l in  9 

(49) ~q ~t I - -  !tg ft  3 = I ,  !ta ffi + !t ,  ~, o (i =: I, . . . ,  K ) .  

The,~ 

where  

I s ( ~  . . . .  , ~ ;  ~ . . . .  , ' ~ , r  I s ( ~ ,  . . . ,  ~ ;  ~ , ,  . . . ,  ~,~)1 + o ( , ) ,  

~ i  .__ ,ttt cti + 1".2 

lz~ a i  + ~t~ 
( i = = , ,  . . . ,  K).  

/)~ 'OOf. By t h e  l i n e a r  t r a n s f o r m a t i o n  

L e m m a  6. Suppose  t ha t  K > 5 ,  a n d  tha t  cq, . . . ,  *~s- are  d~fl~re~t e l emen t s  

q)" [Q]. T h e  n u m b e r  o f  so lu t ions  o f  the K §  3 e q u a t i o , s  

i = l  i ~ l  

. . . ' . .  o f  [Q] subject to i~ e l emen t s  '~h . . . .  ~x ,  '~2'J, . . ,  ~'K, tq ,  . . ,  !.q, t t~ ,  ., it'4 . 

~p + o,  "~ # o 

t t t t 

lq  l q  - -  It., !,t~ - -  f~ 1 i t  i - -  ! t  ,, ,u .~ t ,  

t ] 

fga a'i + /t  4 @ O, / t  .~(~i + !g 4 @ 0 

( ; --  1 , . . . ,  K )  

(,: = ~ , . . . ,  K )  

�9 Ct' 1 gti + Ct' 2 
Proof i  R e p l a c i n g  , . . . . . .  , by  e;, i t  is su f f i c i en t  to  p r o v e  t h a t  t h e  n u m b e r  

�9 g~ch" + ,tt~ 
of  s o l u t i o n s  of  

(5~) ~ ~ ~ ! ,  j - - o ,  . .  ., K +  2, 
Cti "t- ~t l]  ~" 

i - - 1  t : = l  

subjee~ ~o t h e  o~her  c o n d i t i o n s  is O(QK).  For t h e r e  a r e  0 ( ( d  ~) p o s s i b l e  se ts  o f  
�9 ! ? ! 

v ,dues  f o r  # 1, /x 0, # ,j, # 4- 

S u p p o s e  f i r s t  t h a t  ~tl, r ,u~, u.~ a r e  such  t h a t  t h e  t w o  se t s  

(52) ~q . . . .  , c~jc; ~t, a t + ~.~, ~q ~z~,. + ,u._, " " ...... �9 * " 7  . . . . . . . . . . . . . . .  

Eta cq + ~t~ !t:~ czK + ,tt~ 
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have at  m o s t  two 

i~, i.~, i~ such tha t  

(53 )  tg_%• ttU..~.#.t", #, . . . . . . . . . . . .  ~ , .  + #..  

common elements.  Then,  since K > 5, there  exist suffixes 

are different  froln all of c q , . . . ,  ux. Consider the equat ions  (5 I) as  K +  3 

l inear  equat ions  for  ~'~ . . . .  , V'A-, V,.,, ~p~, % in terms of the remain ing  K ..... 3 ~'s. 

The  de t e rminan t  of these equat ions is not  zero, since a ~ , . . . ,  aic and the numbers  

(53) are all different.  Hence,  for  given ,tq, !% tt:~, tt~ of the above kind, the 

nu m be r  of solutions of (51 ) in W, . . . ,  W:, ~]'~, . . . ,  ~]'~" is O(Qh'-~) .  Also there  

are at  most  0 ( @ )  values for  /q, tt~, !%  !% 

Suppose now tha t  tq ,  tee, #~, ! q  are such tha t  t h e  two sets (52) have at  

least  three  common elements,  say,  withou t  loss of general i ty ,  

(54) tq  ez + #.~ ~tj % + tt~ tt~ % + #~ 
,% cq + ~t a ,% a~. § ~t t #3 a.~ § #~ 

H e r e  ill, fl-2, fl,~ are three  of ~1 . . . .  , (~A', necessari ly different.  The  n u m b er  of 

possibilities for  al, %,  aa, flj, fl~., fl:~ is 0(~). Given the values of these,  there  

are only 0(~) possibilities for  t%  tts, tt:, #~ to satisfy (54) and , tqtt l=--It~#.~--1.  

For  if this is not  so, the l inear  equat ions  

tq % + t t`, - -  tta % ft., - -  tq  fl.z : o, 

~1 a3 + fte - -  Iza cz3 f13 - -  !Q fla .... 0 

are no t  independent ,  i .e .  there  exist  A, B, C not  all zero such t h a t  

A + t 3 +  C==o ,  

A a  I + B a . ~ +  C % = o ,  

Afl~ + Bfl.z + C f i : ~ - ~ o ,  

A al fl~ + B <~,, fi~ + C %/3.~ :-- o. 

Suppose, e . g . ,  t h a t  A ~ o.  W e  have 

d (a~ --  @ + B (a.~ - -  a.~) = o, 

A f l , ( c q - - % ) +  B fl~ (% --  %) = o, 
whence 
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A (~ - -  3-0)(a~ --  "',) = o, 

which is a contradict ion.  

Hence  there  are at m o s t  O ( I )  sets of tq, #-2, !% /.q such t h a t  the two sets 

(52) have at  least three  common elements. Given the  #'s, the  first K of the 

equations (5I) determine ~1, . . - ,  ~K uniquely in terms of '2'1, . . . ,  V'K, and so 

in this case we again obtain only O(Q A') solutions for  (5I). 

Lemma 7. I f  K > 5 ,  aud  %, . . . ,  coc are di f ferent  elements o f  [Q], and  

T j ,  . . . ,  Ws( are *wn-princl)ml characters o f  [QI .~.uch that "qs I . . .  ~j~ is  the p r in -  

cipal character, then 

( S=-: S ( a , . . . ,  c~x; T~ . . . .  , ~F~c)= 0 Q~-..,(i~ii) . 

Proof. Choose 1l = K + 3. Le t  !% #~, !% !.ta be any elements of [Q] satis- 

fy ing (49). By Lemmas  4, 5, 

I s + o ( ~ ) l ' ~ Q  ~ y ,  T v , : w ~ < + ! ~ A , . . . ,  V, 
~ h ,  . " ", * ; K  \ i = 1  i = l  

~h ! :  0, . . . ,  * /K =~- 0 

Summing  over all ,u j, !,.~, !% P4 satisfyino" (49), we obtain 

(55) &IS + o ( , ) l  " - ~ :  0 (~ ~ y , v  ~,,-+~ . . . .  , ~ o ) l ~  (,~-+~, �9 , ~o)1 , 

where P(.~x+2, . . . ,  ~'0) denotes  the number  of solutions of the K + 3 equat ions 

" ( t Z ~]i ,tq c~,: § t% .i 
i=1 \!~sCti + ~tt:] ~'7' , j - -  O, I,  . . . ,  K+2, 

in ~1 . . . .  , ~2X, !tl, P,~, #3, ft~ satisfyina' *h =t= o and (49). 

Now 

7~ ( v  <;,;, ~ , . . . ,  ;0~)'-' 
CK+o. ..... r 

is precisely the number  of solutions of (50) as defined in Lemma 6. Henee  

(56) ~ (e(r . . . ,  r = O (Q~'+:'). 
CKq2 . . . . .  ~o 

By (55), (56), Lemma  3, and Cauehy's  inequali ty,  
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whence the  result. 

3_ . . . .  I)e (a) g > 4, o," (b) I f>--  ` 5 a m l  Z~? . . .  Z,. T h e o r e m  4. L e t  Otc : :  2 ( K  + 4) = - -  

.... Zo, the zeros  o f  L ( . / ;  Z; s) (exeqJt  .~, = o) satL~:fil 

OA- <= a <= I - -  OK in, case (a), 

a ~ d 

OK--1 ~ (7 ~ I - -  OK--i 'l:ll ease  (b). 

This follows f rom L e m m a  7, in v i r tue  of L e m m a  I and the  r e m a r k s  made  

in ~ 6 .  

9. T h e  D i s t r i b u t i o n  of  P o w e r - r e s i d u e s  (rood p ) .  

L e t  p be an odd pr ime,  and  let  Z~, . . . ,  Z,, be any  non-pr inc ipa l  charac te r s  

( m o d p ) .  Deno te  the i r  orders  by 11, . . . ,  ln. Le t  8~, . . . ,  8n be any set  of , 

roots  of uni ty ,  8i be ing an l i - th root  of unit) ' .  L e t  .E(8,  . . . ,  8,) denote  the  num- 

ber  of sequences 
x +  I, x +  2, . . . ,  x + n  

out of I, 2, . . . , p - - I  for  which 

(57) z , ( x  + ~) = 8,, . . . ,  z,(:,:  + ,~) == 8,~. 

[ " { T h e o r e m  5. E ( 8 , , . , . ,  8 , , ) -  l l  : -  i71 < 11 ( P l - ~  § I) ,  ~l)]leFe 

Proof:  

�9 4 '  2 (9~ + 4) 
The  expression 

I § 8 - 1  8__ 2 ,, r--(/i---1 l$--1 [ ~  z~(x) + .~ zZ(x) + . . .  + ~ )z~ ~:~:~ 

has  the value l~ if 7 , i (x )=  8i and  zero o therwise  (for x - i : o  ). Hence  

I 

~ : ( ~ "  " " "' ~") = i ; 2 - 7 _ ? ; ~  

(" > 4)- 

- ( ' ~ ' ?  '~ - '  (x + +)}. 2; I I  { i +  8; lz , (x  + i / +  �9 + 8, z ,  
x=O /=1 
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The error made in replacing the summation by one over a complete set of residues 

(mod p) does not exceed n in absolute wlue. On expanding the product, the 

right hand side then consists of l l  . . .  In sums. One of these has summand I, 

the others are character sums of the form 

p~l 
Z ztl (X ~- i l )  . . . Z':" (56' "~- Jr), 

x~O 

with non-principal Z'I, �9 . . ,  Z'r where I =<r~<n. The sums for which r = I  

wnish,  and those for which r-=2 have absolnte value ~ f p  < n p ~ - ~  By (I3), the 

absolute v a l u e  of a sum with 3 ~ r ~ n  does not exceed ( r - - I )p l - -Or<  npl--On, 
where O~ is given by (II). Hence the result. 

2 (n+t) 
C o r o l l a r y .  I f  n ~ 4 a n d  p > (n  11 . . . In + I)  a , t h e r e  e x i s t s  a s e q u e ~ w e  

x + i ,  . . . ,  x + n s a t i s f y i n g  (57) .  

For then 
po~  > n l~ . �9 . l,~ + I 

> n 11 . �9 �9 1,~ ( I  + p - - ~  

> n l l  . . .  1.(I + p-~+o~), 
whence 

( / - o , ,  + I) < P 
Ii . . .  In 

In the particular case of quadratic residues (l~ . . . . .  In = 2), the result 

of Theorem 5 can be improved upon by the use of various devices? Using the 

theorem of Hasse, 0,~ can be replaced by i for n = 4 ,  5, and using the result 
2 

of this paper, 0,~ can be replaced by 

3 f o r  n ~-- 2~ / ' ,  2 n '  -~ I .  
2 (2 ~,,' + 3) 

The University, Manchester. 

* See Davenpor t ,  Journa l  London Math .  Soc. 8 (I933) , 46- -52 .  
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