
ON A CLASS OF PERFECT SETS. 

BY 
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Of M A N C H E ~ T E I ~ .  

I. By an M-set, or a set of multiplicity,  we mean a set E in (o, 2~) such 

t h a t  there  exists a t r igonometr ic  series 

oo 

t/n COS n x  -k bn sin ~,x 
7 t = l  

whose coefficients tend to zero but  are not  all zero, and which converges to o 

in CE.  This paper  is concerned with perfect  M-sets. 

A perfec t  set P may be supposed to be const ructed by subt rac t ing  its 

cont iguous intervals  d~, d~ . . . . .  in this order  f rom (o, ~ ) .  W h en  d l , . . ,  d ,  

have been subtracted,  there  remain cer ta in  closed intervals ql . . . .  q,,, and f rom 

one of these, 0i say, d,+l is to  be subtracted.  I f  

d i  
l im -v,~l __ o, 

t hen  P is an M-set. This is the theorem we prove. 

Some years ago, Nina  Bary 1 const ructed  a class of perfec t  M-sets. This 

class was subjected to two condi~ons,  Bary  enuncia ted the hypothes is  tha t  the 

second condit ion was superflous. The class of perfect  sets subject  to the first 

condit ion alone, is apparent ly  wider than  the class ment ioned  above. Bu t  we 

show tha t  they are identical,  and thus  verify Bary 's  hypothesis .  

1 N. Bary, Fund. Math. IX I927 (62--115) 52,3. 
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2. In  what  follows, when we speak of subtract ing open intervals (ai, ~3~) 

i--= I , . . .  v, f rom a closed interval (a, b), it  is to be unders tood that  

a < a  l < f l l  < a ~ <  .-. < f l , , < b .  

Consider the  following process of forming a perfect  set P in the closed 

interval  (o, 2 z) = Qo. 

(i) Subtrac t  from ~0 the 1 ~ open intervals d~,.~., d,~o, where 1 ~ is any as- 

signed integer�9 There remain k 1 I + 1 ~ closed intervals e~, ' 

(ii) Subt rac t  from each closed interval eJ ( i =  I , . . .  k~) the lJ open inter- 

vals d~ ' l , . . ,  d~l}, where lJ is any assigned positive integer. There remain 
kt 

k.., ~ ~.~ (I + 1}) closed intervals r . . .  e~-~. 

(iii) Generally, let Q~,-1, o,,-1 denote the closed intervals which remain 
' ' '  ~ k m _ l  

at  the ( m - - I )  th stage. From each interval e~. "-1 ( i =  I , . . .  km-~)subt rac t  the 

(,,-1,. open intervals d;'~, . . .  d7~,~-1, where 1. ~-1~ is any assigned positive integer. 

km~l 

There remain k~ : ~ (I + l~ -1) closed intervals e'~", 0"' 
i = 1  

Let  D~" denote the sum of the open intervals d~'~l,.., d~'~,-1. Let 

kin--1 

D,,-= ~ D~'. Then ~ D,,~ is complementary  to a perfect  set P .  Let  m~x Q~, 
i = 1  ~ = 1  

rain e m denote the greates t  and least lengths of the intervals which remain in i 

Q,n-1 when m D i is subtracted.  I t  has been proved by bl. Bary (loe. tit.), that P 
is an M-set  if these two conditions are satisfied. 

Condition I. There is a sequence ~,, of positive numbers  such tha t  

D•ll, lira e ,~=o;  - < ( i -  I 2, k,~-l; m - -  I, 2, .). 
e ~ ' - :  - * "  ' " . . . .  

Condit ion II.  There is an absolute constant  C such tha t  

max Q~: < C .. -1 

I t  was conjectured by Bary tha t  the Condition I I  is superflous. W e  shall 

prove that  this conjecture is valid, The proof of Bary consists in construct ing 
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a periodic function ~(x) which is constant in each contiguous interval of P ,  

but not constant on CP, such that  

2 ~  2~  

0 0 

Then the series obtained by formal differentiation of the Fourier series of I"(x) 

converges to zero in CP. Thus P is an M-set. 

The exposition of Bary was devised so as to avoid, wherever possible, an 

appeal to Condition I I ;  and this condition is used only at one point of the 

proof. In  order to dispense with this condition, what is necessary is a more 

detailed examination of the structure of P .  This however is hardly possible so 

long as we imagine the perfect set to be constructed as above. If, however, 

all the numbers 1 which enter into the above construction equal I, the problem 

becomes manageable. The reader will suppose that  this involves a restriction 

on the class of perfect sets. By no means. An essential part  of our proof 

consists in showing that if P satisfies Condit ion I, then the contiguous intervals 

can be subtracted from (o, 2 ~ ) i n  such a fashion, that, with a suitable notation 

all the numbers l equal I, and Condition I is satisfied for the new method of 

construction. This result naturally enables us to simplify the rest of Bary's 

proof, and we have thought it best to give a complete demonstration of the 

theorem. 

3. In the closed interval d -~  (a, fl), let di~-(a,., fie) i - -  I , . . .  ~ be n open 

intervals such that 

a < a l < ~ , <  "" < a , ~ < f l , ~ < f l .  
Let 

~,d~ < e~ (~) 

where o < 0 <  I. The set d - - ~ d r  may be regarded as obtained from (a, fl) by 

subtracting the intervals di successively. This subtraction .can be effected in n! 

ways according to the order in which we subtract the di. Let d~,, . . .  dr,~ be a 

permutation of dl, . . .  dn, and let them be Subtracted in that  order from d. 

We define ~>the index of dr,>> (Ind. dr,) for that  order of subtraction, to be 

dr~/d. Suppose that  the indices of d~,i , . .  d~ (i < u) have been defined. When  
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dr,, . . .  dr i have been subtracted from d, t h e r e  remain i + I intervals, and from 

one of these, d say, the interval  dr~+~ is to be subtracted. We define the index 

of dr~+1 for ~he given order of subtraction to be  dri+J~. 

The fo l lowing lemma is of fundamenta l  importance. 

Lemma I. If (I) is satisfied, then there is a permutation dr,, . . ,  dr,, such 

that i f  the intervals dl are subtracted in this order, then the index of  each is < O. 

The proof is by induction. 

n - - ~ .  There are two cases. 

(i) I f  

then  

Subtrac t  dl first. 

now be subtracted in some order from (fix,fl). 

The lemma is true for n = I. Assume it for 

d, --> 0 (..., - ~ ) ,  

,/.. + . .  + ,t,, < o ( t ~ -  - )  - (~ (-.~ - 6) 

< o ( ~ -  . , ) .  (2) 

I ts  index is less than 8 by (1). The intervals d ~ , . . ,  dn must 

By (2), 

4 + . . . .  + & < o ( g - t ~ , ) .  

By the lemma for n - -  I,  there is a permutat ion dr, . . . .  dr,~ of d~ . . . .  d ,  such 

tha t  ~he index of d~j (3"== 2 , . . .  n) is less than  6, when the intervals are sub- 

t racted from (fl~,fl) in 

the required properties. 

(ii) I f  

then since 

tha t  order. Then d~, d~.~,.., dr,, is a permutat ion with 

d, < 6 (~,, - , ) ,  

d~ + ..- § d,, < O( f l - -  ~), 

(3) 

there is by the lemma for n -  I, a permutat ion dr~ . . . .  drn_ 1 of d ~ , . . ,  dn such 

tha t  on subtract ing the ( n - - i )  intervals in tha t  order, the index of each is < 0. 

We finally subtract  dl f rom (a, a~). Then its index is less than  O by (3). Hence 

dr . . . . .  dr,_ 1, dl is a permutat ion with the required properties. 

4. Consider now the construction of P in 2. Suppose tha t  the Condition I 

is satisfied. Take m =  I. Then 

dl + " -  + d b < e l . 2 J r .  
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By l e m m a  I, these in tervals  d~ can be sub t rac ted  in a cer ta in  order  so t ha t  the  

index of each is ~ e~. Le t  us denote  t h e  in tervals  in the new order  by 

W r i t e  

d I , d~ . . . .  d,,. (4) 

w = ~ , .  ( . =  ~ , . . . ,  zo) (s) 

Then  if the  d~. for  I --< i--< 1 ~ are subt rac ted  in the  order  (4), the  index of each 

is < V;. 

W e  now consider Condi t ion I for  m :  2. The  set complemen ta ry  to (4) 

consists o f  t h e  intervals  Q~ , . . .  ~].,. F rom ~ we sub t r ac t  the  1] open in tervals  

d ~ , , . ,  dl~tl. The  Condi t ion  I gives 

d~,, + ... + d],~ < ~_,Oi. 

By l emma  I, these in tervals  can be sub t rac ted  in a cer ta in  order,  so t h a t  the  

index o f  each is < ~2. Le t  us denote  the  in tervals  in the new order  by 

W r i t e  

d/o+ 1, dto+2 . . . .  do+l~. 

?In ~ 8.2 (n = l ~ + I . . . .  l ~ + l]). 

(6) 

(7) 

F rom q~ we sub t rac t  the  l~ open intervals  d] , , . . ,  d~t~. The  Condi t ion I gives 

d~, + ... + d~ '  < ~q~. 

By l emma  i, these in tervals  can be sub t rac ted  in a cer ta in  order  so t h a t  the  

index of each is < ~ .  Deno te  the  in tervals  in the new order  by 

W r i t e  

d l ,+ , ;+~ , . . . ,  dt,+d+~. 

~ n  ~ 82 

(8) 

(n = l ~ + z~ + , , . . .  l ~ + z'~ + z~'). 

W e  repea t  this process till we have  considered ~.,. Then we have  defined the  

sequences 

d~, ~ (i - -  ~ . . . .  ~o + Z~ + , . .  + lk~). (9) 

I t  is clear  how the process is continued.  We have  lira r i c o .  W e  have  

thus  proved  
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L e m m a  2. I f  P be a perfect set constructed as in 2 and which satisfies Condi- 

tion I ,  then the contiguous intervals o f  P can be written as dl, d~ . . . .  dn, . . .  so 

that i f  they are subtracted .from (o, 2z)  in this order, then lira I n d  dn ~ o. 

In  order  to prove tha t  a perfect  set P which satisfies the Condit ion I, is 

an M-set, i t  is sufficient to prove 

T h e o r e m  I. Let  P be a perfect set in (o, 2z) ,  obtained by subtracting the 

contiguous intervals dr, d~, . . .  in this order. I f  lim In d  d~ ~ o,  then P is an M-set. 

5. Before we can prove Theorem I, we must  consider ano the r  method  of 

cons t ruc t ing  P .  F rom the interval  (o, 2 ~v), subtrac t  the closed in terval  d o. There  

remain two closed intervals,  which we denote  f rom lef t  to r ight  by QL, r From 

Q~ we subtract  the open interval  6~ and f rom Q, we subtract  the open interval  

~ .  There  remain  four  closed intervals which we denote  f rom l e f t  to r ight  by 

q , ,  q~,, Q,t, Q,~. F rom QH we subtract  the open interval  6n,  f rom Q~, we subtrac t  

61~, f rom q~t we subtract  6~1 and f rom 0,~ we subtract  6,,. There  remain  eight  

closed intervals  Q~jk (i, j ,  k ~ I, 2). I t  is clear how the  process is cont inued.  The 

intervals  ~ with the same number  of suffixes are sub t rac ted  in lexicographical  

order;  and the intervals  with v + I suffixes af ter  the intervals  with v suffixes: 

60, 61, 6,, 6~,, 61~, 621, 6~, 6121, 61t2, ~l,t, 61~ , . - .  0o) 

The set complementary  to the sum of the intervals  6 is a perfect  set P .  We 

wish to prove, 

L e m m a  3. Let P be a peJfect set formed by subtracting its contiguous inter. 

vals dl, d2, �9 �9 �9 in this order, such that lim In d  dn "~- o. Then there is a way o f  

writ ing the intervals di in the form (Is), such that i f  the intervals ~ are subtracted 

in the order (IO), then Ind  6p,~, .... p,, (pi = I, 2) tends to zero as n ~ :r 

W e  write 

6 0 = d 1. (I I) 

Let  the members  of 

dl, d,, d , , . . .  (i2) 

which are contained in Q1 be wri t ten  as 

dz,, d~, . . .  (i3) 
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where  the suffixes form an increasing sequence. Let  the members  of (12)which  

are contained in @~ be wri t ten as 

d~,, d~, . . .  (I4) 

where the suffixes form an increasing sequence. Then d~, is the first d, which 

is subtracted from @1 in the order (I2), and d~,, is the first de which is subtracted 

from e~ in the order (12). Wr i te  

Then as far ~s the  first three terms of (I0) are concerned, Ind60,  I n d d l ,  I n d ~  

for  (IO) are equal  respectively to Ind  dl, Ind  d~,, Ind  dt,, for (12). 

W e  now consider the  four  intervals el~, @~, e~, e.~2. 

(12) which occur in them be wri t ten  respectively 

d~,, d~.~, . . .  

d y ,  , d y e ,  . . . 

d , , ,  c4. ,  . . .  

d,~,,, d ~ ,  . . .  

Let  the members  of 

(~5) 

(16) 

(17) 

(,8) 

where the suffixes in each sequence are in ascending order. Then d~, is the 

first dt which is subtracted from @~1 in the order ( 1 2 ) ; . . .  d~,,, is the  first di 

which is subtracted from @~.~ in the order (12). Wr i te  

Then Ind  ~n, . . .  Ind 6~o for (IO) are equal respectively to Ind  d~,, . . .  Ind  d~,,, 

for  (2 2). 

I t  is clear how ~his process is continued. Further ,  this process exhausts  

the dr. Now given , > 0 ,  we have 

Indd i< , ,  i>--n(,) 

the  index referr ing to the  order (I2). Let  d l , . . ,  d,~/~) occur respectively in the 

r l t ~ , . . ,  i-,i,) th place in (IO). Then in (Io), any d which occurs af ter  the  Nth place, 

where N =  Max (rl, . . .  r~/,)) is a d whose suffix exceeds n(e), But  by construc- 

tion, the index of this d in the order (m) equals the index of the identical  d 
37--34686.  A c t a  ma the~na t l ca .  65. Imprim~ le 7 mars 2935. 
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in the order (I2). Hence ~p .... ~, < ~ provided tha t  ~p.....p~ occurs in (IO) after  

the 2Y t~ place; i.e. provided tha t  n is sufficiently large Thi s proves the  lemma. 

We can now enunciate Theorem I in the form ment ioned in 2, with all 

the numbers 1 equal to I. For  by lemma 3, we can enumerate the  intervals 

d~, d~, . as in (IO), and if e,,, denote the greatest  of the indices of the 2 '0-~ 

intervals ~ with m -  I suffixes, then e,,~--* o. W e  have then to prove 

Theorem II .  From ~o __ (0, 2z~) subtract the open interval d~. There remain 

2 closed intervals QI, Q~. From each closed interval Q} (i ~ I, 2) subtract the open 

interval d~.. There remain 2 ~ closed intervals q~, . . .  Q~. Generally, let Q~- I , . . .  

E~--I~-~ denote the closed intervals which remain at the ( m -  I) th stage.. T'rom each 

Q~-I subtract the open interval d~. l'here remain 2 "~ closed intervals Q~, Q~' . 
i ' ' '  

2m--1 

Let D,, = ~, d~. Then ~ D , n  is complementary to a pc,feet set P. I f  
i = l  1 

there is a sequence ~,, of l>o.~itive numbers such that 

lira ,,, = o, d".'/o " ' - 1 ,  _.~ -< ~,~, ( i=  I, . . .  2 ~-1, ~*----- I, 2, . .  .) 

theJ~ P is an M-set. 

6. We define a sequence Fro(x) of continuous periodic funct ions by induc- 

tion. Le t  

(i) FI(O)-~ F l ( 2 z ) ~  o; (ii) F~(x)-~-I in d~; (iii) F~(x) is l inear in Q~, Q~. 

Suppose tha t  F~(x), . . .  ~'~(x) have been defined, so tha t  I,;,(x) is constant  in 

each interval  of S , ~  ~ D i ,  and is linear in each interval of R,,,  the comple- 
i~ l  

merit of Sin. 

We define 
�9 = o n  

Let  Q~' be an interval of Bin. From it, the interval d~ +~ is subtracted, leaving 

the intervals ~-1,~m+1 ~2~m+1" We denote by a~ n+l the larger of these intervals if 

they are unequal,  and the first (the left  hand one), if they are equal. We denote 

by ~+1 the other of these intervals. 

We complete the definition of F~+l(x) uniquely, by the condit ion of con- 

t inui ty,  and by 
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F~+I(x)  ~- ~.',~(x) i n  qm+l 

-~ eonst, in d re+l, 

a l inear funct ion in ~ + 1 .  

Le t  ,fiT~ denote the var ia t ion of F~,~(x) on e m, and let A m+~ denote the i 't:i 

variat ion of F~+l(x) on ~+1.  Then 

B u t  

so tha t  

Hence 

I 
(~ + ~) + d 

" ~ - - b a  

d "+1 < (~ + d + a) i - -  8 m + l  

d < ~,, .1 (~ + a) - -  - . . . . . .  . * 

I - -  8 m + 1  

I ,~#t+ 1 I ~i | I ~ m + 1 ~ W  - - < - §  [ --~ 
,fig 2 I ~ 8m + 1 

3 (I9) 
4 

I 
for  em+l ~ ~ ,  i .e .  for m >-- M.  

For  an assigned m, any 

x ~ Sin, then 

F . + ~ ( ~ )  - F , ~ ( ~ )  = o 

point  x belongs either to Sm or to Bin. I f  

(~t-~-~ m ,  m -t- I ,  . . . ) .  

a~ +1 then I f  x < R ~ ,  then x < Q , .  '~, where i = i ( x ) .  I f  x <  i , 

F , , , §  - -  ~ ( ~ )  = o .  

~,,~+1 x ~ d "+~ then I f  x < ~ i  , or i , 

d,~ + 1 
I -~; ,~§ - F o , ( x )  l - - <  ~ ........ I d,:,, I 

(2o) 
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E v e r y  po in t  x < P be longs  to  an  inf ini te  s equence  ~o > Q~ ~ Q: > . . .  

,o~ ~ . .  , w h e r e  i~, i~, . . .  is d e t e r m i n e d  by x .  E v e r y  p o i n t  x < C P  belongs  
,#/t + 1  

~ ~ t t~  �9 
to  a finiCe sequence  Qo > .. .  > ei~ 

m + l  m + l  m + l  - ,  
I f  x <Oim+, ,  then ,  e i t he r  ~,.~+i - -  oi~ , in wh ich  case 1 ,~+l(X) = ~'m(x), or  

m + l  m + l  
else O~m+l = ~t~ , in wh ich  case we  can  a p p l y  (go). 

Cons ide r  t he  r e m a i n d e r  

of  t he  ser ies  

T h e n  

,'m(x) -= ~,  [Fq+l(x) - -  Fq(X)] (m >-- M)  (zI) 
q ~ t  

Y~(x)+ [ ~ ( x ) - F ~ ( x ) ]  + ... (=) 

I ,-~(x)I ~ F, I ~'~+~(x)- 1,'d.)I = ~ '  I t,,+~(~) - F & )  I , "  
q=m q=m 

(23) 

where  if  x < P ,  t he  a ccen t  deno t e s  t h a t  t he  sum is t a k e n  fo r  such  q f o r  which  

oq+~ q+~" while  fo r  x < CP,  t he  a c c e n t e d  sum deno t e s  o if  m > t~, and  the  iq+ 1 ~ (~tq 

non-zero  t e r m s  of  

q ~ m  

dt~ + 1 if  m ~l.~. H e r e  /~ has  the  m e a n i n g  g iven  above ;  i . e .  x <  ~t, " 

[ I " , ,+ l (X) - /~ ;~ (x )  I, we can  a p p l y  (zo). 

L e t  

v,,, = M a x  (~, ,+, ,  ~',,+~ . . . .  ) .  

To eva lua t e  

T h e n  lira ~ , , = o .  By  (23) a n d  (2o), we have  

r162 

I ,,,~(*)1-< v,~,'l~/,,I. (a4) 
q=m 

I f  f o r  a p a r t i c u l a r  va lue  of q, [J,.qq[ is a t e r m  and  is n o t  the  l as t  t e r m  in (24), 
q + ,  

t h e n  the  n e x t  t e r m  ] , s--> I ,  a r i ses  f r o m  an i n t e r v a l  eiq+,. N o w  the  oe- 
j q  eu r r enee  of ] ,q] in ghe a c c e n t e d  s u m  m e a n s  t h a t  F q + l ( x ) / F q ( x )  Also,  the  

f ac t  t h a t  I d,qql is n o t  the  l a s t  t e r m  m e a n s  t h a t  x is n o t  c o n t a i n e d  in d ~+1 tq �9 

-q+~ and  e+~ ~,+1 H e n c e  x < ~lq+ 1 0~q+~ ~ iq 
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q+s 
Also, since qqq+~ > q~.q+,, we have 

,/'~+~ I I ~ ,  '~+1 I 
I iq+sl  -< I - -~ 'q+ l l  " 

By ([9), 

so tha t  

Hence for all x and m ~ M,  

Ir~(x)l < ~.~[~,':' 1~.[3]" 
- ~ 1 ~ 4  / 

Hence the series (22) is uniformly convergent;  F ( x ) i s  continuous, and is constant  

in each interval  of CP ,  and 

I 1,'(x) - F~(~)I -< 3~,,~[ ~ r  (x < d') (~5) 

7. Le t  ~ be a number  which satisfies I < ;L < 2. Choose M s o  large tha t  

27g  

Let  x ~ l ~. 

sequence 

Then x is the l imit  of the sequence qo ~ q,, ~ q~ ~ . . .  

~,  .~,, ~;. , , .  

Consider the 

(26) 

The numbers a have the meaning  previously assigned, so tha t  ai~ +~ ~ • tq2*r-1, q~*'r ). 

The numbers (26) form a diminishing sequence which tends to zero. 1 Hence given 

m ~ M,  there is a unique k ~-k(x,  m) such tha t  

Clearly, 

k 2/17 k + l  2 z g  
"--1 ~ Zm' alk Zrn 

k(x, m) -< k(z, m + O. (27) 

W e  have x ~ Q~1:k, where k ~ k(x, m). By the Heine-Borel theorem, P is contained 

x Supposing, as we may, that /) is non-dense. 
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k in the sum of a finite number  of such intervals qq,. On the other hand,  the 
k number  k -= k(x, m) is the same for every x of Pq~'k" The intervals Qik, k = k(x, m), 

are therefore non-overlapping, and there is a finite number  of them. These 

intervals conta in  P and consti tute a set which we denote by R~,. The intervals 

of R~ are separated by contiguous intervals of P .  

Let  #,~ denote the least k for which an interval of the form Q~ belongs to 

R',~. Then k(x, m) => l~m for all x c P .  

By (27), 
~t,,, < ~ , ,+~ .  (28) 

I f  0)' ' < R~,~, then  ~'2t]tn~'+li--1 ' g'~tl"'u+l < f  ~::f-" Given a natura l  number N,  every, q/k 

2 f f  
for k <--N, is greater  than  2, , ,  for all sufficiently large m. Hence ~,,,+~ > . N  

for m .>- re(N); i .e .  
liln #m ~- ~ .  (29) 

By (28) and (29) every positive integer ~ determines uniquely an m =m(J~) 

such tha t  

. . . . . .  < ~ < �9 ( 3 o )  

We define a sequence {~,,~(x)} by 

(i) ~o,,(x) ---- F(x) for x < CR,,,; (ii) if x < e~ < R,,,, then 9~,,(x) :~ F,,(x). 

We define a sequence {fro(x)} by 

(i) fm(.~:)= F(x) for  x <  Clt;~; ( i i ) i f  x < Q ~ ' <  R~, then f,~(x)= l"A.+l(x). 

Then each of q~m(x),f,,(x) is continuous in (o, 2z), increases from o at  x ~ -o  

to I at  tile left  end of dl, and diminishes from I at the r ight  end of dl to o 

a t  X = 2 ~ .  

8. To prove tha t  P is an M-set, it is sufficient to show tha t  

2 ~  

limnfF(~ 
0 

for all x.  
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W e  h a v e  
2 g  

I = I(n) - n f F((~) cos  n (a - -  x) d a 
0 

2~r 

- .  f (F-f,,)cosn(a-x)da 
0 

=1~ + 5, 

2 ~  

+ n f f ~  cos  n(a --x)da 
0 

w h e r e  m = re(n) is def ined  above .  
p 

S i n c e  f,, = F i n  CBm, 
2 z  

I• ~ f  I F--f.~l a~ 
0 

N o w  R ~  cons i s t s  o f  a n u m b e r  o f  s e p a r a t e d  i n t e r v a l s  Q~' w i t h  k >~ ~,, .  l 

in t erva l  Q~, f,,, ~ F~+I .  H e n c e  

I~ - f , . I  = I F - / ~ k + l l .  

] ~ O W  k Dk+l  _~ k + l  n k + l  1~' (~ k + l  T h u s  Q,: = ~'.,i-1 di + a n d  ~ Fk+l  on  qi 

.... , . , = f  + 
.k k + l  k + l  

Oi 09 i - -1  02 i 

3r],~., l-ld1~+] Qk+] ,..it- [z~k+l ,1.'+1 tl 2i--1[ 2,:--I 2i l~2g ] 

by (~5) 

F u r t h e r ,  

S i n c e  Q/k < / ~ ,  we  h a v e  

21V 

2 i - -1  ~ g 2 i  

, d k + l  ,,~_~[ § [A~'~+~[ = a b s o l u t e  v a r i a t i o n  o f  F ~ . + i ( x ) o n  O~ 

a b s o l u t e  v a r i a t i o n  o f  f ~  o n  q~. 

295 

O n  an 



296 S. Verbhmsky. 

Hence  

by (3o), 

Next 

2~r [total var ia t ion of f ~  in (o, 2zr)] I L l  -< n .  3~,,~. ~-~ �9 

2 ~  

0 

, ( .  - -  x )  d -  = - f f , .  s i n  n ( .  - x ) d ~  

0 

2,'T 2 ~  

.]'(fm--q#~)sinn(a--x)da-- f r 
0 0 

= h  + I , .  

v 
Since f m =  ~m on C//~,  we have 

2r~ 

ir, i-< f l f ~ -  ~al 
0 

fifo- r 
p 

R m 

v t v ! 
On Of' <R.~, we have f m =  F~.+I ~.,~ ---- F~. But  F d~ +1. , �9 ~+1 is constant  on Hence  

f , - ,  f,,,, f f : , ,  ~ ~  = ,.I + + - 
k k §  k-F1 k + l  

(~i d i  r t - - 1  C2 i 

(32) 

We have, 

d~: + 1 

-----absolute variat ion of Fk on d~ ~+1. 

Also on tha t  one of the intervals .,+1 n T M  which is d~+l ,, v~ , we have Sk+l---= Fk; 
~ 2 i  ~ < 2 i  

so tha t  the last two integrals  in (32) equal 
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f l .v' ~t 

k + l  

(33) 

Now F~+I, ~ are of the same sign, and 

F! k + l  ~ 

yarn. of F k i n , ~  +1 + d~ +1 

k + l  Hence  (33) equals [abs. yarn. of Fk on d i ]. Thus 

Hence  

Qk 
i 

k + l  9 ~ [ ~  2 . labs .  yarn. of /~'k on d~ ] 

--< 2V~,m.[abs. yarn. of ~m on e~']. 

[Is I - -  < 2~,  m. [Total yarn. of 9~ on (o, 2z)] 

--< 4 ~ .  (34) 

9. We must  now evaluate 14, and this is the critical par t  of the proof. 

Since 9 m ~ - F  in CRy, and /" is constant  in each of the  intervals of which 

CR'~ consists, (they are contiguous intervals of P), we have 

Ix = - f 9~  sin n (a - x) da .  
N p 

(35) 

W e  shall use the  abbreviat ion AV (f ,  d) for  ~>the absolute variat ion of f on &~, 

i .e .  if d = (a, fl), for I f ( f l ) - - f (~ ) l .  

W e  have 

Ifr sin n(a--x)dal  <-- AV (9',,, O'), (36) 

O k 
i 

since ~ is monotone  on O~- Also, if q~ ~ R;~, 

3 8 - - 3 4 6 8 6 .  

ok k 
i Qi 

Acta mathemativa, 65. I m p r i m ~  le 7 m a r s  1935. 
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since q~.~ ~-Fk  in Q~ and /~'a~ is l inear in ~he interval. 

not  exceed 

2 _< I~o; ,I .  2V~,, 1/~ "t-1 I~;,, I .,,~ _ . 

The last expression does 

But  ~ = 1"~., and this equals 

Hence 

[yarn. of 1" ~ a: ,,: on e;]/e,: =- [yarn. of 9~m on e)]/e~. 

] f ~o'., 
/z 

ei 

s i n n ( a - - x ) d a  ~< ek2,,,_, �9 AV(9o .... eS)- 
i .  

(e~ < Ir (37) 

We now require the following lemma. 

Lemma 4. Let ~' e.,.j-1 be an interval of R,,, wMch lies to the left of dl. Let 

2 z ' Z  I).  (38) 

Y'he~ e~.i can be expressed as the sum of  

, 2 ~  
(i) an interval e,~ ~ R,,  of  length >-- ~,; ; 

(ii) the sum of  pairs of abutti~g intervals el,, dt~,,, such that 

z((,~. + <,.) < (z - )~,;~. (o~ < R;,,) 

Further, AV (q~ .... et,, + d~,)= AV of 9., on an interval of  length el, + dr,, in e:,. 

The pairs of  intervals in (ii) may be absent. 

A similar lemma holds for the case in which e k is an interval  of R',, to 2j 
the left  of d~ and 

< ~ (~ - -  I). q,~j 

Then e~.i_~ can be expressed in the way stated in the lemma. In  the enuncia- 

t ion of the lernma, it  is not  implied tha t  d t is necessarily on the r ight  of el.. 

I t  may be on the lef t .  Finally,  similar lemmas are true when we consider 

intervals k qej'-l, e2j on the r ight  of dl,. 
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As we are considering intervals on the lef t  of d~, all functions 1 r F~., ~v,~ 

are non-diminishing, and we can replace ~absolute variatiom) (AV) by ))simple 

variatiom> (V). 

IO. We now proceed with the proof of the lemma. By the definition of 

~, we have I < ) ~ < 2 .  By (38) ' t~2j_11r 2 z  < ~-~. But Q2kj_l ~ ]~,n. The definition 

p 2 7/; 
of R~ requires o~--> ~;,~. I-[ence 0 k.23 -- > 2~.s 

I f  Q~j < l~'m, we take q~j for Q~ of the lemma, and the intervals in (ii) are 

2 ~t ~ 
absent. Suppose, now, tha t  q~j is not  an interval  of R~. Then since o~ ~5~-~' 

we must  have 
2 7 ~  

k + l  ~ k + l  Max ~ _ ~ ,  -- =~,  

since otherwise, q~j would belong to R~. But  we cannot  have 

2 ~  Min , k + l  D k q - 1  

for then, since Q~j contains both these intervals, we would have 

2 ~ k 2 7 ~  2 cY i .e .  o~ > ;~_~, and 0~+~5~ ~ < O~j_~ < ,~,, < ]~,;=i , which implies t ha t  e~j_~ ~ 

contradiction. Thus, 

2~V 2 7 g  
O& '+1  ~ - -  , T k + l  _ . 

Then z ~+1 2j ~ R,,; also 

For if not, then  

and 

,~k+l  + d k+l < (Z--I)' o & + l  
'-).i ~J ~.i " 

2 7 g  

_> z_ 

p 
Rm--I a, 
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By addition, 
2 ~  

k r which, as before,  implies tha t  02j__ 1 ~ Rm--1, a contradict ion.  

, ~+1 t d k+l for  d ~ Then I f  now o~ +x~j < R~,  we take a TM2j for  (~**; ~j for  ~v and ~ ~v" 

�9 k+~; ~ = F i n  (i) and (ii) of the lemma are satisfied. Also, q~m=I"~.+x in ,~j 

d~+l. i .e .  9m = F~+l in d T M  Hence  2j  ' 2 j  " 

k + l  .~_ k + l  "V (q, gm ~+1 _~ d2 j ) = V (1"/~ ., ,k+i d2 j ). ' 2 j  2j  

But  ~,, /~' == k - -  OJr + = k+~ in ~2j"k+~', i . e .  9,~ l"k in M+~j , and /~k is l inear  in ~o . j -  2j 

+ ~+~ + d T M  Hence  2j ~ �9 

k + l  s V (~m, ~k+12j + d2/ ) ~ Varn. of ~om in an equal interval  in (40) 

Suppose, however,  tha t  o ~'+~ is not  an in terval  of R',,. The  interval  M +m~j was 

the larger  of ok+l ,~+x I t  will be convenient  to in t roduce a new suffix i ,  r  r  " 

and to write 

2j = ~'i " 

I f  q~+l is not  interval  of R',, then  i 

2 ~  
Max n k+~ ok+2 > ~,,i " 

~;2~--1 ' < 2 i  - -  

2~T 
For  if not, we would have ~ + 2 < ~ ,  which toge ther  with 0~ + 1  --> 2~';~,, ,mplies 

tha t  o~ +1 < R~, a contradict ion.  But  we cannot  have 2j 

2 7 g  M i n a  k+2 o k + 2 > _ _ .  
~ 2 i - - 1 '  v 2 i  - -  ~m 

For  then,  since o T M  contains both these intervals,  we would have - i  

27C 
iTS'+ 1 ~--- ok+l ~ 

2j  " i  ~ - - 1  

2 ~  
and, a f o r t i o r i ,  ~2kj > ~ - ~ - ~ ,  which, as proved above, is false. Hence  

2 ~ v  k+2 < _  
~+~ _> ;t-- ~ , % ~ 
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t ~+~ < R~. Also Then *i 

~+~ + a~+~ + ~+2 + d~+~ < (Z-- ,) ~+~. 2 d ~2j $l (41 ) 

F o r  i f  no~, t h e n  ~+~2~ ~- =~2jdk+l "~ Tik+2 .t_ d~+2>__ ( Z - - I )  2~-~m-, 

and 

By addition, 

2 ~  
O~ +~ ~ ~-m ' 

27g 

which we know to be false. 

If  now ~+~ ( R ~ , ,  we take ~+~ for qs; we have two pairs of abutting 

intervals ~k+l~j , d k§ and -i'~'+2, dik+2. Then (i) and (ii) of the lemma are satisfied. 

" I;' - - F  F ' Further, ~ m = ~ k + 2 =  k+l-- k in ~+2, so that (4o) is true. Now q~,~= -~/~e+2 

in d~ +2,~.~=Fk+~ in r . Hence 

k+2 z k+2 v (~,~, ~+~ + ~ ) = v (r~+,, ~+~ + d~ ) 

k+3 II,, ~+'2+ di ) = V ~  t:, ! 

z k+2 since F ~ + 1 ~ F k  in ~+x<~k+~ + d t  . Hence 

k-F.2 V (~,~, ,k+2 + di ) =  Varn. of 9,~ in an equal interval in ~+2 - i  �9 " 

If, however, a/~+2 is not an interval of R',,~, then writing 

0~/'+2 ~ Qk+2, h 

we apply the above argument again. I t  is clear that  since R~ contains only a 

finite number of intervals Q~, we arrive at the decomposition of the lemma after 

a finite number of steps. 

I t  should be noticed that in Qu, ~ , , , = 1 k - 1 .  F o r  ~kj (1~, ~ l r  0~§ 
i - -  2 j  ' 

0~+2= ~ + 2 , . . . ;  and by construction, given Fr in 0~., we have Fr+l--~-~r in ~+1. 

I I. We can now evaluate I~. The intervals which constitute R~ can be 

divided into two classes. Those which lie to the left of d I form the set L,  

and those which lie to the right of d~ form the set R.  Then (35) becomes 
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The 

odd, 

tervals of the second kind form a set L~. Thus 

f f /,~ = - -  q%~ s i n  n ( 6  - -  x )  dec  - -  ~ 

Lo L C 

= ! o +  5 .  

S. Verblunsky. 

L R 

-= I~ + 1 ; .  

intervals Q~ which constitute L are o f  two kinds. 

or i = 2 j  is even. 

x) d~ 

Either i = 2 j -  I is 

The intervals of the first kind form a set Lo, the in- 

sin n (u - -  x) da  

Let the intervals @~.i-1~: which constitute Lo be denoted front left to right by 

Then 

I 1 Io I ~ ~', ~;, sin ,, (6 - . )  a c~ 
p:= 1 t}p 

- < Z 4 , .  
p : l  

We have r say; for some j and for some l ;~t , . .  
2 ~  

~ ~ ~;,~(x-~), then by (37), 

V,;i,;~i v (~,,,, r 

ez(~ (~) I f  ~ < ;~;- - -Q ,  then (~j can be decomposed as in lemma 4. If  any of 

the intervals Q~,, Q~ in that lemm~ belong to L0,  t hey  are the intervals 

& , . . .  & 

say. I f  Q,,~ is one of ~hese intervals, s~y ~j, then by (36), 

OT~ q-" '"-}- J ) - i  -}- 4'+1 -~ '* ' -~  J r  ~ V (99m, ~2 -~-' ' :  -}- ~j--1 -}- (Jj+l -{- ' '*-} ar). 

(~) If 

(4 2 ) 

(43) 



By lemma 4, 

interval of length < ( Z -  I)@~, contained in G~, so tha t  

,1, 2 "~- ' ' '  ~- J j - 1  "~- e~i+l @ "'" "~ J r  ~ (Z- -  I)V(~gm, @s). 

Fur the r  d j =  r -> ~ 7  by (i) of lemma 4, so tha t  by (37), 

, < F G-i v <), 
gr, 

a n d  
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the last expression does not  exceed the variat ion of 9%~ on an 

2 

I f  r is not  one of the intervals (43), we have by the above argument ,  

~G -< (z - ~) v (~m, g,), 
2 

so tha t  (44) is t rue in any case. 

Also, by (36), 

J, _< v (~,,,, ~,) 

< v(F~._I, ~ ay). - -  @2.i-1 + 

Now F~:-I is l inear in ~ -1  and 9o~ = I ~,-1 i n  @i," Hence  

~. d.k 
4 <- %=!_+_ 

2 ~  k 2~ ,~  I), we have Since G >- ~,,,,~, @~j-~ < -~,i ( - -  

4 ~ [ ( ~ -  ,) + d2] v ( ~ ,  <) 
e,~l L 

(]3;" < 'Y.k [@2j--1 -]- d,y -~ @kj] 

< k k - ~ . . , - 1  E%-1 + d3 + ~.~1. 

But  

(44) 
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I 
For relevant  n we have  m ~ m o say and 7]~m_ 1 < , 

2 
Thus 

:Now we have jus t  seen that  

and 

b} lemma 4. :Hence 

and 

Q.~%, < (z - ~ )  <, 

l{k _< 4),V,~Lm_I O~ 

J ,  --< [()~- I) 4- 4;l~),,~_,] V (~,,,, e:).  

Hence,  and by (44), 

r 

1 
(45) 

The 

Hence  

intervals cL+~, c~r+,.,, . . .  & all lie to the r ight  of Q~.i'~" and P~.i ~ ~,~' ~ 

r 

~ J .  _< [~(z-~) + ~ / ~ _ , 1  v (~.,, ~j). (46) 
1 

W e  now consider the  interval &+l = g,.r say. I f  &+l ~ ~-2z(A--I), then 

we have as for (42), 

2 

2z"2  I), we have a relation of the form I f  3r+~ < ~-~( -- 

r + q  

Y, ,5,-<- f~(2- ~) + s 2V~,m_ I] v(f~,  e,L:), 
r + l  

and so on. All the intervals 

dl Q~.~, d~+l, 01 
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axe s epa ra t ed  and  lie in ~]. A f t e r  a finite n u m b e r  of steps,  we shal l  have  

cons ide red  every  J2),P = I ,  . . .  v. ]-Ience 

l •  ~ ( z -  i) 

and  V (~,,,  r  I .  S imi la r ly  fo r  I 7. A s imi la r  evMua t ion  appl ies  to 1~, and  so 

[ ;~ v,.,,LI + 2(~-~)+ sxvG,2;] (47) 

By (3I), (34), and  (47), 

l im [ I (n ) [  = l im l im I/1 + ]~ + I4l  

< lira l im + ~(z-- --i) - 

~ 0 .  

O ,  

39--34686. Acta mathematlca.  65. lmprim4 le 1 avril 1935. 


