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Introduction.

A non-harmonic Fouricr scries in an cxpression of the type

;cne“"", —w<n<m, 1)

in which the numbers 1, (n =0, 1, £2,...) are not all integers. Paley and Wiener [6]
began a systematic study of such series; and Levincon [5] continued their work. The
central problem is to discover necessary and sufficient conditions upon the numbers
{A»} such that to cach real function f () of a given class there corresponds an ex-
pression of the type (1) summable to f for all or almost all # in —z<n<n So
far as I am aware, the best answer to this problem is duc to Levinson ([5] Theo-
rems XVIII and XIX), and is to this effect: if the A, are real, and if there exists
a real constant D such that

|4a—nl=D<(@-1)/2p, 1<p<2, (2)

then to every f(#) belonging to the Lebesgue class L” (-, =) there corresponds a
series (1) which is summable to f(y) in the same sense as an ordinary Fourier series

>ecne™ and that these conclusions are false for the set
An=—n+(-1)/2p, 4,=0, la=n—(p—1)/2p, n=1,2, ... (3)

On account of this last clause, Levinson refers to (2) as a ‘“best possible” result.
This phrase is perhaps unfortunate; since, as we shall show, it is not true that every
set {4,} which violates (2) does not admit representations of type (1) for every func-
tion of L? (— =, n). Secondly Levinson's theorem does not cater for the class L (— =, 7),
which is the appropriate class for ordinary Fourier analysis and which is wider than
and includes the classes L” (—m, n) for p>1. Thirdly Levinson’s theorem does not

admit complex numbers 4,.

1 This work was performed under contract of the National Bureau of Standards with American
University.
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This paper does not attempt a general discussion of the problem; it merely in-
dicates that further work is needed on this question, by showing that a particular
set of numbers A,, which are in general® complex, and which always violate (2), never-
theless allow representation of all functions in L(—m, n). The resulting series (1) is
useful in studying the uptake of B-indolyl acetic acid by plant tissue. The final

section of the paper treats of this application.

Statement of theoretical results.

Let I' consist of the complex numbers y =0 and y = —} (1 + cos z) where z= sin z.
This set I is discrete and enumerable; and the only real numbers belonging to it are
0 and —1. Let ¢ be any complex number not belonging to I. Hereafter we regard
¢ as fixed. The exclusion of the set I' is, I believe, only a matter of convenience.
I suspect, without having attempted to verify these suspicions, that the results of
Theorems 1 and 2 would remain true even if ¢ belonged to I

The numbers A, which will concern us throughout this paper are the roots of

the equation
nAcostA+csinzwd=0. 4)

The exclusion of I' means that this equation has no multiple root. We write 1,=0
for the zero root of (4). All other roots may be arranged in pairs (,, A_.) such that
An+A_n=0, and such that —jn<argd,<}n n=1,2,.... Further
Theorem 1. The suffices of An may be so chosen that the real part of An s not
zero for n=2,3, ... and
An=n—}+(c/a®n)+0(1/n) as n—>o0. (5)
Hereafter we suppose this system of suffices adopted. Theorem 1 shows that in
general the A, are complex and that (2) is always violated, since the maximum value
f (p—1)/2p in (2) is 1/4.
Theorem 2. Let f(n) be any function of L(—mn, n), and define

A+nt Ak ;
= afcle+ )+ A%} f{°°SA""_ cos A} f () dn

(6)
A+atil

ba = afc(c+1)+na® A%} fsml,.n/(n)dn

1 The possibility that the A, may be complex is not, however, responsible; for the 4, are all
real in the particular case [see equation (4)] when ¢ is real and — 1 <c#0.



A Non-Harmonic Fourier Series. 245

Let s(n) denote the Abel sum'
sM) =) 3 (@ cos oy +basin i, p). (N
n=1

Suppose —m<n<mn. Then s(n)=f(n) almost everywhere. If for some particular value
of n there exists a number f, such that

tim [ Uy +e)+/ =)= 2 Ak de' =0, @
0

then s(n)=fo. In particular, tf f(n) has an ordinary discontinuity at 7, then s(n)=
=3{f(p+0)+f(n—0)}; and, if f(n) is continuous at u, then s(n)=f(n). Finally, in
any closed subinterval of (—m, m) in which f(n) ts continuous, the series (7) 1s uni-
formly summable to f(n).

These results are so close to those of ordinary Fourier series that it is surprising
to find two points of difference. In ordinary Fourier expansions the terms cosny
occur with #=0,1,2,.... Here we have cosd,% for n=1,2,...: that is to say,
no constant function occurs in the expansion. Secondly, in any ordinary Fourier
expansion, if f(n) is continuous and f(—=z)=f(x), then s(*m)=f(*n). That this

is no longer true in our case follows from

Theorem 3. If t is any complex number

T sin i An(Ancosdnmtitsind,n)
,.% Zc(cosnt+c nt )(}.ﬁ—t’){c(c+1)+n"lﬁ}cosn}.,._

e, —a<n<am

= 1 9
dtn_ (coancsmnt),n: ta ©)
and in particular, for t=0,
_ < cosdn 7 1, —m<q<=m
ZO(C-H),.% {e(c+1)+n2 A%} cos 7w An {—c,nuj-_.n. (10)

Equation (4) has attracted some attention in applied mathematics. In certain
solutions of the heat equation (see Sommerfeld [7] p. 28) it is conventional to re-

-]
present f(n) by a sine series 2 b,sinA.7 over the range (0, #). Again the analo-

n=l
o
gous equation zA'sinmA’+ccosmA’=0 arises with series 2 ancosd,n. In each
nel

! See Harpv (1], p- 7L
16 — 533805. Acta mathematica. 89. Imprimé le 8 acGt 1963,
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of these examples the functions of the series are orthogonal. Over the complete range
(~ 7, n), when both sines and cosines have to be used, orthogonality of one or other
set fails; and this seems to have discouraged analysis. I have little doubt that an
analysis, similar to that of this paper, could be given for the equation #A’ sinzwd +
+ccosmd' =0.

Proof of theoretical results.

I z=x+1y,
¢
. ) - || coth
¢ tan z c (sm2 x cosh® y + cos? z sinh? y)* ‘z | vl (1"1‘)
2 z | \cos® z cosh® y + sin® z sinh®y ¢ ’
; | sec z|

since 0< sinh®y < cosh?y. Let S () denote the square with vertices zz» (4 1+4), where
» is a positive integer. On the vertical sides of the square |secz|=1, and on the
horizontal sides |coth y|< cothz. Hence on § ()

ctanz
z

=0(»') as v—oo. (12)

Thus |z cosz|>]|csinz| on S(») for all sufficiently large ». Now S (») contains 2%+ 1
zeros of zcosz, namely 0, +}mx, ..., +(¥—3)n. Hence by Rouché’s theorem S (»
contains precisely 2v+1 zeros of zcosz+csinz provided v is large enough; and thus
there are precisely two such zeros in the annulus between S (v) and S (v+1). Suppose
£>0 prescribed; and let S’ (») be the square with vertices z (v+4)+e(x1+1). We
can choose v, =v, (¢) such that

|e]| cothe|/{m(»+3)—e} <1
and

||| cosec e|/{m(v+3)—e} <1

for v>»,. Thereupon, using the upper and lower forms cf (11) upon the horizontal
and the vertical sides of S’ (») re:pectively, we have |z cosz|>|csinz| upon S’ (»).
It follows that one of the two zeros of zcosz+c¢sinz in the annulus between S (»)
and S(v+1) lies within 8’ (»). By symmetry the other lies near —n (»+4). Hence,
we can choose the suffices of A, such that mid,=(n—3)n+0(1) as n—>co. Write
whn={(n-4)m+06,. Then, upon substitution in (4), {(r—4)7+ 6.} sin d,=c cosd,.
Expand both sides of this equation in powers of d,, and note that 8,—0, so that
we can solve and get 8, =c¢/nzn+0(n"%). This gives (5). For the remainder of Theo-

rem 1, suppose z=1y satisfies 2cosz+¢sinz=0. Then ycoshy +csinh y=0. This
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equation has no real root unless ¢ is real and less than or equal to —1. In the ex-
ceptional case ¢< —1(c= —1 being an excluded point of I'), there is just one posi-
tive root, which we may denote by md;, because we have so far only imposed an
ordering upon mi, for sufficiently large |n| in satisfying (5). This completes Theo-
rem 1. It follows from Theorem 1 that no zero of zcosz+csinz lies upon S(»)
provided » is large enough. Hereafter we restrict ourselves to such sufficiently large ».

Let T (v) denote a given part (possibly the whole) of S(v). Let ¢(z) be an
analytic function of z, and let G (») be the least upper bound of |g(z)/cos 2| for 2

on T (»). Then we assert

lim f% = lim JM (13)

vso0 ] ZCOSZH+cCSInz zcosz’
T(») T @)

provided G (v)=o0 (v) as v—>o0. For large », (12) shows

tan z
ll—l/(l + ctzznf) < — ‘;LE - 1(_)3(_:21) -0 (). (14)
Hence i
f{z cosZ:-Z)c sinz zgcf)?z}dzzo(”_l)o{G(V)}O: )l»|dzz|~|}=o(1)
e T

and (13) is established.

We shall now suppose (temporarily and until further notice) that ¢ is not a real
number less than —1, and that ¢ is any complex number not lying upon the imag-
inary axis and not equalling A, for any integer n. Thus zcosz+csinz#0 on the
imaginary axis. Let & and # be real numbers satisfying £<0, —w<n<zm. Wiite
C=E+in,'=—&+in. Let S(»r+) denote the rectangle with vertices +vm» and
av(l+4), v being a positive integer, and having a small semi-circular indentation
|2|=6 at the origin, where 6<|nt| and 8<|nd,| for n= %1, +2,.... Let S(»r—)
denote the reflection of S(v+) in the imaginary axis. All contour integrals which
follow are taken once anti-clockwise. Consider

Lzin 3 zin
Jo— lim 1imL{ f—_,_e dz_ f—__e dz_ |

50+ v0 2701 2co8z+csinz zcosz+csinzf
Sw+) S-)

- ¢ dz &indz

Ji=lim lim = i + i

30+ v+o0 2779 (z—mt)(zcosz+csinz) (2 —mt)(zcosz+csinz)
Sw+) Sw-)
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We shall show first that the contributions to J, and J; from integrations along
parts of S (v) are zero. On the common part of S(») and S(v+)

eCzln e(r E~ynin el V|

- < — -0y (15)

V(cos® z cosh® y + sin® z sinh?y) _ |sinh ¥

coS 2z

and a similar result holds for |e***/cosz| on the common part of S(v) and S(»v—).
The same conclusions hold a fortiori if (z—t) cosz replaces cosz. Hence by (13)
we may disregard the quantity csinz in the denominators of the integrands. On the

common part of S(») and S(»+), we have for z=Ré'®
e(‘zln/cos 2=2 erfln/{ﬁl e—R sin §(1-n/n) + 02 eR sin 0(1+nln)}’ (16)

where |9,]=|8,|=1. Now z&/n is non-positive, and 1+7/m are both strictly posi-
tive. Hence to each prescribed >0, we can find v,=v, (¢, 5) such that the modulus
of the right-hand .ide of (16) is less than & for R>mv, provided |6|>e. For the
exceptional set |G| <e, the left-hand side of (16) is bounded, by (15). Hence the contri-

bution to the first integral of J, must be zero when »—oo. A similar conclusion holds

$zin $zin

for the common part of S(»—) and S(v), € replacing ¢**”*; and a fortiori the
contributions to J; are zero.
Next consider the contributions to J: from the integrals along the imaginary axis.

They are

ny

e~ ynin (e—lEu/n 461//::)
lim lim - f } 1dy.
30+ v-m27w (¢y—mt) (vy cosh y+ ic sinh y)

—ny

After a little algebra this reduces to

J’{ntcosh (yn/z) — ty sinh (y n/=)} sin (y &/x)
3 dy.
11 (¥*+ 7t ) (y cosh y + ¢ sinh y)

Similarly the contribution to J, from the integrals along the imaginary axis turns

out to be

2 f cosh (y n/n) sin (y &/n) d
no ycosh y+c¢sinh y y

The contributions to J, and J; from the small semicircles at the origin are half
the sum of the two residues; and turn out to be —1/(c+1) and 1/t (c+1) re-
spectively.
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We can, on the other hand, determine J, and J; as the limits of the sum of

residues within the contours. Since at z=m4,

d 2%
J;(zcosz+csinz)=[(1+c)——ztanz]cosz= (l+c+ )cosnln,
by (4), we have
2 cent(dinnpettary 02 énfcos g
o= 21 {c(c+1)+m2A%} cos Ay _26,,2_1 {c(c+1)+n® 2%} cosmwAn

For J:, the pole at ¢ will fall within S(»+) or S (v—) according as ¢>0or ¢ <0
where ¢ =sgn {:N (t)}. W¢ therefore find
_2¢8  éni(tcosdantidasindan) ePét+int

Ji=— 2

w1 —t){c(c+1)+n*25} cos Ay mtcosmttosinat

Collection of the results for J, yields

o0 énécos A
1= —2c(c+1)nZ_1 {e(c+1)+n?2%} cosma,

_ 2(c+l)fcosh (yn/n)sin (y&/n)dy an
z ) ’

cosh y +csinh ¥
and similarly the terms for J, provide

epEtint _ 1 2¢ 3 éni(tcosAnn+idnsinday)
mteosmt+csinmt mt(e+1l) mw S (AE—){c(c+]) +ati} cosm i,

N gf{ntcosh (yn/7)— iy sinh (yn/n)} sin (yé/n)dy
7 (y® + % *) (y cosh y + ¢ sinh y)

(18)

Let us now examine the effect of relaxing the condition that ¢ should not be
a negative real number less than —1. In case ¢ is real and ¢< —1 the term
zcosz+csinz in the denominators of the original expression for J, and J; would
yield poles on the imaginary axis at +ni,. We could exclude these by small semi-
circular indentations |2+ s 4,|=48. The integrals around these semicircles would yield
the term 2ceM®cosd,n/{c(c+1)+7a243} cosnd, in J, and a corresponding term in
Ji. The integrals along the imaginary axis would yield the same result as before,
except that the integral in J,

J’cosh (yn/n) sin (y E/n)d
ycosh y+csinh y
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would be taken as its principal value at the point y= —¢m,. The corresponding
integral in J; must be interpreted in the same way. Again if we relax the condition
that ¢ shall not lie on the imaginary axis, we make a small indentation |z—m¢|=4;
and proceed as before. It follows that (17) and (18) are true, provided that the
integrals are taken as principal ones, for all ¢ (except of course the set I') and all
complex t except A,, n=0, +£1, £2,....

- Now multiply (17) by 1/mt(c+1) and add the result to (18). This gives, for
£<0, —n<y<m,

00

sinzi
ebttrint— 9, % (cosnt+c n;z )

nel

€% 2y (An cO3 Any + it sin A, %)
(A=) {c(c+1)+7a%A2} cos 7w A

sinnt) f{y cosh (yn/n)+ iz tsinh (yn/n)} ysin (y&/n)dy (19)

2
-2 L4 :
- (003 mEre— (¥* + 7 *) (y cosh y + ¢ sinh y)

the integral being a principal one. We now assert that this relationship is true for
all complex ¢, We have so far proved it for ¢t#4,. In case t=21,=0, (19) reduces
o (17), the term sin 70/ 0 being taken equal to 1 in the usual way. Again if we

interpret in the same spirit

AAncosmA,+esinmd, lim mtcosmt+esinmt B _75{
c

p— lim P clc+1)+n2 A2} cosm Ay,
n— /n A n

then the formal substitution of t=2, (n#0) in (19) reduces it to the trivial identity
ent=ent,

Putting £=0 in (19) gives Theorem 3 in case —m<n<z To deduce the rest
of Theorem 3 consider

2 +iz
K, (+7)=lim —— f—-e—dz.—— Kt(in)=lim—l—.f e7dz

v>o0 2701 zcosz+csinz’ voo 27T (z—7t) (z cos z+ ¢ sin 2)
S S

A glance at (15) shows it is valid for 7= +zn. Hence we may omit the term ¢sinz
in the above integrals. Next e*'*/cosz is bounded on S (v), as we may see by multi-
plying (11) by |z/c|. It follows that K.(+=)=0, since

f{ =2/(z—mt)z cos 2} dz=0 fo —l)ldzl ().
Sw)
On the other hand
K, (+7t)—hm2m fdz ftanzdz}=l,

O]
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because tan z/z is an even function of z and S (») is symmetrical about the origin.
Evaluating Ky;(*=n) and K;{+7:) as the sum of their residues, we deduce the rest
of Theorem 3 without difficulty.

We now and henceforth take ¢ to be a positive integer. Combining (19) with
the result obtained by writing —# for #, we get for any pair of numbers &’ and &’

A (a An cOS Ay + b t sin A, ) e*nf
- {c(c+1)+at A5} cosmin

(@ cosygt+b sinqt)ett =(— )+ 2¢ 2

(a’ ycoshy+b'tsinh y)ysinyédy

4 (=)t .
(=72 (*+*) (nycoshmy+csinhmy)’

£<0, —m<n<m (20)

Here the integral has been modified slightly by the substitution ny for y. Should
the integrand have poles, the integral is to have principal value. Let f(») be any
given function of L (-, 7r) with ordinary Fourier coefficients a; and b;

n

a$=}£ f/(ﬂ)cosntdn, b§=3—lz f/(n)sinntdn, t=0,1,2....

-n

Let s’ (n) denote the Abel sum

s’ (n)=4ao+ (A) X (ac cosnt+b;sinty).
t=l
Then

s (n)— }ao= 1_131 llrln Z (a¢ cos tn + by sin t7) (ref)
- T t=l
= _2651-131- S (&, 1;)—261_131_1(5, n) (21)

where
© 2 (=)t An(arAncosdan + b tsin A, n)etnt

S(&m)= rl-l.rln- Zl ,2:1 A=) {e(c+1)+n2 AL} cos i, (22)
_ ® atycosh yn + b; t sinh y7) y sin y{-'dy
L& m) rl-l.rxn- tzl f (¥*+ %) (my cosh m y + ¢ sinh wy) (23)

[

We shall first show that I(&, #)—~0 as £—>0— uniformly in % for every 5 in a
closed interval —n+d<n<m—4 for arbitrary é>0.
For brevity let us write @ (y, £) =y sin y &/(ny cosh my + ¢ sinh m y). Consider first

“at h yn + b; ¢ sinh
1§ n)=8;= lim tZr Q v, ) )(a‘ycosyzyftz S W’)dfr
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This as a power series in 7*; and hence by Abel’s theorem

© —) ¥(as y cosh y7 + b; t sinh
5= 3 [ o ool leycodyn thitsihun,, 24)
i}

provided that the right-hand side of (24) exists. Let

te1 t

o0 e RN 734
5= 3 [ 1200 embunay, (25)
0
where (for the moment) we assume the existence of S,. Then

0 ® A\t ! Nty
> fQ(?/, £) {( ) a:y coshyz _ (— )b y* sinh yn}dy}
t=1

lsl'"szl= y2+t2 t(y2+t2)

X 00 ’ . 00 bl
< le(y, E)l{ycosh yneletzil +4| sinh ynltZl%}dy
0
<K, f y* coshyn [Q (v, §)|dv, (26)
0

for some constant K;, since a; and b;, being Fourier coefficients, tend to zero as
t—>oo (Hardy and Rogosinski[2] Theorem 30). However, since |7|<n—4J, we can
find K, such that the right-hand side of (26) is less than

o0
Kafyze“””lsinyéldy,
0
which tends to zero (obviously without depending upon %) as £—~0—. It is there-
fore enough to show that S, exists and tends to zero as £—>0— uniformly in 5. But
Q (y, &) sinh y% is independent of ¢, and so

oC

S, = §(_)tb¢,Q inh dy
2= | 2 (y, &) sinhyndy;
]

t

and, by the same argument as before, S, will have the required properties if
0 7 tb’
8= 2 —( ) b
tm1 L

exists. But (Hardy and Rogosinski[2] Theorem 44) a Fourier series may be inte-
grated term by term; whence it is easy to verify
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1 f
Si=imai— oo [(@eniadn,

which exists because f(5) belongs to L(—=x, #). We remark in conclusion that the
above argument is not affected by the possibility that the integrals may be principal;

for the pole of the integrand is simple if existent. Thus if ¢ is real and c¢< —1, we
o -tk =21

can write the integral in the form f = J+ + f ; and then by writing —y
0 0

—ia -212,
for y in the first integral and combining it with the second, the factor (wycosh wy +
+¢ sinh 7y)™* will be converted into a bounded term. This disposes of I (&, %), and we
now turn to the more difficult treatment of S (&, ).

For brevity write

(=) %An (@t An 008 Aoy + by t 8in A, ) ePn=™¢
- {c(c+1)+a2 A% cosmdn

Dt.n= (27)

so that

SEm)=lm 3 3 parter. (28)
T=rl- tml n=1
Until further notice we shall suppose that & has a fixed value £ <0. We notice that
An#t; for if this were the case

0=nAncos s +csinmAn=ntcosmt+csinmt=(—) nt,

which is impossible since ¢ is a positive integer. Also, for large =, 4, —t differs from
an integer by 3+0(n~') by (5). Hence for all » and all ¢, (4, —t)"'=0(1). Next
An/{An+1t) and t/(A.+t) are both O(1). Equation (5) shows that

i+l ] € -2
cosmAn=(—) sm{nn+0(n )}

whence A./{c(c +1)+n®A2} coswA,=0(1). Finally a;, b, cosA,#, sin 1,7, and
e*n~™¢ gre all bounded. Consequently 7 . is bounded, for all ¢ and all n. Then

=B -]

for every fixed r<1 and every fixed £<0, > > pi. .7te™ is absolutely convergent,
tal n=l

and is therefore convergent; and its sums by rows and by columns both exist. Hence
we may invert the order of summation and deduce

S(& m)=lim 2 > prared, (29)

i
+l— nuli=l
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The next step is to prove

quniimm#=om> (30)

uniformly in 7 for ry<r<1 for some value of r,<1. Since we may omit multipliers

which depend only upon n and are bounded for all n, it is enough to prove

® Anai(—1) ® b (—7)

un ()= 3 22 o), vy = 3 m o) (31)
Zn ¢ tel ln 12

t=1

L

uniformly in 7 for ry<r<1. Now S,(r)= X b, (—7)!/t is obviously independent of
t=1

n and it exists because S; (1)=S; exists, as already proved. Moreover lim S, (r)=
r—>1—

=8;(1) by Abel's theorem. Hence there exists 7, <1 such that S,(r) is bounded for
ro<r=<1, and (obviously) therefore uniformly bounded in n. Thus instead of the
second relation of (31) it is sufficient to prove

o0 2ty ¢
wn ()= 0a(r) + 83() = 5, 2 Ak~ 00

uniformly in ry<r<1. Since u.(r) and w, (r) are both power series in 7, they will
exist and be O (n) uniformly in r,<7r<1 if

S A BRI
U"—¢§1|ﬂ.ﬁ—t2|—0(n), Wn_g‘..zllllﬁ—tz#WO(n)’ (32)
because aq, b; are bounded. However
R VS S-S V2 4 3
U,= g T > T a =N O(1) +0(A,) 2 t72=0(n)
t-ll n—t | t-n+1|ln t I t=1

and W, behaves similarly. Thus (30) is established. We now see that for each fixed

o0
£<0, 3 ga(r)e"* is uniformly convergent for r,<r<1, and hence
nw=l

S (& n)= lim 3 gn (r) et = § lim g, (r) e"*. (33)

ro1- pal ne=lr—>l-

Next we invoke Abel’s theorem once more to show that

o0 o0
lirln gn(r)=1lim 3 p; o7 =‘Z Pt n, (34)
rel- -1

r>l-tal

for we have already demonstrated the existence of > p; .. Collection of the results
tml
so far obtained yields
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t=}

had hod —) t’ln had —tb; .
st 3 (15 G s (3G ]

Aneint
' [{c(c+1)+n21ﬁ} cos nln] + (39)

Now (Hobson[4] p. 581) an ordinary Fourier series may be multiplied by a
function of bounded variation and integrated term by term, provided the resulting

series converges. Thus

F,= f{/(n)—%a{)} cos Anmdn= j{z a; costn+b; sintn} cos A, ndy
t=1

oo

= f{a} costn+b sintn)cosd.ndy=72 a; fcostncoslnndn
t=1

t=

—

w (__ ¢,/
=2 sin nlnta (——A%)_a—;jﬁ ; (36)

for we have already shown that the right-hand side of (36) exists. Similarly we have

r o ¢ _yip/
G, = f/(n)sinlnndn=2sinnln Z(-) bit
3

(37)

-

However, f(5) belongs to L(—=z, #); and it therefore follows from the Riemann-
Lebesgue lemma (Whittaker and Watson [8] p. 172) that

Fo,=0(1), Go=0(l) as n—>00,

Consequently as n—>oo

An
le(c+1)+n2A2} 2sin 7w A, cos i,

o = &tp () = [Fn €08 2nn + G sin 4, 1) [ ] =o(1) (38)

and (35) reduces to

S (& n)= 2 oty ' €, (39)

We now remove the restriction that £<0 is fixed; and we assert that lim S (&, %)
£0—

exists whenever s'(n) exists. This follows from (21): for ¢#0 by hypothesis, and

El'ugl I(&,7)=01in —n<n<nm because we have already proved this for —xw+d<9n<

<n—0 for arbitrary 6>0. However, s'(n) exists for almost all n (Hardy and Rogo-
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sinski[2] Theorem 75). We hereafter' consider any fixed value of % for which s’ (m)
exists. For this value of %, S (&, ) exists for £ <0; and we define S (0, )= lim S (&, #).
&0

For every given closed interval &, <&<§&,<0, the series S (&, 5) converges uniformly

in & Writing ¢ (8)= E: (an/An) e, £<0, we have
=1

n=1

&

¢ & ¢
sO-3E)- 3 [amentde- [ S aontae= [s@mae e<e,
'+ &
This relationship is true for arbitrary £,<0; and hence for all £<0. It follows that

lim 6 ©)-6 €+ [ 56

exists, by virtue of the existence of S (£, %) up to and including £=0. Now

(o5

n=N\N

= S oY) =0 (V).

n=N

<3

n-N

_ln

The existence of el_igl ¢ (£) therefore demonstrates the existence of

lim S %2 it (40)

E20-na1 M

As a consequence of (5) there exists a positive constant M such that

‘e"ne 1_ 6_5) _e("—§)€| < M

ﬂ n

for n=1, 2, ... and all sufficiently small non-positive £. Hence

|3 m-2 3 2t 5 vl <miel 3 122l -0 e,

ne=1

Let £->0—, notice the existence .of (40), and deduce

hm S (& n)= 11m Z wn € D= lim e ¥ 3 a, " =" > an.

20— nal §—»0- n=1 n=1

Since Abelian summation is regular, Theorem 3 gives

1 I could have condensed the ensuing analysis, had I known of a Tauberian theorem valid for
Abelian summation with complex exponents, I am only aware of Tauberian theorems of the appro-
priate type restricted to real exponents (e.g. Hardy [1] Theorem 104).
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1fc(c+1)+a%2%} cos 7 An

yoi= 2if mdn=() 3 —— et sk ff(n

We collect these last two results with (36), (37) and (38) and deduce

yao—2c hm S, n)= 2 (an €08 Ann+ by sin A, 7), (41)

where

cle+1) ff(n)dn

afc(c+1)+ntiZ} cos ma,

”
An = —

t

Chn 1
" e(e+1)+ a2 22} sin 7w A, C0S 7 An f{f(”) on ff(ﬂ)dﬂ} cosAnnd,

ehn

bn = = {c(c+1)+n%A%} sin A, cos iy Jf(’?) sin A, d 7.

However (4) shows that
tan i, = —min/c, cos® wA, =c?/(c®+nt A3).
After some algebra we deduce an =a., b =b,. Equations (21) and (41) now yield
s (m)=s(n)— 261_131_ I(&, 7). (42)

However the conclusions of Theorem 2 are true if we replace s(n) by s’ () (Hardy
and Rogosinski [2] Theorem 75). Also I(£,n)—>0 as £—~>0— uniformly in % for
~n+d<n<m—0, for arbitrary §>0. Accordingly (42) completes the proof of
Theorem 2.

Practical application.

In an experiment to determine the rate of uptake of growth stimulant by plant
tissue, some thin disks (of uniform thickness 248) of carrot root are plunged into an
agitated solution of f-indolyl acetic acid; and, as the acid diffuses into the disks,
the concentration of acid in the circumambient solution falls. The object of the ex-
periment is to determine D, the diffusion constant of f-indolyl acid in carrot root,
by observing vy (t), the ratio of concentration of acid in the external solution at time
t to that at zero time, when the carrot roots were plunged into the solution. The
disks are sufficiently thin to presume that all acid enters normally to the flat sur-
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faces of the disks, and that edge effects are negligible. We shall show that, if ¢ is
the ratio of the total volume of the carrot roots to the total volume of the circum-

ambient solution, then
~Dnti? 2
) 9¢ce Dnaa%,ti6

1
vO= Tt AT D) (43)
where A, are the quantities defined by (4). This series converges very rapidly; and
for reasonably large ¢ it is only the first term which matters. Under these circum-
stances it is easy to determine D from a knowledge of ¢ and v (¢).

Let v and V denote the actual volumes of carrot root and of external solution
respectively; so that ¢=v/V. Let x denote a distance coordinate (—d <z <d) taken
from the centre of a disk in a direction normal to the flat faces. Let k(f) denote
the concentration of acid in the external solution at time ¢, this concentration at
any instant being uniform throughout the acid due to the agitation of the liquid.
Let K (z, t) denote the concentration of acid within the disks at the point z and at
time £, Since acid diffuses into a disk from both its flat sides, we have to seek an
even function of x for K (x, t). At the instant of immersion there is no acid inside

the carrot root, so
K(z, 0)=0, 0<x<$é. (44)

At all instants the concentration of acid on the surface of a disk! is k(¢); so
K@, t)=k(t), t=0 (45)

The total amount of acid remains constant throughout the experiment; so

8
2—1}5 fK(x, tydz+ Vk(t)= const.,
8
whence by (44)

ch(x, fyda +k (1) =0k (0), £=0. (46)

Inside the carrot root the diffusion equation holds; so

! There is not much practical evidence for either believing or disbelieving (45). In general one
may expect discontinuities of concentration at the surfaces of the individual cells of the carrot root
(i.e. in the microscopic picture); but this does not of course imply a discontinuity at the surface of
the disk in the macroscopic picture. In the practical investigation of absorption by the carrot root,
it will be of interest to see whether or not (43) represents observed data: and, if it does not, doubt
will be thrown upon the assumptions implicit in (45) and elsewhere.
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oK (z, 1) _ DazK(x,z).

ot oz? (47)
Consider the trial solution
00 2 42
K@, t)=Ky+ > anexp (— D:gzl,, t) cos (nlg x)’ (48)
n=1

where the A, are parameters to be chosen presently. This solution certainly satisfies
(47). Substitution of (48) into (46) yields, by (45),

Ky(1+¢)+ 2 a. exp

n=1

(_ Dn%2 t) [rcln coS T A, + e sin 7 Ay

52 .7!17; ] =k(0)

Thus (46) will be satisfied if we choose the 4, in accordance with (4); and if we
take Ky=%(0)/(1+c). When t=0, we have, by (44),

k() 2 (llnz) _ |0 for 0<az<é
K (=, 0)'1+c+,§1a" O\ | k(0) for z=4.
Thus
2 (nz,.x) [ —k(0)/(c+1) for 0<z <4
2 @ncos |-—r—] =
nel 0 Lk(0)e/(c+1) for z=0.

Comparison with Theorem 3 shows that this will be true if
ar=2ck(0)/{c(c+1)+ 23} cos Ay,

and (43) follows at once.

This particular problem can be solved by the method of the Laplace transform;
but the solution is then very much longer than the above method. Moreover the
Laplace transform method becomes awkward in the more general case when the carrot
roots already have a given distribution of acid concentration at the initial instant

of immersion. Qur method deals with this generalisation immediately; for if

@)= S an cos ("’1;’”), 0<z<d

n=1

is this initial distribution, then the subsequent distribution at time ¢ is

od AT Dn?i%t
na @ €08 | — ) exp | = — 3 .

In fact the method exposes at once the Huygens semi-group property to be expected
from partial differential equations of the type (47), (Hille [3], p. 400).
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