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1. Introduction

Let N and M be relatively prime integers. Let Vy 3 be the set of all real valued
functions ¢ on ZXZ satisfying yp(n+N, m)=y(n, m+M)=y(n,m). Vy u is a vector
space of dimension NM over R. Let A and B be functions from an interval I=(a, b) to
Vi u- A(n, m, t) will denote the value of A(z) at the point (n, m) EZXZ. In §3, we will
define two explicit real polynomial maps fy, 4 and gy on Vy 4 X Vv yXR* to Viy . We
will investigate solutions A(f) and B(#) to the following differential-difference equation:

dA(D)

it =fyu(A),B(),a,B,7) 1.D
"flff) = gn (A B(1), 0, B, 7) (1.2)

for fixed o, and y. More intrisically, one may think of fiy ar and gy a as defining a
vector field on Vy 3sXVy ) depending on parameters a, 8 and y. Thus for any given ¢,
Svu(A®),B(t),a, B,7) is a function on ZXZ, and this function evaluated at (#,m) is a
polynomial in @, f and y and the numbers A(i, j, ) and B(, j, t) which will turn out to be
of degree 4, and gy 1 (A®®), B(t), a, 8, y) will turn out to be of degree 5. Actually these
polynomials enjoy certain homogeneity properties explained in § 3.

These equations are derived from a certain algebro-geometric construction, which
is in some sense a variant of a construction of Mumford and van Moerbeke (as will be
explained in §3). This construction starts with certain algebraic curves X with a
distinguished point P (with certain additional structure). Using X and this structure, we

() Partially supported by N.S.F. Grant DMS 89-04922.



220 D. GIESEKER

will define a map @ from an open subset U of the Jacobian of X, Jac(X), to Vx, yXVn, u-
Let W be the canonical map from X to Jac(X), this map being canonical up to
translation. Let T}, 7> and T be a basis of the osculating three space of the curve W(X)
at the point W(P). We choose T, to be a tangent vector to the curve at ¥(P) and T, to be
in the osculating plane of the curve at W(P). These vectors can be translated over the
whole of Jac(X) to obtain vector fields again denoted by 7;. We will define fy » and
gn,u in such a way that the following holds: Suppose we start with a line bundle ZEU
and allow it to flow along the vector field T; for time 7 to a line bundle %,. Then there are
a,B and y (depending on i) so that if we let Y=®(¥) flow along the vector field on
VX Vy, i defined above by (1.1) and (1.2) to Y,, then ®(Z)=Y,. Thus the complicated
flow defined by the non-linear equations (1.1) and (1.2) can be ‘linearized’ to a straight
line flow on a Jacobian. Conjecturally, the generic A and B come from such a curve and
line bundle. We also write down explicit conserved quantities of these flows.

Having derived these equations, we can ask about the behavior of solutions of
these equations, especially with N and M large. One way of analyzing the behavior of
such solutions is to try to construct a continuous model for these equations. Another
way is to look graphically at numerical solutions of our equations. For an interesting
account of these two ways, see [Z]. We have not attempted such an analysis in this
paper. Instead, we will exhibit some solutions to our equations which do have interest-
ing continuous models. Thus our results indicate that such an analysis would be
interesting. One way of precisely defining these rather vague comments is the following
rather ad hoc definition:

Definition 1.1. € is the class of all functions f on R® satisfying the following
properties:

() fix+1,y, D=f(x, y+1,0=f(x,y, 0 for all (x,y, ) ER’.

(i) Given £>0, there are (a, 8, y) ER’, an integer N, a constant C and functions A(f)

and B(t) from R to Vu A2+l SO that

n m
L = t]-NA(n, m1n—C|<e
f(N N +1 ) ) \

and so that A and B satisfy the equations (1.1) and (1.2).

The main result of this paper (Theorem 2.5) is that € contains many of the
solutions of the KP equation arising from algebraic geometry [D]. The definition of the
class € is quite restrictive in that we require the discrete NA(n, m, f) to be close to
f(x,y,t) for all r. It would be interesting to know what further conditions on the class €
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would imply that an f€ € satisfying these further conditions satisfies the KP equation.
Another question unanswered here is whether a solution to the KP hierarchy (in three
variables) belongs to some variant of the class €. The definition of the class € is (to be
frank) based on what we can prove.

§ 2 reviews the theory of curves and their Jacobians defined over R. §2 concludes
with a precise statement of our main theorem. § 3 derives the expressions for fy, » and
gn,u- We conclude § 3 with a few observations on the relation of this work to the work
of Mumford and van Moerbeke [MM] on spectral curves. In §4, we give a proof of the
following theorem:

THEOREM 1.1. If C is non-hyperelliptic and V is a generic three dimensional
subspace of HXC, Q), then the map from VRHYC, Q)—H%C, Q%) is surjective.

The proof of Theorem 1.1 was supplied by Lazarsfeld based on the ideas of [GL].
Green also supplied a proof, and Eisenbud provided a simpler proof by direct computa-
tion for trigonal curves, and so for a generic curve. § 5 develops some Kodaira-Spencer
type deformation theory. In §6 we show that a certain class of ‘good’ curves exists
using a monodromy argument as well as our Kodaira-Spencer theory and Theorem 1.1.
§7 gives the proof of our main theorem.

The work in this paper was motivated by a hope of Trubowitz that understanding
the spectral theory of lattice models of the KP equation might yield some insight into
the transcendental spectral theory of the KP equation.

2. Curves defined over R

Let C be a non-singular curve defined over C, i.e. a compact Riemann surface. Thus we
can find a holomorphic embedding of C into P” so that C is the locus of zeros of
homogeneous polynomials with complex coefficients. We say that C is defined over R
if we can choose the embedding so that the polynomials all have real coefficients. Note
that P” has a natural antiholomorphic involution

L(Z(), ey Z,,) = (Z_()’ ceey z_n)

and that ¢ leaves C invariant when C is defined over R. We denote the restriction of ¢ to
C by ¢ again. A function f on an ¢ invariant open set of C is said to be defined over R if
f(Z)=f@). A point or divisor is defined over R if it is invariant under ¢. A holomorphic
one form w is defined over R if locally w=df, where fis defined over R. If w is defined
over R and y is a path on the surface, then
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fw - j w’
Y ¥

as we can readily see by dividing the path y into subpaths on which w is exact.

Note that ¢ acts on the cohomology H'(C,Z). Let A*(C) be the elements of
H\(C, Z) fixed by ¢ and let A~ be the elements y of H'(C, Z) with y'=—y. Note there is a
natural integration map:

f : H(C,Z2)— H%C, Q)*,

where H%(C, Q)* is the dual pace of the holomorphic one forms of C. Let H%C, Q)*(R)
be the set of real points of H%C, Q)*. Then A" maps to H(C, Q)*(R) and A~ maps to
iH(C, Q)* (R). H(C, Q)* (R) is a real vector space of dimension g, and the complex
span of the vectors in H%C, Q)* (R) is just H%C, Q)*. H'(C,Z) maps to a lattice in
H'C, Q)*. Thus we see that A* maps to a lattice in H%C, Q)*(R). The Jacobian of C
has a natural real structure and the quotient of H%C, Q)*(R) by the image of A* is the
component of the real points of the Jacobian of C which contains the identity of the
Jacobian.

We next discuss theta functions following [M]. We regard H'(C, Z) as a subgroup
of H(C, Q)*. The involution ¢ extends to an antiholomorphic involution on H%C, Q)*
again denoted by ¢. Let Cf be the set of all complex numbers of absolute value one.
Choose a map

a: H\(C,Z)— C*

so that
a(u’) = a(u), .1
and
Aty _ it 22)
a(ul) a(uz)

There is a unique Hermitian form H on H%C, Q)* so that
Im H(x,y) = (x,y).
We see that since

(x,y) =={xy),
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we have that
H(',y) = H(x, y).
Let ¢ defined on H%C, Q)* be the function satisfying the functional equation
Hz+u) = a(u) @0 W2g (7)
for zE HYC, Q)* and u € H'(C,Z). The function & defined by
¥ (2) = 32

satisfies the same functional equation as ¢. Since 9 is defined up to a constant multiple
by its functional equation, we see that we can choose ¥ to be real on the fixed set of ¢,
which is H%C, Q)(R)*. Consider K, € H(C, Q)* and suppose that K' € K,+H'(C, Z).
Choose a point PE C and a parameter z around P. We can define linear functionals in
HY%C, Q) (R)* by the formulas:
d!' o
vi(w) = < dz™! d—Z)Fo'

The v; form a Frenet frame for the natural map ¢ of a neighborhood of P in C to
H'(C, Q)* defined by the formula

0
$(Q) (w) =J .

P

We call the span of v, v, and v; the osculating three space at P.
Define a meromorphic function f on R?* by the formula

2
fe,y, 0= —aa log #(x0, +y0,+ v, +K,). 2.3)
X

Then

- 2
Sy, H= %log B (xv, +yv,+1v,+K5)

2
= %log F(xv, +yv, +tv,+ K, +u),
x

2
= %103 F(xv, +yv,+1v,+K,)

=f(x, 5,0
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for some u€ H'(C,Z). We have used that the second logarithmic derivative of the ¢
function is periodic, as follows from differentiating the functional equation.

Let Atg,, be the set of all (C, P), where C is a curve of genus g and P is a point on C.
M, | has the natural structure of an analytic space. Let #, (R) be the subset of ., ,
consisting of all curves C defined over R and P a point of C defined over R. Let
(C,P)EM, ,.

Definition 2.1. v;€ HYC, Q((i+1) P)) for i from 1 to 3 are called adapted if the v;
map to linearly independent elements of H%(C, Q)*.

Define
¢: HYC, Q(-P)DH(C, Q-2P)®HYC, Q(-3P))— H(C, Q®(P))
by

P, Wy, W) =V, W, +V, W, +U; W,
where H%(C, Q®¥(P)) is the set of quadratic differentials which have a pole at P.
Definition 2.2. The v; are acceptable if the map ¢ is injective.

Let V; be the annihilator of H%(C, Q(—jP)) in H%C, Q)*, where H%C, Q(—jP)) is
the set of all one forms which vanish j times at P. We assume that V; has dimension 3,
which is the same as assuming that there is not a non-trivial function having a pole of
order 3 or less at P. Let A*(R) be the real span of the vectors in A*. Note that both
A*(R) and H%C, Q)(R) are in H'(C,C) and that cup product on H'(C, C) induces a
perfect pairing between these two real vector spaces and hence that we have a natural
isomorphism from A*(R) to H%C, Q)* (R). Choose vy, v, and v; in A*(R) so that v,E V,.
HY%C,Q(j+1)P)) is also included in H'(C,C), since all the differentials in
H%C, Q((j+1) P)) are of the second kind. Further H%C, Q((j+1) P)) is the annihilator
of H%C, Q(—jP)) under cup product. It follows that v;E€ H(C, Q((j+1) P)).

Definition 2.3. (C, P)€E M, (R) is good if:

(i) A*nHC, Q(2P)) has rank one in A*.

(i) A*NH%C, Q(3P)) has rank two in A*.

(iii) There are adapted v;€ A* which are acceptable.
(iv) The dimension of V; is three.

ProrosiTiON 2.4. The good points of M, ((R) are dense (in the classical topology)
if g>2.



A LATTICE VERSION OF THE KP EQUATION 225

We next state our main theorem.

THEOREM 2.5. Suppose that K,—K is in the image of H\(C,Z) and that the pair
(C, P) is good. Let the v; be an adapted acceptable set in A* and let U; be the image of v;
in HYC, Q)*. Suppose that the function

P (x0, +y0,+10,+K,)

does not vanish on R>. Let

2
Sy, t)= -aa?log P (x0,+y0,+10;+K)).

Then f is in the class €.

Under the hypotheses of Theorem 2.5, it is well known that there is a constant K
so that f+K satisfies the KP equation.

3. Equations of metion

Before deriving the formulas for fy, » and gy y, We define the homogeneity properties
of these polynomials mentioned in the Introduction. Define an R* action on the space
of all polynomials on Vi X Vy 3 XR? by

P*YA,B, a,B,y)=P(sA, 5B, sa, s*8, sp).
We say P has weight r if
P =P,

Thus the polynomial P; ; defined by P; ;(A, B, a, B, y)=A(, j) has weight 1. By abuse of
notation, we will denote P;; by A(i,j). Similarly, B(i,j) will denote the analogous
polynomial of weight 2, while a, f and y will denote the analogous polynomial of degree
1,2, and 3 respectively. We will show that our expressions for fi » and gy » Will have
weights four and five respectively.

Let X be a smooth curve defined over R of genus g, and let P and Q be real points
of X. Suppose that N(P—Q) is linearly equivalent to 0. Thus there is a function o on X
having a pole of order N at P and a zero of order N at Q, and having no other poles or
zeros. Let R; and §; be points of X for i=1,...,M so that R+S; is defined over R.
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Suppose there is a function § having divisor

M
MP+0Q)- D, (R+S).

i=1

For general i, we define R; and S; by periodicity, R;=R; and §;=S;, where [i] is the
positive residue of i modm. Let £ be a line bundle of degree g on X. Let

&, m=ZL((n+m) P+(m—n) Q+D,).
Here Dy=0 and D,, =D, —R,.,—S,..1
Definition 3.1. £ is non-degenerate if H°(X, &, .(—P))=0.

The Riemann-Roch theorem then implies that #°X, %, ,)=1 if & is non-dege-
nerate. Assume £ is nondegenerate. Let z be a parameter defined at P and choose a
section sg o of £. There is a nonzero section s, ,, of H %X, %, m), which is defined up to
a constant, and s, ,, considered as a meromorphic section of £ has a pole of order
exactly n+m at P. Let

We normalize s, ,, so that
ﬂ,mzn+m(P) - 1’

i.e. the leading term in the Laurent expansion of f in terms of z is one. We can also
normalize a and f so that (az") (P)=1 and (Bz™)(P)=1

Given a non-degenerate line bundle £ and the parameter z, we can form several
functions on ZXZ, namely

i n+m
d,(n,m)= <i1’fLm—Z—> .
ildz
In this paper, we will be mostly considering d;, d; and d;. They are the coefficients of
the Laurent expansion of f, ..

First, let’s notice that we can write down a linear relation between s, | ;S 415
in terms of the functions d; and d,. Such a relation must exist, since
are all in H%¥, ,(P+Q)) and h%(¥, ,(P+Q))=3 by Rie-
mann-Roch and our assumptions on non-degeneracy. Fixing n and m for the moment,

S, mands

n—1,m

sn+l,m’ sn,m+1’ Sn,m and Sn—l,m
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we can write
a n+1,m+bfn,m+1 = Cfn.m+dfn—l,m‘

Both f,,, , and f, .., have a pole of order n+m+1 at P and f,,, ,,/f, ,.+, has value 1
there. Both f, , and f,_, , have poles of order less than n+m+1 at P. Thus we have
a=b*0. So we may choose a=—b=1. Thus we may write

Sprt.m™ S me1 = A&, n,m)s, +B(&,n,m)s

n—1,m*

A and B are uniquely determined. We denote A(¥,n,m) by A(n,m) when ¥ is
understood. By comparing the Laurent expansions of the above equations around z=0,
we see that we have the following recursion relations:

di(n+1,m)—d,(n, m+1) = A(n, m) (3.1
dy(n+1,m)—d,(n, m+1) = A(n, m) d,(n, m)+B(n, m) (3.2)
dy(n+1,m)—dy(n, m+1) = A(n, m) dy(n, m)+B(n, m)d,(n, m). (3.3)

The d; also have periodicity properties with respect to translation by (N, 0) and
(0, M). Specifically, let

a=zN+a 77N+ .
and

B=zM+b 7M1+ .
be the Laurent expansions of a and . Note that as, ,,€ HY(Z,,n ) S0 as, ,, is a
constant multiple of s,, v ,,. By our normalization, this constant must be 1 so

as, =38

3.4)

n+N,m*
Similarly,

BSp m=Sp mim- (3.5

Consider the Laurent expansions of the equation (3.4). Comparing coefficients we see
that

di(ntN,m)=a,+d,(n,m)

dy(n+N, m) = a,+a,d,(n,m)+dy(n, m)
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and

dy(n+N, m) = a;+a,d (n, m)+a,d,(n, m)+dy(n, m).

We have similar formulas for d;(n, m+M). Note that A(n+N, m)=A(n, m)=A(n,m+M)
and that B(n, m+M)=B(n, m)=B(n+N,m).

The key observation here is that given the g; for i from 1 to 3, we can compute the
d; and the b; for i from 1 to 3 in terms of A and B by universal polynomials which depend
only on N and M. Since f; y=1, we have d;(0,0)=0. Hence we can use the recurrence
relation (3.1) to solve for d,(l, —!) directly. Since N and M are relatively prime, by the
Chinese remainder theorem for any n and m, we can find a and b so that

n=I+aN
and
m=~I+bM.
So
d(n,m)=d,(, —l)+a,a+b,b.
We have

d,(NM, —~NM) = Ma,—Nb,.

But d,(NM, —NM) is expressed directly in terms of the A’s. So we can determine b, in
terms of the A’s and a,. We see b, and d; have weight 1. Having determined d,, we can
now determine d,(n, m) from the recurrence relation (3.2) and the Chinese remainder
theorem. We can similarly find an expression for b, in terms of the A’s, the B’s, and a,
and a,. Finally, d; and b; are determined in the same way. Note that these formulas
only involve the a;, and A and B, and not X or %. Further, the d; and b; have weight i.

Actually, one can continue this process and find that all the b; can be expressed in
terms of the A’s, the B’s and the q;. If we allow the £ to evolve while fixing the curve,
the points P, Q, and the R; and S; as well as the parameter z, the b; will of course remain
constant. This means that the b; are conserved quantities of such an evolution.

Let Dy be a fixed divisor of degree g on X, and let J, be the Jacobian of all line
bundles of degree g on X. If z is a point of X close to P, we can define a linear functional
¢(z) on HX, Q) by the formula:

P (w) = j .
P
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There is a natural analytic homomorphism
®: HX, Q*—J,

so that ®(0)=0(D,), and so that d(¢(z)+a)=P(a)(z—P). The kernel of ® is just
H'(X,Z). On the other hand, we have the previously introduced linear functionals
defined on HX, Q):

d' w )
v\w)=\—— .
l( ) (dzl_l dZ z=0

Let
A, (f)=A@(f),n, m)
for fE HYX, Q)*. Our aim is to compute
VA, .. U3,

which is the directional derivative of A’ in the direction v;, in terms of polynomials in
the A’s and B’s. For ¢ small, let D(¢) be the divisor D;+D,+D; on X, where the z(D;) are
the three cube roots of r. We first show that we have the formula:

VAL (f) vy = 2—55,4@( D@D-3P), n, m),_q.

Let w(x) be the point of X so that z(w(x))=x for x small. Let yp(x)=f+ & Y(D(x)-3P) so
that @(yp(x))=®(f)(D(x)—3P). Then

PY(&) = p0)+P(Ex)+¢(Ex)+f, (3.6)
where { is a primitive cube root of 1. We have

dizA(‘D(f) (D(R)=3P),n,m),.o=VA'(f), . ¢'(0)

and
v =¢'0),
v, = ¢"(0),

and

U3 = ¢m(0) .
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So our claim will follow from

¢m(0) = 21/)’(0)

However, this follows by differentiating the identity (3.6) three times and setting x=0.

Note that 5, .. Syt m> Snsz.m @0d 5,3 , are a basis of H(%,, ,,(3P)). For ¢ small, let
&, m . b€ the line bundle &, (3P—D,~D,—D,), where the z(D,) are the three cube roots
of t. Note that h%%, ., (—P))=0, for ¢ sufficiently small, as %, ,, (~-P)>%, ,(=P)
as t—0. Let s, ., , be a non-zero section of %, ,, , varying holomorphically with 7. We
can write

3
Sn,m,t= 2 ai(n’ m, t)s,H_,"m’ (3.7)

i=0

where the a; are all holomorphic in ¢t and one is non-zero at =0. In fact, since
S, m,+—>Sn, m 28 t—0 modulo multiplication by constants, we see that a, is non-zero.
Let

a;(n,m,0)="Y, a;(n, myt’ (3.8)
J

be the Taylor expansion of a;(n, m, ), where we may assume that ay o(n, m)=1. We
have the identity

0=s, A0, (3.9

since S vanishes at all the cube roots of ¢, including ¢. On the other hand, we have

Spai,m@) = E d(n+i,m) """ s . (3.10)

j=0

Now substitute (3.10) and (3.8) into (3.7) and (3.7) into (3.9) and compute the first
few nonzero coefficients of ¢. The coefficient of ™" " ins  .(f) is just a; ,(n, m)+
ay o(n, m), since

as o(n, m) = a, o(n, m) = a, o(n,m)=0.

Thus a; ,(n, m)=—1, since q, ,=1. We can replace s by s, . .t/a;(n,m,t) and as-

n,m,t n,m,t

sume that as(n, m, )=—t for all n and m. With our new choice, we have

n+m
Sn,m,tz (P) — 1
0.0,
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So we can write

Surt,mt Sume1 1 = A&, n,m)s, . AB(&E,n,m)s, | . . 3.11)
The coefficient of ™" ™! in S, . A0 I8 just a, (n, m)—dy(n+3, m)+d,(n, m), so
a, (1, m) = dy(n+3, m)—d,(n, m). G.12)
So a; ; has weight 1. The coefficient of t™""™*2 in S, .o(0) is just
a, (n, m)+a, (n,m)d(n+2, m)—d,(n+3, m)+d,(n, m),
$0
ay (0, m) = —dy(n+2, m) ay \(n, m)+dyn+3, m)—dy(n, m). (3.13)

So a, (n, m) has weight 2. The coefficient of +*"™*3 in £ - At) is just
ag (n, m)+a, (n,m)d,(n+1, m)+a, ,(n, m) dy(n+2, m)—d,(n+3, m)+dy(n, m),
)
ay y(n, m)=—a, (n,m)d,(n+1,m)—a, ,(n, m)dy(n+2, m)+dy(n+3,m)—d,(n,m). (3.14)

So ay 1(n, m) has weight 3.
Let’s look at the expression

lp:sn+l,m,t_sn,m+l,t_A($l’ n,m)s _B(jnn’ m)s

n,m,t n—-1,m,t*

Equation (3.7) allows us to express the s
the s. 4. Further,

2.5, in terms of the a;(a, b, 7) and in terms of

Sntiome1 = Sppir,m— A+, m)s —B(n+i,m)s

n+i,m n+i—1,m*

We can therefore express W as a linear combination of the s But the vectors s, ; ,,
for fixed m are all linearly independent. Since W=0, all the coefficients of this
expresson for ¥ must be zero. In particular, since the coefficients are power series in ¢,
the individual terms in this power series are zero. If Q(1)=X, Q;(1) 5., . let p(Q) be the
coefficient of ¢ in the power series expansion of the coefficient of O, and let g(Q) be the
coefficient of ¢ in the power series expansion of O_,. Note that p(s,,, , )=0, since
). We have

n+i,m*

Sn+1,m . d0€s not involve s, . Next, let’s compute p(s, .., ,

Spme1t= "S5 meitar(n, m+1,0) Spe2.merFa(n, m+1, D8, 1 meTan,m+1,8s, ...
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The coefficient of s, , in s, ,,..; is —A(Z, n, m) and that the coefficient of s, ,, in S, 4
is —B(¥,n+1,m) so

~D(S, a1, = ay (0, m+1) B(Z, n+1,m)+ay ((n, m+1) A(Z, n, m).
Let A(Z, n, m) denote
%A(&’,, n,m),_o
Next we compute

PAE, n,m)s, . )= A(EL, n,m)+a, (n, m) A(L, n, m).

nm, 1
We further compute
p(B(ZL,n,m)s,_, . )=B(& nm)a, (n—1,m).
So we obtain from p(¥)=0,
A&, n,m)=a, (n,m+1) B(&, n+1,m)+aq ,(n, m+1) A(Z, n, m)

—a, (n, m)A(Z, n,m) (3.15)
—-B(Z,n,m)a, (n—1,m)

thus A(n, m) has weight four. Similarly,

q(sn,mﬂ,r = —B(gy n, m) aoyl(n, m+1)

and

qB(&E, n,m)s,_, ,, )= Bln,m)y+a, (n—1,m) B(ZL, n, m)
SO

Bin,m)= —ay (n—1,m}B(Z,n, m)+B(Z, n, m)a, (n, m+1).

Taking into account the formulas (3.12), (3.13) and (3.14) for g, ;, we have formulas for
A(%,n, m) and B(Z,n, m). So we have formulas for

VA! .(f)-v;=—24A(n, m)
and

VB, ,.(f)-v;=—2B(n,m).
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These formulas are the fy » and gy ) referred to in the Introduction. Note that B has
weight five.

We can express the functions A and B in terms of & functions. For simplicity, let us
assume that all the R, are the same point R and all the S; are the same point S, and Q, §
and R are all close to P. The formula

z

(@) (w) = f w

P

always gives well defined element of J,. If {#=0}+K does not contain the image of ¢,
then we get a well defined divisor 9% on X by pulling back this divisor by ¢ locally. This
is well defined, since a choice of a different path from P to z would yield the same
divisor. There is a constant K<€ H%X, Q)* so that

Dy,

is the divisor of a non-zero section of #. Fix a divisor Dy of degree g—1. For x near P
let

Cx =K C(x+Dy)*
Notice that
(=n—m) Cp+(n—m) CQ+m(CR+CS)+K$= K_z," e
Consider the following meromorphic function on HX, Q)*:

8n,m(Z) = "MZ+Cp) B MZ+C Y IMZ+CR) BMZ+C) DZ+Ky ) (DHZ+K )™

This function is periodic on HX, Q)* and so 4, n=g. mo¢ is a well defined rational
function on X. The divisor of A, , is just the same as the divisor of f, .. So to compute
di(n, m) all we have to do is to compute the logarithmic derivative of h,, ., at P with
respect to z. We have that the derivative of fo¢ is just Vf-v,. So we obtain

di(n,m)=C'+Cyn+Cym+v,VlogHK, )

for suitable constants C; and C, independent of ¥ and a constant C’ dependent on %.
Thus we have

A(n,m)=C+v,Vlog 19(K$"+l ,,,)_Ul Viog 0(K$n M)
for a suitable C independent of £. There is a similar formula for B.

16—928283 Acta Mathematica 168. Imprimé le 24 avril 1992
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Given A and B in Vy y, here is a conjectural construction of a curve X, points
P,O.R,,...R,;,S;, ..., Sy€EX

and a line bundle on X which will give back A and B when we apply the construction of
this section, at least for generic A and B. We can consider the following difference
operator

L) = y(n+1,m)—y(n, m+1)—An, m)y(n, m)—B(n, m) y(n—1,m)

on the space of all complex functions on Z°. If @, 8 €C*, let M, z be the set of all y so
that L(y)=0 and w(n+N, m)=ay(n, m) and y(n, m+M)=By(n, m). Let B be the set of
(a, B) so that the dimension of M, s is positive. If there is a curve X as in this section
having associated A and B, let X’ be X—{P, Q, R, ...,Ru, S1, ..., Su}. Then there is a
natural map 7: X' — % by sending x €X’ to (a(x), B(x)). To see that the image of x is in
A, we choose an isomorphism of the fiber % with C and let y(n, m)=s, u(x) €.
Further, there is even a line bundle on the subset %, of @ on which the dimension of
M, p is exactly one. This suggests that for generic A and B, that %3,=% and that % can
be compactified to a curve X by adding points {P, Q,R,,...,Rs, S1, ..., Su}. Further
extending the line bundle to a line bundle of X and applying the construction of this
section will give back the original generic A and B. But we have not worked out here
this conjectural correspondence.

The construction of this section is very close to that of Mumford and van
Moerbeke [MM], although we have not worked out the exact relation here. Start with a
complex function ¢ on Z. Define y on Z* by the following inductive procedure on m:

Y(n, 0) = ¢(n)

and
Y(n, m+1) = —An, m) w(n, m)—B(n, m) Y(n—1,m)+y(n+1,m).

Define L(¢) (n)=y(n, M). Then @& is the set of (a, §) so that there is a nonzero ¢ with
¢(n+N)=a¢p(n) and L(¢)=P¢. Thus B is the spectral curve associated by Mumford
and van Moerbeke to the operator L;. Note that in Mumford and van Moerbeke’s
theory, the operator L, can be reconstructed from the curve, the line bundle, and the
points added to compactify, while the construction here depends on a choice of a
decomposition of the zeros of B into M divisors of degree 2. Note that the case M=1 is
the classical Toda lattice case.
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4. Proof of Theorem 1.1

We will prove Theorem 1.1 following Lazarsfeld. We will show that there is a rank two
vector bundle E on C with det E=Q, h°(E)=3, h%E*)=0, and E is generated by global
sections. Suppose that we are given such an E. Then setting H=H°E), there is a
canonical exact sequence ’

0-Q ' 5 HRO-E—0
Next, set V=H*, and dualize this to get:
0> E*>VR0— Q—0. “.1)

Twisting by Q and take cohomology.
HY(Q)®V—- HY(Q®) > H(E*®Q)— VR H(Q) - 0.

Since hYE)=h"(E*®Q)=3, we see that the map H'(E*®Q)—VOH Q) is an isomor-
phism. On the other hand, (4.1) lets us view Vas a subspace of H%Q). So the theorem
will follow from the existence of such an E.

To construct such an E, we fix a line bundle A on C so that the degree of A is g,
h%(A)=2, and A is generated by global sections. Indeed, let A=Q(~P)—... —P,_,),
where the P; are chosen generically. Since the map of C to projective space via the
canonical map is an embedding, A has the required properties. Note that there is a
unique section of Q®A* which vanishes at the P;. Consider the kernel K of the natural
map

a: Ext'(4, Q®A*) - Hom(H(4), H(Q®A*)),
which takes an extension
05> QRA*>SE—>A—0,
to the connecting homomorphism it determines. Ext'(4, Q®A*) is dual to H%A®2) and
Hom(H(A4), H(Q®A*))
is dual to HA)*®H(A)*, and « is dual to the multiplication map
HYA)®H(A)— HYA®?).

The base point free pencil trick shows that the cokernel of multiplication has dimension
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1%A®%)—3=g-2. So K is a vector space of dimension g—2. On the other hand, any
non-trivial extension in K gives a vector bundle E satisfying the desired properties,
except that E might not be generated by its global sections.

We will show that if we choose a generic element of K, then the resulting E will be
generated by global sections. Suppose E is not generated by global sections. The three
sections of E do generate a subsheaf E’' of E, which sits in a diagram of extension as
follows:

0-QR®A*(-D)>E' - A0

.

0—QRA* S E 5> A-0

Since E is generated by glbbal sections away from P, ... P,_,, we have that DcUP;. So
if E comes from an element ¢ €K that fails to be generated by global sections, then
there is a point P among the P; and an extension

0— QVAY~P)>E"->A—-0,

so that e is induced from this extension. Note that then such extensions are necessarily
surjective on global sections. But such extensions are classified by elements in

ker(H °A®%(P)))* — H°A)* @ H "(A(P))*.

Noting that /°%(A(P))=3 (since PEP,+...4+P,_,), the base point free pencil trick shows
that the cokernel of

H°(A)®H(A(P))— HA®!(P))

has dimension g—3. Hence the extensions in X which fail to be generated by global
sections have codimension at least 1 and so an extension with all the required proper-
ties exists,

5. Kodaira-Spencer theory

Suppose that U is a simply connected neighborhood of 0 in C". We will denote the co-
ordinates on C” by zj,...,2,. Let m: ¥—U be a proper smooth map from an n+1
dimensional & so the fibers ¥, of r are smooth curves of genus g. Let Q be a section of
7. Let yy, ..., 7, be elements of H(Z,Z). Let w,, ..., w, be global sections of Qg the
relative one forms on Z—U. Let w;, denote the restriction of w; to H (%, Q). We
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assume that the w; ; form a basis of HY%,, Q) which is dual to the restrictions of the Y
to H'(%,, C).
Let W, be the complex span of the y; in H'(Z,, C). Let us further assume that there

are functions A; on U for j=2,...,g, B;on U for j=3,...,g and C; on U for j=4, ..., g so
that if we set

61(5) = yl"'ﬁ: Aj(s) Y;
=2

0y(s) = Vﬁi B;(9)v;
=3

Os(s) = 73+i Cj (s) Vi

=4

then for each s € U, 8,(s) is a basis for the annihilator of H%Z,, Q(—Q(s))) in W,, so that
0,(s) and 8,(s) are a basis for the annihilator of H%,, Q(—20(s))) in W, and so that &,(s)
and d,(s) and ds(s) are a basis for the annihilator of H%Z,, Q(—30(s))) in W,. Our aim is
to compute the partials of the A;, B; and C; in terms of Kodaira—Spencer theory. In

particular, we wish to know when the map ® from U to C**7¢ defined by sending s to
the vector

(Ay(8), ..., A(5), B5(5), ..., B,(5), C((s), ..., C,(5))

has maximal rank.

To compute these partials, we introduce the following functions a;, b; and c; so that
@), = 0, —ay(s) ®, € HYZ,, Q(~Q())

W3 = 03 —ay(s) ©; ;—by(s) w, ;€ HYZ,, Q(—20(s)))
and
0], = w; —a() 0, ~b,(s)w, ;—c;(s) w3 , € HAZ,, A-30(5)))
for j>3. By evaluating the identities

(9y(s), ] ;) =0,

(8y(s), 0! ) =0
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for j>2 and
(05(s), @} ;) =0

for j >3, we see that the a;, b; and c; can be expressed in term of the A;, B; and C;. For
instance, ¢;=C;. On the other hand, the functions aj=(8,(0),w}), b/={0,(0),w)),
c/=(06,(0), w;) can all be expressed in terms of the functions a;, b; and c; by expanding
their definitions. So it suffices to determine when the map ¢ from U to C*7° defined by
sending u to the vector

(a5(5), ..., ay(s), bi(s), ..., (), i), ..., € ()

has maximal rank.
Let us assume for the moment that n=dim U is one and that z=z, is the coordinate.
By shrinking U, we can find a cover {U,} of % and holomorphic embeddings 4,:
U, xU—Z so that moh, is just the projection of U,xU to U and so that if Q(0)€ U,,
then Q(s)=h,(Q(0),s). Let © be the sheaf of holomorphic derivations on %, i.e. the
dual of the sheaf of holomorphic one forms. If fis a function on an open subset V of U,,
define T,(f) to be the function on h(Vx U) defined by T,(f)(h,(v, s))=f(v). There is a
cocycle D, g€ H %U,n Us, ©) so that if fis a function on a non-empty open V of %, then
. ( Tﬂ(f)—Ta(f))

lim { ————

20 z

=Da_ﬂ(f),

where both sides are defined. Thus we get a Kodaira—Spencer class
KS € H'(Z, 0(-Q(0)),

which is easily seen to be independent of the choices of covers we have made.

Let w be a meromorphic form on %, which is of the second kind, i.e. it is
locally exact. By choosing the U, simply connected, we can write w=df,, where f,
is meromorphic on U,. Then c¢,s={f,—f;} defines a cocycle with values in C and
gives a well defined element L,€H'(%,, C)=H (%, C). Let w' be a section of
Qg p((—k+1) Q(U)). So for each s€ U, w; is a holomorphic one form on & vanishing
k—1 times at Q(s). Suppose that w € H (%, Q(kQ(0))). We have a function defined on U
by the following process: The product of L, and w;, is a well defined element denoted
(w,0"); of HYZ, Q)=C. Note that (w,w’),=0, since L, maps to zero in
H(0(k—1)(Q(0))) (L, is the coboundary of the {f,}). We have the following formula:

(—d—— (w, ' )Z> = KS(w)(w’).
dz 2=0



A LATTICE VERSION OF THE KP EQUATION 239

We have used the multiplication maps
H 1(.@(—Q(O))) x HA(QK(Q(0))) - H'(O(k—1)(Q(0))
to evaluate KS(w) and
HY(O((k—1D(QO0)) X HA(Q((1-k)(QO)) - H'(Q) = C

to evaluate KS(w)w').
This formula is easily proved. For let Ao p=T( fa)—Tﬁ( fg)—c, 5 define a cohomo-
logy class A in H'(O((k—1) Q(U))). Note that the Aq,p all vanish when z=0. So

. ;"a b
hm : = Da ﬂ(fa)’
=0 Z ’

since

Ty(£,) = Ty fy)—co s

Consequently,

lim <—2\~ a)> = KS(w)(@).

z—0

On the other hand, for z+0, then A is the image of L, in H(%,, O((kk—1) Q(s))). Thus
(A,0"),={(w,w"),, and so our formula is established.

Let us return to the case of U of dimension n. We can apply the analysis of the
preceding paragraph to the curve C; defined by be setting all the z;=0 for j+i. This will
give an element KS(8/3z) € H' (%, ©(—0(0))). We have

%4\ k() 5,00
azi z=0 9z : !

i

for j>1

ob; _ 5 |
(a_z,-)Fo K (g) (6, ()

1

for j>2

%G)  — k(L) 5,0
92/ 1= 3z) !

for j >3,
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THEOREM 5.1. Suppose that the KS(3/3z) actually span H\(%,, ©(—0(0))) and that
the O; are acceptable. Then the map ® defined above has maximal rank.

Proof. By duality, the map from H'(Z, ©(—(0))) to
H'(%,, 0(Q0)®H (%), 02Q(0)®H' (%, 0(30(0)))

defined by 8—L ;9 is surjective.

6. A monodromy argument

There are smooth analytic manifolds U; and & and a proper smooth morphism
m: Z— U, and a section Q of i so that the dimension of U, is 3g—2 and the dimension of
Zis 3g—1 and so that the induced map G: U—AM,, is surjective, where G is defined by
G(u)=(7""(u), O(u)). Further we may choose U, and 7 so that they are defined over R
and so that for any point « € U, there is a coordinate system z; so that the Kodaira—
Spencer classes KS(8/3z) generate H'(Z,, ®(—Q(«))). In such a situation there is a
monodromy map T: 7,(Uy, s)—Sp(H(%,, Z)), where Sp(H(Z,, Z)) is the group of sym-
plectic automorphisms of H(%,, Z). We can assume that the image of T is a subgroup of
finite index in Sp(H(Z,, Z)). We will establish the following later in this section:

ProOPOSITION 6.1. There is a dense set of points u € U,(R) so that if vi, v, and v; are
adapted and in AY(Z,)(R), then the v; are acceptable.

Let U, be the set of all (1, A) so that u€ U; and A is a complex subspace of
HY(%,,C) of dimension g. Note that U, inherits the natural structure of a complex
manifold of dimension 3g—2 so that the projection map P, from U, to U, is a covering
map. Indeed, let W be simply connected neighborhood of u € U,. Then H'(%,, C) for
w€ W form a local system of vector spaces on W, which is trivial, since W is simply
connected. Thus we get an identification ¢, of H'(Z,, C) with H'(%,,C). The map
Yrw—(w, p,(A)) is a section of P, and defines a chart for the holomorphic structure of
U,, by definition. Note that U, also inherits a real structure. Indeed if (4, A) € U,, then
the antiholomorphic involution on % restricts to an antiholomorphic map from
Z, to &, Let A’ be the image of A under this map. We define ¢ on U, by
(u, Ay=@',A"). In particular, if (x, A)€ U, is a real point, then A is invariant under ¢
and so A=ANZ)-C.

If (u, A) € U,, there is a natural map from A to H%%,, Q)* induced by cup product.
Let Us;c U, be the set of all (1, A) so that this map is an isomorphism. Note that the real
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points of U, are all in Us;. Let U, be the set of all (#, A) € Us so that there are adapted
v;€ A which are acceptable. U, is an open subset of U; whose complement is defined by
analytic equations.

We wish to show

ProrosITION 6.2. Us=U,.

Proof. Both U, and U, are defined locally by the non-vanishing of analytic
equations. If the proposition were false, there is a whole component Us of Us; contained
in the complement of U,. m (U}, s) acts on Us, since the projection from Us to U, is a
covering map. If y€m(U),s), the image of (s, A) under y, which is just (s, T(y}(A)),
would be in Us. Thus if (s, A’) is any point in Us, then (s, T(y)(A")) € Us. In particular, if
s is a generic point of Us, we would have that A(A) would not contain an acceptable
adapted set for all A in some subgroup H of finite index in Sp(H'(%, Z)). But H is
Zariski dense in Sp(H'(Z,, C)). It follows that for all A € Sp(H(Z,, C)), we would have
that A(A) would not contain an acceptable adapted set.

Consider the transvection

T, v)=v+(v,w)w,

where w is a holomorphic one form on %,. If v} for i from one to three form a basis of
HYZ,, QUQ(s))NA’, the T,(v}) form a basis of H(%,, Q4Q(s))) N T,(A’). We say that
v; for i from one to three satisfy a nontrivial relation if there are nontrivial w; in
HY %, Q(—iQ(s))) so that v] w,+v; w,+v;w,=0. Let’s suppose that if w;€ HYAZ,, Q) are
chosen generically, then the w; do not satisfy any relation and that (s, A) € Us. Suppose
the v; are an adapted set in A. We may choose the v; and the w; so that (v,, w,)=0,
(v, wy)=0, and (v, w;)=0, but that (v,,w,)=*0, {v,, w,)=*0, and (v,, w,)=+0. Let
§,=t"T., 04, °T,,). Then

S)= t2v1+<vl’ w,) w,
S{vy) = 10,4y, w, ) wy+{vy, w,) w,
S03) = 1703+ (v3, W) W+ vy, w,) wy+ (v, wy) w5,

The §,(v;) are adapted and (s, S(A)) € Us, so S:(v) satisfy a nontrivial relation for all ¢.
By taking the limit as 1—0, we see that the w; would satisfy a non-trivial relation. Thus
if Us is nonempty, w; chosen generically would satisfy a nontrivial relation.

We know that the map y: HYZ, QP’—>H"Z, Q%% defined by (v, w,, wy)—
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w, w,+w, w,+w, w, is surjective for generic s and w;. We may assume that w,; does not
vanish at Q(s), that w, vanishes exactly once at Q(s), and that w; vanishes exactly twice
at Q(s). Since the vectors (w,, —w,,0), (w,,0, —w,) and (0, w;, —~w,) are in the kernel of
¥, these vectors generate the kernel of y. So if w, w,+w,w,+w;w;=0 is a nontrivial
relation, we must have

w, = aw,+bw,
W, = —aw;+cw,
w3 = —bw;—cw,.
But w; vanishes two times at Q(s), so b=c=0. So a=0. So Us is empty.

Proof of Proposition 6.1. Note that Proposition 6.2 implies that U,(R) is dense in
UxR). Indeed, U, is dense in U, and the complement of U, is defined locally by
analytic equations. If U,(R) were not dense in U,(R), then the equations defining the
complement of U,R) would vanish of an open subset of U,(R) and hence on an open
subset of U,. Further, U,(R) actually maps onto M, i(R), and if (u, A) € U5(R), then A is
the lattice fixed by the antiholomorphic involution of &,. It follows that for a dense set
of points (C, P) in M, ,(R) so that if the v;€ A™ adapted, then the v; are acceptable.

Proof of Proposition 2.4. Let u € U4R). We can choose a basis y; of A*(%,,)»so that
for suitable choice of a;, b; and c; we have that

2
Vi =V1+2 a;y;
j=2
2
V2 = }’2+2 bjy]‘
j=3
2
V,= y3+z Y
=4

are an adapted and therefore acceptable set v;. We can therefore find A;(s), B;(s), C;(s)
locally as in section 3 so that V;=6;(u), and so that the J;(s) satisfy the condition in the
first paragraph of section 5. The map ® restricts locally to a map of maximal rank from
U4R) to R*7%, In particular, we can find points s near to u so A;(s) and B;(s) are
rational. Thus we see that (%, Q(s)) is good.
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7. Proof of Theorem 2.5

We use the notation of §4. Assume that y;,y, and y, are adapted at 0, i.e. that
7,€ H%%,, Qi+1) Q(0)) and that they form a basis of H%Z,, Q2(4(Q(0)))). It follows that
w 0€H 0(Q(—Q(O))) and that w; €H %(Q(—20(0))). Assume the rest of the y; defined
over R and that (%, Q(0)) is good. Then we can assume that y, and y, are both in
H'(%,,Z). By replacing U by a smaller neighborhood of 0, we can find a neighborhood
of O(u) and a function z defined over R so that z=0 is the defining equation for Q(U)
and so that dz=w; as relative forms. If s€ U and RE Z, so that z(R)= and w, is a
holomorphic one form on %,, we denote

by

where the integral is to be taken on a path connecting O(s) and R lying close to O(s).
If e €C, there are e*(z) and e (z) so that e*(z)+e (z)=z and 22—(e*(2))’— (e~ (2))’=
27% for z small. Consider the following functions:

J[§w,
0
Aj(s, z, e)=—Z ’,

1 z et (2) e~ (2)
ij(s,z,e)=<1+—2><f wj—j wj—f wj>
Z 0 0 0
= i(&)i(&)-i(&)i(&)) _
7 \dA \dz ) dz \ dz d2\dz) dz \dz /) =0

These functions are defined on Ux(D—{0})xD, where D is some neighborhood of
0€C so that all the integrals above are defined. The significance of these functions is
the following: Suppose we have a point (s, 1/N, ¢) with NEZ with N>>0 and that
Aj(s, 1/N, e)=0for j>1, ij(s, 1/N, e)=0for j>2, Bi(s, 1/N, ¢)=1 and ij(s, 1/N, e)=0 for
j>3. Then there are points P,Q,S and R all in %, so that z(P)=0, z(Q)=1/N,

where j=2,..., g,

and
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«S)=e*(1/N), and z(R)=e(1/N). Further, the divisor P—Q is a point of order N in the
Jacobian of Z,, and the divisor P+Q—R—S is a point of order N?+1, since Bi(s, z, &)=1.
Finally, the linear functional L on H%Q):

() (@) -5 (@)% )
o—=>|—(—|—{—)-—|—]—(—

d2\dz) dz \ dz d2\dz/) dz \dz/] .-
vanishes on the span of w;, w,, w,4...and so L must to a multiple of

o—{(®,y;).

Note that L is in the osculating three space of the curve Z, at Q(s).

We claim that the A} and Bj can be extended as holomorphic functions to UXDXD,
and that A (s, 0, €) and Bi(s, 0, €) can be computed in terms of e and the g; and b; of § 3.
We can write near Q(s)

w; s = o;(s)dz+p;(s) zdz+ %s,- ()22 dz+D, 2 dz,
where the o; and §; are functions on U and the D; are functions on & defined locally.
Note that
a;=1.
Similarly, we see that
Bri=e=0,
and that
a2(0) = a3(0) = B3(0) = 0.

Note that 8, is nonzero near s=0, since the form w, ¢ is in H %%, Q(—0(0))), but not in
H%%,, Q(-20Q(0))). Similarly, £3(0)#0. Since w, ;—a,(s) w, , vanishes at Q(s), we see
that a,(s)=a,(s). Similarly, w5, ;—ay(8) 0, ;—by(s) w, , vanishes twice at Q(s), so

a3(8)—as(s)—bs(s) ay(s) =0
and
B3(5)—b4(s) B5(s) = 0.

For i>3 we have
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a;(8)—a;(5)—b;(s) ays)—c;(s) ay(s) =0
and
Bi(8)=b;(s) B, (s)—c;(s) B3(s) =0,
and
&;(8)—b;(s) ex(s)—c;(s) &(s) = 0.

Further, we have

lim A=q;
z—0
and
limB;= ef;.
z—0

These can be seen by the formulas:
14 2
f w; = Ca,.,s+7,3i,s+... .
0

Note that
Ci= gjﬂz_ez ﬁj'

By shrinking U, we may assume that 8, and ¢; never vanish on U. Examining these
equations, we see that the subvariety of U defined by the vanishing of a; for i >1, the B;
for i>2 and the C;>3 is contained in the subvariety of U defined by the vanishing of a;
for i>1, the b; for i>2 and the ¢; for i>3. Using the fact that the g; for j>1, the b; for
J>2 and the ¢; for j>3 all have independent gradients, we see that the a; for j>1, the §;
for j>2 and the C;for j>3 all have independent gradients. Thus, A} for j>1, the B; for
J>2 and the C/for j >3 have independent gradients when restricted to the set z=0 near
5s=0. So if

1
R={0,0,——),
( /32(0))

then the equations A/=0 for j>1, B/=0 for j>2, B5=1 and Cj=0 for j>0 defines a
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smooth manifold W UXDXC in a neighborhood of R and that the function z defines a
smooth map from W to D near R. We have established:

ProrositioN 7.1. If (C, P) is a good pair and v; for i from 1 to 3 is an adapted set
with vy and vy in A*(C) and v;€ AY(C)(R), then there is a family m: ¥,—D, which is
proper and smooth over D and sections P;: D—% such that if ¥, denotes the fiber of ¥
over 7, then (C, P)=(%,, P;(0)). Further, if we denote by v; the element of Hl(o.yz, C)
obtained by transport of v;, then for z#0, Us is in the osculating three space of ¥,, and
for all w € HX¥,, Q), we have

PL2)
f o=z{w,v,),

P2
Py(3) Py(2) P2) z2< o, U2>
w— w— 0=———
P P P 1+z

Further, if 7 is real, then %, is defined over R and the points P\(2), P,(z) and the divisor
P3(2)+P4(2) are defined over R.

and

Choose yy, ..., y, so that y;=v; for i from 1 to 3 and y;€EAT(R) and choose
a: H(¥,Z)— C}

satisfying 2.1 and 2.2. Let ¥, be the theta function on H (@, Q)* attached to a. Let
f@xy, X3 K = 02(2 x,.y,.+1<,>,

where 7; is the image of y; in HY(Q)*. We assume that we have chosen K; so that
K,—K{€H'(C,Z) and that f(0; x,, ..., X,; K,) never vanishes for (xi, ...,Xz) ER®. Define

dlog f(z;x,+2, Xy .0y X5 K))
20x,
B alogf(z;x,,x2+z2/(1+z2),x3, s X KY)
209x,
_ *log f(0; X1, X,, ..., X: KD

8x§

H(z;x),...,x,; K) =

For fixed K, note that H(z; x,, ..., x.; Ky) is periodic on R? for each z with respect
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to a lattice in R? independent of z. Further, H(z;x,, ..., x,; K)) can be extended to an
analytic function on DxR#, which vanishes on {0} XR#. Thus given &, there is a 0 so
that if |z|<d, then |H(z;xy, ..., x,; K))|<e. Fix NEZ so that 1/N<6. Let & be the line
bundle on C=%,,, associated to K;. Let P=P(1/N), Q=Py(1/N), R=P5(1/N) and
§=P,(1/N). Choose a parameter z around P so that the Frenet frame associated to z is
the image of the v;. Let A(n, m, &) be the functions introduced in section 3. The line
bundle %, ,, is associated to

n m

K1+ N’}/l'{'

R = K .
Nk1't T

and the equations say that 0(Q—P) is associated to y;/N and O(P+Q—R-S) is
associated to

Va2
N*+1
Furthermore,
dlogf(1/N;x,....x ;K
efll/N:x, ¢ K) =y, Vlog 01,N(2 x,.y,-+K1>.
ox,
Let

8210gf(0;x1y) 0’ “-’0; Kl)

hx, y; Ky = e

Then we have the following formula:

1. n m n om
H{—;—,——,0,..;K,) = NA(n,m, )+ C—h)| =, ——: K, .
(N N N+1 ‘) n.m, £) ‘(N N*+1 ')

In particular,

INA(n, m, $)+C-hl<%, ﬁgi_l; K,> ‘ <e.

Fix K, and apply the preceding discussion to K;+ty;, noting that
|H(z, x5 ..., X Ky +tpy)| <€

independent of ¢. Let

8%log(0; x,v,t, ..., 0; K,)

h(x,y,t) = h(x,y; K, +1ty;) = 2
ox



248 D. GIESEKER

Let %, be the line bundle associated to K;+ty;. Then we have

NA(n, m, £)+C—h l,—'—"—,t) <
(n,m, ) (N N*+1

Thus Theorem 2.5 is established.
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