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Introduction

The main input in computer vision is the image of a scene, given by the grey level of
each point of the screen. This determines a real valued measurable function g on a
plane domain Q, which, in general, is discontinuous along the lines corresponding to
the edges of the objects. Other discontinuities of g can be caused by shadows, surface
markings, and possible irregularities in the surface orientation of the objects.

For all these reasons, when one wants to regularize g in such a way to eliminate
the details of the scene which are too small and meaningless, one can expect to obtain a
better approximation by means of a piecewise smooth function rather than by a globally
smooth function.

This motivates the so called ‘‘segmentation problem’’, which is one of the main
problems in image analysis: find a closed set K, made up of a finite number of regular
arcs, and a smooth function u on Q\ K, such that

(S1) u varies smoothly on each connected component of Q\ K,

(S2) u is a good approximation of g on Q\ XK.

The set K will be the union of the lines which give the best essential description of
the image. The parameters which make such a description more or less good are the
way in which (S1) and (S2) are satisfied and the minimality of K, expressed by the
further requirement that

(S3) the total length of K is sufficiently small.

For a general treatment of this subject we refer to A. Rosenfeld and A. C. Kak
[24]. Many problems in image segmentation can be solved by minimizing a functional
depending on K and u, as pointed out by S. and D. Geman [15] for a similar problem
defined on a lattice instead of a plane domain. The role of the functional to be
minimized is to measure to what extent conditions (S1), (S2), and (S3) are satisfied.
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This variational idea was developed by D. Mumford and J. Shah (see [21] and
[22]), who proposed the following functional, defined for every closed subset K of Q
and for every u€ C(Q\K):

0.1) J(u, K)=J [Vul? dx+f (u—g)dx+ H'(K)
Q\K o\K

where Vu is the gradient of ¥ and #' denotes the 1 dimensional Hausdorff measure (see
{131, 2.10.2). The first term in (0.1) takes condition (S1) into account, the second one is
related to (S2), and the third one concerns (S3).

D. Mumford and J. Shah [22] studied the properties of a minimum point (x, K) of
(0.1), assuming that X is made up of a finite number of smooth arcs which intersect only
at their endpoints. The existence of such a minimum point, conjectured in [22], was
proved only under the additional constraint Vu=0 on Q\ K. For a constructive proof of
the same result we refer to J. M. Morel and S. Solimini ([19] and [20]).

Variational methods based on similar ideas are used in edge detection (see [17]).

Minimum problems for functionals like (0.1) are typical examples of a larger class
of variational problems, called free discontinuity problems (see [8]), which include a lot
of interesting situations arising from mathematical physics, where the functional to be
minimized is the sum of a surface energy and a volume energy (see [5], [6], [7], [12],
[26)).

For problems of this kind E. De Giorgi and his school have proposed a unified
approach based on the use of a new function space, named SBV(Q) (see [9] and [2]),
whose elements admit essential discontinuities along sets of codimension one. More
precisely, a function u€L'(Q) belongs to SBV(Q) if and only if its distributional
derivative Du is a vector measure which admits the Lebesgue decomposition

Du=(Vu)dx + " ~u")v, %5,

where Vu EL(Q, R?), S, is the set of all jump points of «, v, is the unit normal to S, and
ut,u” are the approximate limits of u from both sides of S, (see Section 1 for the
precise definitions).

The general method proposed by E. De Giorgi is a typical application of the
classical direct method of the calculus of variations and consists in the following steps:

— weak formulation of the minimum problem in the space SBV(Q);

- proof of the existence of a minimum point in SBV(2) by relying on a general
compactness and semicontinuity theorem due to L. Ambrosio [11;
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- study of the regularity properties of the solutions, such as the smoothness of the
discontinuity set S, and the differentiability of the solution u on its continuity set
ONS..

In our case, the weak formulation of the minimum problem for (0.1) is the
minimum problem in SBV(Q) for the functional

0.2) J(u) = f |Vuul|* dx + f (u—g)ldx +¥'(S).
Q Q

For simplicity we shall assume that Q is a rectangle and that |g|<1 a.e. in Q.

Using the lower semicontinuity theorem of L. Ambrosio, mentioned before, it is
easy to prove that the functional (0.2) achieves its minimum on SBV(Q).

The aim of this paper is to prove that the functionals (0.1) and (0.2) have (essential-
ly) the same minimum points and that these points can be approximated by the
solutions of more elementary minimum problems of the same kind, with an additional
constraint on the number of arcs which compose the set K.

To be precise, for every k€N we consider the functional

0.3) Jk(u;yl,..‘,yk)=f

Q\K

k
\Vauel* dx +J (u—g)dx + 2 Ay,

Q\K i=1

where y!,...,y* are Lipschitz maps from the interval [0, 1] into the rectangle Q,
k R
K= ':J1 y'(10,1D),

A(y") is the length of the curve y', and u € H'(Q\K).

The functional J; presents the energy (0.1) in a parametric form which seems to be
more suitable for the numerical analysis of the problem.

By using the Ascoli~Arzela Theorem, it is easy to prove that for a given kEN the
functional (0.3) attains its minimum value. For a similar problem, where the bound & is
imposed on the number of the connected components of K, we refer to T. Richardson
[23].

Our main results are given by the following theorems, which we consider a first
step in the direction of the proof of the conjecture of D. Mumford and J. Shah [22] on
the existence of a minimum point («, K) of the functional (0.1) with K composed by a
finite number of regular arcs.

THEOREM 0.4 (Existence Theorem). The functional (0.1) attains its minimum.
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Moreover the minimum values of (0.1) and (0.2) are equal and are achieved at
(essentially) the same minimum points, in the following sense:

@) if u€ESBV(Q) is a minimum point of (0.2), then (u,S,) is a minimum point of
(0.1) and %'(S,\S,)=0;

(b) if (u, K) is a minimum point of (0.1), then u (arbitrarily extended to KNQ) is a
minimum point of (0.2) on SBV(Q); moreover S,cK and ' (K\.S,)=0.

THEOREM 0.5 (Convergence Theorem). For every kEN let (u,; v}, ..., y5) be a
minimum point for (0.3). Assume that the sets

k.
K= U 7}(0.1)

have no isolated points. Then there exists a subsequence of (u, Ky) which converges to
a minimum point (u, K) of (0.1) in the following sense:

(a) Ky—K in the Hausdorff metric,

(b) up—u strongly in L{Q),

(©) J (s Vs s YY) I(, K).

THEOREM 0.6 (Approximation Theorem). For every minimum point (v, H) of (0.1)
there exists a sequence (v,; (]J,l(, ceey tp’,i) such that, if we set

k .
H, = U gi(0.1),

then
(a) Hi—H in the Hausdorff metric,
(b) vi—>v strongly in LX(Q),
(©) Jv @k, ..., PH)—J(v, H),
(d) ' (HAHY)—0, where A\ denotes the symmetric difference of sets.

The first proof of the Existence Theorem 0.4 was obtained by E. De Giorgi, M.
Carriero, and A. Leaci [10] by relying on a Poincaré-Wirtinger inequality for SBV(Q2)
and on regularization techniques developed for the study of minimal oriented bound-
aries.

The proof we shall give in this paper is limited to the dimension 2 and is based on
completely different ideas and techniques. The ('-essential) closedness of S, will be
obtained from the following elimination lemma, whose statement was suggested to us
by E. De Giorgi. Let us denote by 0=0(Q) the length of the shortest side of the
rectangle Q.
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LemMma 0.7 (Elimination Lemma). There exists a constant $>0, independent of Q
and g, such that, if u is a minimum point in SBV(Q) for the functional (0.2) and
Dg=D(xy, R),0<R<min{1, 0}, is any disc with x,€ Q and

%'(S.0Dgr) <R,
then S,ND(xy, R/2)=.

The (9'-essential) closedness of S, is now an easy consequence of the Elimination
Lemma and of the following well known result of geometric measure theory (see [13],
2.10.19(4)): if #'(E)<+, then

1
lim ZEND&xQ) _
o—0" 29

for 9'-a.e. x ER*\E, where D(x, 0) denotes the open disc with center x and radius g.
In Theorem 0.5 the proof of (c) follows from the Approximation Theorem 0.6,
which is based only on the Elimination Lemma 0.7 and on the fact that the set S, is
(%', 1) rectifiable in the sense of H. Federer (see [13], 3.2.14).
Property (b) of Theorem 0.5 follows easily from (a) and (¢). As for (a), the most
delicate point is to prove that the Hausdorff measure "' is lower semicontinuous on
the sequence (Ky), i.e.

0.8) H'(K) <liminf #'(K,).

k—»

This property is clearly false for an arbitrary sequence of compact sets (K;) which
converges to K in the Hausdorff metric (see example (5.1)).

To prove (0.8) we use the fact that our sets K satisfy, uniformly with respect to &,
the concentration property introduced in the definition below. The proof of this fact is
based on a refinement of the methods used in the proof of the Elimination Lemma. The
same proof will show that the set K corresponding to a minimum point («, K) of (0.1)
enjoys the concentration property. This result improves the statement of Lemma 0.7,
which can also be seen as a consequence of the concentration property.

Definition 0.9. Let B be a Borel subset of Q. We say that B satisfies the concentra-
tion property in Q if for every >0 there exists a=a(e)>0 such that, if Dg=D(x,, R) is
any disc contained in Q with x,€B and 0<R<1, then there exists a disc D=D(x, r)
contained in Dy such that
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diam(D) = a diam(Dg),
2 (DN B) = (1—¢) diam(D).

Roughly speaking, this property says that any disc centered on B contains a
subdisc, with comparable diameter, where B is concentrated.
To obtain our inequality (0.8) we use the following lower semicontinuity result.

Lemma 0.10 (Lower Semicontinuity Lemma). Let (K}) be a sequence of closed
subsets of Q which converges in the Hausdorff metric to a closed subset K of Q.
Assume that the sets K, satisfy the concentration property in Q (Definition 0.4)
uniformly with respect to k (i.e. with a(e) independent of k). Then

0.11) H'(KNnQ)=<liminf ¥'(K,NQ).

k—w

The proof of (0.8) can now be concluded by using a reflection argument which
yields ¥ (KNnaQ)=0.

A short insight into the main proofs. It can seem redundant to give now, in a
particular case, an idea of the techniques which we shall use in the next sections.
However, we think it necessary in order to help the reader to orient himself in the
rather technical proofs and to distinguish what are the main arguments. What makes
the proofs long is first the lack of regularity of the set of ‘‘boundaries’’ K: for instance,
each integration by parts has to be made cautiously. A second difficulty, classical in
geometric measure theory, arises from the complexity of the possible K, which necessi-
tates the localization of all estimates and then the use of covering techniques due to
Besicovitch [4]. Now, all of these drawbacks can be avoided if we consider a particular
and simple example still presenting the nontechnical difficulties of the general case. We
announced that most of our results follow from an ‘‘elimination’’ technique whose
results are summarized in Lemmas 0.7 and 0.10. We shall now give an example of such
an elimination technique which results in a proof, in a very particular case, of the
‘“‘concentration property’’. The kind of estimates used in this particular case give a
good and short account of the general estimates to be developed in the next sections.

Suppose that the rectangle Q contains the square with center 0 and side 2. For any
integer m=1 let

m-1

K,=US,

m
i=0
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where S’ denotes the segment on the x;-axis with endpoints x;=2i/2m and
x=QRi+1)/2m.

ProrosiTiON 0.12. If m is large enough, then the set K=K,, cannot be the set of
the minimizing contours of any function g verifying |g(x)|<1 a.e. in Q. In other terms,
the set K,, is “‘eliminable’’ for large m.

Proof. Let us consider, by contradiction, a function g defined on Q for which KX is
a miminizing set of contours. Denote, for simplicity, by J(u, K,,)=J(u, K) the minimal
energy associated with g and by J(v, @) the minimal energy associated with the*empty
segmentation of g. Thus the function u verifies —Au+u=g in Q\ K with Neumann
condition du/3v=0 on the boundary of Q and on both sides of the segments of K. The
function v verifies the same equation in Q with Neumann boundary conditions on the
boundary of Q.

Let us compute the “‘energy jump’” of the functional J as K is removed. The length
of K is 1/2, and a straightforward use of Green’s formula and of the above equations
vields

Ju, K)-J(, @) = % + f [(Vul+ @~y — (Vo +@w—g))] dx

Q\K

-1 +J;((u+—v+)—(u‘-v')) a(‘;jv) ds,

where ¥, u”,v", v are the traces of u and v on both sides of K. Thus

(0.13) J(u, K)—=J(v, @)=L+J‘ (u*—u’)é)—l)—ds.
Z Jx v

Since K is made of finitely many segments, there is no difficulty in applying Green’s
formula. Indeed, by classical regularity theorems, both & and v are C!, and the normal
derivatives du/dv and dv/dv are well defined on both K and the boundary of Q. The first
integration is made with respect to the space variable x in Q and the second one with
respect to the space variable s in {0, 1].

In order to get a contradiction with the minimality of K, it is enough to prove that
the integral term in (0.13) is greater than —1/2 for large m. Indeed, the minimality of K
implies that J(u, K)<J(v,?). We shall thus estimate the absolute value of this term.
Notice first that, by classical regularity properties of the solutions of elliptic equations
on a smooth domain, there exists a constant C depending only on Q such that
|ov/av|<C.
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Let us now estimate the jump " —u~ of u across K. We shall do it, without loss of
generality, for the points of the first segment S?n of K, corresponding to the interval
[0, 1/2m]. Let D be the disc with center 0 and radius 1/2m.

We begin by estimating the energy of u inside this disc. Set K'=(KU8D)\ S° and
u'=0 in D,u’'=u outside D. This defines a new segmentation (1, K') and, by the
minimality of (u, K), we have J(u', K")=J(u, K). By a straightforward calculation, from
this inequality we obtain that

2
<=
(2m)2 m

j |VuP dx < <Xy
2m

Let us finally deduce from this estimate an upper bound for |u*(x)—u"(x)| for x in SJ,.
We shall use polar coordinates (g, 8) around the origin. If o=|x|, then u*(x) (resp. u~(x))
coincides with the limit of u(g, 8) as §—0" (resp. #—2x7). Since the circle with center
0 and radius ¢ meets K only at x, by Hélder’s inequality we have

2 12 12 i 12
Sulae| < (i) Vulodd| .
o0 m o
This implies the integral estimate

J e~ u |ds< U |Vu|2dx] sr:m,

- 7
J;(Iu"—u lds < T

2n

[t (x) — u~(x)| < Qn)'? [ f
0

hence

Returning to the identity (0.13) proved above, we obtain

1 v~ ov 1 Cxn
J(u,K)—J(v,@)B?— Llu —u| > d 27—.7/2
This contradicts the minimality of K if m is greater than (2cm)’. a

The plan of the paper is as follows:

— in Section 1 we fix the notation and recall some preliminary results concerning
the space SBV(Q);
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— in Section 2 we prove the Elimination Lemma 0.7 and the Existence Theorem
0.4;

~ in Section 3 we prove the Concentration Property (Definition 0.9) for the set K
corresponding to a minimum point for the functionals (0.1) or (0.3);

— in Section 4 we prove the Approximation Theorem 0.6;

- in Section 5 we prove the Lower Semicontinuity Lemma 0.10 and the Conver-
gence Theorem 0.5.
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the second author was visiting the S.1.S.S.A. (Trieste) and while the first and third
authors were visiting the CEREMADE (Paris). The authors are grateful to E. De Giorgi
for useful discussions and especially for having suggested the statement of the Elimina-
tion Lemma.

§ 1. Preliminaries

Let Q be a bounded open subset of R%. By BV(Q) we denote the space of functions of
bounded variation in Q, i.e. the functions u € L'(Q) whose distributional gradient Du is
(representable as) a bounded Radon measure on Q with values in R%. For the general
theory of functions of bounded variation we refer to [14], [16], [18], [25], [27].

Let us fix u€BV(Q2). We say that x€Q is a Lebesgue point of u if there exists
a(x) ER such that

lim o7 j |u(y)—i(x)|dy =0,
—0* D,
where D,(x)=D(x, 0)={y ER* |y—x|<g}.

By S, we denote the singular set of u, defined as the set of all x € Q which are not
Lebesgue points of u. By the Lebesgue derivation theorem the set S, has Lebesgue
measure 0 and u=i a.e. on Q\S,. Note that §,, as well as the value of & at each point
of Q\S,, are uniquely determined by the equivalence class of u with respect to
equality almost everywhere.

In the following we shall always consider u as defined everywhere on Q\S, by
choosing u(x)=ii(x) for every x€EQ\S,.

Since u€ BV(Q), the set S, can be written as
(1.1) S, =NU

U

ﬁCs

VK,

1

7-928182 Acta Mathematica 168. Imprimé le 6 février 1992
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where #'(N)=0, y,,: R—R? are Lipschitz maps, and K, are compact subsets of R (see
[13], Theorem 4.5.9(16)). It is not restrictive to assume that the sets y,(K,) are pairwise
disjoint and that y, is a bijection of K, onto y,(K,) (see [13], Lemma 3.2.18).

Moreover, for #!'-a.e. x€ S, there exist two real numbers u~(x), u*(x) and a unit
vector v,(x) ER? such that

1.2 u (x)<ut(x)

(1.3) lim o2 j lu(y)—u*(x)|dy =0,
0" D}

(1.4) lim o~ f |u(y)—u"(x)|dy =0,
e—0" D;

where Dj(x)=Dg(x) 0 {y ER%: (y~x, +v,(x))>0} (see [13], Theorem 4.5.9(22)). It is clear
that «™(x), u*(x), v,(x) are uniquely determined by (1.2), (1.3), (1.4) and do not depend
on the choice of « in its equivalence class with respect to equality almost everywhere.

The integral of a vector field g: Q—»R? with respect to the vector measure Du will

be denoted by
f @ Du.
Q

From the trace theorems (see [16], Theorem (2.10)) it follows that, if D is a relatively
compact open subset of Q with Lipschitz boundary and S,N8D has only a finite
number of points, then

(1.5 f¢Du=—j udiv<pdx+J upvd¥'
D D aD
for every vector field ¢ € C'(D, R?), where v denotes the outward unit normal to 3D.
The measure Du can be decomposed as
1.6) Du = (Du),+(Du)s,

where (Du), is absolutely continuous and (Du), is singular with respect to the Lebesgue
measure. By Vu we denote the Radon-Nikodym derivative of (Du), with respect to the
Lebesgue measure, i.e. Vu € LY(Q, R?) and

(Duw),(B)= j Vudx
B

for every Borel subset B of Q.
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The singular part (Du), can be further decomposed as

(Du), (B) = f Wt —u)v,d%"+B,(B)
Bns,

for every Borel subset B of Q. The measure 8,, introduced in this way, turns out to be a
bounded Radon measure on Q with values in R? such that

HB)<+» = B,B)=0

(see [1], Proposition 3.1).

Following [9] and [1], we say that u is a special function of bounded variation if
B.=0. The space of all special functions of bounded variation in Q is denoted by
SBV(Q). In other words, « € SBV(Q) if and only if « EBV(Q) and

a.7 j(pDu=j (qudx+J w*—u")pv, dix'
Q Q s,

for every bounded Borel vector field ¢: Q—R2.

Let us fix u€ SBV(2) and let D be a relatively compact open subset of Q with
Lipschitz boundary. From (1.5), (1.6), (1.7) it follows that, if $,n3D has only a finite
number of points, then

(1.8) —fudiv¢dx+J u(pvd%l=f ¢Vudx+f w*—u") gv, di'
D oD D

Dns,

for every vector field ¢ € CY(D, R?).
Let us fix x, € Q and, for every r>0, let D,=D,(xy). Let € SBV(LQ) and let S be a
given Borel set. Given R>0, with DzxcQ, assume that

(1.9) f [Vul? dx+ ' (SNDg) < +o.
DR

Then for every 0<r<R we have

R
(1.10) J. card(SNdD,)dp = FH'(SND\D)) <+,

where card(E) denotes the number of elements of the set E (see [13], Theorem 2.10.25).
In particular
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(1.11) card(SNaD,) < +x

for almost every 0<r<R.

If r satisfies (1.11) and if S,cS, we shall consider the restriction of u to the one-
dimensional manifold 8D, \ S, composed by a finite number of arcs of circles. This
restriction will be denoted by

(1.12) U, = lsps-

From Theorem 3.3 of [1] it follows easily that, under the assumption (1.9), for almost
every r>0 we have

(1.13) u, EH'(BD,\S),
u

(1.149) a—T’=Vu~r #'-a.e. on 3D,\S,

where 7(x) denotes the tangent unit vector to 3D, at x (oriented counterclockwise) and
du,/0t denotes the weak derivative of u, on the manifold 3D,\ S. Therefore

(1.15) f
3D\S

for almost every r>0.
We finally point out that, if S is a closed subset of Q with #'(S)<+ and if
u€CHQ\S)NW"(Q\S)NL"(Q), then u € SBV(Q) and S,cS (see [10], Lemma 2.3).

Ju

r

ot

2
doe' < J' Vuf? dg¢"
oD

§2. The Elimination Lemma

The main purpose of this section is to develop some estimates on the singular set of
functions u in SBV(Q) which satisfy certain assumptions as happens, in particular, for
the minima of the functionals that we are considering.

The estimates in this section will then be used for the proof of the Elimination
Lemma stated in the introduction. However, they are obtained by a suitable approach
which presents more technical details than what we really need, but this will be
required by further applications in the following sections. We consider the functional in
(0.1) defined for K not necessarily closed and for u € SBV(Q). The functional J can be
defined formally in the same way by the equality
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2.1) J(u, S)=j |Vu|2dx +f (u—g)* dx + ¥'(S)
o e

(there is no difference between this notation and that used in the introduction, where
the integrals are taken over Q\JS). In this case we consider pairs (u,S) with
u€SBV(RQ) and ScQ with the condition

2.2) S.cS

(we prefer to write S instead of K as far as we are not assuming that it has to denote a
closed set). Of course, for a given u, the functional J will be minimized with respect to
S by taking S=8,, therefore #'(S\.S,)=0 for every minimum point («, S) of (2.1). In
some sense, 4 can be considered the only meaningful variable, but we shall find some
convenience in keeping the possibility to add to §, some sets of one dimensional
measure zero and to get in this way some other minimizers («, §). Anyway, we shall
write sometimes J(«) instead of J(u, S) when $=S,.

Let Q be a bounded open subset of R? and let g€ L™(Q) with llgll«y=<1- The
minimum problem

2.3) min J(u)

«€SBV(Q)
admits a solution by a lower semicontinuity result due to L. Ambrosio (see [1],
Theorem 2.1). Moreover, it can be proved, by an easy truncation argument, that each
minimum point u of (2.3) satisfies

infgsinfussupu<supg,
Q Q Q Q

hence, in particular, ¥ € L*(Q) and
2.4 lleell = ) < &l =y < 1-

We are going to establish two properties of the minima of J which will be used as
assumptions in many of the following statements.

We shall say that a constant ¢ which appears in an estimate is an absolute constant
if ¢ does not depend on the data of the problem (in the range of validity of the estimate).

LeMMA 2.5. Let (u,S) be a minimum point of J. Then the following integral
estimate holds:
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for every disc D,=D(x,,r) contained in Q with x,€S and 0<r<1 we have
(IE) f |Vul dx<cr,
Df
where c is an absolute constant.

Proof. Let us define

u(x) if x€Q\D,,

2.9 ”(x)={o if xED,

Then v€SBV(Q) and S,=(5,\.D,)U8D,, hence

Ju)< f |Vul? dx +H(S,\D,) + f |u—gl? dx +#'@D,) + f lef? dx.
Q\D, Q D,

\D,

Since J(u)<J(v) we obtain

f [VuP dx +3€'(S,n D)) + f
QnD,

lu—g|* dx < %'(3D,) + f |el> dx < 2ar + nr* < 3ar,
, Qnp, D,

which concludes the proof of the lemma with ¢=3x. O

Remark 2.7. We point out that the condition that the center x, of the disc D,
belongs to § is in no way used in the above argument. So we could establish an
improved form of (IE) by removing such a restriction. However the form we have
considered will be strong enough to be used as an assumption in the following lemmas
and it is satisfied by the minima of other functionals which we are going to consider.
More precisely, for the functional J, defined in (0.3) we have the following result.

LEmMA 2.8. Let (u;y',92, ...,y*) be a minimum point of J;. Then, for
k .
S= U] ([0, 1]),
s

property (IE) of Lemma 2.5 holds.

We omit the proof because it is formally equal to the previous one. We have just to
replace S, by S. However, in this case, the condition xo € § is crucial. In fact, with the
notation considered in Lemma 2.5, we have now two possibilities:

(1) D, contains at least one of the Lipschitz curves which form S;

(2) 8D, intersects at least one of those curves.
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In each case the set (S\.D,)U3D, turns out to consist of at most k Lipschitz curves
and this fact allows us to get the conclusion of the proof in the same way as before.

We now write the weak form of the Fuler-Lagrange equation satisfied by a
function 4 which minimizes J for a fixed S.

LEMMA 2.9. Let ScQ be given and let u€ SBV(Q) be such that (2.2) holds and
(2.10) j IVuizdx+ J' (u—gYldx< f [VuPdx + f (v—g)’dx
Q Q Q Q

SJor every vESBV(Q) such that S,cS. Then u satisfies the weak Euler—Lagrange
equation:

u€SBV(Q), S, c S, VuELXQ,R?), and
(EL) j Vu Vvdx+J (u—g)vdx=0
Q

Q
for every v€ SBV(Q) such that S,c S and Vv€ LY(Q, R?).

In particular we have u € C'(Q\.5)n H(Q\S) and
.11 —Autu=g in Q\S
in the usual weak sense of H'(Q\.S).

Proof. Let v€ESBV(Q) with VvELYQ,R? and S,cS. For every tER we have
S _...=S, hence

utrty=

f [Vu’dx + f (u—gYdx< f [V(u+tv)Pdx + ] (u+tv—g)dx
Q Q Q Q

by the minimum property of «. Therefore the function

t—>f |Vu+1Vo|idx + J (u+tv—g)dx
Q Q

has a minimum for t+=0. By differentiating with respect to ¢ we obtain

fVqudx-i—f (u—g)vdx=0.
Q Q

Since Vu €LY, R?), we have u € H'(Q\.S) and (EL) clearly implies (2.11). The
further regularity of u on Q\ S follows from the classical theory of elliptic equations. [
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In our estimates of the minimum points of (2.1) we shall use the solutions v of some
auxiliary Dirichlet problems of the form

{—Av+v =g in D,

A2
@12 v=y on 3D,

where D;=D(x,,s) is a disc contained in Q and yE€H'(D,). Now we give some
estimates for the solution v of (2.12).

Lemma 2.13. Let D,;=D(x,,s) be a disc contained in Q with 0<s<l and let
YECNAD,) with ”’/’“L”(an )sl. Then the solution v of (2.12) belongs to C(D,) and
satisfies the estimates

(2.14) [Vu(x)| < ck(p) (s—|x—x) " Vx€D,,
(2.15) f |Vud ot < clk(y))?,
aD,
where
(2.16) k)P = 1+ [ i’/itzd%‘
oD, ar

and c is an absolute constant.

Proof. We assume without any restriction that xy=0. Since we have an L™ bound
for v and g, by standard regularity estimates for solutions of elliptic equations we get a
C" bound on the function w which solves

{—Aw=(g—v)IDs on D,
w=0 on dD,

where D is any disc of radius 1 containing D, and 1 D, is the characteristic function of D;.
Such a bound is independent of v and D.. So, if we replace ¥ by y—w on 3D, we just
change by a fixed additive constant the value of k(y). Also, if we prove (2.14) and (2.15)
for v—w, we get the desired estimates for v by only adding another constant which does
not affect the inequalities, provided we make a suitable choice of ¢. So, writing now v
instead of v—w, the first equation in (2.12) becomes Av=0 in D;,.

After this remark, we start by proving how (2.14) follows from (2.15). Since v is
assumed to be harmonic on D, the function [Vu[* is subharmonic. So we can estimate
Vv by using the Poisson’s kernel and we find for every x in D,
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22
|Vv(x)|2S—21; f |Vu(y)|2i—_|£|7d%l(y)

<5 f ()F(”")(l“)j‘ #'(y)

\———— A 2d¥x'(y).
< (s —|x[) J;Dxl vl )

Therefore (2.14) follows from (2.15).
In order to prove (2.15), we set for O0<p<s

2
ifo)=07' f (%) ax'
ap, \ °0
2
if0)=07" f (—gﬂ) dx'
oD, T

where dv/0p denotes the radial derivatives of v and duv/87 the transversal derivative.
Note that, if Vv is a constant function, then for every value of ¢ we would have
i(e)=i/p). For the same reason for every C' function v we have that

2.17) lirré (i,le) —i(0)) = 0.
Q‘-)

By easy computations we find

d . -1 820 dv 1
—ilo)=2p j ————d¥’,
do aD, 3¢’ 3¢

d . - v v Lo, - a VOV ,ou1 . -1
= = —r == =-_ %+ -
do ie)=2¢ LD 3007 ar d# = -2 PEX —-dH +207 (ife) —i o),
[

where the last step follows from an integration by parts on 3D,. So we have

(2.18) %(ir(g)—it(g))=29’l f Av«—d%' —207!(i(0) —i,(0)).

@Dg
By (2.17) and (2.18) we see that for every harmonic function v the equality
(2.19) i(e)=ilo)

holds for every p<s. Since v is a C' function on D;, we can take o=s in (2.19) and
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therefore

f Vol = i (s)+i (s) = 2i(s) <2 f
oD,

ap,

<iv_)2d9(1 =2 f <§'ﬁ)zd%‘ <2[ky)L,
or ap, \ OT

s

so (2.15) holds. g

LEMMA 2.20. Let D, be as in Lemma 2.13 and let y € H'(D,) with ||y|,« 4, <L

Then the solution v of (2.4) belongs to H'(D))n C'(D,) N CY(D,) and satisfies the estimate
(2.21) © Vo) S ck(p) (s—|x—xy) Y2 Vx€ED,,
where k(y) is defined by (2.16) and c is an absolute constant.

Proof. Let (y;) be a sequence of functions of C™(8D;) converging to y in H'\(dD,)
and with {j, |, - «@p,S1. Let us denote by v, the solution of (2.12) with ¢ replaced by ;.
By Lemma 2.13 we have

IVu,(0)| < ck(y,) s—x—x)™"* Vx€ED,.
Since (v,) converges to v in H'(D,) and (y,) converges to y in H'(8D,) we obtain
IVo(x)] < ck(y) (s—x—x,)"* a.e. in D,.

By the regularity theory for elliptic equations v belongs to C'(D;)nC%D;), thus the
previous inequality holds everywhere in D, and (2.21) is proved. O

The final goal of the next lemmas will be the proof of the concentration property
(Definition 0.4). The proof will be obtained by contradiction, so we prepare some
auxiliary results which show some consequences of the fact that the concentration
property does not hold for a set S such that (», S) is a minimum point for J. Therefore,
given a subset S of Q and two positive constants a and &, we say that a disc Dy, of radius
R<1, contained in Q, satisfies the atomization condition if

every disc D contained in Dy with
(AC) diam(D) = aR
satisfies ¥'(SND) < (1—¢)diam D.

One clearly sees how the assumption (AC) comes (with a suitable choice of the
constants) from assuming by contradiction that .S does not satisfy the concentration
property.
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LEMMA 2.22. Let u€SBV(Q) and let S be a Borel subset of Q. Assume that the
integral estimate (IE) of Lemma 2.5 holds for the pair (u, S). Let Dg=D(xy, R) be a disc
contained in Q with xo€S and O0<R<]1. Assume, in addition, that the atomization
condition (AC) holds for some 0<e<1 and 0<a<1/4. Let R,=(1-20a)R and let x be a
point of SND(xy, R,) such that

2.23) jim ZSNDx,0) _ ¢
g—>0+ 20

Then there exists a disc D=D(x, r) contained in Dy such that
(a) 0<r<2aR,
(b) card(SnaD)<1,

© f
aD\$§

(@) |u)—u(z)|<ce "2 Yy, z€3D\S,
(e) ' SnD)=(1-¢)r,
where ¢ denotes various absolute constants.

Bu |t
or

do' < I VuPdot' <<,
aD £

Proof. Let ry be the supremum of the set of all p>0 such that D(x, g)cDg and
H'(SND(x,0)) = (1-¢)20.
By (2.23) we have r;>0, and by (AC) we have
(2.24) ry<aR,

hence D(x, 2rg)cDg. From the monotonicity properties of the Hausdorff measure we
obtain

(2.25) ' (SND(x, ry) = (1—¢)2r,,
and by the definition of r, we have
H'(S N D(x, 2r)) < (1—g) 4r,,
hence
(2.26) (SN D(x, 2r)) \D(x, rp) < (1—¢) 2r,.

Let us define
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E = {0€]ry, 2r;[: card(SNSD)) < 1},
E,= {0€]lrg, 2ry[: card(SNaD,) = 2},
By (1.10) and (2.25) we have

2ry
2E)| = j card(SN3D,) do <(1—¢) 2r,,
ny

hence
(2.27) |E,| = er,.

By the integral estimate (IE) of Lemma 2.5 we have

(2.28) f [f |Vu|2d9t’l] do SJ \Vul’dy < cr,.
E, LJ3D(x, 0} D(x, 2rg)

From (1.15), (2.27) and (2.28) it follows that there exists r € E; such that

faD(x, N\S

which proves (c). Since roy<r<2r,, we get (a) from (2.24), (b) from the definition of E;,
(d) from (c) and from Holder inequality, and (e) from (2.25). O

Ou|?
or

d¥' < f \VuPdoe' <<,
aD(x, ) €

LEMMA 2.29. Assume that (u,S), Dg, ¢, a, R, satisfy the hypotheses of Lemma
2.22. Assume, in addition, that ¥'(S)<+ and that S is (', 1) rectifiable. Then there
exist

— a family F,, i€1, of pairwise disjoint connected open subsets of Dy,

— a family Di=D(x;, r), i€, of discs contained in Dy,

such that
(@) 1 is finite or countable,
(b) 0<ri<2aR,
(©) SND(x,,R)=NUUF, with %' N)=0,
i€l
(d) FieD;,

(e) #'(3F)=<cr,,
(f) OF; is the union of a finite number of arcs of circles of radius less than 2aR,
(g) card (SN aF)=<c,

(h) f Vuldse' <<,
oF, €

i
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() |u(y)-u@)|<sce™*r? Wy, z€SF\S,

) S <-2-%(snu D) VHcI,
i€H 1-¢ i€H

where ¢ denotes various absolute constants.

Proof. Let us denote by N the Borel set of all x€ESNDg where (2.23) is not
satisfied. Since S is countably (9, 1) rectifiable and #'(S)<+, we have #'(N)=0
(see [13], Theorem 3.2.19).

With every x €(S\N)ND(xy, R,) We associate a disc D(x, r(x)) which satisfies all
properties of Lemma 2.22. By the Besicovitch covering lemma (see [4] and [11],
Chapter III, Lemma 3.1) there exists a finite or countable family (x)),¢, of points of
(S\\N)ND(x,, R,) such that

(2.30) (S\N)ND(x;,R,) = U D(x,, r(x)),
i€l

and for every x €R? the number of indices i €7 for which x € D(x;, r(x;) is less than or
equal to 9.

We set ri=r(x;) and D;=D(x;,r;). By condition () of Lemma 2.22 we have
r<(1-&7'%'(SnD).

Since each point of R? belongs to at most 9 discs D;, for every Hcl we have

> r<—2_9%\(sn u D),
i€H £ i€H

which proves (j).
The last inequality shows in particular that

S < b,

i€l

Therefore it is possible to well order I so that

We prove that each disc D; meets at most 80 discs D; with j<i. To this aim, let

I,= {jEIL j<i, D;nD,*D).
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For each j€I; we have r=r;, hence
meaS(Di) = meaS(Dj n D(x,-, 3)’,‘)).

Since each point of D(x;, 3r) is contained in at most 9 discs D; and each point of
D;=D(x;, r;) is contained in at most 8 discs D;, we have

card(Z) meas(D) < 9 meas(D(x;, 3r)\D(x;, r))+8 meas(D(x,, r)) = 80 meas(D))

which yields card(Z;)<80.
For every i €1 we now define

F;=D\UD,

j<i

Then (d) is trivial and (c) follows from (2.30) and from Lemma 2.22 (b). Condition (f)
follows from the fact that D; meets at most 80 discs D; with j<i, while (¢) comes from
the elementary inequality

(2.31) *'(D;ndD) < #'(dD) = 2nr, for rz=r,

The estimates (b), (g), and (h) follow from the corresponding estimates (a), (b), and (c)
in Lemma 2.22.

Let us prove (i). Take two points y, z in dF;\.S. Now y is in some 8D, j<i, and u
has a single jump point on this circle by Lemma 2.22. Therefore there exists a point y*
on (8D;N3D;)\\S such that 4 has no jumps on the arc of 3D; contained in D; joining y
and y*. By the estimate (¢) of Lemma 2.22 and by Hoélder’s inequality we have
lu(y)—u(y*)| < ce™'? [9€'(D;n3D)]"?, which, together with (2.31), yields

(2.32) lu(y) —u(y*)| < ce™ V22,
Similarly we find a point z* on 3D;\ S such that

(2.33) lu(z) —u(z*) | < ce™ 2.
By condition (d) of Lemma 2.22 we have also

(2.34) |u(y*) —u(z*)| < ce™ V22,

Inequality (i) follows now from (2.32), (2.33), and (2.34).
The sets F; we have constructed may be disconnected. In this case we split each of
them into its connected components (whose numbers can be bounded a priori by an
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absolute constant) and to conclude the proof of the lemma we have only to relabel this
new family of connected open sets. a

LEeMMA 2.35. Let u€ SBV(Q)NL*(Q), with Vu € LYRQ, R?), and let D,=D(x,, s) be
a disc such that 0<s<1, D,cQ, card(S,N3dD,)<+x, and

(2.36) f (s—x—x) " 2d 9 (x) < + 0.
5,0D

u 5

Let w € H'@D,) with ||y|| <1 and let v be the solution of (2.12). Then

L= (®Dy)

(2.37) f (Vv—Vu)Vvdx=f (u‘“—u‘)iazd%’l +f w-g)(u—v)dx+ R,
D, 5,0D, v, D,

where the remainder R satisfies the estimate

172
(2.38) |92|ka(¢)[ J (u—w)zd%l] ,
aDS

u*, u”, v, are defined by (1.2), (1.3), (1.4), k(y) is defined by (2.16), and c is an absolute
constant.

Proof. Let (g,) be a sequence in C”(D,) converging to g in L%D,), with
gl - Ds)sl, and let (y,) be a sequence in C*(3D,) converging to ¥ in H'(8D,), with
Hall, - (aus)sl' Let us denote by v, the solution of (2.12) with g replaced by g, _and Y
replaced by y,. By the regularity theory for elliptic equations we have v, € C*(D;).

By applying (1.8) to ¢=Vu, we obtain

E 5
239 - f uAv, dx + f u—v’ld%1=f Vu Vo, dx + f @ =iy doe,
D o, D,

D,ns, v,

5

where v denotes the outward unit normal to 3D,. Moreover

v
ap, D, D

s

By using the equation satisfied by v,, we obtain from (2.39) and (2.40)

ov
f u(g,—v,) dx + ] (u—w;,)a—"d%‘+ f IVu,Jdx — f v,(g,—v,) dx
b ap; v D D,

s

.+ .9y, .
= | VuVuv,dx+ W —u’) d¥’,
b v

X D,ns, “
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hence

(2.41) f(Vvh—Vu)Vvhdx=f w—u")
D, D

NS,

2]
O d%‘-i—f (v,—gy) w—v)dx+ R,
avu Dj

where

dv
R =f (p,—u)—d'.
k oD k ov

s

By the estimate (2.15) of Lemma 2.13 we have

ov, |?

—| d3' = c[k(y )]’
hence by Holder’s inequality "
(2.42) |R,] < ck(y,) [ f |u—wh|2d%‘] .

ap,

By the estimate (2.14) of Lemma 2.13 we have
(2.43) [Vu,(x)] < ck(y,) (s—x—xo)™"? Vx€ED,.
Since 1 €L"(Q) and

Vulx) = }112 Vu,(x) Vx€D,,

by (2.36) and (2.43) we have

ov
J’ (u”—-u‘)ﬂd%l = limf (u —u)—dH.
D.nS ov, b= Jp s, v,

Since (v),) converges to v in H'(D,) and Vu € L(D,), the other terms of (2.41) pass easily
to the limit. Thus we obtain (2.37) with

R = lim B,

h— o

The estimate (2.38) follows now from (2.42) and from the fact that (y;) converges to y
in H'(3D,). U

LeEmMMA 2.44. Let Dr=D(xy, R) be any disc and let S be any Borel set such that
HNSNDg)<+co. Then Jor almost every s €10, R[ we have
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f (s—|x~xD~"2d %' (x) < + o,
snD,

where D;=D(xy, s).
Proof. Let A be the Radon measure on [0, R[ defined by
AMB) = ' (Sn{xER”: |x—x,| € B})

for every Borel subset B of [0, R[. Then

f (3—|x—x0|)-"2d7£‘(x)= (s—1)""2dAp)
SnD {0.s(

for every s €10, R[. Therefore

M

R
(s——|x—x0|)'”2d%l(x):| ds= f [ (s-—t)‘”zd/l(t)] ds
0 [0,s[

R
= j [ f (s—t)"”zds] di(h)
[0, R[ t

<2R"2(10, RD
=2RF(SNDR) < +0o,

5

which implies the thesis of the lemma. O

LEMMA 2.45. Assume that (u, S) and Dy satisfy the hypotheses of Lemma 2.22
and the Euler-Lagrange equation (EL) of Lemma 2.9. Assume, in addition, that

#'(S)<+ and that S is (¥',1) rectifiable. Let k>0 and B>0 be two constants such
that

(2.46) H'(SnDy) < PR,
(2.47) | 1448(1+k) < 1.

Then there exist a disc D;=D(x,, s) and a function u;€ SBV(Q) such that RI2<s<R,
SNaD =3, u=u on Q\ D,, S, ND=32, and

(2.48) [ |V |*dx + f (u,—g)dx — f |Vue|’dx — f (u—g)dx<ck™'?+B) #'(SnD,),
Q Q Q Q

where c is an absolute constant.

8—928182 Acta Mathematica 168. Imprimé le 6 février 1992
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Proof. First we observe that the atomization condition (AC) is satisfied by S with
£=1/2 and a=4. In fact, if D=D(x, r) is any disc contained in Dy with
diam(D) = 8 diam(Dg) = 28R,

then by (2.46)

9#(SND)< HSNDp) <pR< % diam(D).

Let F; and D;=D(x;, r), i€I, be the families of sets given by Lemma 2.29, with
£€=1/2 and a=f8. Let us denote by E, the union of all intervals with endpoints
[x{—(1+k)r; and |x]+(1+k)r;. Then by (2.46), (2.47), and by condition (j) of Lemma
2.29 we have

EJ <2(1+K) D, r,<36(1+Kk) %'(SNDg) <36(1+k) SR <R/4.
i€l

Since R,=Rz=(1-2f)R>(7/8) R, the set E’'=]R/2, R,[\E, satisfies |E'|=R/8.
By the integral estimate (IE) of Lemma 2.5 we have

LU

so there exists a Borel set EcE’, with |E|=R/16, such that

]Vu]zd%‘:l ds< f |Vu?dx < cR,
DR

5

(2.49) f Vi’ d3' < 16c Vs€EE.
aD

s

Let N be the Borel subset of Dy which appears in condition (c) of Lemma 2.29. Since
H'(N)=0, we have

(2.50) NndD;=@ fora.e. s€J0,R[.

From (1.15), (2.49), (2.50), and Lemma 2.44 it follows that there exists s € E such that

2.51) NnaD,= g,
2
2.52) f Oul® o<,
sops | OF

f (s—|x—xol) " 2d 9\ (x) < + .
oD,
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Since s ¢ E,, for every i €I we have
(2.53) dist(F, 8D,) = dist(D,, 8D ) = kr,.
From (2.51), (2.53), and from condition (c) of Lemma 2.29 it follows that

SnaD;= g,

$0 (2.52) yields 4 € #'(8D,) and

(2.54) j
ap,

Let us denote by v, the solution of the problem

du

2
d¥' <c.
ar

-Av+v,=g in D

5

(2.55) {

v,=u on &D,.
By Lemma 2.20 and by (2.54) we have v, € C'(D,)nC%D,) and
(2.56) |Vu,(x)| < c(s—|x—x,)) " Vx€D,.

Let u, ESBV(Q) be the function defined by

{vs(x) if x€D,,
ulx)=

2:57) u(x) if x€EQ\D,

Then S, =5,\D,cS.
Let us prove that
2 2 2. 2 90 oy
2.58) Voldx—| |Vul’dx+] (v,—g)dx—}| (u—g)dx= W —u)—da,
D, D, D, D, 5,0D, o

u s u

where u*, u~, and v, are defined by (1.2), (1.3), and (1.4).
First we write

f Vo, ax - f Vulids + j (0,—gdx J (u—gdx
DJ D." DS DJ

=f (Vu,—Vu) (Vu,+Vu) dx +f (v,—u) (v,—2g+u) dx.
D, D

5

2.59)
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By the weak form of the Euler-Lagrange equation (EL), taking v=w«;—u, we obtain

(2.60) f (Vo,—Vu) Vudx=— f (v,—uw) (u—g)dx.
D, D,

By Lemma 2.35, applied with y=u|,,, we have

2.61) f (Vo,—Vu) Vo, dx = f w*—u)
D, s g

uN D,

dvu, :
dx' —] (v,~u) (v,—g) dx.
v, b,

From (2.59), (2.60), and (2.61) we immediately obtain (2.58).
We now decompose the integration domain S,NnD,, which appears in (2.58), by
means of the disjoint sets F; given by Lemma 2.29. Let

H={i€l: F,nD;*+ @}.
By (2.53) we have
F,‘QD,'QD_‘- VIEH,

thus conditions (c) and (d) of Lemma 2.29 give, since §,c S,

(2.62) §,0D,=N'U U (S,nF)=N"U U (5,nD)
iEH i€H

where #'(N')=%'(N")=0. Therefore the right hand side of (2.58) can be split as

v dv
: tmu) 2 d = t—u)—d.
(2.63) fs )R 2| wr-uo

i€EHJS NF; u

Assume for a moment that g € C*(D,). Then we can apply (1.8) with ¢=Vv,, D=F,,
and we obtain

ov, . ov,
d¥ =~ | VuVv,dx— | uAvdx+ | u—di,
ov, F. F, o, OV

where v denotes the outward unit normal to 3F;. By approximating g in the equation
(2.55), as in the proof of Lemma 2.35, we can show that (2.64) continues to hold in the
case g€EL™(D,).

Let z; be an arbitrary point of 8F\.S,. Then

(2.64) f wr—u)
S nF,
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UR
f u—da' = u(z) .
e OV

i oF;

(2.65) !

= u(z) f Av,dx + f [u(x)—u(z)] 9, (x) d¥H'(x).
F, oF, S

By (2.64), (2.65), and by the equation (2.55) satisfied by v, we have

3
J' (u+..u-)_ﬂd9rl=—f Vqusdx+f (u—u(z)) (g—v,) dx
S NF,; ov F; F;

u

o
+ f [u(x)—u(z)] -a—vs @) d#\(x).
oF, 4

We recall that ||u, ., <1, |lgl|,-, <1, and IVl <, ,<1. Therefore (2.56) and condition
() of Lemma 2.29 yield ’ '

]
f w—u") s d'
S NF, avu

<c f [Vu(x)| (s—|x—x,))~?dx + 4 meas(F)
Fi
+ cr}’zf (s—|x—x0|)"’2d3f‘(x).
oF,

Since F;,cD;=D(x;, r)), by (2.53) we obtain

12

3
j t —u) 2k gt
S nF; aVu

< c k™" [meas(D)) ”2U |Vu|2dx]
Di
+4meas(D) + c k2% (3F).
By conditions (b) and (e) of Lemma 2.29 and by (IE) of Lemma 2.5 we have

3
J’ (zf'—u“)id%l <ck "+ crr<clk"?+8]r,
S.NF,

v

u

hence (2.63) implies

dv
f (ut~u)=—d¥"' < c[k"*+8] E r.
s.nD 9

Ve i€H

s

By (2.62) and by condition (j) of Lemma 2.29 we obtain
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3
J (u*—u")——v—sd%" <clk""+B} #'(SnD,),
) 9

A u

which, together with (2.58), gives the proof of (2.48). O

We can easily deduce from the previous lemma the first result of the type of
Lemma 0.3. The following version is concerned with the case of a general open set
QcR? and gives an interior regularity estimate.

THEOREM 2.66. Let (u, S) be a minimum point of J with S,cS<S,. There exists an
absolute constant 8>0 such that, if Drg=D(xy,R) is any disc contained in Q with
0<R<1 and

(2.67) xS nDg) < PR,
then
(2.68) SND(xy, R2)=D.

Proof. We first remark that, since («, S) is a minimum point of J, we have
%‘(S\Su)=0 (see the discussion at the beginning of this section), hence ¥'(S)<+x
and S is (¥', 1) rectifiable. Let ¢ be the absolute constant (independent of & and )
which appears in the estimate (2.48) of Lemma 2.45. We can choose k>0 and >0 so
that 1448(1+k)<1 and c(k~"*+B)=co<1. We claim that this constant j satisfies the
property required in the theorem. In fact, if (2.67) is fulfilled, by Lemma 2.45 there
exists s €]R/2, R[ such that, if i, is the function defined in (2.57), then (2.48) holds. This
fact implies, by easy computations,

(2.69) J(u,, S\D)~J(u, S)<(c,—1) #'(SND,).

Since (u, S) is a minimum of J and c¢,<1, this implies %!(SND,)=0. By (1.7) it follows
that

—f udiV(pdx=f (pDu=f eVudx Ve€Cy(D,, R>.
D, D, D

s

Since Vu € LY(Q, R? by the minimum property of «, we have that ¥ € H'(D,) and Vu is
the distributional gradient of u# on D,. Therefore the Euler-Lagrange equation (EL)
implies

—Autu=g in D;
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in the usual weak sense of H'(D,), hence u € C'(D;) by the regularity theory for elliptic
equations. It follows that SND,=@. Since ScS,, we have also SND,=@, which
concludes the proof of the theorem. O

In the same way we get the analogous result for the minima of the functional J,
defined by (0.3). Let (u; 7, ..., y") be a minimum point for J; and let

§= U (0, 1)).
j=1

If each function 7’ is nonconstant, then clearly S has no isolated points. If some of the
functions y’ are constant and at least one, say y', is nonconstant, then we may obtain a
minimum point of J, whose set S has no isolated points simply by replacing each
constant function 5’ with a different constant function with image in y'([0, 1]). There-
fore it is not restrictive to assume that either S reduces to a single point or S has no
isolated points.

THEOREM 2.70. Let (u; y‘, cees y") be a minimum point for J;. Assume that the set
ko
S=UyAo0,1]
Jj=1

has no isolated points. Then there exists an absolute constant B>0 such that (2.67)
implies (2.68) for every disc Dr=Q, with 0<R<1.

Proof. For the proof of Theorem 2.70 we just need to observe that by Lemmas 2.8
and 2.9 we get (IE) and (EL), so we are in a position to apply Lemma 2.45. Then we
conclude as before, after pointing out that the number of curves which form S\ D, is
less than or equal to the number of curves which form S because SNdD,=@. O

When € is a rectangle, from the interior estimate expressed by Theorem 2.66 we
can deduce the estimate in Lemma 0.3 which involves also the case of a disc centred on
a point of 3Q. The case of a boundary estimate for a smooth domain Q would require
the extension of our methods to the case of operators with nonconstant coefficients.

Proof of Lemma 0.7. Let Q* be the rectangle with the same center as Q and sides
with triple length. We denote by I the union of the straight lines containing the sides of
€2 and we denote by u* and g* the extensions of « and g to Q* obtained by reflection. It
is clear that «* minimizes

J*(v)=f |Vv|2dx+f (v—g)zdx+%’(Su)
o Q*
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on SBV(Q*). Moreover §,-\T is obtained from S, by reflection and %‘(Su, nr)=0 by
the trace theorem in BV (see [16], Theorem (2.10)). If Dg=Dx(xo, R) is a disc centred at
a point x,€Q and with radius R less than the length of the shortest side of 2, then
DrcQ* and Dy, intersects at most four reflected copies of Q. Moreover the intersection
of Dx with any reflected copy of Q is contained in the reflection of DgN <, therefore

(2.71) H (DN S,) <4 (DN S,).

At this point Lemma 0.3 follows from Theorem 2.66, applied to the functional J* and to
the minimum point («*, S,+), provided one fixes the constant 8 four times smaller. (0

Finally, when Q is a rectangle, we also have an analogous result to Lemma 0.7 for
the functionals J; defined by (0.3). We recall that 0=0(Q) denotes the length of the
shortest side of Q.

THEOREM 2.72. Let (u;y', ...,y*) be a minimum point for J, and let
ko _
S=Uy(0,1)cQ.
=1

Assume that S has no isolated points. Then there exists an absolute constant $>0 such
that, if Dr=D(xg, R),0<R<min{1,0/4}, is any disc with % €Q and

#H'(SNDR)<PR,
then SND{xy, R12)=.

Proof. We use the same reflection method as in the previous proof, but the
argument is more delicate in this case. Let Q* and «* be as in the proof of Lemma 0.3
and let $* be the extension of S by reflection. In general (#*, $*) is not a minimum of a
functional like J; on Q*. So, in order to apply the lemmas in this section, we start by
observing that (u*, $*) satisfies, in Q*, the Euler—Lagrange equation (EL) of Lemma
2.9 (with g replaced by g*) and the integral estimate (IE) of Lemma 2.5 (only for r<o/4,
but this is enough for our purposes).

Property (EL) in Q* follows from the fact that it holds on @ and one can trivially
verify that it is preserved by our extension by splitting the test function v into the sum
of its restrictions to the reflected copies of Q.

To prove (IE) in Q* we consider a disc D,=D(x,, r) contained in Q*, with 0<r<o/4,
and we distinguish three cases:

(1) D, is contained in one of the copies of Q;
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(2) D, is contained in a disc D’ of radius 2r which intersects two copies of Q and
centred on a side of one of them;

(3) D, is contained in a disc D" of radius 4r centred on a vertex of the rectangle Q.

In the first case (IE) follows from L.emma 2.8. In the second case one proves (IE)
by applying the argument used in that lemma to the two half-discs given by the
intersection of D’ with the two copies of Q. In the third case one applies the same
argument to the four quarters of disc given by the intersection of D" with the four
copies of Q having a vertex in the center of D".

So we are in a position to apply Lemma 2.45 to (u*, $*), provided R<o/4. We
choose the constants k>0 and 8>0 so that 144 S(1+k)<1 and c(k™"?+4B)=c,<1/4. Let
Dr=D(x,, R),0<R<min{1, 0/4}, be any disc with x,€ Q and

#'(SNDg)<BR.

Then Dy, intersects at most four reflected copies of Q and the intersection of Dy with
any reflected copy of Q is contained in the reflection of DxNQ. Therefore

H'(S*NDL) <4 (SNDy) <4BR.

By Lemma 2.45 there exist a disc D;=D(x,, s) and a function u* € SBV(Q*) such that
RI2<s<R, $*NdD,=Q, uf=u* on Q*\D,, S.sND=0, and
E(Q*)<c,#'(S*nD),

where, for every Borel subset A of Q* we put
b = | wafar+ | wr-grpac | weran- | we-gvan
A A A A

Since S*ND,=Q, for every reflected image Q' of Q the set S*NQ'\.D; can be
expressed as a union of k Lipschitz arcs. By the minimality of  in Q, hence of u*|g in
Q’, we have E(Q')=0 for every reflected image Q' of Q. Therefore the inequality
E(Q*)<c, #'(S*nD,) implies

E(Q)<c,#'(S*nD)

for every reflected image Q' of Q.
Since D; intersects at most four reflected images of Q, there exists one of them,
Q', for which

H(S*ND,n Q) 2% %'(S*nD).
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This implies that
, 1
Tt @', ..., )Ty, ..., v5) < (co— —4) #'(S*nD),

where ¢', ..., ¢" are suitable Lipschitz functions such that §*nQ'\D,=U%, ¢'((0, 1)
and J; is the functional which corresponds to J; in Q’. By the minimality assumptions
the left hand side of the last inequality is non-negative, hence the hypothesis co<1/4
yields '(S*NnD,)=0. Since S* has no isolated points, we conclude that $* D=0,
hence SN D(xy, R1)=2.

As an immediate consequence of Theorem 2.66 we obtain the following result,
which holds for an arbitrary bounded open set QcR?.

THEOREM 2.73. Let u be a minimum point of J. Then %' ((S,\S,) N Q)=0.

Proof. For '-almost every x €Q\ S, we have

1
2.74) lim w =

0
0—0* 20

(see [13], 2.10.19(4)). By Theorem 2.66, if x € Q satisfies (2.74), then there exists >0
such that S, N D(x, )=, hence x ¢ S,. Therefore ¥'-almost every x € Q\\ S, belongs to
Q\.S,, and this implies (S \5,)nQ)=0.

In the same way, when Q is a rectangle, from Lemma 0.3 we obtain the following
result.

THEOREM 2.75. Let u be a minimum point for J. Then #'($,\.5,)=0.

Remark 2.76. Let u be a minimum point for the functional J. By Theorem 2.73 the
set S,NQ s (', 1) rectifiable and #'(S,N Q)<+x. If Q is a rectangle, then S, is (¥*, 1)
rectifiable and %#'($ )<+ by Theorem 2.75.

We conclude this section with the proof of Theorem 0.4.

Proof of Theorem 0.4. As we said at the beginning of this section, the minimum
problem (2.3) for the functional (0.2) admits a solution by Theorem 2.1 of [1].

If €SBV(LQ) is a minimum point of (0.2), then ¥'(S,\.S,)=0 by Theorem 2.75,
thus

Jw, S)=Jw,S,)=Ju).
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If K is a closed subset of Q with #!(K)<+, then there exists a solution z of the
minimum problem
min  J(v, K),
vEHYQN\K)
and, by classical arguments, we have zECHQ\ K)NL*(Q). As we observed at the end

of Section 1, this implies that z € SBV(Q) and S,cK. Therefore for every v€ C'(Q\K)
we have

Jw,S)=Jw)<J@)<J(z,K)<J{v, K),

hence (u, $,) is a minimum point of (0.1) and the minimum values of (0.1) and (0.2) are
equal.

Conversely, if (x, K) is a minimum point of (0.1), then clearly u € C{(Q\ K) and
||u||L,,(m<1 by an easy truncation argument, hence ¥« € SBV(Q) and S,cK as we ob-
served at the end of Section 1. This implies $,cK. Since the minimum values of (0.1)
and (0.2) are equal, we have

Ju,K)y= min Ju)sJWw)=Ju,S),
VESBV(Q)

hence #'(K)<¥'(S,), which, together with the inclusion S,cK, gives #'(K\.S,)=0. O

§ 3. The concentration property

In this section we shall use a similar method to the one we have just employed to prove
the Elimination Lemma. As before, we are going to find a disc D, such that the level of
J in a pair (u4,S) decreases if one eliminates the part of S contained in D,. The
construction will now be based on the assumption, leading to a contradiction, that the
concentration property is not satisfied by a larger concentric disc Dy.

In order to do that, we have to develop some sharper estimates than those
considered in the previous section. This will be obtained by the use of several technical
lemmas.

LEMMA 3.1. Let S be a closed subset of @ and let u€ SBV(Q) be a function which
satisfies the Euler-~Lagrange equation (EL) of Lemma 2.9. Let D;=D(xq, s) be a disc
such that 0<s<1,D,cQ, card(SN3D,)<+», and

(3.2) f |Vul?doe’ < +ce.
8D \S
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Let vESBV(Q) with vEL™(RQ), VvELXQ,RY), and S,=S. Then

3.3) fVqudx+J- (u—g)vdx=f v 24 g9,
D, D, s O

where v denotes the outward unit normal to 3D;,.

Proof. Let SN8D,={yi, ..., ys}, and for every >0 let @, , € Co(D(y, 7)), 0<g, ,<I
on D(yi, ), 1,,=1 on D(y,,1/2),|Dg, |<3/n for i=1, ..., k. We set

k
9= 2 @i V=@,
i=1
we define
k
8,= dist(S\ U D(y, 1/2), an),
i=1

and we choose X”G Cy (D(x,, s+6,,)) with y,=1 in a neighborhood of D,. Then
supp(v, x,) N(Q\D;)=Q\ (D, U S). By the weak form of the Euler-Lagrange equation
(EL) of Lemma 2.9 we have

(3.9 fVuV(v,,x,’)dx+f(u—g)v,,x,,dx=0.
Q Q

Since
—Au=g—-u on Q\§

and the boundary of Q\(SUD,) is regular in a neighborhood of the support of
Uy x, € H(QN\(SUDy)), we have

[ VuV(,x,) dx +f (u—g)v,x, dx=— v éﬁd%‘,
o\D, o\D

"
b, s O

which, together with (3.4), gives

j Vqu,,dx+f (u—g)v”dx=f 0, St dt'.
D, D, D,
This implies

o
—| vVuVep dx+| (1-¢)VuVudx + (u—g)(l—%)udx:j (1~¢,) v dot'.
D ’] D.\' q DJ aDJ av

s
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To conclude the proof of the lemma it is enough to show that

3.5) lim f vVu Vg, ,dr=0
DJ

70"

for i=1, ..., k. By the boundedness of v we have

3 12 172
== l:f v dx] [J’ |Vl dx]
n L Jbe,n D(y,

)
S3”1/2”v”1.°°(m I:L( )qu|2 dx] ,
Y1l

which clearly gives (3.5) as a consequence of the absolute continuity of |Vu|*. O

f vVuVe, , dx
D

s

LEMMA 3.6. Let (4, S), Dg, ¢, a, R, F; be as in Lemma 2.29 and let Dy, ¢, v be as in
Lemma 2.35 with

(3.7 2aR<s<R,.

Assume that S is closed. Then

< ck(y) 2 f (5~—|x—xo))~"2|Vu(x)| dx + caR?
F,nD,

i€l

f @ —u) 2L g
§,nD, avu
(3.8)
+ ck(y) w(u){E[ (S"lx‘xoD_md?f'(x)+R”2},
i€l JD,naF,

where k(y) is defined by (2.16),

w(u)=sup osc u,
i€1 8(F\ND)\S

and c is an absolute constant.

Proof. Let g, ¥y, Uy, be as in the proof of Lemma 2.35. By applying (1.8) to <p=Vv,,
we obtain

) ov
(3.9 f (u+-—u‘)ﬁd%"=—f Vthudx—f uAvhdx+f —tdge,
S,NFAD, 9, F,0D, F,0D, a

u &np) Y

Let z; be any point of 3(F;nD,)\.S. Then
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3 3 v
f Ok 49 = u(z) T g9+ J [u—u(z)] =2 dot'
ak,npy O sEnpy O aF,nD,) v
(3.10)

v, . 1
= u(z) Av,dx + [u—u(z)]—dX .
F,nD, ECAING ov

By (3.9), (3.10), and by the equation of the form (2.12) satisfied by v, we obtain

3
f wr—u) On d¥' = —j Vu, Vudx +[ (u—u(z))(g,—v,) dx
S,0F,ND, o, F,nD, F,nD

i 5

Oy o
+ [u—u(z)] —d¥.
AFNDINS ov

We recall that |[ul|,., <1 g4l = ,<1- lall;-p ,<1. Therefore the estimate (2.14) of
Lemma 2.13 gives

3 -
f wr—u") % 496" < ck(y,) f (s—|x—xo])""?|Vue(x)| dx
S, NF;nD, v, F,nD,
(3.11) a1
+ 4 meas(F)+w(u) —\ dge.
3(F,ND,) ov

Since 3(F;ND,)=(D,N3F,;)U(F;ndD)U(BF;n3D,) and H'(SF;n 8D,)=0 by (3.7) and by
condition (f) of Lemma 2.29, we have

(3.12) f A9+ f
a(F,ND,) F,naD,

By (3.11), (3.12), and by condition (c) of Lemma 2.29 we have

ov,
v

ov,

dv
doet = f — —
D, naF, 9

dx’.
ov

14

9
f (u*—u‘)—vﬁd%l < ck(y,) 2 (s~ |x=x0)) V2 |Vu(x)| dx
s,nD o,

i€l JEnD,
dv du

+4 Yy, meas(F) + w(u){ >, —2| dge'+ f >, d%‘},
i€l t1Jp,nor, 1 OV Fl oY

where F=U,;¢;(F;N3D,). By the estimates (2.14) and (2.15) of Lemma 2.13 and by
Hoélder’s inequality we have
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< ck(y,) 2 (s—e—x) "2 |Vu(x)| dx

i€l JED,

3
f wt—u) 22k g9t
s.nD ov,

s

172
+4 meas(F)+ ck(tph)w(u){E (s—|x—xo)" 2 d %' () + [E HNF,n az)s)] }

i€l i€1 JD NJF; i€l

Since (Vuv;) converges to Vv pointwise in D, and () converges to y in H'(3D,), by the
estimates (2.4), (2.14), and (2.36) we can pass to the limit in the integral on the left hand
side as & goes to +, Therefore

<cky) D, (s—|x—2x)) "2 |Vu(x)] dx

i€l JFnD,

f @ —u) 2L dge!
S, ,ND avu
(3.13)

12
+4 > meas(F) + ck(t/))w(u){E (s—|x—x,) "2 d 2" (x) + [2 %#'(F,N aDs)] }

i€] ie1 Jp,nar, i€l

By conditions (b) and (d) of Lemma 2.29 we have
4meas(F) < cr} < caRr,

hence

x'(SnD
(3.14) 4> meas(F) < caR —(1—8-’2
i€l -

by condition (j) of Lemma 2.29. On the other hand by the same reasons we have

(SnD
(.15) > ' EFEND)<c Y, diam(F)<c D, r< SN

i€l i€l el 1—¢

Inequality (3.8) follows now from (3.13) (3.14), (3.15), and from the atomization
condition (AC) of Lemma 2.22.

LemMA 3.16. Let (1, S),Dpg, &, 0, R,, F; be as in Lemma 2.29. Assume that S is
closed and that u satisfies the weak Euler-Lagrange equation (EL) of Lemma 2.9.
Assume, in addition, that a<e/8 and lull, = o, <1. Then there exists a Borel subset E of
leR/4,R,[ with |E|=€eR/8 such that for every s€E there exist an arc of circle A
contained in 3D; and a function u € SBV(Q) such that u;=u on Q\D,, SusﬂDsgAs,
and
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j Vi > dx + f (u,—g)’ dx — f |Vul? dx — f (u—gYdx+2%"(A)
Q Q Q Q

3.17) < %2— 2 (s—|x—xo) "2 |Vu(x)| dx + caR®
€ ier JFnp,

a1/2R1/2
€

oR

+c (s—|x—x,))""? dI'(x) + R" } + c—,
i€l Jp,neF, €

where D;=D(x,, s) and ¢ is an absolute constant.

Proof. By (1.10) and by the atomization condition (AC) of Lemma 2.22 we have

Rﬂ
(3.18) f card(SNoD ) do < H'(SNDy) < (1—¢g)diam(Dg) <2(1-o)R.
eR/4

Let
E;= {0 €1Re/4, R,[: card(SN D) =2}
E, = {0 €IRe/4,R,[: card(SnaD,) < 1}
By (3.18) we have

2|E;)| <2(1-¢)R.
Since a=xe¢/4, we have R,=(1-2a) R=(1—(¢/2)) R, hence
(3.19) |E;| = eR/4.

By the integral estimate (IE) of Lemma 2.5 we have

f f IVuldoe' | ds < f |Vul dx <cR,
E, | Jop s Dy

so by (1.15) there exists a Borel set EcE,, with |[E|=¢R/8, such that

(3.20) J
aD\S

From the (9, 1) rectifiability of S we obtain that condition (2.23) of Lemma 2.22 is
satisfied for 9¢'-almost every x €S (see [13], Theorem 3.2.19). Therefore, by subtract-
ing from E a subset of measure zero, we may assume that (2.23) holds for every s €E at
the only point (if any) of SnaD,.

Su?
dr

d%' < J’ Vulde' < 2% vseE.
aD,\§ €
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By Lemma 2.44 we may also assume that

(3.21) [ (s—|x—x,)?dH'(x)< + VsEE.
SnD

s

Let us fix s€ E. Since s € E; there exists at most one point x* € SNID;. Let D(x, r)
be the disc given by Lemma 2.22 and let y and z be the intersections of the circle
dD(x, r) with the circle 8D,. The points y and z can not belong to S because SN3D;
contains just the point x*. Therefore properties (a) and (d) of Lemma 2.22 give

(3.22) y—2<caR
(3.23) lu(y)—u(z)| < ce V212 < e~ 12g 12012,

Since x* is the only jump point u in the circle 8D;, from (3.20), (3.22), (3.23), and from
Hélder’s inequality it follows that

(3.29) |u(x)—u(y)| < ce” 2a'2R"?

for every point x=*x* in the arc A, of the circle 8D, containing x* and with endpoints y
and z.

We define y € H'(3D,) to be equal to u on 8D,\ A, and to be the linear interpolate

between u(y) and u(z) on the arc A,. Note that “W“L“(an )sl because llullmmsl. It
follows easily from (3.24) that '
(3.29 lu(x)—p(x)| < ce 2a?R"? VxEA,,

while (3.23) gives

f W oo _ ) -u@PF _ ¢
Ay or %I(As) e’
which, together with (3.21), yields
2
(3.26) f | gt < £,
D, ot £

We now consider the solution v, of the Dirichlet problem

(3.27 -Av+v,=g in D,
27 v,=y on 3D,

9-928182 Acta Mathematica 168. Imprimé le 6 février 1992
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By Lemma 2.20 we have v, € C'(D,)nC%D,). Let u, € SBV(Q) be the function defined
as in (2.57). Then S, <(S\\D,)UA,. Since SN3D,={x*}, we have also SusﬂDsgAs. The
left hand side of (3.17) is equal to

291 (A) + f |Vu,|*dx — f
D D

s

|Vul? dx +f (v,—g)*dx —f (u—g)* dx,
D, D,

s

namely to

(3.28) 29 (A,) + f

D

§

(Vo,—Vu) (Vu,+Vu) dx +j (v,—u) (v,—2g+u)dx.
D.\'

Let us extend v, to a function of H'(Q)nCYQ)NL>(RQ). By applying Lemma 3.1
with v=v,—u we obtain

(3.29) ] (Vu,—Vu) Vu dx=f (z/)—u)—a—Lia'%l —f (v,—u) (u—g) dx,
D, oD\ (x*} v D,

where v denotes the outward unit normal to 3D,.
By Lemma 2.35 we have

9
(3.30) f (Vu,~Vu) Vo, dx = f (Wt —u")—2 49 - f (v, ~1) (v, ~g) dx + R,
D, s v D,

llnDS u

where, by (2.38) and (3.26), the remainder % satisfies the estimate

172
%] < f (u—w)zd%l] :
€ D\ (x*}

Therefore (3.29), and (3.30) imply that (3.28) is bounded by

]
f (ut~u") vsd%l +2%1(A‘)+f |y —u| Su d¥!
$,nD, v, 8D, \{x*} ov
(3.31) c 1n
+_F2_ j i (u—l/))zd%l] .
£ 8D, \{x*}

By (3.20) and by Holder’s inequality we have

12
f p—u| |24 d%lsLU (u—w)zd%'] :
3y 8”2 *
3D\ {x*} D\ {x*}
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By (3.22) and (3.25) we have

172
296'(A,) + = f wu—yPde' | <=aR.
£ 8D\ {x*) €

The last two inequalities imply that (3.31) (and hence (3.28)) is bounded by

. - ou 1
(W —u)—d¥
s.nD ov

U

+£aR.
£

By Lemma 3.6 and by (3.26) we have that (3.28) is also bounded by

% 2 (s—[x—xol)'”2 [Vu(x)| dx + caR?

€ ier Jrnp,

w(u) R

_ a
+ec—5 (s=|x—xo) "2 dH'(x) + R } + c—,
€ i€1 Jp noF, €

where

o(u)=sup osc u.
i€l 3(F,NDY\S

To conclude the proof of the Lemma we have only to show that
(3.32) lu(x,)—u(xy)| < ce "?a?R"?
for every i€1 and for every x, x, € 3(F;nD,)\ S. We distinguish three cases:

Case 1. x1,x,€9F,\S. Then (3.32) follows from conditions (b) and (i) of Lemma
2.29.

Case 2. x1,x,€3D/\S. Then (3.32) follows from (3.24) if both points are in A;.
Otherwise (3.32) follows from (3.20) and from the fact that diam(F)<4aR.

Case 3. x,€3F\(SU3D,), x,€3D,\(SUSF) or vice versa. Then x,€F;N3D;,
hence dF;N3D; has at least two points and since SN 3D, has at most one point, there
exists x3 € (0F;N9D,)\S. Therefore we can estimate |u(x,)—u(x;)| as in Case 1 and
|u(x2)—u(x3)| as in Case 2.

The proof of (3.32) is so accomplished. O

LemMma 3.33. Let u, S, Dg,¢,a, Ry, F, u;, D, A, be as in Lemma 3.16. Then there
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exists s€1eR/4, R, [ such that

(3.34) f Va2 dx + j (u,—g)* dx — f \Vul? dx —f (u—g)*dx +2H(A) < ce 2R,
Q Q Q Q

where ¢ denotes an absolute constant.

Proof. Let us denote by . the integral with respect to s of the right hand side of
(3.34) over the set E given by Lemma 3.16. Then there exists s €E such that

(3.35) f Ve [ dx + f (u,~g)* dx — J’ Vuf? dx — f (u—gldx+2%'A4) <L <34
Q ) Q Q [El &R

To estimate #, we consider separately the different terms of the right hand side of
(3.17). As for the first term, with notation from Lemma 2.29, we obtain

J. [J (s—x—x%)~17 IVu(x)Idx] ds = J {f (s—p~ 1 [f IVuld%l] dt} ds
E | JF,nD, E(Jo F;naD,
R R
sf U (s—t)'”zdsj |Vu|d%‘]dt
0 f F;naD,
R
<2R" f [ f |Vu|d%‘] dr
0 F,n8D,

= ZR'/ZI |Vu| dx,
Fi

hence, putting F=U,¢; F;, we have

11

12 12
< 2R”2j |Vu|dx < 2R“2[z meas(F,.)] [f |Vu|2dx]
F Dp

i€l

12 12
3.36) <CR™ [Eﬂ] R"ZScR[aRZr,.]

(s—|x—=x")"12|Vu(x)| dx] ds

i€l i€l
H'(SNDy)

< caquslz[
1—¢

12
< Cal/Z RZ’

where in the last inequalities we have used the integral estimate (IE) of Lemma 2.5,
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condition (AC) of Lemma 2.22, and conditions (b), (d), (j) of Lemma 2.29. To treat the

term
f [ f (s—x—x")""2dot' (x) |ds,
E | JDnaF,

we introduce the Radon measure 4; on [0, R[ defined by
A{(B) = ¥"(3F;N {x ER?: |x—x,| EB})

for every Borel subset B of [0, R[. Then

J [ j (s—|x—x°[)-”2d%‘(x)] ds = j [ f (s—t)‘”zd/li(t)] ds
E |_JD,ndF, E LJ00,s[
R
$f l:f (s—t)‘”zds] dA; (1)
[0, R( t

<2R"4,([0, R]) = 2R"*%'(3F) < cR"r,,

where in the last inequality we have used condition (¢) of Lemma 2.29. Therefore
condition (j) of the same lemma and condition (AC) of Lemma 2.22 yield

#x'(SnD
(3.37) E f (s—|x—x"D""2 dgt (x) dsScR”z—S—&)—ScRm.
ie1 JE | Jp nor, 1-¢

From (3.17), (3.36), and (3.37) it follows that

112p2 12p2 2 12p2
a’“R a’“R aR a“R
—n t¢ +caR*+c—<c¢ s
£ £ £ £

M=<c

s0 (3.34) follows from (3.35). O

We are now in a position to prove the concentration property (Definition 0.4) for
the minima of J and J;. The proof of the following result, which is similar to that of
Theorem 2.66, holds for an arbitrarily bounded open subset Q of R,

TuEeOREM 3.38. Let (u, S) be a minimum pair of J with S,cS<8,. Then S satisfies
the concentration property in Q with a function e—a(e) which does not depend on the
data Q, g, u.

Proof. Since %'((S,\.S.,) N Q)=0 by Theorem 2.73, it is clearly enough to study the
case §=5,. Let B be the absolute constant which appears in Theorem 2.66 and let ¢ be
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the absolute constant which appears in Lemma 3.33. For every 0<e<1 we set

£
(3.39 a(e) = 25

Then a(e)<e/8 and ce *ale)"*<Be/4 for every 0<e<l.

Assume, by contradiction, that the concentration property is not satisfied with a(e)
defined by (3.39). Then there exist 0<e<1 and a disc D(xy, R) contained in Q, with
x9€S and 0<R<1, such that condition (AC) of Lemma 2.22 is satisfied with a=a(s). By
Lemma 3.33 there exists s € JeR/4, R[ such that

j [V |* dx +f (us—g)zdx—] qu|2dx—f (u—g)dx+ 2" A) <ce *a(e) R < BeR/4.
2 Q Q o

On the other hand, by easy computations,

f |Vu > dx +f (u,~g)*dx —j |Vul* dx —f (u—g)dx + 23" (A)
Q ) Q Q
(3.40)

= J(u)-Jw)+H(SND)+H(A)=H'(SnD,),
therefore
FH'(SnD,)<PeR/4<Bs.
So Theorem 2.66 gives
S0 D(xy, 5/2) =D,
which contradicts the assumption x,€ S, and concludes the proof of the theorem. [J

As in the previous section, we can consider a version of the previous theorem
concerned with the minima of the functional J;, defined in (0.3).

THEOREM 3.41. Let (u;y', ...,¥*) be a minimum point of J,. Assume that the set
koo
S=Uy([0,1])
j=1

has no isolated points. Then S satisfies the concentration property in Q with a function
e—ale) which does not depend on the data Q,g,u, k.

Proof. We argue as in the previous theorem. We just need to observe that, if
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§$naD,=0, then S\ D, consists of the union of at most k curves. If SN8D,+J, then
SNaD; consists of a single point, hence (S\.D,)UA, is again made up of at most k
curves and the total length of (S\\D;)UA, is bounded by the length of S\ D, plus the
double of the length of A,. Therefore the last inequality in (3.40) still holds for a suitable
s€leR/4, Rl. So we can prove the theorem by the same argument as above. a

The following lemma will be used in the proof of the Convergence Theorem 0.2.
We recall that 0=0(Q2) denotes the length of the smallest side of Q.

LEMMA 3.42. Assume that (u;y',...,y*) and S satisfy the hypotheses of Theorem
3.41. Let Q* be the rectangle with the same center as Q and sides with triple length
and let §* be the extension of S obtained by reflection. Then S* satisfies the concentra-
tion property in Q* ( for discs Dy with 0<R<min{1, o/4}) with a function e~ a(e) which
does not depend on the data Q, g, u, k.

Proof. As in the proofs of Lemma 0.3 and Theorem 2.72 we consider the exten-
sions u* and g* of « and g obtained by reflection. As we already noticed in the proof of
Theorem 2.72, although u* is not in general, a solution of the corresponding minimum
problem in Q¥ nevertheless the pair (u*,S*) satisfies the Euler-Lagrange equation
(EL) of Lemma 2.9 (corresponding to Q* and g*) and the integral estimate (IE) of
Lemma 2.5 (at least for r<o/4).

The proof of the lemma begins as the proof of Theorem 3.38, but now we choose as
B the constant which appears in Theorem 2.72. Then we continue by contradiction,
with the additional requirement that R<o/4. Since (u*, S*) satisfies (EL) and (IE), we
can apply Lemma 3.33 as before. Therefore we obtain

E(Q*)+29"(A) <BeR/A<fs,

where, for every Borel subset B of Q*, we put
EB) = f [Vt dx + f (u}—g*) dx f IVuP dx - j (u*—g*) dx.
B B B B

As in the proof of Theorem 3.41 we can show that for every reflected image Q' of
Q the set (S*\\D,)UA,)NQ’ can be expressed as a union of k Lipschitz arcs. By the
minimality of u in Q, hence of u*|q in Q’, we have E(Q')=0 for every reflected image
Q' of Q, hence

E(Q")+25'(A,nQ") <pBs.
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Arguing as in (3.40) and using the minimality of u*|o in Q' we obtain
H'(S*ND,NQ")<Ps,

hence by Theorem 2.72 we get
S*ND(xg,52)NQ' =

for every reflected image Q' of Q. This implies S*ND(x,,s/2)=F and leads to a
contradiction as in the proof of Theorem 3.38. g

§ 4. Singular sets consisting of rectifiable arcs

The aim of this section is to show that the functional J, has a minimum and how a
minimum of J can be approximated by a sequence of functions in SBV(L2) which have a
singular set contained in a finite number of arcs. We begin by restating in a more
precise way the necessary notation which has already been given in a fast way in the
introduction.

We say that a subset K of Q is a rectifiable arc if we can find a Lipschitz function y
from [0, 1] to Q such that K=([0, 1]); in this case y will be called a parametrization of
K. By length of K we mean the best possible Lipschitz constant of y, among all
parametrizations y of K. One can easily see, by using the Ascoli-Arzela Theorem, that
one can find a parametrization ¥ whose Lipschitz constant is equal to the length of K.

In correspondence of an integer number £ we shall introduce the length of a set K
considered as a union of k rectifiable arcs. Such a length will be denoted by 4,(K) and
will be defined as

k
@.1) ALK) = inf(z L"),

i=1

where the numbers L denote the best Lipschitz constants of k parametrizations y’ such
that

“42) K= U7/(0.1),

and the infimum in (4.1) is taken on all the possible choices of the parametrizations y’
for which (4.2) holds. We can again apply the Ascoli-Arzela Theorem in order to see
that, if 4,(K)<, then one can find & parametrizations y!,9?, ...,y*, with Lipschitz
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constants L', L?, ..., L¥, such that (4.2) holds and

k
4.3) > L= 1,(K).

i=1

Note that (4.1) defines A, on all subsets K of Q and K turns out to be the union of k
rectifiable arcs if and only if 1K) is finite. Moreover for every KcQ and for every
kEN one has obvious inequalities of the type

4.4) A (K) < 4(K),
(4.5) HNK) < A (K).

Given kEN for every closed subset K of Q and for every u € H(Q\ K) we define

(4.6) Ju, K)=j |Vu|2dx+J' (u—g)zdx+lk(K),
ON\K Q\K
4.7 J(K)= min J(,K).
v€ HYQN\K)

It is well known that the minimum in (4.7) is achieved at a function €
C(Q\K)NL*(Q) which is a solution of the equation

4.8) ~Autu=g in Q\K.

By Lemma 2.3 of [10] we see that, if A, (K)<+c, then u is in SBV(Q) and S, =K.
By combining this fact with (4.4) and (4.5) we see that, if J is the functional defined by
(0.2) and

4.9 m= inf J@),
uESBV(Q)
4.10) m, = inf J(K),
KeQ
then
4.11) m<sm,, , <m,

for every kEN.
We use once more the Ascoli-Arzela Theorem in order to get the following lemma.
We recall that the Hausdorff distance # between two sets A and B is defined by

10-928182 Acta Mathematica 168. Imprimé le 6 février 1992



138 G. DAL MASO ET AL.
h(A, B) = supd(x, B) + supd(y, A),
x€A yEB

where d(x, A) denotes the distance between x and A.

LEMMA 4.12. Let (K,),en be a sequence of subsets of Q which converges in the
Hausdorff distance to some subset K of Q. Then

4.13) A(K) <liminf1,(K})
h—ox

for every kEN.
Proof. For every h we can find k Lipschitz continuous maps y},72, ...,y ’,ﬁ from

[0,1] in Q with Lipschitz constants L}, L2, ..., L¥ such that

k
4.14) > L= 4(K,),

i=1

4.15) K,= Lle Y00, 10).

By passing to a subsequence we can assume that for every 1<i<k the maps yﬁ,
converge to some maps y". Of course the maps § turn out to be Lipschitz continuous
with a Lipschitz constant L such that

L'<liminf L.

h—>x

Then one has

([0, 17)

C~

K=

1
and the thesis of the lémma is easily verified. O

For the next lemma, in view of some application given in the next section, we shall
assume that (K,),cn is a sequence of arbitrary closed subsets of Q with Lebesgue
measure zero which converges to a closed subset K of Q in the Hausdorff distance. Let
u be the solution. of the minimum problem

min [f Vo2 dx+j (v—g)* dx],
veH'Q\K) | Jonk O\K

and let u,, be the solution of the corresponding problem for K.
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LemMma 4.16. With the above notation one has

“4.17) f |Vuef? dx + f (u—g)zdxsliminff |V, [ dx + f (uh—g)zdx].
Q\K Q\K h—e Q\K, Q\K,

Proof. The right hand side of (4.17) is clearly bounded by [, g*dx. Passing, if
necessary, to a subsequence, we may assume that the lower limit in the right hand side
of (4.17) is finite and is actually a limit. Let us denote by w; , the function equal to the
partial derivative D;u;, on Q\ K, and equal to zero on K,. Since (u;) and (w; ) are
bounded sequences in LX), by passing to a subsequence, we can assume that () and
(w; ) converge weakly in LX(Q) to w and w; respectively. We claim that we have

4.18) D,w=w, on Q\K

in the sense of distributions. The proof of (4.18) comes out easily from the fact that, if
P E PYQ\K), then

supp(@)NK, =D

for h large enough. So by the weak semicontinuity of the L? norm we have

J’ |Vul|* dx +f lu—gl* dxsf |Vew|? dx +f lw~g|*dx
Nk a\K Q\K Nk

2
=2 lwilzdx+f lw—g|* dx

4.19 i=1 JQ

<liminf (2 lw; h|2 dx +f |ee,— g\z dx)

o \iT1 Jo

= liminf j |V, | dx +f lu,—gl* dx). 0
h—= \ Jank, Q\X,

As an immediate corollary of the two previous lemmas we have the following
theorem.

THEOREM 4.20. For every KEN the infimum my of problem (4.10) is achieved in
some subset K of Q which is the union of at most k rectifiable arcs.

The following result contains the essential difficulties of Theorem 0.6.

THEOREM 4.21. Let u be a minimum point of the functional (0.2). Then there exists
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a sequence (uy, K;) such that
(a) Ky—S,, in the Hausdorff metric,
(b) ux—u strongly in LX),
(¢) Vur—Vu strongly in LR, R?),
(d) Ji(uy, K)—J(u),
(e) #'(S, AKY)—0, where A denotes the symmetric difference of sets.

Proof. Let u be a minimum point of J in SBV(Q2). By (1.1) we have the decomposi-
tion

4.22) $,=Nu U ¢(K)
i=1
where #'(N)=0, ¢;: R—>R? are Lipschitz maps, and K; are compact subsets of R.

Moreover we may assume that the sets @;(K;) are pairwise disjoint and that each map ¢;
is a bijection of K; onto ¢;(K;), hence

(4.23) X' (@, (K)) = j Vo, dt
Ki

(see [13), Theorem 4.2.3(1)).

Let us fix £>0. By the elementary properties of the Lebesgue measure on R, for
any i there exists a closed set A;, composed by a finite number of nonoverlapping closed
intervals, such that K;cA; and

f|V¢i|dtsf Vo, dt+e27 = ' (¢, (K))+27".
A, K,

Of course the sets @;(A;) are rectifiable arcs, contain ¢;(K;), and, by the previous
inequality, we have

(4.24) H' @A) <A (@A) < f Vo dt < 9\ (@,(K))+e27,
Ai

where k; is the number of intervals of A;. By (4.22) there exists #EN such that

4.25) %‘(NU U (p,-(K,.)><e.
1

i=h+

Then the set H defined as

Cx~

H=U ¢;(A4)

i=1
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is composed of a finite number of rectifiable arcs and by (4.24) we have

h
(4.26) A< D, [ (@, (K)+627] < H'(S )+,

i=1
with k=k)+k,+...+k,. Moreover (4.24) and (4.25) yield
4.27) H'(S, AH)<e.

We may assume that d(x, H)<min{1l,g} for every x€S,, where 6=0(Q) is the
length of the shortest side of the rectangle Q. In fact, if this condition is not satisfied,
we have only to add to H a finite number of points of S, and to increase accordingly the
number k in the inequality (4.26).

For every x€ S, \H we consider the disc D(x) centred in x with radius equal to the

distance d(x)=d(x, H) from x to H. By the Elimination Lemma 0.7 there exists an
absolute constant >0 such that

(4.28) (S, nD(x)) = Bd(x).

By the Besicovitch covering lemma (see [4] and [11], Chapter III, Lemma 3.1)
there exists a finite or countable family (x,),, of points of (S, \ H) such that

S,\H < U D(x)

i€l

and for every x € R? the number of indices i €I for which x € D(x)) is less than or equal
to 9.

Let us set D;=D(x) and d;=d(x)=d(x; H). Since, by construction, we obviously
have

(4.29) S,ND,c S,\H,

from (4.27), (4.28), and (4.29) we obtain

(4.30) > d,<987'%\(S,\H) <98 e.

i€l

By construction the arcs of circles E=Q n3D,; meet H for every i €1, so we can add
E; to one of the k arcs which compose H and we get

(4.31) A(HUE) < (H)+4nd,.
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Since the set

K.,=HUUE,

i€l

is closed by (4.30) and the total length of the union of the sets E; is finite, we can repeat
this operation countably many times (by using, for instance, Lemma 4.12) and we
finally obtain that (see (4.31), (4.26), and (4.30))

ALK ) S AH)+4n D, d,< H'(S,) + 3677 +1)e.
i€l
Then K, is composed by & rectifiable arcs and
(4.32) AK)<H'(S)+B6mB ™ +1)e.
Let us define

A,=QnUD,
i€l

We consider now the function u, defined almost everywhere on € as
u(x) if x€A,
1o it xea,
Then u, € SBV(Q2) and

Vu(x) on QN\(KUA),

Vu o) = {0 on A

Since S,cK,UA, and K _UA, is closed in Q by (4.30), we have Sungs, so Vu, is the
distributional gradient of u, on Q\(K,UA,) (see (1.8)).
At this point (a) follows from the fact that

(4.33) WK, S)<supd,< D d;<967e
i€l i€l
as one easily sees by construction and by using (4.30). Property (b) follows from the

inequality

4.34) J (u—u) dx= f u* dx <meas(A,) < ”2 &= ”2 d, <97,
o A,

i€l i€l

and (c¢) from the inequality
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(4.35) j Vu—Vu f dx= j IVul*dx < 2 Vulfdx<c 2 d;<ce,
Q A,

i€l Jp; i€1

where we have used the integral estimate (IE) of Lemma 2.5 and (4.30) again. For (d)
we have

Ju,K,)= f Vi, [* dx +f |Vu,|* dx +f (u,—g)*dx +f (u,~g)* dx + A, (K)
Q\(K,uA) A, AV

A

3

sf |Vu)* dx +j (u—g)*dx +f ghdx+ #'(S)+(36nB '+ e
(4.36) QN\(K VA QN\A

AE

3

< j |Vu*dx + f (u—g) dx + #'(S,) + meas(A) + (3678~ + D¢
Q

Q

=J@) +7 D, &+ (36aB7 +1) e < J(u) + @5 + e

i€l
Finally we see by construction that

S,AK, < (S,AH)U U D,

i€l

Therefore from (4.27) and (4.30) we have

H'(S, LK) <e+2m Y, d;=(1+1867Ve,

i€l
which implies (e). O
As an immediate corollary of (d) we obtain the following result.
COROLLARY 4.37. We have

(4.38) m=lim m,,

k-

where m and my are the minimum values defined in (4.9) and (4.10).
Proof. From (d) of the above theorem we have
m, < J (u,, K)— Ju),
hence from (4.11) we obtain (4.38). d

We conclude this section with the proof of Theorem 0.6.
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Proof of Theorem 0.6. Let (v, H) be a minimum point of the functional (0.1). By
Theorem 0.4 v is a minimum point of the functional (0.2). Moreover S,cH and
HNHN\S,)=0. Let (u;, K,) be the approximating sequence given by Theorem 4.21.
Since each closed set can be approximated in the Hausdorff metric by a sequence of
finite sets, for every kEN we can construct a set K;, obtained by adding to K, a finite
set with at most & elements, in such a way that K,—K in the Hausdorff metric. Since
clearly lzk(Kk)skk(Kk), from condition (d) of Theorem 4.21 we obtain

lim sup Jo, (i, K,) < J(v).
k—>®

Since the opposite inequality follows from (4.11), we have
Ty, K)— J) = J(v, H).
Then the sequence (v, H) defined by
(Vo Hy) = Waieiers Hoypet) = (uy, K)

satisfies all conditions of Theorem 0.6. D

§ 5. The convergence theorem
The aim of this section is to prove the Lower Semicontinuity Lemma 0.10 and the
Convergence Theorem 0.5.

We recall that the Hausdorff measure %' is not lower semicontinuous with respect
to the Hausdorff metric. A simple counterexample is given by the sequence

h=1
(.1) K,= U S,

i=0
where S, are the closed segments in R* with endpoints
2i 2i+1

It is clear that (K,) converges in the Hausdorff metric to the segment K with endpoints
(0,0) and (1,0), but

%K) =1 >%= lim 3¢'(K,).
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This is the reason why we need the concentration property in the hypotheses of Lemma
0.10.

We remark that in the proof of this lemma (since we are concerned once more with
an interior estimate) we do not use the hypothesis that Q is a rectangle.

Proof of Lemma 0.10. We may assume that the lower limit in (0.11) is a limit and
that

(5.2) lim %'(K,NQ) < +.

h—o
For every ZEN let us consider the measure u, defined by
w,(B) = %' (K,NB)

for every Borel subset B of Q. By (5.2) there exists a subsequence of (uy), still denoted
by (u;), which converges weakly* to some positive Radon measure u, i.e.

f pdu= limf @ duw,
Q h—= Jo

for every continuous function @: Q—R with compact support in Q. Then we have

#(Q) <liminfu,(Q) <liminf %' (K, N Q),
h—o h—w

50 to prove (0.11) it is enough to show that
(5.3) HUEKNQ) < u(Q).

We shall use the following result, proved in [13], Theorem 2.10.18(1): given >0,
suppose that E is a Borel subset of Q such that for every x € E there exists a sequence
of discs D(xy, r,) with

(5.4) r.<1/h,
(5.9 xED(x,, r,) = Q,
D(x,,
(5.6) fiming “P% ) _
h—o rh

then we have

(5.7 WE) =t (E).
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The line of the proof of (5.3) is the following: we shall show that for every 0<e<1
there exists a Borel subset E of Q with

(5.8) HK(KNQ\E)=0

such that (5.4), (5.5), (5.6) hold with t=1—¢; this will allow us to obtain from (5.7) and
(5.8) the inequality

W =uE)=(l-e) HU(E)=(1-) X' (KNQ),

which gives (5.3) as e—0 and concludes the proof of the lemma.

Let us begin with the proof of (5.8). Since (u,) converges to u weakly* in the sense
of measures and (K,) converges to K in the Hausdorff metric, it is easy to see that the
concentration property of Definition 0.9 implies the following condition on u: for every
£>0 and for every disc Dg=D(x;, R) contained in Q with 0<R<1 and

5.9 D(xy, RIMNK*+D or w(D(xy,R/4))>0,

there exists a disc D=D(x, r) contained in Dg such that
(5.10) diam(D) = a*(e) diam(Dy),
(5.11) w(D) =z (1—¢) diam(D),
with a*(e)=al(e/2)/2.

In particular, from this condition we can deduce that

nminf-‘@%g—))a (1-8) a*(e)

p—0*

for every x€K. This implies that (5.4), (5.5), and (5.6) are satisfied with E=K and
t=(1—¢) a*(¢), therefore by (5.7) we have

(5.12) u(B) = (1—¢) a*(e) #'(KNB)

for every Borel subset B of Q (see also 2.10.19(3) of [13]).

Let us fix 0<e<1 and let us denote by E the set of all points x € Q for which there
exists a sequence of discs D(x;, r;,) which satisfy (5.4), (5.5), and (5.6) with t=1—¢. We
want to prove that

©.13) WQNE) =0.
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To this aim, for every AEN we consider the set E, of all points x €Q for which
there exists a disc D(xy, r) satisfying (5.4), (5.5), and

(5.14) uD(x,, r)) =(1—¢)2r,.
To prove (5.13) it is clearly enough to show that
(5.15) WQN\E) =0

for every hEN.
By the Besicovitch Derivation Theorem (see [4] and [13], Theorem 2.9.7) we have

. u(D(x,0)NE)
5.16 lim ——~ %
©-19 oo DG, 0)

for u-a.e. x€ Q\ E,, (with the convention 0/0=1). Let x be a point of Q\ E}, for which
(5.16) holds and let 0<d<a*(e). Then there exists 0<p<1/h such that D(x, 0)cQ,
u(D(x, 0/4))>0, and

(5.17) w(D(x, @) NE,) < ou(D(x, 0)).
Since x¢ E;, we have
(5.18) #(D(x, 0)) <(1-¢)20,

otherwise (5.4), (5.5), and (5.14) would be satisfied by D(x, ¢) and x would belong to E},.
From (5.17) and (5.18) we obtain

(5.19 uD(x,0)NE,) < (1—¢)20.

By (5.9), (5.10), and (5.11), applied with Dr=D(x, 0), there exists a disc D(y,r)
contained in D(x, ¢) such that

(5.20) r=a*@o,
(5.21) wD(y,nN)=(1-e)2r.

By the definition of E, we have D(y,r)cE,, hence D(y,r)cD(x,0)NE,. Therefore
(5.19), (5.20), and (5.21) give

(1-8)2a*(e)o <= u(D(y, n) <uD(x, @)NE,) < d(1—¢)20,

which contradicts the assumption d<a*(e).
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Since we get a contradiction for u-a.e. x€EQ\E,, we have to conclude that
QN E,)=0. This proves (5.15) and concludes the proof of (5.13). From (5.12) and
(5.13) we obtain (5.8), which concludes the proof of the lemma. O

When Q is a rectangle, by a reflection argument we obtain the Convergence
Theorem 0.5 from the Lower Semicontinuity Lemma 0.10.

Proof of Theorem 0.5. By the compactness properties of the Hausdorff distance,
we may assume that (K,) converges in the Hausdorff metric to a closed subset K of Q.
Let u be the solution of the minimum problem

(5.22) min [ f |Vu? dx + f (v—g)zdx],
vEH'ON\K) |LJo\k oQ\K

and let u; be the solution of the corresponding problem for K,. Let m and m; be the
minimum values defined in (4.9) and (4.10).

By Theorem 3.41 the sets K, satisfy the concentration property in Q (Definition
0.9) uniformly with respect to k. Therefore, by the Lower Semicontinuity Lemma 0.10
we have

(5.23) %I(KnQ)sliminf%‘(Kan)sj grdx <+,
Q

k—oo

Since u € CY(Q\K)NL"(R), we have u € SBV(Q) and 5,=KnQ (see [10], Lemma
2.3), hence

(5.24) m= min J)<JWw)<Ju,KnQ).
vESBV(Q)

By Lemma 4.16 and by (5.23) we have

(5.25) J(u,KnQ)sliiniilfJ(uk, K,nQ).

By (4.5) we have also

(5.26) Ju, K,NQ) < J(u,, K,) <J(u;, K)) = m,.
From (5.24), (5.25), (5.26), and from Corollary 4.37 we have

5.2 m=Ju, KNQ)= lim J(u,, K,N Q) = lim J(u,, K;) = lim J,(u,, K,).
k—» k—x

k—x
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By the proof of Lemma 4.16 we know that, up to a subsequence, (#,) converges to
a function w € HY(Q\ K) and (Vu,) converges to Vw, weakly in LY(Q). By (4.19) we see
that one also has the convergence of the respective L? norms. This clearly implies

u,— w strongly in L*(Q),
(5.28)
Vu,— Vw strongly in LY(Q, R?).
By (4.19) and (5.23) we have

(5.29 Jw, KnQ) <liminf J(u,, K, NQ).
k—o

Since u is a minimum point of problem (5.2), we have J(u, KN Q)<J(w, KnQ), there-
fore (5.27) and (5.29) give

J(w, KNQ) = J(u, KNQ).

Since the minimum problem (5.22) has only one solution, we conclude that w=u, hence
(u) converges to u strongly in LX(Q) by (5.28).
The equality (5.27), together with the inequalities (4.17) and (5.23), gives that

(5.30) FHNKNQ)=lim #'(K,nQ) = lim ¥'(K)),
k—x k—
which implies

(5.31) lim #'(K,N8Q)=0.

k—o
Given £>0, we define
Q,= {xER% d(x, Q) <&}, Q_, = {xER:d(x, R\ Q)>¢}.

Since the sets K} satisfy the concentration property in Q_, uniformly with respect
to k, by the Lower Semicontinuity Lemma 0.10 we have

F(KNQ_)<liminf X' (K,NQ_),
k—x
which, together with (5.30), gives

(5.32) H(QNK\Q_,) =limsup (K, \Q_).
k—cw
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Let Q* be the rectangle with the same center as Q and sides with triple length and
let K* and K} be the extensions of K and K, obtained by reflection. It is clear that (K¥)
converges to K* in the Hausdorff metric on Q*.

By Lemma 3.42 the sets K} satisfy the concentration property in Q* uniformly
with respect to k (at least for discs Dy with 0<R<min{1, o/4}, but this is enough for our
purposes). By the Lower Semicontinuity L.emma 0.10, applied to the open set QN\Q_.,
we have

(5.33) HKNAQ) < XHK*NQN\Q_) <liminf X (KN Q\Q_).
k—»>x

Since, by symmetry, ¥ ‘(K;fn QN\Q_)=4¥ YK, \Q,), from (5.32) and (5.33) we obtain
FHUKNIQ)<4X (QNK\Q_).

As e—0 we get

(5.34) H(KN8Q)=0.

From (5.27) and (5.34) it follows that

Jw,K)= min J@)=lim J(x,, K.
vESBV(Q) koo

The conclusion follows now from the equivalence between the minimum problems for
(0.1) and (0.2) established in the Existence Theorem 0.4, a
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