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1. Introduction

Let X be a compact Riemann surface and dh;, i=1, 2,3, three real harmonic 1-forms on
X satisfying

J’dk‘./\dkj=0, i,j=1,2,3, 1.1
X

fdh,-e Z, for any l-cycle y on x. (1.2)
Y

To this triple of harmonic 1-forms, we associate a point in R/Z, denoted
K(dh,, dh,,dhs), which can be defined in two equivalent ways: first, as an iterated

integral

f(h,dhz—nn)mod Z, (1.3)
4

where y is a path on X Poincaré-dual to the cohomology class of dhs, h, is a function on
y obtained by integrating dh,, and 7, is a 1-form on X satisfying dn,,=dh,Adh, (and
orthogonal to all closed 1-forms); second, as a volume mod Z: namely by (1.2), we can
integrate the dh; on X to obtain h;; X—R/Z which are harmonic. Then h=(h,, h,, hy):
X—R¥Z*=T, and it follows easily from (1.1) that A(X), regarded as a singular 2-cycle,
bounds a singular 3-chain c; (unique mod integral 3-cycles); we can then take the
volume of c; (mod Z) to define I(dh,, dh,, dhs): we call this a ‘*harmonic volume’’.
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Let ¥ denote the free abelian group of rank 2g spanned by all harmonic 1-forms
satisfying (1.2), form its third exterior power A*(¥z) and map it to ¥y by

dh, A dh, A dh,— U(dh, A dhz):l dhﬁ[f(dhz A dh3)] dh,+“(ath3 A dhl)] dh,
X X X
(1.4)

and let A3(%z)' denote the kernel of (1.4). Let v=2I: then we will show that v is a
homomorphism,

v: N (3z) - R/Z, (1.5)

Let J be the Jacobian variety of X, and let X be imbedded in J with a base point of
X going to the identity element of J. Our constructions will be independent of the
choice of base point. If we identify 9, H'(X;Z) and H'(J;Z) then A%, can be
identified with H>(J;Z) and the subgroup A*(%,)’ is just the subgroup P of primitive
cohomology classes. The homomorphism v of (1.5) can then be interpreted as a point
on a complex torus, namely the compiex dual of PR with the correct complex
structure, modulo the lattice dual to P: thus v is a point on an intermediate Jacobian of
the manifold J(X).

We next study the variation of I under change of conformal structure on X, i.e. we
consider X as a point on Torelli space J (Riemann surfaces homeomorphic to X
together with a homology basis). Fixing the integral cohomology classes of dh;,
i=1,2,3, makes I(dh,,dh,,dh;) an R/Z valued function on J whose differential
6I(dh,, dh,, dh,) is an R-valued linear function on the tangent space to J at X, i.e. the
real part of an element of the complex linear cotangent space at X. Since this cotangent
space is just the space of holomorphic quadratic differentials on X, we may regard the
differential 67 of I as a function (A® %,) —HX; K?) (the last group denoting the vector

space of holomorphic quadratic differentials). We show that, in fact, this function
extends to the C-linear homomorphism of /\%(76’)' given as follows: letting dh;, i=1,2,3,

satisfy (1.1) alone, then dh,Adh;=dn, ;, where 7, ; is as described following (1.3) (so #; ;

is a real non-harmonic 1-form). Now consider the non-holomorphic 1-form of type (1,0)
7, +iGen, ) =f; (2 dz
as well as the holomorphic 1-form

dhi+i(»dh) = @i(z) dz
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so that their (symmetric) product f; 12D ak) (dz)’is a non-holomorphic quadratic differ-

ential form on X. Then it turns out that the sum of these non-holomorphic quadratic
differentials over the 3 cyclic permutations (i, j, k) of (1,2,3)

L(n+ixn,)(dh,+ixdh,) (1.6)

is a holomorphic quadratic differential whose imaginary part (up to a factor of 27) is
Jjust 6I(dh,, dh,,dh;). To sum up, we have constructed a complex-analytic family of

complex tori over Torelli space such that 2I=v is a cross-section and the explicit
formula (1.6) for the differential 67 shows that this cross-section is holomorphic.

In the last section of the paper we give explicit formulas for calculating the variation-
al map (1.6) for hyperelliptic Riemann surfaces: it turns out that while harmonic volume
takes on only values 0 or §modZ, i.e. is constant on the hyperelliptic locus in Torelli
space, its differential (1.6) is injective on the subspace of tangent vectors to Torelli
space normal to this locus (at least with an additional condition on the surface).

My initial development of these results was based entirely on iterated integrals and
the intermediate Jacobian, but Langlands remarked that the intermediate Jacobian
suggested use of the cycle X in J and this stimulated me to give the harmonic volume
definition of I. Later, Ron Donagi remarked that the results on &/ at hyperelliptic
curves together with recent results of Ceresa [1] suggested a relation of I with the
algebraic cycle X—i(X) which is homologous to zero in J (where i is the map on the
group J taking each element to its inverse). It was then immediate to prove that the
Abel-Jacobi image v* of X—i(X) in the intermediate Jacobian of J, and I defined as
harmonic volume, are related by

v*=2IL (1.7

Ceresa shows that for a generic algebraic curve X the cycle X—i(X) is not algebraically
equivalent to zero in J, thus answering a question of Weil ([8], p. 331): the main point is
to show that v is not identically zero as ‘‘normal function’’ on moduli space, which he
does by evaluating it on a singular curve at the boundary of moduli space. The same
result follows from my proof of the non-vanishing of dv. However, the detailed study of
I and hence v done above by iterated integrals allows one to go beyond the case of a
‘*generic curve’ and to study the same algebraic equivalence problem for a given
curve, say defined over Q: the case of the Fermat curve x*+y*=1 will be done in
another paper [9].

The map (1.6) giving 61 is generalized to automorphic forms of higher weight in [4].
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Iterated integrals of differential forms on general differentiable or Riemannian
manifolds have been studied by K. T. Chen and by D. Sullivan (see [7] and references
given there) but without conditions such as (1.1-1.3): their work leads to real nilpotent
Lie groups. Iterated integrals of holomorphic 1-forms on a Riemann surface were
studied by Gunning [3] and Hwang-Ma (Ph.D. thesis at Brown University and [5]) the
latter in the context of complex nilpotent Lie groups.

I would like to thank Professors Donagi and Langlands for their suggestions, and
the referee for careful critical comments.

2, Iterated integrals

The aim of this section is to show that v = 21, with I defined by (1.3), as an R/Z valued
function of certain triples dh,, dh,, dh, of real harmonic 1-forms (i.e. those satisfying
1.1, 1.2), can be regarded as a homomorphism of a certain subgroup P of A’H'(X;Z)
into R/Z. We identify real harmonic 1-forms on X with their cohomology classes in
H'(X) (coefficients Z or R), and will denote by x - y the pairing (with values in Z or R)
given by evaluating the cup product of the 1-dimensional cohomology classes x,y on
the fundamental 2-dimensional homology class Oy of X. Throughout we assume genus
2=3.

Furthermore under inclusion XcJ=Jacobian variety of X, we may identify
H'\(X;Z) with H'\(J;Z) and A'H'(X;Z) with HYJ;Z) for 0<q<2g. The alternating
bilinear form x-y on H' extends to a bilinear form (non-degenerate, unimodular) on the
whole of H*(J;Z) and corresponds to an element w of H*(J;Z) (imaginary part of the
Kihler metric). For g<g, the subspace of primitive elements in H%J; Z) is defined as
the kernel of the homomorphism L&~ 9*': H(J; Z)—H*®~9**(J; Z) where L is cup prod-
uct with w.

We now assert:

THEOREM. Let the homomorphism p:NH'(X,Z)—H'(X;Z) be defined by
POXAYAZD)=(xy)z+(y ) x+(z'x)y, and let P denote the kernel of p. Then

(1) P is generated by elements xA\y/A\z (belonging to P) such that x-y=y-z=z-x=0.
There is a unique homomorphism v: P-R/Z such that v(xAyA\z) is twice the iterated
integral (1.3) for x,y, z=dh,, dh,, dh,.

(2) If we identify NNH'(X;Z) with H*(J;Z) then P is the subgroup of all primitive
elements.
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The rest of this section will give the proof of this theorem. We will first give a proof
of (2) of the theorem, then prove (1).

The proof of part 2 is just a review of Poincaré duality in X, J.

Let A, B;, i=1,...,g, be a symplectic basis of H'(J;Z)=V and denote cup product
by A in H*(J; Z)=A*(V). Then w=X$B,AA, and

ot

o= Y, B AAN..AB, A,

i) <..<i

First consider Poincaré duality in X, given by cap product with Ox: let
a=A;n0y, b=B;n 0, be the Poincare duals in X of A, B;, so that for all y€H,; with
Poincare dual "€ H!,

J‘Ai=ai0y=fAiAF=Ai-F
Y X

and similarly for [B;, b;. In particular for y=b;,

fA,.=a,.0b,~=A,.'B,.=1
b

i

and similarly, J',,iB,-=b,-°a,-=B,. CA=—1.

Next denote by A the inclusion of X in J. Cap products in X, J are related by the
formula

C N hy(x) = hy(h*C N x)

for C € H?(J), x € H(X), p<r. Furthermore, since J is a topological group, its homology
is a ring with product denoted again by A: in fact this is just the exterior algebra on
H,(J;Z). For CE€ H'(J), cap product with C will be denoted i(C) and is a derivation of
the homology ring:

C N (x, Ay =i(C) (x, Ay = [{C) (x)] Ay, +(=1¥x, Ai(O) ¥

where x,€H,y,€H, . In particular we can now check that as element of H,(J),

(O = ibj/\aj
j=1
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since on identifying A, B; with h*A,, h*B; and a,, b; with h, a;, h, b; we have

AN Oy=a;=i(A)(Zb;Aa),
B,0 Oy=b,=i(B)(E b;Aa).

Finally if we denote h,(0Oy) by n, n¥/g!==0,.
The following proposition will now imply (2) of the theorem:

PROPOSITION. Let n=3XbAa=h,(0)€H,J;Z) and let p: H3(J;Z)»H'(J;Z) be
defined as in the theorem. Then

(1) For a€ H'(J; Z), (L* *(a)/(g—2)) N(n*/g)=(—1)¥p(a)ny.

(2) Since Nn is an isomorphism of H'(J) with H,(J) (corresponding to Poincaré
duality in X), and since N(n¥/g!) is an isomorphism (Poincaré duality in J) the kernel of
p is the kernel of L*7% on H*(J). ’

Proof. Let a € H?, so we may assume a has the form C,AC,AC, where C;€ H',
1 2 3

since it suffices to prove (1) for a basis of H.

Lz(alnﬂf=Mnf=an< w'? nl“')

-2t g (-2 ¢! e-2)! g/
Since
wg_z S s
(g_z)'=ZB,/\Al/\.../\B,./\A,./\.../\Bj/\Aj/\.../\Bg/\Ag
. i<j

(where —~ denotes omission of the symbol BAA under it) and n®/g!=b,Aa,A...Ab,Aa,
we find that

P g
-2 n g!_ 1‘2! = i;j b;ANa;Ab;\a;.

Finally,

L*a) 7% _ 7’
——_(g—Z)! ﬂg!—iaﬂ Tk

Now replacing a by C;AC,AC3 we get
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2 2
an 1277 = i(C)i(C,) i(Cy) <%)
by the associativity of the cap product. By the derivation law,

2
(G UCy) (%) = i(Cy) [{(Cy) (M m] = [i(Cy) i(C3) (M] n—i(C3) () A iC) (),
2
H(C)UCYICy) (%) = [{(CY(C3) M](C,) (M) —i(C)) i(C3) (m) N i(Cy) (m)

+i(Cy) () Ni(C) Ty ().

Since (C)ICY=—iCYi(C), we get

i(C)i(C,)i(Cy) (—’5) = Z [{(C)) i(C) ()] i(C5)n (sum over 3 cyclic permutations).
Yw,2,3)

However i(C,) i(C,) (n)=(C,AC,)nn=C,-C, (this can also be checked directly by
taking each of C;, C, to be an A; or B;). Thus the sum over 3 cyclic permutations is just
P(C,AC,ACyNn, proving the proposition.

We now proceed to (1) of the theorem, and begin by obtaining a basis for P
consisting of elements xAyAz where x,y,z€ H'(X;Z) and their Poincare duals in
H(X;Z) are represented by three disjoint simple closed curves. Thus consider the
following 3 sets of elements of H>:

(@) GACAC, where 1<i<j<ksg and each C;=A, or B,. It is clear that such ele-
ments are as described above, are linearly independent, belong to P, and there are 2*(%)
of them.

(b) (A;+ADA(B,—B,)AC, where i, k are distinct and >1. The curves corresponding
to A;+A,, B.—B, can be taken as, respectively, surrounding both the Ist and ith hole, or
going around a ‘‘handle’ separating these two holes (imagined next to one another),

while C; is again A, or B, and is attached to a third hole. There are 2(g—1) (g—2) such
elements.

(©) (A;+A))A(B,—B,)AC,. Here C,=A, or B,, and i >2. These are of the same type
as (b), and there are 2(g—2) of them.

It is clear that the type (a) elements are linearly independent among themselves,
and span a direct summand of H*(J;Z). Modulo type (a) elements we may replace a
type (b), (A;+A)A(B;—B,)AC, by (A;,AB;—A;AB)AC,, i*k, i, k>1, and similarly for

7 — 838282 Acta Mathematica 150. Imprimé le 30 Juin 1983
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type (c) we take (A,AB,—A,AB,)AC, (i>1). These new elements just defined are still in
P and belong to the subspace of H> spanned by ‘‘monomials” C,A C,AC,where each C

is A; or B; and two of the indices [ are equal: thus they lie in a subspace linearly
independent of that of the type (a) elements, in which each monomial involves three
distinct indices. This shows that the type (a) elements are linearly independent of those
of types (b) and (c). Now looking at types (b), (c) and replacing them mod type (a) by
new elements as above, we see easily that the new elements are linearly independent
among themselves and span a direct summand of P. Finally we have the desired basis
of P, since we have a total of 2*(£)+2(g—1)(g—2)+2(g—2)=(%*)—2g elements in P
which are a basis for a direct summand of P; furthermore the homomorphism
p: H’—H' is surjective (for instance, p(A,AB,AA,)=A,) and H' is free over Z of rank
2g, while H? is free of rank (§" ). Incidentally, this basis is easily checked to lie in both

the kernel of p and the kernel of L¢~? which gives an independent proof of the fact that
these kernels are equal, since they are easily seen to have the same rank.

The rest of the proof will go as follows. We will first prove that iterated integral can
be considered as a homomorphism I: (H'@H') @ H'->R/Z where H' is H'(X;Z), and
(H'®H'Y is the kernel of the intersection number homomorphism H'QH'-Z;
however I will depend on a base point in X. This dependence on the base point is
eliminated by restricting I to a subgroup of (H'®H')’®H', namely the kernel of the
homomorphism p: H'® ... HHQH'QH'-H'®H'®H' given by p(x®y®z)=(x"y)z®
(- 2)x®(z-x)y. Let the kernel of j be denoted (H'@ H'®H')’=K. Within K we have
elements x®y®z corresonding to the xAyAz which are a basis for P. Further we have a
commutative diagram

(HI®HI®HI)’—)HI®HI®H|_p—)HI®HI®HI

l/. 112 ,; lfa

P > N H! H'

where j, is the natural homomorphism of tensor product onto exterior product,
J3(@a®@b®c)=a+b+c and since j; p=pj,, j, maps the kernel of 5 into the kernel of p thus
defining j,. Finally j, is surjective since we have exhibited a basis xAyAz of P and
corresponding pre-images x®y®z in (H'QH'@H")'.

Next we will obtain a set of generators for (H'@ H'®@H')', study the values of 7 on
these and finally show that v=2I on this group factors through the homomorphism j,
onto P thus defining v on P.
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‘We begin with a discussion of iterated integrals. Let dk;, i=1, 2 be harmonic, as in
the introduction and satisfy (1.1), (1.2), and let #, , be the 1-form uniquely specified by

the two conditions: dn, ,=dh,Adh, and

f M2 N (¢a)=0 for all closed 1-forms a. 2.1
x

(We are considering real forms and functions here.) We define iterated integrals as in
[7]: consider a closed path y on X given as a function y(r), 0<t<1 with values in X. The
iterated integral [, h, dh,= [{[ [} dh,(¥(s))] dh,(y()) is not an invariant of the homotopy
class of y (with fixed base point) since %, dh; is not a closed 1-form, but 4, dh,~7, ,is
closed and so [,(h, dh,~7, ,) gives a well-defined function on (X, xo), to be denoted
I(dh,,dh,;y). If y=y'y" then it is easily verified that

I(dh,,dhz;y’y")=I(dh,,dhz;y')+1(dh,,dhz;)/’)+( f dh,) < f dhz). (2.2)
4 Y

(This is valid even if the paths y’, ¥” are not closed.) Imposing condition (1.2) gives us
then that for fixed dh,,dh, satisfying (1.1) and (1.2), I(dh,,dh,;y') modulo Z is a
homomorphism of s, into R/Z, and consequently it can be regarded as a homomor-
phism of the abelianized (X, xo) into R/Z. Under change of base point from x; to x,,
this homomorphism is altered by addition of another homomorphism: let ! denote any
path from x; to xo, y a closed path based at x,, Iyl 'one based at x,, then

I(dh,,dhz,lyl")=I(dh,,dhz,y)+f [(f dh2> dh,—(f dh,) dhz]
! y Y

This is proved as follows: first, use the formula (2.2) with y'=I, y"=I"! and note that
I(;ih,,dhz;l -I'=0 since I:I7' is nullhomotopic, obtaining I(dh,,dhy;["")=
—I(dh,,dh,; )+ [,dh, [,dh,. Next, use (2.2) again to expand the integral over the
product /-y-I~!, and use the last formula for I".

Poincaré duality assigns to each y € H,(X; Z) a harmonic 1-form dh € ¥, satisfying

fdh=jfdh/\dh'=70y’
Y X

where y' corresponds to dh’ and yoy' is the intersection number. Thus, our formula on
change of base point reads as follows if we write y=y; and let y;, i=1, 2, 3 correspond to
dh; (so y,0y,=0):
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I(dh,, dhy, ly,I™") = I(dh,, dh,, y3)+f [(yi0y2) dh3+(y3 0y1) dha+(y2073) dhi].
!

It is immediate that we can also define iterated integrals not just for pairs dh;, dh,
in ¥, satisfying (1.1) but more generally for bilinear combinations I, dh,®dh,, in
#,® ¥, satisfying the analogue of (1.3), namely I dh,Adh,=0. We define 7;, to
satisfy dn,,=X dh;Adh,;, and for a path y let I( dh,®dh,;; y)=|, [(Zh,;dh,)~1,,]. Then
all our formulas remain valid if we merely replace the indices 1,2 by 1/,2i and sum over
i. Let (9,®3,)' be the subgroup of 3,® ¥, which is the kernel of the homomorphism
to Z given by dh®dh'— [xdhAdh’. Then we have shown that for fixed y € 7,(X, x,),
L dh,®dhy,,—I(X dh,®dh,;y) defines a homomorphism of (¥,8%,)'—R/Z.
Further, if we keep the same base point xo but vary y€n,(X, x,), then for fixed
(Z dh,;®dh,, € (3,Q%,), I(Z dh,;®dh,;y)gives a homomorphism of 7,(X, x¢) into R/Z
which of course factors through the abelianized group 7,(X, x(,)“b (formula (2.2)).

To summarize, I(dh,, dh,;y) is bilinear in dh, and dh, if (1.1), (1.2) are satisfied,
i.e. if (%,®%,) is the kernel of the intersection number homomorphism ,® #,—~Z

then I is a homomorphism
(3,Q%,) ®n,(X, x)* - R/Z
and we may replace ,(X, xo)“b by ¥, by Poincaré duality getting

I(¥,Q%) ®%,>R/L (2.4

which still depends on the choice of base point. To eliminate the base point, we restrict
the domain of I in (2.4) as follows: first note that the domain of (2.4) is the kernel of the
homomorphism i,: ¥,® #,® ¥,— ¥, given by i ,(dh,®dh,®dh,)=(f,dh ,Ndh,)dh;.
Now let (#,® #,8%,)' be the kernel of

p: H,@K,® %, — H,®%,DK, 2.5)

dh, A dhy A dhy—> ( J' dh, A dh2> dh3®( f dhy A dh3> dh,@(f dhy A dh,) dh,
X X X

so that this kernel is contained in the kernel of i}, and [ is defined on (¥, %,®3,)".
Then I is independent of base point.
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(2.6) Special condition on a triple dh,, dh,, dh; of elements of ¥#,:

f f dh, A dh;=0 if j=2,3
X

and dh,, dh; are Poincaré duals to simple closed curves y; such that y,, y; are either
disjoint or meet transversely at just one point.

LEMMA 2.7. Let dh,, dhy, dh; satisfy (2.6). Then Kdh,®dh,®dh,)=
I(dh,®dh,®dh,). If the dh;, i=1,2,3 are Poincaré duals to three disjoint simple closed
curves, then I(dh,®dh,®dh,) is invariant under cyclic permutations, changes sign
under transposition, and vanishes if two dh; are equal.

Proof. Let dh; be dual to the simple closed curve y;. If X is cut along y; giving a

surface X; with two boundary components ¥}, ¥/, there is a harmonic function 4; on the
bounded surface which takes values differing by 1 at corresponding boundary points:

8X,=y,U(—¥)), hip")~h(p")=1.
We prove first that, if dy, ,=dh,Adh, then

f M,2~ _ff hydh, A\ dh, (2.8)
73 X}

note first that %9, is exact and dh,, %dh, are closed, so [ [ {(%n,,)A(*dh;)=0=
S [xnAdh, since aAB=xaAxp for 1-forms. Then

ff h,dh,/\dh2=ff hsdﬂ1,2=ff dhaA”|,2+h3d”|,2=jf d(hyn, o)
X, X, X3 X
=J'f hs’?nz"“j N2
U (=73 ¥

the desired formula (2.8).
Now let X, ; denote X cut along both y, and y,. Then hydh,—n, ,is closed on X, 5

and
ff dth(thhl)=ff dhz/\(h3dh,—773,,)=J“[ d(hyhydh,—hyn, )
Xy3 X213 X3

= (hyhydh—h, 13, N,
PPV (=) Uy U (-yy

=-f h3dh,+J' '““f hydh,.
Y2 Y2 Y3
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Rearranging terms, we have

ff h3dh,/\dh2—f hzdhl=f (hy dh,—7; ).
XZ,} 73 V2

Using (2.8), we get

—f (hzdh1+’712)=f hydh,=n; .
4] ¢}

But 7, ,=-17, , so we have

—I(dh,, dh,, dhy) = I(dh,, dh,, dh,).

Since

f(h,dhz—n,,2)+(h2dh,—n2,1)=f d(hlh2)=f dh,f dh, =0,
V3 73 Y3 Y3
Idh,, dh,, dhy) = —I(dh,, dh,, dhs).

Thus, I(dh,, dh,, dh,)=I(dh,, dh,, dh,), cyclic invariance, as well as skew-symmetry in
the first two arguments, proving Lemma 2.7.

We return now to the commutative diagram involving j :(H'@ H'® H')'—P. Write
V for H' and x-y for the alternating product. Write T for V®3 and T for (V®3)'=ker-
nel of p:T—V®3,

LEMMA 2.8. (1). The kernel T' of p is generated by two types of elements:
(a) x®y®z where x, y, z are Poincaré duals of three disjoint simple closed
curves.
(b) Elements on which both j, and 2I vanish.
(2) 2I=voj, for a unique homomorphism v:P—R/Z.

Proof. p:T—V®3 is equivariant relative to X, acting on T by signed permutations,
t—(sgn 0)o(?), and acting on V®? by (unsigned) permutations. We define a cross-
section S:V®37T (so po S=identity), which commutes with cyclic permutations: let
A, B, i=1,..., g be a standard symplectic basis for V, let C;=A; or B;, and let

A, ®B,®C, ifi>l

S(C;S000 = {A2®BZ®C,, ifi=1
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(with .S on 0@ C; D0 or 0DODC; by cyclic permutation). For any basis {y} of T, a set of
generators for ker p=T" is given by all y—S5p(y). We take the basis of T as y=x,Qy;Qz
where x, or y, or z, is either A, or B, (indices from 1 to g).

Now we distinguish several cases:

(D) y=x:Qy;®z; and either (i, j, k) are distinct in which instance we are in case (a)
of the lemma, or else whenever two of the indices i, j, kK are equal then the correspond-
ing letters x; or y; or z; are also equal: e.g., A,®QA,®By (i*k), or A,QA;®A;. For these
latter elements it is clear that they are annihilated by j;; furthermore, they satisfy (2.6)
and Lemma 2.7 and are annihilated by I e.g.,

IA,®A,®B,) = % (A;B)(A,; B)=0.

(2) Suppose exactly two indices are equal but the corresponding elements are
distinct: typically, A,®B,®Z,, or A,RZ,®B, with i, k, 1 distinct.

A®BR®Z,~Sp(A®B®Z)= (A®B~A,®B)®Z,
=(A+A,)®(B,—B)®Z,+A,®B,QZ,~A,QBOZ,.

Each of the tree terms in the last sum is of type (a) of the lemma.

A®Z QB—Sp(ARZ,®B)= ARZ,®B+(B,®Z,®A,)
=A,QZ,®B~A,®Z,®B,+A,®Z,®B,+B,®Z,®A,
=(A+A,)®Z,®(B~B)+A®Z,QB —A,QZ,®B,
+A,®Z,QB,+B,®Z,QA,

The first three terms are each of type (a).
Al®Zk®Bl +Bl ®Zk®Al = (A] +Bl)®Zk®(Al+Bl)-Al®Zk®Al "'B] ® Zk ® B] «

The last three terms are again of type (a) (or I(A,®Z®B))=
-I(Z,®A,®B,)=(by Lemma 2.7)-I(B,®Z,®A))).

Z,®A,®B,~Sp(Z,RA,®B) = Z,QA,®B~Z,8A,®B,

both terms are covered by (2.6) and Lemma 2.7, and we can apply cyclic permutation
to I to reduce to B,®Z, ®A,~Sp(B,RZ,QA).

() i=j=k. If x;=y;=z; we are in case (1). Otherwise typical terms are
A®BRA, ARARB,, BRA®A, (i>1).



104 BRUNO HARRIS

A,®B,®A—SH(A,®BR®A)=A®B®A~A,®B,®A+A,RA,®B,
= (A+A)®(B,~B)®A+AOB,®A~A ®BRA+ARA ®B,.

On applying I, each term falls under Lemma 2.7 so can be cyclically rotated to
bring the last letter to the first position: this gives

I[A,®B®A,~Sp(A,®B,®A)] = I[A,®A,®B,~A,QA,®B,+B,®A,RA,].

Again by Lemma 2.7, I of the last two terms gives 0 and I(A,®A,®B)=1. Thus this last
term is in the kernel of v=2I. Similar calculations apply to the other cases. This proves
part (1) of Lemma 2.8. Part (2) follows from this and from Lemma 2.7: the invariance of
Iunder the X5 action on type (a) elements shows that I on the subgroup of T” generated
by type (a) elements factors through the quotient by this £; action, which is not yet
P=(A%)' but an extension of (A3)’ by elements of order 2, and then 2/ annihilates these
elements of order 2 as well as the type (b) elements which give the rest of the
kernel of j,.

3. Volumes

Let dh,, dh,, dh, satisfy (1.1) and (1.2), and let the homology dual of dh; be a simple
closed curve y; (which does not divide X). Let X5 be X cut along y;, with boundary
¥3U(—73), as in the proof of Lemma 2.7, with h,(p")—hy(p')=1 where p’ €y},p" €}
correspond to p €y;. We may regard (h,, h,, h;)=h as a map X—T°, and similarly, as a
map H:X;—T>XR which gives h after mapping X5 to X and T2xR to T>x(R/Z)=T>.
First we will ‘““close up’’ H(X3) to a 2-cycle in T*XR which bounds a 3-chain, then
show that this 3-chain projects to a 3-chain with the same volume in T® whose
boundary is h(X). Finally we compute the volume of the 3-chain in 7>xR and show it is
just I(dh,, dh,, dh,).

The boundary of H(X,) is H(y;) UH(—v3). To show that the singular 1-cycle H(y3)
bounds in T2XR, it suffices to see that [ Hyy 9%=0 for dx;, i=1,2, the invariant 1-forms

on T° with period 1 over the two factors T'. But H*(dx;))=dh; and

[ dx‘.=fdh,.=[dh,.=ffdh,./\dh3=0.
Hy) % s X

Let now H(y})=34d}, d; a 2-chain in T>xR. Since H(y})=H(y;)+(0,0,1) in T?xR,
H(y})=38d; where d;=d;+(0,0,1). Now, using addition of singular chains (not addition
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in T°xR), H(X;)-d;+dj=Y is a 2-cycle in T>xR which, under the covering map
T’XR—T*xR/Z goes into h(X;) (since d;, d, differ only by translation by (0,0, 1)). We
will show ¥ bounds a 3-chain ¢; in 72XR, so the image c; of c; in the 3-chains on 7 has
boundary h(X), the image chain of H(X;), and the volume of c; is by definition

f dh, A dh, A\ dh,= f dh, A\ dh, \ dh,.

3 ]

Y bounds in 72XR since

[dx,Adx2=j dh,/\dhz—[ dh,/\dh2+j dh, A dh,.
Y X, d &

2

The last two terms give 0 since dh,/\dlh2 is translation invariant and d differs from d,
only by translation. The first term is just [, dh,Adh,=0.

Now Y=03c,, and the volume of c; is

hy dh, A dhz—f hydh, A dh2+j hydh, A dh,.

& &

fdh,/\dhzl\dh3=f h3dh,/\dh2=f
[ dcy

X3

The first term is —f,,}’h,z by (2.8). Since A;(p")=h,(p')+1, and dh,Adh, is the same on
d; and dj, the last two terms give just [, dh,Adh,, and we want to show this equals
f,,hydh,. The 2-form dh,Adh, on T*xR arises by pulling back dh,Adh, on T* by the
projection p, thus [,dh,Adhy={, s dh Adh, where p,(d})=d; is the 2-chain on T
obtained by projecting d; to T 2, Furthermore, the boundary ady)=p.(yy)=image of y;
under the map (h,, h,) : y, —>T°. This map (hy, h2) on y; lifts to a map H, ,:y;—R’since
J,,dh=0, i=1,2. Thus, if d, is any 2-chain on R? with boundary H, ,(y;) then

d;

J‘dh,AthEJ’dh,/\dh2 mod Z
&

(since projection of d, on T° and df are 2-chains on T° with the same boundary
(hy, hy) (vy)). However, on R? dh,Adh,=d(h, dh,)so

fdh,/\dhzsf h,dh, modZ
d

Hy vy

=fh,dh2.
Y3
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This concludes the proof that I(dh,,dh,, dh,) defined as iterated integral equals the
volume bounded by (k,, h,, hy) (X) in T,

Consider now the cycle X—i(X) in J discussed in the introduction, which is clearly
homologous to zero since i acts as —1 on H(J). The inclusion a of X in J is given by
(hy, ..., hy,) for a basis h; of harmonic integrals with periods in Z, with (h,, h,, h;) as
above. Let 7:J—T° be the projection on the first three coordinates, and let i denote
inverse in T>: then woi=iox and moa=h. Let X—i(X)=3D;, D; a 3-chain in J. Then

8(tD3) = n(3D3) = (X)) —mi(X)
=a(X)—in(X) (where X means a(X))
= h(X)—h(X)

= d¢;—13¢cy = 8(cy—ic;).

Thus 7D,=(c;—ic;)mod 3-cycles.
Now v* is the linear function on P defined (mod periods) by integration over the 3-
chain D5 in J, and

v*(dh, A dh, \ dh;) = volume of zD; (modZ)
= volume of (c;—ic;)

=2-(volume of c;)

since 7 acts as —1 on the volume form of T3, This shows that v*=2I.

4. Complex tori

In this section we discuss complex structures on the vector spaces H>(J;R) and
Pr=P®R and show that the homomorphism v: P-R/Z can be regarded as a point on
the complex dual space of Pg modulo a lattice (dual lattice to P), so we obtain an
interpretation of v as a point on a complex torus: an intermediate Jacobian of the
Kéhler manifold J. One choice of complex structure make this complex torus into an
Abelian variety, namely the primitive part of Weil’s intermediate Jacobian which does
not vary holomorphically with moduli of the Riemann surface X. Another complex
structure is not an Abelian variety but gives the complex tori studied by Griffiths [2]
and shown' by him to vary holomorphically. In later sections we will use the second
complex structure. We finally define an R-linear map

D: H*(J;R)— H"°(J;C) @ H"'(J;C)
C
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which is in fact C-linear for both of the complex structures on H>(J; R). The restriction
of D to P will be related in the next section to the variational formula for 1.

The real vector space H'(X;R) is given a complex structure j, by identifying it
with 3, the space of real harmonic 1-forms, and taking j,(dh)=—xdh. Further % is
put in 1—1 correspondence with the complex vector space H"°(X) of holomorphic 1-
forms by letting dh correspond to —xdh+idh=j,(dh)+idh (i.e. dh is the imaginary part
of the holomorphic 1-form). Under this correspondence, multiplication by j;=—% on
K correspond to multiplication by i on H"?,i.e. this is a complex-linear isomorphism.
We may also then identify H'(X;R), H'°(X), H'(J;R) and H"%J). Of course
H'(X;R) ®;C is a direct sum of two subspaces H""® and H*' on which j; ®1 acts as
multiplication by 1®i, 1®(—i) respectively. Next we consider A’H'(J;R)=H>(J;R),
and consider two complex structures jj; and j;:

j§=j1 Njr Ny
j3=%[1"3+j'§]=§[jl AJAFHFGATATHLAGA 1+1/\1/\j1)]

(thus S(AABAC)=j,(A) ABAC+AN,(B) A\C+AABA},(0)). js,Jj, are complex structures
(i.e. satisfy j2=—Id) but j; is not. On the complexification H(J;R) ®C=
HYOH*'@H"*®H"3,j;®1, which we will abbreviate as j}, acts as multiplication by
i*® on H*?, s0 as i on H*'@H"?* (and —i on H*°@®H"?). These subspaces H*'®H">
yield Weil’s Jacobians. Similarly j; acts as i on H*°@H*! (and —i on H" 2@ H"?): this
is the decomposition used by Gritfiths and will be the one we need.

Each of the operators j;, j; could thus have been defined as multiplication by i or

—ion each H*®. Since the primitive subspace P was defined as the kernel of multiplica-
tion by w®Zon H*J;R), where w€H?*J;Z), there are primitive subspaces
Py=PQ@R and P.=P®C defined in the same way, and P.=®, , P.N H*" since w has
type (1,1) and multiplication by @ commutes with decomposition into bigraded sum-
mands H™®. In particular if we set

H'= & H”

r+s=2q+1
r>s

then multiplication by w sends these subpsaces into one another so that, for 2g+1=3,
P®C=P, @P_ where P, is the projection of P®C on H> and P_ is the projection on

the complementary subspace. Further Pg—P_ is an isomorphism of real vector spaces,

and of complex vector spaces as well if we use the complex structure j; on Pg.
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Griffiths has shown that the periods of the 3-forms in P, vary holomorphically
with the complex structure on J and hence with that on X: we recall now the precise
meaning of this statement. Consider the group Hom,(P, Z)=P* (it can be considered a

subgroup of H,(J;Z)), and fix a basis c,, d, for P*, v=1, ..., n, such that the ¢, are a C-
basis for the C-dual of Py (Py is isomorphic to P, since we are using j; on Pg). If
wg,a=1,...,n, is a set of harmonic 3-forms on J which are a basis for P2 =P*°@p>!
then the period matrix is F=[w,(c,); w,(d,)] 2 matrix with » rows and 2n columns in

which the left hand half is invertible since the c, are a C-basis for the dual of P,. We
call F normalized if the submatrix [w,(c,)] of F is the identity matrix. The Pliicker

coordinates of F are the ratios of n rowed minors of F, and so are given by the entries
of F and polynomials in them if F is normalized. Now consider a holomorphic family X
of compact Riemann surfaces where the parameter s varies in a polydisk (say contained
in Torelli space, as in the next section), and s=0 corresponds to a fixed reference
surface Xo=X, namely the one we were considering above. Then the integral cohomo-
logy of X, or J(X,)=J, may be considered as fixed but the complex structure on J; and

in particular the differential forms w,(s) are smooth functions of s. The theorem of
Griffiths [2,I1; Theorem 1.27] in particular asserts that the mapping ® from the com-
plex s-polydisk to the Grassmannian of complex n-dimensional subspaces of the fixed
2n complex dimensional space H’(JO;C) which assigns to s the subspace P3(J) is
holomorphic: in terms of coordinates this subspace is the subspace of C2"spanned by
the rows of the period matrix F(s). If the left hand half of the matrix F{0) is non-
singular, the same will still be true for F(s) for s near 0. We may then replace the basis
wq(s) by a new basis which makes the period matrix of w, over c, the identity matrix

for all s near 0, thus normalizing F(s) to have the form (I Z(s)] where Z(s)= [w,(d,)]is

holomorphic in s, since the definition of ® to be holomorphic is that the Pliicker
coordinates are holomorphic.

Now the equations w,(c,)=9, ,,w(d,)=Z_ (s) imply that in the dual space of P,

a,v?

we have
d,= D ¢, Z, () 4.1)

and

Z, (), =X, (5)c,+Y, (5)(;c); X,

a,v?

Y,

a,v

ER.
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Let 6, be the complex linear isomorphism of the dual space (P,)* of P, with C"
such that (c,) is the standard basis vector e, of C",v=1,...,n, where P,=P3(J).
Then

Os(dv) = E €y Za,v(s) (42)

so that 6, takes the lattice in (P,)* spanned by the c,, d, to the lattice in C" spanned
by the 2n column vectors of [1,, Z(s)]. This then gives us a specific picture of the family
of complex tori (P.)*(s) modulo lattice {c,, d,} in terms of the family C%{lattice of
column vectors I, Z(s)}, where Z(s) is holomorphic in s. Furthermore a map ¢ from the
parameter space {s} to the family C"/(lattice I, Z(s)) such that ¢(s) € C"/ (lattice I, Z(s))
for each s will be holomorphic if its lift to a map into C” (which exists locally) has the
form

os) = Z ¢,(s)e, with ¢,(s) holomorphic in s.

Suppose now for each parameter value s we are given a homomorphism f; of the
abelian group P into R/Z: we will write f,(A)=f(4; s) ER/Z for A€ P. We want to identify
£, with a point on the complex torus (P,)*/{c,, d,} and then to give a simple criterion for
this point to vary holomorphically with s. Since Hom (P, R/Z)= Hom (P, R)/Hom (P, Z)
where Hom(P,Z) is the lattice P*, we just have to identify Hom (P,R) with
Homg (Pg; R) where Pp=P®R has complex structure j; depending on s, and then

identify Homg (Pg, R) with Hom (Pg; C). The latter identification will make /: Pp—R
correspond to [: Pg—C via [p)=I(j, p)+il(p).

So now f,€EHomg(Pg, R)/Hom(P,Z). Choose a coset representative
f,€Homg (Pg, R). Using 6;: Homg (Pg, R)—>C", 6,(c,)=e, as before, let

0,f)= D f(5)e,.

For AEP, write f(1)=f(A;s) ER.
We state the following criterion for the C-valued functions f,(s) to be holomorphic

in s:

PROPOSITION 4.3. Let s vary in a one-complex-dimensional disk with center s=0.
Suppose that for s=0 we are given a C-linear homomorphism Q,: POR—C relative to



110 BRUNO HARRIS

the complex structure jo on PQR such that (3/35)f(A;s)|,-o= Q,(4) for all \EPXR.
Then (3/35)f,(s)|;o=0.

Proof. Let 6% be the transpose of 6, i.e. a C-linear map (C")*—P®R. Let C,D,
be the Z-basis of P dual (over Z) to c,, d, and let e} be the basis of (C")* dual to the

basis e, of C". For v€C", let e(v)=¢ (iv)+ie (v), so ¢,=Ime} Then
0Y(e,) (c)=¢,0,c)=¢[e)=0

6%(c,)(d,) = £v< >z, ) e,,) =7, (s
e

(by (4.2), and the definition of ¢, as the imaginary part of eJ).

Similarly writing (e, 01) (v)=¢,(iv),
6%(e,00)(d,) = sv(i >z, ) eg) =X, ()
e
0¥(e, 0i) (c)=¢lie)=9,,.
Expressing 0;(e,), 6 (¢, 0i) in the R-basis C,, D, of P®R,
0',)= >, D, Y, (s)
#
8, 0i) = C,+ D, D, X, (5).
}
Since 6,, 6 are C-linear, 6} (¢, 0i)=j, 6}(¢,), so that

¢, = _2 (X/l,v— Yu,vjs)D;z = _2 Z,“,(S) Dﬂ. 4.4)
H “

We had defined

0,f)= D, f e,

Applying the C-linear function e} with real and imaginary parts ¢, 0i and ¢, respective-

ly we get
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Re f,(s) = (¢,01) (6, ) = £,(6(c, 0 )

=f, ( C+ D X, ,(5) Dv) =£)+ 2 X, () f,D,)
Imf,(s) = £,(6,f) =f(6}'c,)

= f;(z Yw(s)D,,> =Y, ()fD,)

£8) =Ref(s)+ilmf,(s) = f(C)+ D, Z, ()f.D,).

Now take 3/35 at s=0 and use the hypothesis

3 —_— 3
a—j'f;(l)ls-’-(): QI(A') s fOI‘A=C/‘,DV,—aszV,#(S)=0.

S HOl-0= CCI+ 2 2,0 T,

Since Q, is C-linear (relative to j, acting on P®R),

2 £(5)sco= QUC+ Z Z, 0 0,(D,)

= Q1<Cﬂ+ > Z,© Dv>

=0 by (4.4).

Thus we have proved that if the complex structure of the tori considered above varies
holomorphically, i.e. the matrix Zw(s) is holomorphic in s, and if at all points a,
(8/35)f,(4) is given by a C-linear function Q,(4) as in the proposition then f, varies
holomorphically with s, or in other words defines a holomorphic section of the
holomorphic family of tori over the parameter manifold. In the next section such a
function Q,(1) will be obtained by combining integration over the Riemann surface X
with the following linear map D: H(J;R)—H"°(J) ® . H"'(J).

Identifying H*(J; R) with A3H'(J;R) and H'(J;R) with the space of real harmonic
1-forms denoted dh, and further making correspond to dh the (1,0) form

w =(—%dh)+idh=j(dh)+idh
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and the (0, 1) form
@ = j(dh)—idh
we define D(dh,Adh,\dh;) as the expression

2 w, ®(w, A d;—w; A @,) (sum over 3 cyclic permutations of indices 1,2, 3)
(1,2,3)

which we will also write as a 33 determinant
W, W, wy

0, 0, o. 4.5)

W, W, 0

The above expression is clearly R-trilinear and alternating in the dh, or equivalently in

the w;. Furthermore the operator f; on AYH'(J;R) which was defined as
Jidh, A dhy A dhs) = j (dh,) A dhy A dhy+dhy Aj,(dh;) A dhy+dh, A dhy Aj,(dhs)
(where j,=—% and jj(w)=/,[(—*dh+idh]l=iw, j(&)=—ib) is related to D by the equa-
tion
Doj3=iD.

To prove this we have to take the determinant (4.5), apply j, to each column in turn,
and add the 3 determinants: this gives us

D(j3(dh, A dhy A dhy)) = i[w, @(w, A @3~ w3 A D)+ 0, B(—w; A d\—w, A d,)
+ 0, ®(w, A d,+w, A @) +w, ®w, A d;+w; A d,)
+w, @(w; A &,—w, A @)+ 0w, ®(—w, N @,—w, A @)
+ 0, ®(—w, A @y—w; A @)+ w, ®(w; A @+, \ d,)
+0; ®(w, A d,~w, A @))]

= i[w, (W, A Dy~w;3 A @y)+w, D(w; A @ —w, A dy)
+w, (w; A d,—w, A @))]

= iD(dh, A dh, A dhs).
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Also, if jy(dh,Adh,Adhy)=j,(dh)Nj(dhy)\j,(dh,) then D j;=iD: this is clear since jj
multiplies each w in the determinant by i and each @ by —i. The complex structure j,
was defined as 4(j;+/;) so that we also have Doj;=iD. D can be extended to

H3(J;R)®C as D®1: if we continue to denote D®1 as D then we note that D is zero on
H*% if (a, b)*(2, 1) (if a+b=3). The last statement follows from the fact that H>'is the
only one of the spaces H*® on which both j, and j; act as i. D can also be defined, by
using the multiplication m: JxJ—J, as D=(projection on H"*()QH"'(J))om*.
We can also use D to obtain a C-linear map
D: NH'(X;R)— H " X) ® AM'(X)

s (4.6)

where A" !(X) denotes the space of differentiable 2-forms on X of type (1, 1), simply by

composing D with the complex-analytic mzip h: X—J. Since in A(X) we have
*dh\%dh,=dh;Adh, and consequently

we can write D as the following determinant
W, wW; W
D(dh, A dhyAdhy)=2 |dh, dh, dhy| €H""Q@A"" 4.7
dh, dh, dh,

(remembering that terms in the top row multiply others terms by ® product). Of course
we can restrict the domain of D to the primitive subspace P®R, and can continue to
use the same formulas since P®R has a basis of elements of the form dh,Adh,Adh,.

5. Variational formula

We study now the variation of harmonic volumes I when we vary the conformal
structure on the Riemann surface X: more precisely, X varies within Torelli space 7,
which is defined as the set of pairs (X, canonical homology basis for H,(X; Z)) modulo
conformal homeomorphisms preserving the canonical homology basis. Teichmiiller
space is a covering space of Torelli space, but the latter is more convenient for us since
we use only homology and not the fundamental group of X.

According to Bers (Bulletin Amer. Math. Soc., Vol. 67, 1961) the normalized
holomorphic differentials of the first kind dw, are holomorphic functions on Teich-

8 — 838282 Acta Mathematica 150. Imprimé le 30 Juin 1983
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miiller space, as are their integrals w; and their periods. The real harmonic differentials
dh;, i=1,...,2g, Poincaré dual to the homology basis are obtained from the real and
imaginary parts of the dw, by a non-singular matrix determined by the period matrix of
the dw,, thus, the dh; are real analytic functions on Teichmiiller space, and on Torelli
space as well. Finally, if we fix 3 integral 1-dimensional homology classes with mutual
intersection numbers zero on the surface X, then the corresponding harmonic volume I
varies real-analytically as X varies in Torelli space, and to compute its differential, it
suffices to choose a suitable set of tangent vectors to Torelli space at X and compute
these partial derivatives of 1. We will do this using variational formulas given in [6],
Chapter 8, Section 1 (‘‘Schiffer variations’’). Thus, we recall the notation of this book
(mainly Chapters 3 and 8):

K, ..., K,, denote a canonical basis of 1-cycles: K,,_0K,=1, K,0K =0 if (p, q)*
(2i—1,2i) or (2,2i—1). a; is the real harmonic 1-form dual to K, so ijai=KiOI(j.

qu,ql (p) is a multivalued analytic function of p whose real part is single-valued,
and quo, q (p) is the elementary differential of the 3rd kind with simple poles at g, g, of

respective residues —1, +1. dw;, j=1, ..., g are the' holomorphic differentials of the first
kind, normalized by

f dwj=6j’k, f dwj=Xj,k+i ),j,k
Ky K.

- 2k

X; 1 Y, are both real (real and imaginary parts of the period matrix).

dwqo_ a (p) is the elementary analytic differential of the 3rd kind with the same poles
and residues at g, g, as quMl (p) but normalized by f,(u_l dwqo'ql=0, i=1,...,g. Then

q

qu'qo(p) = dwq,qo(p)+2 Zm'(j
i=1 q

0

az,._,> dw;.

The change of conformal structure of X is described in [6], Chapter 8, §1: fix a
point 1€ X and fix a local coordinate z in a neighborhood of ¢, with z(1)=0. Let z* be a
local coordinate in a region of X which overlaps the domain of z in an annulus but
which excludes the disk |z|<g. X is obtained by identifying the domains of z and z* on
their overlap by the identity map z*=z, while a new surface X* is obtained by the new
identification z*=z+s/z where s=¢*%?is any sufficiently small complex number (so X
corresponds to s=0). A vector field in a neighborhood of the point ¢, i.e. of z=0, is
given by 3/8s|,_,=(1/z) d/dz: this can be regarded as an element of H'(X, K~"), K=can-
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onical (i.e. cotangent) bundle of X, which is the dual vector space to H(X, K*)=space
of holomorphic quadratic differentials g(z) (dz)%, the dual pairing being

(q(z) 2y, ii) = Res q(2) (d2f - & = Res q(2) %% = q(1),
Z dz t Z dz P z

i.e. just “‘evaluation at the point £’ of the holomorphic quadratic differential written in
the coordinate z.
Now for the two surfaces X and X*= X} we have real harmonic 1-forms a,, a*

dual to the canonical homology basis K, (supposed to be the same for X, X*). Let g be
any point on X distinct from ¢, and regard a,, af as 1-forms in the variable g. Out first

aim is the following formula:
0:(@)—0,(q) =Re[2sd,Q (1) a,(1)]+0(s) 5.1

where a,()=(a,/dz)(#), a,/dz is a function denoted a, which is evaluated at t: if
o, tixa,=dA, is a holomorphic differential, then a,/dz={dA,/dz.) Similarly, if d,

denotes differential with respect to the variable g, then d,Q, . (2)is a differential in g

and a function of z and dq Q;’ qo(t) denotes the value of its derivative with respect to z,

evaluated at ¢, which is then a differential in gq. The proof of (5.1) uses the following
formulas, in which we denote quantities such as w}(¢)-w,(q) by dw,(q) (formulas

8.1.4, 8.1.5 loccit.; 8.1.5 as given there is missing a minus sign):

0w, (9)—0w,(qy) = sw,(1) w, . (N+0(s) (5.2)
and if y, ,=X, +i Y, is the period matrix
07,y = —s-2miw, () w,(t)+o(s). (5.3)
With these formulas, the proof of 5.1 is easy: let dw,=du,+idv,, u=1, ..., g; we have
dw, = —azﬂ+2 Yiv Q21
14

du,“ = _au+z X/‘,V azv_l
v

dvu = 2 Yu,v Qyy-y
v
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so that

@)= ; v = _%2;‘ Y;h wi(o) (5.4)
ay, = —du,+ > (XYY,  dv, = —du,+ D X, a,_,
i j
a3, () = —% [w,;(t)+i2 XY ™",, w,{(t)].
A

Since  may be treated as a derivation (mod o(s)), we will temporarily drop the
term o(s) from our formulas:

ay,_ = > (Y, ,8(du)+ D, (=Y -8y Y"), ,dv,
1 Fl
(using (5.2) and taking imaginary parts)

=> riIm [sw;(z)dqw;,qo(z)]—g (Y '8y, Y, dy,
i Y.
=Im [E Y;;w;(:)sdqw;,qo(r)—(r'anu,lau_,]
i

(using 5.3 now and taking imaginary parts)

=Im [s(z Y, w,{(t)) (dq w;,%(t)+2 27iw)(f) azy_,>]
i 14

=Im [s(Z o w;(t)> d, Q;,%(t)]
A

=1Im [2isa;,_,(0d,Q; , 1]

which proves (5.1) for odd indices 2u—1. The proof for 6(a,,)is the same, starting with
(5.4), so we omit it. Finally, (5.1) is valid, not just for the basis a, of #,, but for any
linear combination of the a, as long as the coefficients in the linear combination are
independent of the conformal structure.

We can now consider a general infinitesimal variation of the conformal structure of
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X: consider not just one point ¢ in X, but 3g—3 general points t; such that any
holomorphic quadratic differential vanishing at all these points must be identically
zero. Further let s; be a suitably small complex number at ¢; (so that the various disks
do not overlap), and form X* by using the gluing map z*=z;+s/z; near ¢; for all i. This
gives us a 3g—3 dimensional family of deformations of X parametrized by
s=(s,, vy S34-3) (see Kodaira-Morrow, ‘‘Complex Manifolds’’ Chapter 2, Section 3).
The tangent space to this parameter space at X consists of all tangent vectors
L,c,(8/3s,), and the value of such a tangent vector on a holomorphic quadratic
differential g(z) (dz)® on X is just I, c,q(t,),v=1,...,3g—3. Thus the tangent space to
the parameter space S of this family is mapped isomorphically, by the Kodaira-Spencer
map, onto H'(X,®),0=K"'. By the Kodaira-Spencer completeness theorem, this
family contains all deformations of X sufficiently near X (loc. cit.), so can replace a
neighborhood of X in Torelli (or Teichmiiller) space.

We may now calculate the infinitesimal variation of harmonic volume
K(dh,,dh,,dh;) where the homology classes of the dh; are fixed but the conformal
structure of X varies (and so the dh; vary). Recall that h=(#,, h,, h,) is a map of X into
RYZ*=T. The element of area dA on this surface in T° is { dhxdh (cross-product of 3-
dimensional vectors together with wedge product of 1-forms giving a vector-valued 2-
form). If now h* denotes the corresponding vector for X*, then for h* close to h, the
volume between the surfaces X and X* is a sum of volume elements }(h*—h)-(dhxdh)
(triple product of vector analysis) representing the volume of a small parallelepiped
with base dhxdh in h(X). Thus we get as change in volume

f 4(h*—h)-(dhXx dh). (5.5
X
For h*—h we may use (5.1) integrated with respect to g, namely

hg)—h{q) = Re [25Q, , (1) hi(D)]+0(s) (5.6)

(where Q_ qo(t)=(qu, qo/dz) (9. Inserting (5.6) in (5.5), we get the integral over X (with

respect to the variable g)

1
- f Q, (0 (dnxdh)(q).
q€X

Now }(dhxdh) has components dh,Adh,, dhyAdh,, dhyAdh,, and dhAdh=dp, ;. Let
g;; be the real function on X defined (up to addition of a constant) by dg; ;=x7, ;, so
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—dxdg, ;=dh,/\dh;. Thus g, ; is the function whose Laplacian (in any metric in the
conformal class of X) is the function corresponding under * to dhAdh; (it is not

actually necessary to introduce a metric, since ¥ on 1-forms suffices here). It is
classical that g,; is obtained from dhAdh; by integrating against the kernel

(12m)ReQ, , :

gi,j(p)—gi,j(po) = ‘;;f Re [Qq, qo(p)—Qq’ qo(po)] dhi A dhj(Q)
q€X

Py 9, fixed on X). Taking differentials with respect to p,

1
dgy=—— fq _ Re@, ,)-dh A dhq)

. 1 . . ,
dg; j+ixdg;= EI qu’qo-dh,. A dhfq) = %n, ;—in, ;= —i(n, ;+ixn, ;).
gq€X

Thus the change in volume (5.5) can be written as follows, using determinant notation
and replacing 2h[(#) by F{)=dF,/dz(t), where

dF,;= dh+ixdh,

Fin F@O F@O

Re| - f Q; (1) |dh(@ dhy(q) dhy(q)
9ex dh(q) dhy(q) dhy(q)

dh,+ixdh +ix
=Im[2.7rs E ( 1d'z |><'72,3 d’z '72.3)(’)].

1,2,3)

5.7

Now define a quadratic differential depending on dh,, dh,, dh, by

Q(dhy, dhy,dhy) = >, (dhy+ixdh,) (3 +i%ny;)

(1,2,3)

this sum of 3 differentials each of the form ¢(z) (dz)? is in fact a holomorphic quadratic
differential, as is easily checked. Furthermore the formula for Q as an integral of a
determinant shows that Q is obtained as the composite of the map D of (4.7),
namely the determinant, integration with kernel dQ % which maps a subspace
A0 of AV(X) to AV%(X), and finally the symmetric product of differentials
A(X)®A"%(X)— (quadratic differentials on X). The properties proved in Section 4 for
the maps D and D now yield
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THEOREM 5.8. (1) Q: PQR—HX;K? is a complex linear map if we use the
complex structure j; on P®RcH*(J;R), and the induced map Q®1 on P®C vanishes
on (PRC)NH"*(J) if (a, b)*(2, 1).

(2) Let A=dhAdh,Adh,€P and consider the harmonic volume I(;s)=
I(dh,, dh,, dhy; s) for s=(s,, ..., 5;,_;) near s=0. Then

$ ow
I(A; s)—I(2;0) = Imaginary part of | 2n S sj—z(tj) +o(s)
ji=1 (de)
(where z; is the complex coordinate on X=X, near t).

(3) Harmonic volume I varies holomorphically with s.

Proof. (1) follows from the remarks just before the statement of the theorem.

(2) is a restatement of formula (5.7) and the definition of Q, in the general case of a
variation at 3g—3 points at each of which Q(A) is evaluated.

(3) is a restatement of Proposition 4.3, in which we considered a 1-complex
variable variation, say s, at 1, and Q,(4) then denotes (Q(4)/ (dz,.)z) ).

6. Hyperelliptic Riemann surfaces

Let X be hyperelliptic, with involution 0. Then 0=—1 on %,. The images of X in T°
under h=(h,, h,, h3) and under hoo=—h are the same (as singular 2-chains) and so the

volumes bounded are the same (modZ). On the other hand, the volume form on 72
reverses sign under x—>—x, so we conclude that I(dh,, dh,, dh,)=—I(dh,, dh,,dh;) mod Z
or: I takes values 0 or } mod Z for hyperelliptic Riemann surfaces.

Next we discuss the map 61 for hyperelliptic surfaces. Let the surface be given by
the equation u2=H’,'(z—e,~), n=2g+2, e; distinct in C. Put z=re®, z—e=r; ¢ in the z-
plane. We assume ITj] r; is an even function of § (which holds if the e; are symmetrically

distributed about the real axis).
A basis for the holomorphic 1-forms is

dz

dw, = k=0,1,...,=-2)
Vi=e)...(z—¢,) 2
= ———rk g0 Ot 0 /zeio(dr+ ird0).

0
(ry...r)"?
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Then

(dw,+ dw,) A (dw+ dw;)
2 2

Redw, A Redw,=

L ( k=00 _ 4il—i)8
jr, 4

) (=20 (rdrd6)

+

= 'k (sin(k—D @) rdrde,

ryer

n

which is a 2-form on the Riemann sphere P! pulled up to X by the projection p: X—P'.
Thus since this projection has degree 2,

f Re (dw,) A Re (dw) =2 f f ( . sin(k—l)0>rdrd0
X p! Fi... 1y,

® ey
=2J’ ] sin(k—D 0 rdrdo.
r=0J6=0

Pyt

The r; are functions of both r and 6 and their product will be assumed to be an even
function of 6, thus integrating first in @ gives zero:

f Re (dw,) A Re (dw) = 0.
X

Now consider the elementary differential of the third kind
aQ, o= 22(dU, , +idV, )

on X (beginning of Section 5) with poles at g, qo with residues —1, +1. Choose
qgo to be a fixed point of the involution o (go lies over some e;). Then
dQ, ( +dQy) ,=dQ, , +0*dQ, , has poles at g,0(q), 4y, 0{g0)=q, and is invariant
under the involution, and also is determined by its poles and residues (since its periods
are pure imaginary). Thus it equals the image under p* of a differential on P!, namely

dz dz
dQ _+o*dQ_ _ =p* - .
a.q,7 7 aa,- P [z—z(qo) z—z(q)] (6.1)

Let dn, ,=(Re dw)A(Re dw), then from Section 5

NeHi%n, = i f dQ, . (Re dw, ARe dw)(q). 6.2)
q€EX
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However, since Redw,AReduw, is invariant under o, so is #, , and therefore so are
both sides of (6.2). Thus in the integral on the right hand side of (6.2), we may replace
aQ, % by 1dQ, qo+a*qu’ qo) which is given by (6.1). Furthermore, since we integrate
with respect to the variable g, the term dz/(z—z(q,)) is constant as function of ¢ and so
contributes zero to the integral since fyRedw,ARedw,=0. Thus (6.2) becomes, on

putting z(q)=re®® (which is the variable of integration and not to be confused with z)

7 ,+i-x-17k,——dz Usin(k=D0 4 4o, 6.3)
’ r=0Jo= o(z re® Fpety

We defined the quadratic differential as

CX(dhy, dhy, dhy) =27 >, (dh+ixdh) (g, +i%n, )

cyclic

which, in our case, gives, if dwj=z’dz/\/ (z—e)...(z—e,)

oI (Re dwj A Re dw, A Re dw)
_ (d2)? f ) f (£ sin (k~1) 6) r drd6
r=0J6=0

V(iz—e)...(z—e,) (z—re') ryor,
The cyclic sum in the numerator is a determinant
Fsinj@ rFsink6 Psinle |=-—|g ¢ ¢
rcosj@ rfcosk® Fcosld g ¢ ¢

where {=re”=z(q); in the special case k=j+1, /=j+2 this equals

— GYPE-2 -2 €8 = ~2PE-2) E-Dsino.
Thus
0I(Re dw; A Re dw;,, ARe dw,,,)
i 2(dz)? f J’ ),.2/+1 sin Ordrdo
\% (z— el) z— e r=0 T

Breaking up the integral into a sum of 3 terms corresponding to
re ®—z=rcos §—irsin 6—z and noting that symmetry in 6 of ry ... r,makes the first and
third vanish, gives us
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oI (Re dw; ARe dw;,, ARe dw;,,)

2 2j+2
2(d2) ( f J P+ gin OrdrdB) 6.4)
Viz=e)...(z—e,)

where the integral is >0, n=2g+2 and j<g—3. We can state now:

THEOREM 6.5. Let X be the hyperelliptic Riemann surface of the function
V(iz—e)...(z—e,), n=2g+2, g=3. Assume that the (distinct) complex numbers

e, ..., e, satisfy the condition:

H |z—e,| is a symmetric function of 6 = Argz.
i=1
Then OI: (A% X)'— HY(X; K*) has as image the whole (—1)-eigenspace of the hyperellip-

tic involution.

Proof. This (—1)-eigenspace has as basis the quadratic differentials listed in (6.4)
with 0sj<g—3. The map I commutes with automorphisms of X and in particular with
o which acts as —1 on A>%, thus its image lies in the (—1)-eigenspace of 0. This proves
(6.5).

We may sum up our results on hyperelliptic X now: I takes only values 0 or | in
R/Z, and is thus constant as X varies in the 2g—1 dimensional hyperelliptic locus. The
space of tangent vectors to Torelli space at X which are normal to the hyperelliptic
locus is g—2 dimensional and dual to the (—1)-eigenspace in the quadratic differentials.
The differential of I, regarded as a linear function on this (—1)-subspace of the tangent
space to § is injective i.e. its transpose O/ is surjective (at least in the special case where
€5 ---5 €344, Satisfy a symmetry property).
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