Acta Math., 183 (1999), 191-253
© 1999 by Institut Mittag-Lefler. All rights reserved

Asymptotic distribution of resonances
for convex obstacles

by
JOHANNES SJOSTRAND and MACIEJ ZWORSKI
Ecole Polytechnique University of California
Palaiseau, France Berkeley, CA, U.S.A.

1. Introduction and statement of results

The purpose of this paper is to give asymptotics for the counting function of resonances
for scattering by strictly convex C°°-obstacles satisfying a pinched curvature condition.
We show that the resonances lie in cubic bands and that they have Weyl asymptotics in
each band. The asymptotics are in fact the same as those for eigenvalues of the Laplacian
on the surface of the obstacle. The closer the pinching condition brings the obstacle to
the ball the larger is the number of bands to which our result can be applied. Figure 1
illustrates the main theorem for the first band.

Heuristically, the resonances for convex bodies are created by waves creeping along
the geodesics on the boundary and losing energy at a rate depending on the curvature.
Consequently, the precise distribution depends in a subtle way on the dynamics of the
geodesic flow of the surface and its relation to the curvature. A rigorous indication of that
(for the case of analytic obstacles) was given by the first author in [25]. However, those
subtle effects are mostly present in the distribution of imaginary parts of the resonances.
The crude heuristic picture suggests that as far as the real parts are concerned the
distribution should be governed by the same rules as those for eigenvalues of the surface,
and our result justifies this claim. For our proof the pinching condition for the curvature
needs to be imposed to eliminate interference between different bands.

The subject of locating and estimating resonances for convex bodies has a very long
tradition. Its origins lie with the study of diffraction by spherical obstacles. The reso-
nances of a ball are given by zeros of Hankel functions, and the study of the distribution
of those zeros was conducted by Watson [36], Olver [19], Nussenzveig [18] and others.
For more general convex obstacles they were then studied by Fock, Buslaev, Babich-
Grigoreva [1], and more recently by Bardos-Lebeau-Rauch [2], Popov [20], Filippov—
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Fig. 1. Weyl law for the density of resonances in the first band, X =00.

Zayaev [5], Hargé-Lebeau (7], and B. and R. Lascar [12]. Also, numerous general results
about resonances discovered after the work of Lax—Phillips [10] apply particularly nicely
to the case of scattering by convex obstacles.

This paper continues our previous work [31], [32] on upper bounds on the number of
resonances in neighbourhoods of the real axis. The starting point is the same as before:
we apply an exterior complex scaling argument to turn resonances into eigenvalues of
a non-self-adjoint operator. We then proceed to a second microlocal reduction of the
scaled problem to the boundary and establish a trace formula for the reduced problem.
That trace formula is inspired by recent progress on global and local trace formulse for
resonances [6], [26], [27], [38]. It is in fact very close in spirit to the local trace formula
developed by the first author in [26]. The novelty here lies in working with the reduced
problem alone and in exploiting the pole-free regions implied by the pinching condition
on the curvature.

We recall that if —~Arn\o is the Dirichlet Laplacian on a connected exterior domain
R™\O, where O is compact with a C®-boundary, then the resolvent

Ro(N) & (=Apmo—2%)"1: L2 (R™\0) —» HAR™MO)NH(R™\0), ImA>0,
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continues meromorphically across the continuous spectrum Im A=0, to an operator
RO(’\): Lgomp(Rn\O) - Hl%)c (Rn\O) ﬂI{(},loc (Rn\o)

Here H2(R™\O) is the standard Sobolev space, H} (R™\O) the closure of Coomp(R™O)
in the H'-norm, and L2,,, HZ, H; . are defined from these spaces in the usual way.
We recall that R is globally meromorphic in A€C when n is odd, and in A€A, the
logarithmic plane, when n is even. In this paper we will be considering strictly convex

obstacles.

The poles of Ry are called resonances or scattering poles. We will use the following
notation:

Mo (o) = the multiplicity of the pole of Rop(A) at A=Xg#0

1.1
:rankj{ R(M\)dX, 0<exl1. (1)
|A—Xg|=¢

Let us also recall the Airy function, Ai(t), which solves (D?+t)Ai(t)=0 and is bounded
for t>0 (that determines it up to a multiple). We will denote the zeros of Ai(—t) by

0<<1<<2<...<Cj<.... (1.2)

We will first state our result under the weakest hypothesis:

THEOREM 1.1. Let (; be as in (1.2), Q be the second fundamental form of 30 and
S00 the sphere bundle of 00. Assume that

maxgao Q@ < (Cz

3/2
. - =2.31186... . 1.3
mingso & 1) (1.3)

Let us put

—9—1/3 (1 . 2/3 _o-1/3 1 2/3
=2 /cos(gﬂ)grggQ/, K=2 /cos(gw)glggQ/.

Then for every sufficiently large C >0,

Z{MO(A) . OSRG)\gT‘, %Cl(Re)\)l/s_C< —Im)\<KC1(Re)\)1/3+C}

vol(B*1(0,1))

=(1+0(1)) (2,"_)”_1

vol(80)rn~1.

The only previous lower bound was based on the Gevrey 3-trace formula from [2]
(in the analytic case and in odd dimensions), and it was of the order r%/3-5—see [29].



194 J. SJIOSTRAND AND M. ZWORSKI

It applies however to a generic class of obstacles which do not necessarily satisfy the
pinched curvature assumption.

Theorem 1.1 is a special case of Theorem 1.2 below but we stated it separately
for the clarity of exposition. To put it in perspective we recall now some general facts

about counting of resonances for obstacles. The only general lower bound is that of
Lax—Phillips [11]:

> {Mo(A): C<|ImA| <7, ReA=0} > en(rs(0)" ™7,

where OCR" is any obstacle with a smooth boundary, n is odd and r;(O) is the inscribed
radius of @. As far as the resonances on the imaginary axis are concerned this bound
is optimal as shown by the case of star-shaped obstacles where one has the same upper
bound but with the inscribed radius replaced by the superscribed one. Only a weak lower
bound for resonances off the imaginary axis seems to be known. It is shown in [30] that

> {Mo(N):C<|A <1, ReA£0} 27" 17¢/C, £>0,

for the Dirichlet boundary condition when n=4k+1, and for the Neumann boundary
condition when n=4k—1.

A global optimal upper bound was provided by Melrose {15]:
> {Mo(A):[A[<r}<Cr™+C, nodd.

This was generalized, in a suitable form, to even dimensions by Vodev [35] while a
different proof in the odd-dimensional case, more in the spirit of the present paper,
was given by the authors in [28]. Obtaining a lower bound r™ in general constitutes
an outstanding problem. Obstacles for which there is a lot of trapping are perhaps the
most likely to yield first. In that direction we have shown [29] that if there exists a non-
degenerate closed trajectory of the broken geodesic flow of R™\O such that no essentially
different closed trajectory has the same period, then

> {Mo(N): |\ <r+C, [ImA| < Clog|A|} >7/C.

When the trajectory is non-degenerate and elliptic then there exist z+—T(z) and C>0
such that

Z{MO(/\) A rHC [ Im A < T(A)} = 7Y/ C, T(z)=0(x"*),

as shown recently by Stefanov [33] who improved the linear lower bound of Tang and the
second author [34].
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For more information on resonances in obstacle scattering and in many other settings
we refer to recent surveys [16], [26] and [37].

Before stating our full result let us recall the result of [7] and [32] on the pole-free
region for an arbitrary strictly convex obstacle. In the notation of Theorem 1.1, it says
that for some constant C the region

C<Re), 0<—-ImA< (i (ReN)V3-C
is free of resonances. When a pinching condition on the curvature is assumed we now
obtain alternating cubic bands free and full of resonances:
THEOREM 1.2. With the notation of Theorem 1.1 we assume that for some jo=1

maxgao @ < (Cjo+l)3/2.

mingso Q Cio

Then for some C>0 and for all 0<j<jo:

(i) we have no resonances in

(1.4)

C <Re), KCj(Re)\)l/3+C<—Im/\<%Cj+1(Re)\)l/3—C,
(ii)
> {Mo(A\): A <7, %G (ReX) /3~ C < ~ Im A < K(j(Re N)/3+C}

vol(B"~1(0, 1))

= (o) ™55

vol(80)r™ 1.

Except for the review of exterior complex scaling in §3 and for the references to
some applications of the FBI transform in §§7 and 10, we attempted to make the paper
essentially self-contained. It is organized as follows. In §2 we present a general outline
of the proof. §4 is devoted to general theory of semi-classical second microlocalization
with respect to a hypersurface. It is developed in a slightly more general form but with
applications to further sections in mind. In §5 we discuss Grushin problems for model
ordinary differential problems: they indicate how a reduction to the boundary should
proceed. §6 introduces symbol classes adapted to the second microlocal calculus and to
the ordinary differential model problems. They will give the parametrix valid near the
boundary. In §7 we give estimates which will allow treatment away from the boundary,
and in §8 the methods of §§4, 6 and 7 will produce a global well-posed Grushin problem
which will realize the reduction to the boundary. In other words we will reduce the
study of resonances to the study of a well-understood operator in a second microlocal
pseudodifferential class on the boundary. In §9 we prove a trace formula for that operator,
and then in §10 we use it to prove the local semi-classical version of our result.
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2. Outline of the proof

The purpose of this section is to provide a broad outline of the proof. Some of the
ideas presented here come from older works and the detailed references are given in
corresponding sections.

The first step of the argument is a deformation of R™"\O to a totally real sub-
manifold, T', with boundary 6I'=80 in C™. The Laplacian —Agr~\p on R™\O can be
considered as a restriction of the holomorphic Laplacian on C*, and it in turn restricts
to an operator on ', —Ar. When I is equal to e R™ near infinity then the resonances
of —Agn\o (that is, the poles of the meromorphic continuation of (ARn\o—C)'l; we
take the Dirichlet boundary conditions) coincide with the complex eigenvalues of Ar in
a conic neighbourhood of R. That is the essence of the well-known complex scaling
method adapted to this setting.

Normal geodesic coordinates are obtained by taking z’ as coordinates on 0O and
z, as the distance to 8. In these coordinates the Laplacian near the boundary is
approximated by

D2 —22,Q(z', Dy )+R(z', Do), (2.1)

where R is the induced Laplacian on the boundary, and the principal symbol of Q is the
second fundamental form of the boundary. The complex deformation near the boundary
can be obtained by rotating x, in the complex plane: z,+— ez, which changes (2.1) to

e 20p2 —2¢¥z,Q(z', D)+ R(z', D). (2.2)

The natural choice of # comes from the homogeneity of the equation: 0=%7r. This is
discussed in §3.

It is also natural to work in the semi-classical setting, that is, to consider resonances
of —thRn\o near a fixed point, say 1. Letting h—0 gives then asymptotic information
about resonances of —Agn\o.

Hence we are lead to an operator which near the boundary is approximated by

Py(h)=e " ?"/3((hD,,)?+22,Q(z', hDy))+ R(z', hDy/), (2.3)
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and we are interested in its eigenvalues close to 1.

As in many diffraction problems the natural homogeneity of the leading part near
the boundary plays a crucial réle. To indicate it here let us take the principal symbol of
(2.3) in the tangential variables. That gives

po(h) =e >™/3((hD,, ) +22,Q(’, ')+ R(2', ).

We are interested in the invertibility of Py(h)—( for ¢ close to 1, and that should be
related to invertibility of the operator-valued symbol pg(h)—(. We rewrite it as

po(h)—C=h*3(e ™ /3(D} +tp)+A-2),

2.4
t=h"2Bz,, A=h"3R(@,&)-1), 2=h"H3((-1), p=2Q(,¢), 2-4)

that is, we rescale the variables using the natural homogeneity of pg(h)—¢. This gives
us the model operator which will be studied in §5.

On the symbolic level the operator (2.3) can be analyzed rather easily. We can
describe (pg(h)—¢)~! using the Airy function:

(D?+t)Ai(t) =0, Ai(—¢;)=0, Aie L?([0,00)).

The resulting separation of variables is described in terms of a Grushin problem in §5 so
that it becomes “stable under perturbations”. Because of the rescaling, the symbol class
of the inverse is very bad in the original coordinates: we lose h~2/3 when differentiating
in the direction transversal to the hypersurface R—1=0. To remedy that, we develop,
in §4, a form of a semi-classical second microlocal calculus with respect to a hypersurface.
That allows operators with symbols given in the rescaled coordinates.

From separation of variables (or more correctly from the Grushin problem), the
invertibility of (Py(h)—(1+h?/32))~! for |Im2|<C is controlled by invertibility of an
operator on the boundary with the principal symbol given by

E° ¢ Hom(CN,CN), (B, )1gij<n = ‘()\—24’#2/3‘3_2”/39)5&’
A=h"3(R(c',¢)-1), p=2Q(z',¢).

Here N depends on C which controls the range of Im 2. The pinching condition on

(2.5)

the curvature (1.3) implies that the values of z’s for which A—z+u?/3e=2"/3¢; is not
invertible are separated from the values for which A—z+u?/3e=27/3¢;, j>1, are not
invertible. The stronger condition (1.4) provides more bands separated from each other
and corresponding to different j’s—see Figure 2. This separation is eventually responsible
for the pole-free strips between the bands. After rescaling to the original coordinates the
strips become the cubic regions in (i) of Theorem 1.2.
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The passage to a global operator on the boundary, E__(z), with poles of E__ ()~}
corresponding to the rescaled resonances is rather delicate. In §6 we develop a symbolic
calculus which takes into account lower-order terms near the boundary, and in §7 we give
the needed estimates away from the boundary, where nothing interesting is happening.
These are put together in §8 and the operator E__(2) is described in Theorem 8.1. In a
suitable sense it is close to the model operator E?, described above. It has to be stressed
that a restriction on the range of Rez has to be made: for every large constant L we
construct a different F__(z) which works for |Rez|{<L. The properties of the leading
symbol remain unchanged but the lower-order terms and the symbolic estimates depend
on L.

In §9 we give a trace formula for F__(z). For that we start with the obvious ob-
servation that the trace of the integral of E_, (2)~!(d/dz)E_, (z) against a holomorphic
function f over a closed curve, Zle ~;, shown in Figure 2 gives the sum of values of f
at resonances enclosed by the curve. Assuming that |f(z)|<1 near the vertical sides and
adding a normalizing term to guarantee the trace class property we can reduce the inte-
gration to the horizontal sides, at the expense of a controllable error—see Theorem 9.1
for the precise statement. That argument involves a further Grushin reduction, a local
lower modulus theorem and a good choice of contours. The gain is in obtaining an inte-
gral in the region where the operator E_, (z) is elliptic (roughly speaking in the pole-free
region). In §10 we use the second microlocal functional calculus of §4 to understand
those integrals. Finally a good choice of f, small near the vertical sides of the contour
and large near the horizontal ones, yields the asymptotic formula for resonances in the
bands when we let L—oco.

3. Preliminaries

We recall here the facts about the structure of the scaled operator for the strictly convex
exterior problem—we refer to [31] and [32] for more details.

We start by recalling the form of the Laplacian in normal geodesic coordinates with
respect to the boundary: if we introduce the following coordinates on R™\© then

z=(2',z,) ' +T,7i(z"), €80, =z,=d(z,00),

(3.1)
7i(z') € Nz 0O, [i(z')]| =1,

where 7i(z’) is the exterior unit normal to O at z’. Then

—A=D2 +R(z',D;)~22,Q(%n, ', Dy)+G(T0,2") Dy, (3.2)
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where R(z', D), Q(zn,z’, Dy) are second-order operators on 0, and

n—1
R(@',Dy)=~Do0=3""* Y Dy,§"?g"Dy,, g=(det(¢?))™",  (3.3)
i,j=1
is the Laplacian with respect to the induced metric on 0. We also note that if we put
Q(z',D;)=Q(0,z', Dy/) then Q(z’, D) is of the form

n—1

g‘l/z Z Dygglﬂa,—ij; (3.4)

,7=1
in any local coordinates. We recall that § gives the Riemannian density g'/2dz on 90.
We observe that demanding that Q(z’, D) is of the form (3.4) and self-adjoint with
respect to the induced Riemannian measure determines Q(z’, D,/) uniquely from the

quadratic form Q(z',&")=3""""1, ai;(z)&:E;. We have:

i,j=1
Q(z',¢') is the second fundamental form of 8@ lifted by duality to T30, (3.5)

and the principal curvatures of O are the eigenvalues of the quadratic form Q(z',&’)
with respect to the quadratic form R(z’, £’)—see Lemma 2.1 of [32] for a direct argument.
As in §1 we will also use () to denote the second fundamental form on 7’00 identifying
it with the quadratic form on 780 by duality.
The complex scaling for the exterior problem was considered in [31] and then in [7],
[32] and [24]. It is given by

R"\O 3z z=z+i0(z) f'(z) e C C™"\O, (3.6)

where f(z)=1d(z,0)?. Following Hargé and Lebeau [7] we scale by the angle {7 near
the boundary: ;
14-i6(x ;
——_|1+i95x;| =e™/3 d(x,00) < rol.
and then connect to the scaling with a smaller angle (z)=6p—see [32, (2.13)].

The image of (3.6) is a totally real submanifold with boundary, ICC™\0O, and
as in our previous works starting with [28], we define —Ayp as the restriction of the
holomorphic Laplacian —Azzzj;;ng]_ on C" to . As domain we take the natural
space corresponding to the Dirichlet boundary condition: Hg(I')NH?2(T). Following the

long tradition of complex scaling in mathematical physics we showed in [31] that:

The poles of the meromorphic continuation of (—Agr~\o—¢ )71 in 0<—arg (<26
are given, with the agreement of multiplicities, by the complex eigenvalues of the Dirichlet
realization of —Ar in the same region.
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Hence we have reduced the problem to studying the spectrum of —Ar, and it is
convenient to work in the semi-classical setting. Thus we introduce

P(h) & ~R2Ar

= e 2M/3((hD,, )2 +22,Q(zs, ', hDyr; b)) (3.7)
+R(z',hD,; h)+hF(xpn,z' )hD,,,

where the second equality is valid only near the boundary. The additional dependence
on h in @ and R comes from lower-order terms arising in semi-classical quantization of
the symbols @ and R. We used here (z’, z,,) as coordinates on I', and where no confusion
is likely to arise we will in fact identify I' with R™\O through these coordinates.

4. Second microlocalization with respect to a hypersurface

In our analysis we will encounter symbols with a non-classical behaviour when differen-
tiated transversally to the glancing hypersurface X={R(z,&)=1}CT*90O. Since we lose
h=2/3 at each differentiation, the standard quantization will not give us a good calculus
of the corresponding operators. Roughly speaking we cannot localize to regions of diam-
eter h?/3 without contradicting the uncertainty principle. Instead we locally straighten
out ¥ by means of canonical transformations to Xo={£1=0}. Then we may localize to
rectangles in the (z1,&;)-space of length ~1 in z,, and of length ~h?3 in £&. This
amounts to a form of semi-classical second microlocalization. The presentation here is
essentially self-contained, and we refer to [23], [13], [17] and (3] for other approaches and
references.

Let X be a compact C*°-manifold and let XCT*X be a C®°-compact hypersurface.
We recall the standard class of semi-classical symbols on T*X:

S™H(T*X) = {a€C™(T*X x(0,1]) : 1858 a(=, & h)| < Caph™™ (&)1},

We note that the symbols are tempered as h—0 (we make that assumption about any
h-dependent function appearing below).

The more general class, S"S"’k, where the right-hand side in the estimate is replaced by
Cogh™m—8Ual+IBD (£)k=(1=8)IBI1+8lal  hag nice quantization properties as long as 0<6< 3.
For any 0<d<1 we now define a class of symbols associated to X:
near X: Vi..V,Wi..Wi,a=0h "% (h=%d(%, ))k),
where V1, ..., V;, are vector fields tangent to X

m,kl,kz *
a €Sy (T"X) & and Wy,...,W,, are any vectorfields;

away from X: agafa(z,g; h) = O(h=m—5% (g)ka—IB1), :
4.1)
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By the distance d(¥,-) we mean the absolute value of any defining function of X, that
is, a modulus of a function which vanishes simply on ¥ and which behaves like (£) away
from X (near the infinity in 7*X)—we will use the second property below. We will later
use a notation where the indices in Sgt ’(;kl’kz are replaced by an order function, and that
will be particularly useful in the case of vector-valued symbols. In the case above the
order function is A=™(&)F2—F1(h=04(%, - ))*r.

The basic properties of second microlocalization are described in the following propo-
sition:

PROPOSITION 4.1. With the definitions introduced above and for 0<d <1, there exist
a class of operators, lllgf vk2 (XY acting on C°(X), and maps

Ops, 2 Sy (T X) — Ui k2(X),
ow,p UEH(X) = ST (T X) /855 TR RN X),
such that
o5,h(AoB) =03 4(A) o5 1(B), (4.2)

0— W TR LRl () gk ()

(4.3)
"’E__,_)h Sg,ékl,kz (T*X)/szn’gl+a’kl_l’k2_l(T*X) —0
s a short exact sequence, and
ox,ho0Pg i Sgg (T X) = Sgp B2 (17 X) [Sgs oMbl rx)  (44)

is the natural projection map. If aESg”’skl’kz(T*X) and d(suppa,X)21/C then a€
SmEdkuk(T*X) and Ops ,(a)=Opy(a) e U™ %1k (X) where W™ (X) is the standard
class of semi-classical pseudodifferential operators on X.

To define \Ilfzn”f"k ?(X) we proceed locally and put ¥ into a normal form Xq={£; =0}
(locally). If we have a symbol, a, defined in a neighbourhood of some fixed point on
{&=0}, say (0,0), then we can write a=a(z,£, A\ h), A=h~%¢, so that near {£{;=0},
(4.1) becomes

0297 0 a(z, &, A h) = O(h~™) (A =%, (4.5)

We will use the notation
a=0(h"™N*) & (4.5) holds. (4.6)

For such an a we can define an exact quantization

Onn(a)u(w) = s [ 0o 1706 )M eI Ouy) dyde, m=dimX.  (47)
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The main point is that the non-classical behaviour occurs entirely in the &-variables, and
hence the composition formuls hold (see for instance [21] for the standard semi-classical
calculus): if a=O(h~™ (\)*1) and b=0(h~™2(A)*?) then

61/)}1(‘1)"6;)11(1’) = &)h(a#hb) mod ¥~ (X),

1 a
a#nb(z,& A h) = Z a(haf)a(ah:h—égl)Dzb
aENT (48)
= Z - (hOg)* (hdg,+h'~083)*1a D3b,
aENn o
a#tnb=O(h~™ M2 (N)kr1tk2),
For simplicity we now put m;=m2=0 and assume that £; is bounded so that in

particular
R<O()RITO (AL (4.9)

We then see that (4.8) gives
a#rb=ab+hdcaDb+h'"%9ra D, b+ 1h* "9 8%aD2 b+ ...

1 ~( Rt (4.10)
+—'h”(1"5)6f\’aD§1b+(9<hh

p: oy
In preparation for the invariance result below let us assume that b is independent of A,
that iS, 6:8?():0(1) for all a,ﬁEN"’ and that 6zlb:0 for 51:0 Then azlbzc(x,€)€1=
hoc(z, E)A=O(h®(\)), and for j>1,

Usamsyai i e (n(B0Y ok
W0 903aDb=0(h( T k).

hl )
a#nb= ab+h26§,aDzlb+h1 56,\aDI1b+(9<h N <,\>k1),
=1

<A>k1+’°2), p>(1-8)"

This gives

b#na=ab+h Y 8ebDsa+O(R*(NF), (4.11)
i=1

~ - 1-6
B2 (k) =0(h%7<x>kl),

where we used the boundedness of £;—see (4.9). Hence under the above assumptions on

b we have
h hl—¢ - h1—6 .
b#ra—a#nb= ;Hba— —TL— 8zlb8,\a+(’) <h—W (/\) 1)

_ -5
_ % (Hya—c(z, €) A0xa) + O <h h<1A> (A)"l) .

(4.12)
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Here Hy=)"7_, O¢,b0;,—0z;b0;, is the Hamilton vector field and 3,b(z,&)=c(z,£)¢1,
as implied by the assumptions on b. The formula (4.12) is very natural as

(Hba'—C(.’E, 5) )‘a)\a) (-7;7 é.: )‘) [)\=h1—5§1 = Hb(a(I, 67 )‘) rA=h1_5§1 ) (413)

We now return to more general considerations. For the operator (3v;)h (a) we define

its principal symbol as the equivalence class of a in O(h~™1 (A)k1)/O(h~m1+1=0(\)k1=1),
This symbol map is clearly a homomorphism onto the quotient of symbol spaces:

Opy(a) = [a] € O(A™™ (AY&) /O (R~ +1=0 (ka1 (4.14)

We note that we are not concerned here with the behaviour at infinity in other directions
than & . In the adaptation to a compact manifold the class 5(h"m<)\)k) will only be
used on compact subsets of the cotangent bundle.

For future reference we include here a version of Beals’s characterization of pseudo-
differential operators by stability under taking commutators. The proof, which is given
in the appendix, follows from an adaptation of the proof in [4].

LEMMA 4.1. Let A=A;,:S(R")—S'(R") and put z'=(x3,...,z,). Then A:&)h(a)
for az@(h_m(/\)k) if and only if for all N,p,q=0 and every sequence I1{z',&'},
o In(Z,€) of linear forms on R*™= Y there exist C>0 for which

[ adll(x’,th, )O...0 ad;, (z/,hDr)° (adhl**SDIl )Po(adz,)?Aul| (g—min(k,0))
< ChN(hl—é)p+q ”u“ (max(k,0))»

where |Jul|)=lullz2 +[|(h'~° D, )Pull 2.

For the global definition we need the invariance of Op;,(O((A)™)) under conjuga-
tion by h-Fourier integral operators which preserve Yo={£;=0}, and that is the main
technical result of this section. Before we state it we recall the following standard
convention of semi-classical microlocal analysis: we say that A=B microlocally near
((z,8), (2", &"))eT*R" if for any a,a’€C®(R™) supported in sufficiently small neigh-
bourhoods of (z,£), (z’,£’) and equal to 1 in some neighbourhoods of (z,&), (z',£'), we
have

Opy(a)(A~B)Op (a') € B~ ~(R").
Similarly we say that B=A~! microlocally near ((z,¢), (z',£")) if
Op,(a)(AB—I), (AB—I)Op,(a’) € T~ "=(R")
and
Opy(@')(BA=1), (BA-I)Opj(a) € U=~(R").
When (z,£)=(2',¢’) we say that the statement is microlocally true at (z,£). For basic
information about h-Fourier integral operators we refer to [4].
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PROPOSITION 4.2. Let U be a classical elliptic h-Fourier integral operator micro-
locally defined in a neighbourhood of ((0,0),(0,0)). Assume that ¢, the canonical relation
associated to U, satisfies

#(0,0)=(0,0), x({&;=0}NV)C{&=0}, (0,00eVCT*R", Vopen. (4.15)

Let A=0py(a) where a=0((\)™). Then, microlocally near (0,0),

o - hl—&
U~'AU = Op,(b), b=aoK+O(W(A)m),
where K is the natural lift of » to the (z,£, \)-variables: K(y,n, p)=(z,€, ) if and only
if (z,&)=x(y,n), A=(&1/m)u. Since the operators Opy(a) are microlocally 0 away from
the diagonal this provides a complete microlocal description.

Proof. We start by observing that the proposition holds in the special cases s(x, &)=
(z,€) and s(z,&)=(—z,—&). The first special case concerns conjugation with elliptic
classical h-pseudodifferential operators, and it follows from the discussion after (4.8).
The second special case follows from the first one and the fact that the proposition is
easily checked for Uu(z)=u(—x). As a consequence we can asssume that s preserves the
sign of &;:

#(y,m)=(z,§) = &m=20. (4.16)

We will prove the proposition by a deformation method inspired by the “Heisenberg
picture of quantum mechanics”, and for that we need the following geometric

LEMMA 4.2. Let 5 be a smooth canonical transformation satisfying (4.15) and (4.16).
Then we can find a piecewise smooth family of canonical transformations [0,1]2t— ¢
satisfying (4.15) and (4.16), and such that »p=1d and »;=x.

Proof. Let us denote by ¥ the hypersurface given by £&;=0. We start by considering

x5 (y1,0;9, 0" ) = (21(y, '), 0; %' (¥, ")), (4.17)

where for convenience we write (y1,v’, 71,7 )€T*R™ as (y1,m1;¥, 7). We notice that s’
is independent of y; and that it is a canonical transformation mapping (0,0) to (0,0).
In fact, the bicharacteristic leaves of ¥ are given by (y',n')=const and they are mapped
into the bicharacteristic leaves. The property (4.16) is equivalent to

83:1

—= >0, 4.18
B9 (4.18)

and we also have z1(0,0)=0.
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We recall that every canonical transformation on a neighbourhood of (0,0)€ T*R"~!
and mapping (0, 0) to (0,0) can be smoothly deformed within the space of such objects to
the identity. Applied to s’ this gives a family of canonical transformations s;. Compos-

ing s with the map (y1,m1;¥’,7")—(y1,m; (5>¢}) "1(y', 7)), we can make a deformation of
 to achieve »’'=id in (4.17).

We have now reduced the problem to considering

#(y1,msy',n') = (@1(y, 1) +O(m), £y, m)n; (v, 1)+ Om)), (4.19)
where f(y,n)>0. The projection
graph(s) 3 (z,&y,m) — (z,7m)

is a local diffeomorphism, and hence 3 has a generating function ¢(z,n):

s (¢ (z,m),m) = (, 9 (2, M), (4.20)
with
1 a¢ '
det ¢7,,(0,0) #0, éz—l(w; 0,7')=0. (4.21)

Since »'=id for ;=0 we also get
O (@;0,n)=2", ¢(z;0,1")=7". (4.22)
It follows that ¢(x;0,n')=2"-n'+C and we can choose C'=0. Consequently,
¢(z,n)=z"n'+g(z,n)m, ¢(0,0)=0, (4.23)

and the non-degeneracy assumption in (4.21) is equivalent to d;,g#0. Actually (4.18)

implies that

dg
= >0. 4.24
B2, 0 (4.24)

Conversely, every ¢ satisfying (4.23) and (4.24) generates a canonical transformation
satisfying (4.19) (with f>0 and 8,,2:>0). The second deformation is obtained by de-
forming g to x; through functions § satisfying §(0,0)=0 and 8,,, §>0. We can for instance
put g:(z,n)=tg(z,n)+(1—t)z;. u

We can now complete the proof of Proposition 4.2. Let 3¢ be a piecewise smooth
family with sy =3¢, 3=id, and let U; be a piecewise smooth family of classical elliptic
h-Fourier integral operators defined microlocally near (0,0) and associated to ;. We
arrange also that U;=U and Uy=1d. For notational convenience we assume that our
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deformation is smooth in t—the piecewise smooth case follows from the same argument
applied in several steps. With this in mind we have

th(Ut)i-UtQt =0, (425)

where (), is a smooth family of classical h-pseudodifferential operators of order 0 with
the leading symbol ¢, satisfying

(@,€) = () (Ho (2,)). (4.26)

For the reader’s convenience we briefly recall the reason for this. The statement is
equivalent to saying that for every a€C°(T*X) we have Hy, s;a=(d/dt)(sa). On the
other hand, if A=¥**(R") and A,=U; 'AU, then (4.25) shows that [Q;, A:]=(hD:)A,.
Taking A with the symbol given by a, Egorov’s theorem gives s a as the symbol of A;.
Since the symbol of [Qq, A;] is (1/i)hHg,»}a, (4.26) follows. We will proceed by a
reversed argument for A’s which are in the new class of operators: we use (4.26) to prove
Egorov’s theorem for the new class.
It follows from (4.26) that Hy, is tangent to X, and hence

0z,:(21,0;2',m') =0 (4.27)
which was one of the assumptions on b in (4.12). From (4.25) we obtain
hD (U = -U ' hD(UNUT =Q U (4.28)

Let us now consider A4,=U; 'AU,, so that A; is the operator we want to study and Ag=A
is the given operator. From (4.25) and (4.28), we get

{ hD¢(As) =[Qs, Ay,

(4.29)
Ag=A.

We shall now construct C; with the symbol ct=6(<A)m), depending smoothly on ¢ and
such that microlocally near (0,0),

{ hDy(C:) = [Qr, Cil+0p, (O(h)), (4.30)

Cy=A.

Then it will follow that Cy=A,+Op;,(O(h>)) microlocally near (0,0): C;— A, solves
an equation with null initial data and an Opy(O(h®))-inhomogeneous term. Since the
equation has to be satisfied on the symbolic level it follows that C;— A;=0p, (O(h*)).
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We try C; with principal symbol ¢ (considered as an element of
O((\)™) mod O(R'~*(\)™1)).

From the discussion following (4.11) we see that ¢ should satisfy

0 0
EC?: (H%—Tt(x7§))\—a_x)cga (38:(1, (431)

where

5%% =ri(z,8)&1.

If K; is the transformation in (z,&, \)-space corresponding to ¢ as in the statement of
the proposition, it follows, in view of (4.13) and (4.26), that

Cg = aOKt.

Let C? be the h-pseudodifferential operator with symbol ¢. Then from (4.12) we get

— - hlﬂ;

AD(C) =100 €31+ 0o (B ™)), =2 (4:32)
Iterating this argument, solving inhomogeneous transport equations similar to (4.31), we
get c; as an asymptotic sum. The leading term of Cy=A;+O0p;,(O(h*)) is =a-K, and
the proposition follows. O
Once we have Proposition 4.2 the definition of the class \I’E’f"kz (X) mimics the
standard procedure: AE‘P’E"”;C “%2( XY if and only if for any mo€¥ and for any h-Fourier
integral operator, U: C®(X)—C>(R"), elliptic near ({0,0), mqo) and such that the cor-

responding canonical transformation, s, satisfies

#(mo) =(0,0), »#(ENV)C{&=0},
for some neighbourhood, V, of mg, we have
UAU ™' =0p, (O(h™™(N)™)),

microlocally near (0,0). Using the canonical relation of U, Proposition 4.2 and the
local symbol map (4.14) we define a symbol of A near ¥. For mg outside any fixed
neighbourhood of ¥ we demand that A€ ¥™+%1.%2(X) microlocally near mgp in both
classical and semi-classical senses. Proposition 4.2 and the standard facts about the class
U™* show that we obtain a well-defined global symbol map os 5 with the properties
described in Proposition 4.1.
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From the local definition we can define a global map Opy, ;. To do that we introduce
e S§9=°(T*X) satisfying

suppy C{p:d(p,X)<2¢}, ¥=1 on {p:d(p,%)<e}.

For ¢ small enough we can find a finite open cover
{p:d(p,X)<2e}cUV;
such that for each j there exists a canonical transformation
#;:V—-V;, (0,00eVCT*R"
with the inverse taking ¥ to the model:
({6, =0}NV) =£NV;.

We then choose elliptic h-Fourier integral operators, U;, microlocally defined in neigh-
bourhoods of V'xV; and associated to s;’s.

Let ¢; be a partition of unity on {p:d(p, £)<2¢} subordinate to the cover by V;’s.
Let a; be the unique symbol of the form a;=a;(z, {2, ..., &n, A; h) such that

(aj)r=h-2¢, = (Yja) 02,

and define
def ~ _
Opz, 4(a) = Opy((1-¥)a)+)_ U;Opy(a;)U; . (4.33)
J
Clearly, Ops, ,l(ty,)elll?‘:”;C vk2( X%, By Proposition 4.2 every operator in \II'E";c 1:k2 (X) is of
this form and
ox,r(Opg n(a)) =a mod \Ilg’glJr‘s’kl‘l’kz_l(X).

This completes the proof of Proposition 4.1 and provides an explicit quantization Opyg .

For a€ Sy ’kl’_°°(T*X ) we want to introduce a notion of essential support. Since it
now has to depend on h, rather than introduce an equivalence class of families of sets,
we will say that for an h-dependent family of sets V,,CT*X,

esssuppanVp, =2 <« Ix: 0<xeSO""(T*X), xlw=1, xac€S > =(T*X).
We notice that

esssuppaﬂV,fzsz, j=1,..,N, = esssuppan(Viu..uV{")=2,
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and that the essential support behaves correctly under finite products and sums. We
assume rapid vanishing at the £-infinity to avoid the discussion of the “corner” h=0,
|€]=00. We note that essential support can be “supported” in small neighbourhoods
depending on h due to fine localization properties of y€ Sg’%_m.

The construction of Opy, ;, shows, just as in the standard case, that if
Opg h(a) =Opg 4(b), be Sg,lsk’_oo(T*X),
then esssupp a=esssuppb. Consequently for A€ \Il;",’(;c ""°(X) we can define
WF(A) =esssuppa, A=0Opy ,(a). (4.34)

We now introduce a more general notation, Sy, s(X,m), where m=m(z,§{, \; h) is g-
continuous with respect to the metric g=dz?+d¢?/(€)?+dA?/(\)2, uniformly with respect
to h, that is, m is an order function with respect to g—see [9, §18.4]. Here we put A
to be h=%d(X%,-) and require the estimates in the definition of S;f ’Jk"kz to be satisfied
with m replacing h~™(¢)*2=%1(h=%d(%,-))*1. We then obtain a class of corresponding
operators Uy, 5(X, m).

A further generalization which we will require in this paper is to the vector-valued
case. Let B and H be two Banach spaces. We assume that they are equipped with
(x,&, A\; h)-dependent, norms || |l ||*|/lms, which for every fixed (z,&,A; h) are equi-
valent to some fixed norms (but without any uniformity). We assume that the norms
are g-continuous with respect to the metric g=dz?+d&£%/(€)2+dN?/{)\)?, uniformly with
respect to h. We let m be a g-continuous order function as before. We then say that

a € Sy 6(X,m, L(B, H))

—
(4.35)
”(I(I, 67 h)unmn(z,é,/\;h) < Cm(x, E? A7 h’) “u”mg(z,ﬁ)\;h)’

A=h"%d(Z,-), for all ue B,

and if this statement is stable under an application of the vector fields appearing in (4.1).
Applying the same procedure as in the scalar case we obtain a class of operators

Uy 5(X;m, L(B,H)) > A: C°(X)@B — C®(X)®H. (4.36)

More precise mapping results can be established, but as they will be clear in our con-
text we refrain from too much general development. The symbol map and the invariance
are the same as in the scalar case.

We conclude this section with two general results which will be useful later.
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LEMMA 4.3. Let A€Wy (X) and let us parametrize a neighbourhood of X.
n T*X by Lx|[—e,¢]:

Lx[—¢ge] 3 (w,r)—peT*X, rig=0,

so that for a measure Ly on ¥ we have Ly (dw)dr as the canonical measure on T*X.
If in these coordinates we write a(w, \; h)=0x p(A)(w, RS X; h) then

—n+é
A= / / a(w, X B) L (dw) dA+ O(h~"), 1= dim X. (4.37)
RJX

(2m)"
Proof. Because of the invariance properties given in Proposition 4.2 and the cyclicity
of the trace, we can work locally assuming that $={£;=0}. It is clear that an operator
in W5 *(X) is of trace class (it is a smoothing operator) and that the contribution
from the symbol outside a fixed neighbourhood of ¥ is O(h*°) (the operator is in ¥~
there, microlocally). Taking the trace of (4.7) gives
tr af)h(a): —h_—n/ a(z, &, h~%¢; h) dzx df
(2m)* Jremn
h—n+6
COR

/ a{z, kX, &, X h)(dz de’) dA.
T*R"

This expression is invariant up to terms in O(h!~9(X)~%), and they contribute @(h'~")
to the trace. This gives (4.37). O

The next lemma deals with approximation by finite-rank operators

LEMMA 4.4. Let a€Sg " °>"°(T*X) be supported in
Wy ={peT*X:d(p,L) < MRh’}.
Then there exists a finite-rank operator R such that for 0<h<ho(M),

Opg 4(a)~REV™>~°(X), rank R=0O(Mh "), n=dimX.

Proof. Let A=0pg (a). Then A:ijl U;A;V; where U;,V; are h-semi-classical
Fourier integral operators of the form described in the definition of the class ¥y 5 and
Aj:6£)h(aj) with aj=(’~)(h_'"()\)_°°). The construction of Opy; ;, (see the discussion
before (4.34)) shows that we can take supp a; C {|{\|<CM}, and we can also assume that
(z,£) are bounded on the support of a;’s. If we construct finite-rank operators, R;, such
that A;—R;e ¥~ °~°(R") then R:ijl U;R;V; is a finite-rank operator, rank R<
25:1 rank R; and A—Re ¥~ 2(X).
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Consider the operator

h=¢ 2
Q= (ﬁ th) +23+(hDy,) > +z2+...+(hD,, )2 +22,

—_ A\
Q=0Op,(q), q= (H) +z3+.. €2 422

The standard analysis of harmonic oscillators shows that if A;(Q) is the jth eigenvalue
of @ then, for a bounded r, #{)\;(Q)<r}=0O(Mh~—"*%). If x€C>*(R), x(t)=1 for t<C,
x(t)=0 for t>2C, then x(Q) is a finite-rank operator and its rank is bounded by the
counting function of eigenvalues of Q: rank x(Q)=O(Mh~"*%). The calculus discussed
after (4.7) now shows that x(Q)A;—A;e¥~°>~°(R"), and we can put Rj=x(Q)A4;. O

5. Two model problems

Because of the natural homogeneity of our operator discussed in §2 (see also [17] for
a discussion of homogeneity in the language of blow-ups) the first model problem to
consider is

Py—z=e¢ ™/3(D2 4 ut)+A—2z, AeR,1/C<pu<C, |Imz|<C, (5.1)

where C'; will remain large but fixed. We recall from (2.4) that in relation to the original
equation we should think of ¢ as h=2/3z,,, X as h=2/3(R(z’, hDy/)—w), p as Q(0, ', hD,1),
and z as h?*/3(¢—w) where ( is the original spectral parameter. For simplicity we shall
put =1 in this section. All the estimates will clearly be uniform with respect to p with
all derivatives.

Let 0>~(1>—(2>...>—(x>... be the zeros of the Airy function and let e;(t)=
¢; Ai(t—¢;) be the normalized eigenfunctions of

(D} +t)e;(t) = e;(t), =0,
ej (0) = 0

We recall that the eigenfunctions e; decay rapidly since for t—-+oco we have Ai(t)~
(2y/7) 1/ exp(—2t%/2). We now take N=N(C}) as the largest number such that

|Tm e=27/3¢ 5| < C.

To set up the model Grushin problem we define

R%:L*([0,00)) > CN, R%u(j)=(u,e;), 1<F<N,

R%:CN - 12([0,00)), R°=(R%)*. 52
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Using this we put
P)\—Z RO
PO — _
10=("
L2=L*([0,00), e dt), (5.3)
B, ={u€L?: D}y, tue L%, u(0) =0},
lullB, ., = (A\—Rez) |ull .2+ || Diull z2 + |tul 2.

):B,\,TXCN—>L$><CN,

Since the eigenvalues of Py are given by A+e 27/ 3<]‘ and e; are the corresponding
eigenfunctions, we see that for r=0, P9(z) is bijective with a bounded inverse. Moreover

o, )=(0)

then for 0<r<rqg with r¢>0 small enough,

we have

LEMMA 5.1. If

IDullz2 +litull L2 + (A—Re 2) ||ull Lz +lu_| < (vl 22 +(A-Rez)|v,]),  (5.4)
where C is independent of L, and |- | a fived norm on CV.
Proof. We first consider the case when r=0. Since R0 u=v, we can write
N oo
u=2v+(j)ej+ Z uje;.
j=1 j=N+1

Writing v=3"7" v;e; we obtain from the equation (Py—z)u+R°u_=v the relations

A—z+e 3 v, (j)+u_(j) =v;, 1<F<N,
()\—z+e_2”i/3§j)uj =wv;, j=N+1.

Consequently,
Uy

=Y for j>N+1
YIS Navemng, Y

and
u_(§) =v;—(A=24e72"/3¢)v, (5) for 1<K N.

It follows that
(A=Re2}|lujl+|u_| < C(llvl+(A—Re z}|v, ).

Using this in the equation (Py—z)u+R%u_=v we see that

e 2" 3(D? +t)u=v-Ru_—(\—2)u.



RESONANCES FOR CONVEX OBSTACLES 213

If we call the right-hand side w, we see that |w| <C(|[v||+(A—Rez)|v.|). We see, as in
Lemma 4.3 of [32], that

w)? = |(D? +t)u|)? = || D3u|®+|jtul® +2| Vi Deu|*,

and that gives us control of the remaining components of the norm on B, . To con-
sider the case of r>0 we observe that L2=e""/2L2 B, ) ,=e /2B, o, and hence we
introduce the reduced operator

ert/2 ert/2 o\ 1 —rDy—ir2 ("2 -1)R_
IP’I‘ — P)\ :PO 4 ) .
A(Z) ( 0 1) 0 ( 0 1) A(z)+(R+(e—rt/2_1) 0

Standard interpolation shows that D;=0O((A\)"'/2): B, , ¢—L?, and the superexpo-
nential (e_tm/c) decay of e;’s shows that R,t[(e*—1)/z|l,—rt/2=O((A—-Rez)~!):
B x0—C". Similarly t[(€®—1)/z|lz=—rtj2aR-=O((A—Rez)1): C¥N—L?, if we equip
C" with the norm (A—Rez2)|-|. Hence using the norms given in (5.4) we see that PJ is
a small perturbation of P if r is small enough, and that proves the lemma. |

If we denote the inverse of PY(z) by

8= ( )

then
E_+ & HOIII(CN, CN), (E_+)1<,;,j<;\{ = —(/\—Z+€—27ri/3c3')6i3'. (55)

We will now modify the Grushin problem so that we can have good global symbolic
properties. For that we put, for 0<d <1,

e} (t) = (5M)/%e; (90 Y/21), (5.6)

which forms an orthonormal family. If A=())'/? we further notice that

5\ 5\
o5A=0uD) (13 ) A 108} Nz =0u) 55 ) (57)

where the last estimate follows from the superexponential decay of e;’s and their deriva-
tives.
In particular we have that

lle}? —e;llz2 < COIA|. (5.8)
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Hence if we define R}'® and R’ by replacing e; by e?"s in the definitions of R? and R?,

we obtain

Py-z RM

RM 0
0 O(|A|8)

O(|A|6) 0

'Pf\s(z)=< ):BZYA,TXCNHLEXCg‘_ReZ),

(5.9)

P(2)—Pa(z) = ( ); B, xCN—12 xcg";_Rez>.

Thus for |A|§<1 we obtain the uniform invertibility of P$(z).
To see the boundedness of the inverse for all A we need to make an assumption on z:

|Rez|<<%. (5.10)

We will use the following abstract

LEMMA 5.2. Let H,V,DCH be complex Hilbert spaces and assume that

P R
'P=<R 0):D®V~—>H6}V, R_=R}, ImageR_CD,
+

and that R, has a uniformly bounded right inverse. If [(Pu,u)|>x|u(%, and for Q=
P7 P*’ ”ermageR_ ”‘H—»Hzo(%), then

Uu v
P(U)=(1) = sdulactlu v <Cllblhtslo. )
\

u

Proof. Considering

(%‘1 0 P 1 O)_(;{_IP R_)

0 1 0 ) R, O

we get a reduction to the case »x=1. Let II: H— (kernel R, )+ =Image R_ be the ortho-
gonal projection. Then

I(I-)wfF, < {(P(I—TD)u, (I-T)u)|
= |{(I-T)v— (I —11) PN, (I —11)u)]
< llo M =) wfl#+ | PTIw|| 3¢ | (T — Iy ullay,

where Pt(u,u_)="%v,v,). By assumption there exists a uniformly bounded operator
P,:V—(ker R,)* CH such that R, P,v, =v,, and consequently Ilu=P, v,. Thus

| PTull7¢ = | Plimage - P | =O(D)[lvsllv,
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and hence
(I = ullx < oll+OMW) v v
With P_=P;, we also have P.R_u_=u_, so that
u =P (v—Pu)=P_v—P_IIP(I-Il)u—P_PIIP,v,

and

[ully < C(vll+ 1 P* Timage r_l#—7 (I =T ull7¢+ [ Plimage £l vy llv)
SC(lolln+ 1T -ullr+llvellv)-

Clearly [Iully=||P,v, | <Cllv, ]|y and

el llu-llv < C(vlln+llvs lIv)- U

Of course, if in addition we know that P is a Fredholm operator of index 0 then the
lemma implies that P has a two-sided inverse.

To check the hypotheses with H=L2, V=C" (parameter-independent norms) and
»x=(A—Rez) for |\|21/(Cé) and |Re z|<1/4, we first consider the case of A positive:

A—Rez
el

Re(e™3(Py—2)) > (5.11)

In fact,

. _ A A-R
inf{Re(e™/30 —e™/32+€™3)):0>0,|Imz| < C} > 5ez’

which gives (5.11). For A negative we have the same conclusion without multiplication
by e¥"/3: —Re(Py—2)>—)/C —|Rez|, so again the hypothesis holds.

To check that || (Py—2)tmage r_|| S C{A—Re z) and ||(Pr—2)*[image r_|| SC{A—Re 2),
we note that in L2,

Die}’=0((0N), te}’=0((8N 12
We conclude that for |Re z|<1/4,

Pf\s(z)( u ): ( v ) N {(A—Rez)”ulng < C(|lvll L2+ (A—Re z) v, ),
u_ vy [u_| < C(||v]lLz + (A —Re 2)|v. ).

As before, the equation gives also the control of D?y and tu, and thus we obtain

(A=Re 2)|lull L2 +[| Dfull 22 +[tull L2 +]u_| < C(l|vl L2 +(A~Re 2) v, |). (5.12)
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To simplify notation we will now write

Bz,A,r=B®CN,

U

(] = 0-Readluliz 102l Hiewize hucl, w(0) =0,
e (5.13)
Hz,)\,'r‘:H@CN,

v

(J). =Iolzzr-Reapoat

U+ Hz,)\,r

The mapping properties of Pj\s(z) and of its inverse £4(2) given by (5.12) generalize to

10XPR(2)] £(B. >t xn) SCr{A—Rez) 7%, (5.14)
IOXEX ()N (Bs 0.7 n) S Cr{A—Re2) 7,
for {Re z|«1/8, and where to obtain the first estimate we used (5.7), noting that

d 0(A-Rez) 1 3 .
A (6A) ‘<A_Rez>—0(1)<k Rez) .

The (—+)-component of Ef\ is not quite as simple as (5.5) anymore. However we

have
1B, (z;p, A) —diag(z—A—e >™/3¢;)| SO(A])(A-Rez) <e < 1,
f |,\|<—_1 |Rez| < ! (5.15)
or S 3 )
CcVs V6
and
1 1 :
det % (z;p,0) =0, |A\|<——, |Rez|<—= = z=A+e 2™/3(, 5.16
2 (z5p ) RY N |Re z| 7 G (5.16)

which follows from Rouché’s theorem. When p#1 we need to replace ¢; with (ju?/3.
For |A|>>1+|Re z| we see that

E° (2;p,\) 1 =0O((A—Rez) ') e L(CN,CN). (5.17)

In fact, in the notation of Lemma 5.2 we recall the general facts that EZ}=—R, P"'R_
and that |(Pu,u)|>s||ul|* implies P~1=0O(3"1). Since for |A[>>1+|Rez| we checked
this with ss=(A—Rez) and since R,, R_ are bounded, the estimate follows.

This discussion is most relevant however for Re(A—z) close to 0. When |A|>
1+4|Rez| we can consider a simpler model problem and treat the t-term entirely as a
perturbation. Thus we define

’Pf(z)z (Pf—z RM®

RV ) PF=e" /3D
+
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If we define BﬁrcHﬁr=L2([0, 00))®CY by

()t {()
(vi)enﬁr © H(zi)

For |A|>>14|Re z| we can again use Lemma 5.2 to obtain the inverse Ef(z), and we have

, = Nllellz +1Dfull sz +lu-| <o, u(0)=0,
B)\,'r

(5.18)

\ — ol a4+ (W] < oo.
Hf,’r

the same estimates - .
“8/\P>\ (Z)”g(zgf,r’ﬂf’r) < Ck<)‘>_ )

(5.19)
105X ()l st 2t ) < CriN) 7.
The same argument as the one used for (5.17) gives
B (5p,) " =O((N)). (5.20)

6. Symbol classes for the microlocal Grushin problem

The model problems of the previous section will allow us to consider the reduction to
the boundary, via a Grushin problem, on the symbolic level.

If P(h) is the scaled operator given by (3.7) then for we W& (0, 00) and |Im 2|<C,
|Re z|<1/6 (here 6>0 is as in the previous section),

P—2¥ h23(P(h)—w) -2
=e "D} +2tQ(h3t, o', hDys 1) +h™**(R(@',hDprs ) —w)  (6:1)
+F (R3¢, 1Y h?/3 Dy,

where z=(z',2,) are the variables given by (3.1) and t=h"2/3z,. We recall that
Q(0,2',¢') is the second fundamental form on the boundary—see (3.5).
In the notation of §4 we put

Sw={(z',¢)eT*80: R(x,&')=w}, I=h"23(R(z',&)-w).
Then with B, ), and its norm given by (5.3), we can consider P as an element of
Uy,,2/3(00;1, L(B, 5 r, L2)).
The operator-valued principal symbol of P becomes

p=e*"(DF+2tQ(h*/%t, &' ,€)) + N € Sy, 2/3(T*00; 1, L(B z,r, L2)),
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where the notation is as in (4.35) and above. To introduce a Grushin problem we
put R+:Ri’6, R_:R’_\’é, where the Ri"s-notation is as in (5.9), with z now equal
to 2Q(0,2',¢),

R, €8s, 23(00;1,L(L2,C")), R_€Ss, 2/3(00;1,L(CN, L2)). (6.2)

Analysis near the glancing hypersurface. Restricting to a small fixed neighbourhood
of 3., amounts to assuming that

A=0(h™3)
and that
1/C<Q(0,7,€)<C.

We will consider P as a perturbation of the operator Fy:
Py=e*™/3(D} +2tQ(0,2",€")) +.

The first symbolic Grushin problem is exactly the same as in §5 with u=2Q(0,z’,£’) but
with the invariant meaning given by (6.2). Thus we put

P()—Z R_

Po(z) = ( R 0 )6 Ss.,,,2/3(005 1, L(Bz A rs Hza ), (6.3)
+

where the spaces and the norms are as in (5.13). Asin (5.14) we obtain the same symbolic
properties for the inverse £, defined in a fixed h-independent neighbourhood of ¥,,:

02.02.05€0(2) = O,k ((A—Re z) *): M, 5 » — B. 5 1

In order to treat powers of t we define

t 0
(3 9),
00

observing that s™e *<m™e™ ™, s,m>0, implies

Ckik

Th= ——
(ra—r1)*

{(A—Re z)_lz Boar, = Honr, T2>T1
Hence the powers of T can be considered provided that we simultaneously relax the
exponentially weighted spaces. For k=1 we have of course boundedness with ri=r2 but
with no decay in A.

When we study the symBolic properties, the stability under commuting with 7" will

be important.
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LEMMA 6.1. If adr denotes the commutator with T, adr A=[T,A|, then for
|Re z|«1/4,
Ok(a—k/z)

k .
2P0 = N Rezh2

Bz,)\,r —’Hz,/\,r-

Proof. A simple computation shows that

2ie2™/3D, tR_ )

adTPOZ( R,t 0
—diy

Since Id=0O((A—Rez2)"'), DZ=0(1): B, » »— L2, interpolation shows that
D;=0({A—-Re z)_l/z): B, r— L?

(this is well known when there is no weight, and here we can consider the conjugated
operator €™/2D,e~"t/2 on the spaces with no weight). To see the bound on the norms of

R.t,tR_=(R,t)*, we recall that se;(s)€S([0,00)) and hence
ws (u, 88N Ae; ((8A)/21)) = (SN 2 (u, (A4 (se5(8)) = (o /2)-
Since for |Re z|{<1/6,

5(A—Rez)
(0X)

we get R t=0(L(\)"1/2): L2—CN. This proves the claim for k=1. More generally,

=0(1),

—2e2mi/35,, t*R_
¢ k2 ), k>1.

k
adr P":( (~1)*R,t* 0

As before Id=O((A—Rez)™1): B, 5 — L2 and (t*R_)*=R,t*=0(1)(§(A\—Re z))~*/2):
L2—CN, 50 the lemma follows. O

We can generalize this further by combining the estimate of the lemma with the
estimate (5.14):

02,05,0% ad Po(2) = O(6*/2(A~Re 2) ' ¥/2): B, 5 » = Haarrs (6.4)

where we now dropped indicating the dependence of constants on k,l, o and 3.
Since adr is a derivation we get the same estimates for the inverse:

02,02,05, adfy £9(2) = O ™F2(A=Re 2) /2 M, 5 — Boa e (6.5)

We will consider the operator P as a perturbation of Py, and in the estimates of the
higher-order terms we will not be concerned with the dependence on 6. That means that
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we can replace {A—Rez) by (\) at the expense of §-dependent constants. Eventually,
the constant A will be taken small enough depending on §. Hence we write the formal
expansion of the Grushin problem for P (for clarity of exposition we forget here about the
h-dependence in Q—it will certainly be included in the more general expansion (6.9)):

P(z):(P_z R_)

R, 0

EPO(Z)+Z h2k/3( 0 0

2e~2m/30kQ(0, 2, &' ) tF T /k! 0)
k=1

O*-1R(0,2')t* Y/ (k—1)! D, 0)

4+ h2k/3
2 0 0

X oo
=Po(z)+ Y h*ATEP+Y  RF/ATHID,,
k=1 k=1

where

—2%1/3¢ 9k ’ gt 1 k—1 ’ ERY
Pk:(2e tc‘)tg(o,x,f)/k. g) Dk:<at F(O,xg/(k 1)1 D, g) 1.

The symbolic properties of Py and Dy are

%08 adf Pi(z) = O((N) ™ %): Bosp = Ha

i ) (6.6)
2,688} adk Dy(z) = O((N) V2 */2):B, 5 o — Ha a

where we neglected a number of simplifying features, and we shall in fact proceed as if
they were absent (for instance, that in the first estimate the left-hand side vanishes when
[#£0 or I;#O). The power of —% in the estimate for D came from the mapping property
Dy=0((A\~Rez)"'/?): B, ) ,— L2, which was used in Lemma 6.1.

We shall invert P as an operator-valued h-pseudodifferential operator on 0O and we
shall adopt an approach used in §1 of [23]. We shall work in symplectic local coordinates
introduced in §4 and in which A=h~2/3¢; and ¢'=(£;,£”). The passage from the local
to global constructions is justified by the calculus developed in §4. We recall first that
the composition formula (4.8),

1
a#tnb= ) —5 (hd)*aD2b,
aeNn—l
can be rewritten as follows. Let us introduce formal operators

Q(x7£7 Dzvh) ZQ(Za§+tha h) = Z éagq(th)aa qu(l)’

aeNn—l :
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where g=a,b and Q=A, B respectively. Then
a#hb= AOB(l),

where by AcB we mean the operator obtained from a formal composition of 4 and B, and
A°B(1) is that operator applied to the constant function 1. To invert a asymptotically we
want to construct b such that a#,b=1, and that can be obtained by inverting the infinite-
order formal differential operator A. If B is its formal inverse then AcB(1)=I1d(1)=1
and b=B(1).

To apply the same procedure in our situation we write
x>
P=>_ h*BTEP(d €, N)+h Dy (2, €)), (6.7)
0

where P;, and D satisfy (6.6). Then we introduce a formal operator of infinite order

(a=(a, ")),

p= ¥ iag, (P(, €', \, 2 h))(h D)

aeNn-1

1 17 ’ 7 o7
> 10800 +h /203 Pl(s' €', A 25 ) (hDar)

a€eNn—1 )

]. ",
Y- S [(h8e) (hde, +hM05) Pl(a', €', A, 23 h) DS (6.8)

aeNn-1

1 17
> J(Z BT ([(hdg)™ (e +h/°03) Pil(a’, €', A, 23 1)

aeNn~1 " “MgeN

+h23(hde ) * Dy y1 )) D2,

I

where the leading term is given by Po(z’, £, A, z) =Py(z) defined by (6.3).
To invert the infinite-order formal differential operator f we introduce a general
class of such operators:

p1/3 b
A= z (h2/3T)’€(h2/3</\)*1/2)‘h“(W)Aa,a,b,k,l(z’,g',A,z)Dg,, (6.9)
e apeN

with ]
glag’ag‘ a‘d; Aasa‘abykyl = O(<)\)_l—k/2): BZ,)\,’I‘ _>Hz,)\,’l"

We note that in the expansion of 8 we have =0 except for the (I=b=1, a=0, a=0)-term
coming from D.
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Let C, x, denote either B, 5, or H, x,, or more generally some other family of
Banach spaces. If 9B is of the same form as 2 but with A 4%, replaced by By ok,
satisfying

%0085 adk Baap it = O((N) H2):C, 5 — By, (6.10)

then

def

¢ =28

is of the same form with

202,05 ad% Caya bkt = O((N) T7H2):C. 5 = Ha e
This leads to the construction of formal inverses in the sense of expansions of the
form (6.9):

LEMMA 6.2. If 2 is of the form (6.9) and Ap is invertible with AglzBo satisfying
BO = 0(1) Hz,)\,r - Bz,)\,'l‘a

then there exists B of the form (6.9) (with A. replaced by B.) satisfying (6.10) with
Coar=H, x,, and such that

AeB=Id, BoA=Id.

Proof. By multiplying 2 by Bo=By from the left we obtain € of the form (6.9) and
satisfying (6.10) with C, x =B, and Co=Id. Hence the formal series D=I+(I—-€)+
(I—€)o(I-C€)+... is of the form (6.9) (we note that the at first mysterious terms [#0 in
(6.9) arise from commuting h%/3T through). The left inverse is then obtained by taking
B =D0%Bg, and since we can also construct a right inverse the standard argument shows

that they are the same as formal expansions. O

When we apply Lemma 6.1 to B we obtain an inverse € of the form (6.9). From
this we get a parametrix of P(z) valid in the region |A\|=0O(h=%3):

E(z',€ X, 2z h) = €(a',€', Do, X, 23 h)(1)

— Z (h2/3T)k(h2/3</\>_1/2)lha<

k,La,beN )

hl/3 (6.11)

b
> gk,l,a,b(x,v 5,7 )‘7 Z)v

with
200,04 adk £ 1.0 p(z', €, 2) = QN TF M, 5, B x, (612)
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At the moment this construction is formal. Roughly speaking, when z, <h®, < %,
so that t<h~2/3*¢  we will be able to consider these asymptotic expansions modulo
O(h*), and they will then give good microlocal parametrices when we use the calculus
of §4. This will be carried out in §8.

We remark here that in the region where 1/C<|R(z',£')—1|<3 (we put w=1 for
simplicity and note that this condition still implies that Q(0,z’,£’) is bounded from
below) we should obtain an analogous expansion with integral powers of A only. In the
coordinates used above, R(z',£’)—1=§; so that

oy N (14 (h=2/3¢,)2)1/2 = |f_(1+(h2/3€1_1)2)_1/2.

h1/3 h1/3 h
1

Replacing (A) by (A3)!/3 does not change anything in the discussion above, and we still
get a similar expansion for £. When 1/C<|R(z',¢')—1|<3 it now reduces to

E@ & N zh) =Y (WPT*NE (2, €, ) 2 h), (6.13)
k,leN

where & ; satisfy (6.12) which here becomes
2,06,0% adk & 1,0.0(a", €', s 2) = O(RF/3): Hy 5 v — Baa v (6.14)

Analysis away from the glancing hypersurface. This is the region where 1/C<
|R(z’,£&")—w|. The expansion (6.13) treated the case when this quantity is also bounded
by 1|w], but we need to consider the cases where R(z',£’) and Q(0,z’,¢’) can get small
or large. However we now have Q< |A\|=h~?/3|R—w|, and thus we would like to treat
tQ(h?/3t,2’,¢') entirely as a perturbation.

We now put (changing the notation of §4 from Pf to PF)

P =e7?™BD2+), A=h"}(R(z,¢)-w).

We use the same R, as in the definition (6.3) of Py(z), and we define (again changing
the notation of §4, now from P} to PY)

Pf-2 R_
Pg‘*:( i z i )ﬁﬁr_mﬁr, (6.15)
+

where the spaces are as in (5.18). Again we consider P as an element of

Ss.,,2/3(00;1, L(BY ., Hx »)),



224 J. SIOSTRAND AND M. ZWORSKI

where the norms where modified in the obvious way. For |A|>>|Re z| we see from (5.19)
that Pg’ﬁ is invertible:

EfoPY =ldgy , PFocl=ldyy , €F €Sz, 2300 L, (MK, BY ).

When we assume, as we do here, that |A|>h~2/3/C we do not have to treat A with

special care, and the symbol properties are

2,05 adk PE (2) = O((€Y 1PN BE, — HE

, (6.16)
2,8 adk £F (2) = O((€) PN 2. nE - BE,,

where we note that |A|7%/2~(h~1/3(¢"))~*. We also note that Q(0,z’,&')=0(h?/?)|Al.
Writing the expansion
2 tkp2(k—1)/3
2/3t ! e =
tQ(h '€ E : (k‘—l)!

k=1

8r'Q(0,2',¢"), (6.17)

we see that if we consider P(z) defined as before but now for [A|>>h~2/3/C then
=0 (6.18)

To invert P(z) microlocally in the region where 1/C>|R(z’,€’)—1| and to infinite order
at the boundary, we can proceed as outlined before (6.7). Thus we put

w= Y Larrpi=y ¥ Loy rhon.  (619)

aeNn-1 " 1=0 aeN"— @

The more general class to consider in this case is given by formal operators of the form

A= g (h2/3T)l(<Z>) Aa,0(&', & 2, h) DS, (6.20)
c n—1
l,aeN
az|ol
with
O, adlfr«“a,z,ﬁ@(l)(&’)""'(’z;)) BY, —HE,. (6.21)

A modification of Lemma 6.2 shows that if .4y, the leading term of 2, is invertible
with the inverse satisfying the same estimates then 2 has an inverse of the form (6.20).
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Applying this to P# we obtain a formal inverse, €#, of the form (6.20) satisfying the
estimates (6.21) with Hf’r and Bf';r exchanged.

That gives an inverse of P(z) in the region |R(z’,£’)—w|>1/C and to infinite order
at the boundary:

E# (@' & 2 h) = ¥ (2),€', Do, 2 B) (1) = Y (R¥/PTY (

l,aeN

" )agfl («',€,z;h), (6.22)

with /s

208, adf £, = 0(1)(¢") 1A (}Z 7 ) nf, - B, (6.23)
We will use this construction in §7 to obtain a parametrix for the global Grushin problem
for the operator P(h).

7. Estimates away from the boundary
As in §6 we put
P—z(izefh_2/3(P(}z)—w)—z, weWe (0, 00).
We now assume that |Re z|< L, |Im 2/<C, with C fixed but L allowed to grow. We will

also use the notation
D(a)={zeR"\O:d(z,00) > a},
where as before we identified the deformed exterior I' with R™\O.

The purpose of this section is to establish

PROPOSITION 7.1. Let 0<e<§. There exists ho=ho(L) such that for 0<h<ho(L)
and every veCP(R™\O) satisfying

suppv C {z: d(z,30) > h¥},

there exist u€ C*(R™\O) and voeCX(R™\O) such that
(P—2z)u=v+uvp,
ulso =0,

R 14(36/2)/Cy = 1+(3e/2)/C

[ullz>@m0)+e ]l xR\ D(1=)ne)) € [voll * (R\0) 7.1)
~*(Ix(h Dz, )*ull L2emo) + X (—F* Doo —w)ul L2 mm0)
+(1=x)ull g2 mm\0))

<Gy, B ll L2 (rm0),

for any v>0, k€R, and where x€CF(R™\0;(0,1]) is equal to one near 0O.
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The proposition could be stated as giving maps E.:v—u, K. v—vg satisfying
(P—2z)E.=I+K,. and with boundedness properties
E.=0(h?37¢): L*(D(h%)) — H:(R™\0),

K. :O(e—h—1+(3e/2)/0): L2(D(h5)) —’Hk(R"\O), (7,2)

or in fact with somewhat better mapping properties given by (7.1). Since K, does not
preserve the support condition an iteration producing an exact inverse is not allowed.
We start with a lemma which is essentially contained in §5 of [32] (see (6.16) there).

LEMMA 7.1. Assume that 0<h<ho(L). If v€CZ®(R™\O) and
suppv; C D(8), 6>0,
there ezist u1 €C®(R™\O) and v§€CP(R™\O) such that

(P-—2)ui=v1 +v(1,,

uilao =0,
(7.3)

-1 -1
w1 ]| zrzrmo) + €7 [lua ]| e\ D((1-y8)) €7 0ol ExRm\0)

< CyR ||| 20y,

for any k, v>0, and where H2(R™\O) is equipped with the natural semi-classical norm.

Proof. We first solve
(B3RP Alp—w)—z)i=v1,  [all oy B |01ll s (7:4)

where, as in [32], T’ extends the totally real submanifold ' C™\O (given in (3.6) above)
to a smooth totally real submanifold T in C", chosen so that the symbol of —Afx
takes its values in {(:arg(1+if)<—arg(<Zm+e}. That shows that we can invert
h=%/3(—h?Ag—w) -z as long as h is small enough depending on L. We now claim
that

/| e e\ D(1—7)8)) < Cke™ ™1l 2(Dsy)- (7.5)

This follows from the weighted estimates for the resolvent of —h?Alx with the spectral
parameter away from the values of the symbol:

10202[(—h2AT: —¢) 7 )(2,y)| < Cape™FEV/C,
dgx(z,y) >e, —arg(<arg(l+if)—¢, €,€>0, o,B€NT,
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which in turn follow from the standard conjugation by a smoothed-out distance function—
see for instance [22]. We can now truncate @ by a cut-off function equal to 1 on
D((1—27v)d), and 0 near 80. This gives u; satisfying the boundary condition, and
an error term v} with an estimate following from (7.5). O

The more interesting analysis takes place near the boundary. Here too we will use

an auxiliary operator

Ps(h) =e ™ /3((hD, )2+ 22, Q(z', h D))+ R(x',h Dyt )+ hF (2, 2" YR Dy,

7.6
+mnx(xn/45)26’2”/3(62(1,,, z' hDy)—Q(z',hDy)), (76)

where y€C*®(R;[0,1]), x(t)=1 for t<3 and x(¢)=0 for t>32. We put E(zn,z’,hDy)=
x(25,/46)e™/3(Q(zpn, 7', hDy ) —Q(x', D). Choosing §>0 small enough we can ar-
range that, in any coordinates, the full symbol of E satisfies

|E(zn,2', hDyr)| < (€2 (7.7)
We now make a change of variable z,,=h®s so that the operator becomes

Ps(h)=hele"2"/3((hD,)?+25Q(z', hDy ) +h™R(z’, hDp )+ k' =%/ F(a' ) h D,
+sE(hs,x' hDy)], h=h!"3/2,

Since we are interested in solving approximately a non-homogeneous equation with data
supported in 1<s<h™%§ we modify P(h) once more:

P () = e[ >™/3((hDs)?+(25+x(5))(Q(', Dz ) +1-x(h5/43)))

3 (7.8)
+Rh™¢R(z' ,hDy)+h* /2 F(z,,, 2" YR D, +sE(h®s,z',hD,)],

where ¥ is as in (7.6). The term 1—x(h®s/48) which is supported in {s>20h™°} is added
to avoid domain problems.
We now have

LEMMA 7.2. Assume that P#—z=h"%/3(Pf(h)—w)—z with w and z as above,
and let §>0 be small enough, 0<h<ho(L). For any 7€C([0,00)xDQ) there ezists
#€C>([0,00) x 00) such that

and

||(l~zDs)zﬁHL2([o,oo)xao) H|%| L2 ([0,00)) 0 H2 (80) +h7E) (=A% As0 —w) | L2(j0,00)x80) (7.9)
< Ch*37% 5] 120 00y x 80 -
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If ¥ satisfies
supp? C{l1<s<dh™°}

then in addition

—1+43e/2 , _ -1,
eCrh ] {s<1-} | 5 ([0,00) x00) F €T @l (53 (14 m)8h-2} | % ([0,00)x 00) (7.10)

< vl z2(f0,00)x 00)
for any v>0. Here H2(0O) denotes the h-Sobolev space on 0.

Proof. We will prove an a priori estimate: if 4€C2°([0, 00) x90) and i[s—-0=0 then

C||(P* = 2) | 2(j0,00) x00) = h* 23 (|(1+ (R Dy)?)iil| 12(j0,00) x00)

+h ¢ |[(—h? Aso —w) | £2([0,00) x80) (7.11)
+[(1=R*As0) @l L2([0,00) x50

+h%||s(1—h2As0) @l L2(j0,00) x80))-

Since we can consider P# — 2 as an operator on the space defined by the norm on the right-
hand side of (7.11) this will give solvability of the non-homogeneous problem and (7.9):
the operator is seen to have index 0 by a deformation to Im 2>0 and to a self-adjoint
operator.

The problem involves two Planck constants, h and h=h!"3¢/2 so it is convenient
to obtain an ordinary differential estimate in s first and then use an FBI transformation
on 90. Thus we consider the following operator on [0, o0):

P =e2™/3((hD,)? +(25+x(5))(n+1 - x(hSs/46)))
+OR TV hD+sE(hSs)u+h Sw—h*32,

~where w>p—C, 0<p<C(w), jw|>1/C—p.
We see (compare Lemma, 5.2 of [32]) that for & small enough and we C ([0, 00)),
w(0)=0 we have

ClIPwll2(po,00)) = (14 (RD5) 2wl £2 (10,00 + | (14 1) wl| L2 (0,000

(7.12)
+h7E lwwl|£2([0,00)) +A°|S(1+ 1) w]| £2([0,00)) -

The estimate (7.11) follows from this and an application of the FBI transformation in
the dO-variables as in the proofs of Propositions 5.1 and 5.2 of [32].

To obtain the better estimate under the support assumption, supp 9C {1<s<dh™ ¢},
we introduce a weight function

I o h=32 .
be(s) = 53000+ XA (As),
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where x9(s)=1 for s<1—v, x3(s)=0 for s>1—37, and where x}(s)=1 for s>1+7,
X,ly(S)EO for s<1+%’y. On the level of ordinary differential estimates we see that
exp(e/h) Pexp(—./h) still satisfies the estimate (7.12): in the outer region s>
(14+7)dh™¢, the square of the gradient of 1. is bounded by h~¢/C, and for C large
enough it is dominated by the s-term. Again this leads to an estimate for P#—z:

— 1-32/2 1—-3e/2
he=2/3 || gbe /M (P* [|e¥e/" || L2([0,00) x 60)

1-3e/2

—2) || 2(j0,00) x80) =

+ ||e,‘/}s/hl~35/2

@]l 20,00y x000) + R || s€¥</ " || L2([0,00) x80) -
Since 1. =0 on the support of #=(P#—2), this provides the weighted estimate (7.10)
with £=0. Elliptic regularity and interpolation give the estimate for all &, at the expense

of all the constants involved. O

Before proving Proposition 7.1 we need to translate the statement of Lemma 7.2 to
the original coordinates. If we put u(zn,z’)=u(h %z,,z’) and v(zn,z')=0(h *zp, '),
then (7.9) becomes

h=¢||(RDs,.)?ull L2 (0,00, x00) + 1%l 22((0,00).., Yo H2(80)

—e 2 2/3—¢ (713)
+h™E (=R Do —w)ull 120,00y x00) S h 191 L2 (0,00), x50
and if suppvC{h® <z, <&} then in addition
—1+43¢/2 -1
et el e (fn <1 —mpney x00) F €T Nl (2> (1418} x00) (7.18)

< vl z2(jo,00) x 809) -

We now note that P#—>=P—z for 3he <z, <26 see (7.8). Hence if v,€C(R™\00),
supp va C{z: h* <d(z,80) <} then by cutting off u(z,,z’)=u(h~¢z,,z’) constructed in
Lemma 7.2 we obtain ug€C (R™\O) such that

(P—Z)U2 =’02+U(2), uz2lo0=0

and

W3¢ vy L2rm\0) = S (|(A Dy, )2t L2 gm0y + (| (=h* Ao ~w)itl 12 ((0,00) x 80) )

—143e/2
ch lluz|l e o\ D((1=7)heY) (7.15)

—1+3¢/2

+luz |l g2 mm\0)+e

-1
+e%" luzl gr (p((148)) " 03]l i+ (rm\0) -

The proof of Proposition 7.1 is now quite straightforward:
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Proof of Proposition 7.1. If ve C® (RN \O) satisfies supp vC D(h®) we choose & small
enough for the operator P} (h) given by (7.8) to satisfy the assumptions of Lemma 7.2
and decompose v:

v=01+vy, v €CE(RMO), vz +|vellre <2fvl|z2,
suppv; C D(36), suppve C D(R*)\D(6).

We can then take u=u;+uy and vo=v}+v3, where u;, v} are given by Lemma 7.1, and
u2, v in the discussion following the proof of Lemma, 7.2:

—143&/2 1+3=/2
G llvoll L2 (rm\0)

Ch—1+35/2 |

llull 22 (mm\0y +€ llull L2 ®m\ D((1=y)he) +eCh”

<luill gz e 0y + vzl g2 (mm\0) +e [uzlL2(D((1-)he))

—143¢/2
+e“h (lvg | 2rmoy + 105 | 2R\ 0))

<SOR3 (|vi )l L2 mmo) +l[v2 )l L2 R 0))
S CR*3¢ ||| L2 mm\0),

which is almost the estimate of Proposition 7.1. Using (7.3) away from the boundary and
(7.15) near the boundary we also estimate the remaining terms where we gain h™¢. 0O

8. The global Grushin problem

Throughout this section we will take we WE(0, oo) and z€C satisfying |Re z|«1/§ and
|Im r4 E < C 1-
To consider the global Grushin problem we introduce new spaces,

By.re = (H?NH})(R™\O) x L*(80; CN),

Huw r = L2 (R™\O) x L2(80; CN), (8.1)

which are the global modification of the spaces considered in §§5 and 6. Thus we intro-
duce a weight function 1€C>([0, 00); [0, 1]) which satisfies (t)=t for t< 3, and ¢(t)=1
for £>1, and then give the norms as follows (see (5.13)):

)

_ T 2/3
=h2/3||e @20 (D, Yul a2 @eo0)

Bw,r,e
_ iz /
+h 23| e @en )2 (g 18) Tnul| 12 rey0)
Tip{x 2/3 — -
+ e @2 g VAT (—h2 Aso —w)) ul| L2 (rm0)

_ /
+h 23| erv(@a)/2h? 3(1—X($n/6))u”H2(R"\O)+h1/3“u— |2 (000>
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where x€C*(R;[0,1]), x(t)=1 for t<1, and x(t)=0 for ¢>2. The other norm is given

1)

We first note that

r(zn)/2h%/3

=le
How,r

vl L2 rmo) +h Y3 (23 (—R2 Aso ~w)) v, || 12 (0,0 -

0 0

In fact, we can decompose u with *(u,0)€B,, . as u;+ugz, where supp up C{zn>20},
supp u; C{z, <36} and the norm of u is comparable to the sum of the norms of u; and us.

Then
( Uz
0

TY(Zn 23— v
e @)/ (h=2/5(P(h) )~ 2)us| 2(rmo) < C H(o)

<h—2/3(P(h)—w)—z O):mes_)Hw’r‘ (8.2)

~ h_2/3”er¢(zn)/2h2/3
Bw,'r,z

U2“H2(Rﬂ\0)

so that

Bw,'r‘,s

For the terms supported in the region where z,, <38 we can use (3.7) to describe the
operator, and the boundedness follows as in §5.

We now want to correct (8.2) to an invertible operator by introducing
R_ ,: L*(80;CN) - L2(R™\0),
R, »: (H*NH)(R™\0) — L%(80; C")

as the antidiagonal terms. They are obtained from symbols appearing in §§5 and 6, and
the calculus of §4: let e;"‘s be given by (5.6) and let us put

ég-’w(m, Tn)= X(a:n)(eh_2/3(R(m)-W),é(h—2/31n)’ meT*d0,

where as before x is one near x,, equal to 0, and vanishes for large z,,. From ég-,w we

obtain a family of operator-valued symbols
& 0 € S5.,2/3(00; W'/, £(L¥([0,00)), CM)),

defined by
& (f)u(m) = / &0 o (m, T )u(n) dn.
0

Using the coordinates (3.1) on R™\Q we then put

R, . =0pg, #(€}): L*(RV\30) — L?(80; CN), (8.3)
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where Opyx,, » is given by Proposition 4.1. The other operator is defined simply as the
adjoint:
R. w = R:,w'

We first observe that

h=23(P(h)—w)~2z R_,

Pute) = o "

) 1 By,re = Hu,r. (8.4)

We will show that for 0<h< ho(d) the operator P, (z) has an inverse

E,(2) E, w(2)

gW(Z) - (E—,w(z) E—+,w(2)

) : Hw,O - Bw,O,ey (85)

with E_, ,(2) €T3 £(80; L(CN,CN)).

For convenience we now put w=1 and drop the corresponding subscript. It will
be clear that the analysis is uniform for w in a fixed compact subset of (0,00). Using
the results of §§5, 6 and 7 we will construct approximate inverses which will lead to
the global inverse of P(z). We start with the most interesting case. Let B , and Hj »
be the spaces of functions on [0, 00) introduced in §5 and translated from the ¢- to the
Zn-coordinate but where we dropped the dependence on z (the weight function 1 is the

same as in the previous norms):

I22)
(v2)

With this notation we can state

T x 2/3 -
=|e™ @ 2R ) L2 0,00y R T AN w, o,

Ha,r

— () e
BA,r

2/3Ilerw(xn)/th/z(thn)2

|| L2([0,00)) +h ™ | L2(0,00))

_ - 2/3
+h™23| eV @) 2R gl 120,00y R 2 u_|on.

LEMMA 8.1. Let 0<5<§ and let us put

def (X(fﬂn/he) 0)
X1 X1 0 Id )

where X is as in (8.1), x1€¥20(80), WF,(x1—1d)C{m:d(m,X)>C} and WF(X1)C
{m:d(m,¥X)<2C}.
There ezist

EF(2) € Vs 2/3(00;1, L(Har, Bar)),  EF(2) € U5 2/3(00;1, L(Ha v, Ba,r))
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such that
P(2)Ef(2)—x1=R{(2), EL(2)P(2)—x1=Ri(2),

where

RE(2) € s, 2/3(00; RN (NN, L(Hars Har)),
RE(2) € Us 2/3(00; RN (NN, L(Ba v, Bar)),

for any N. Here the constants are allowed to depend on z and 9.

Proof. §4 and the first part of §6 give us an operator & € Vs 2/3(00;1, L(HAr, Ba,r))
with WF(&;)C {m: d(m, £)<2C} such that

P2)E(2)-1d=RE(2), &(2)P(2)-1d=RF(2),

where for any A€ ¥%9(00) with WF,(A)C{m:d(m,X)<C} and any k we have

s (Tn O\ kg
AR1:<O O)Bk+h’°Ak,

AR, Bfte U5 2/3(00; 1, L(Ha r, Har))s
A£7 B]% € \1’2,2/3(80; 1a ‘C(B)\,ry B)\,r))-

The lemma follows after we introduce the cut-off to the region where x, <h®, noting that

for 0<e< % the operator
x(xn/h) 0O
0 Id

is bounded on B) , and Hy, r. O

Similarly we will now apply the second part of §6. We again translate the spaces
appearing there to the x,-setting: we now have Hfr and Bfﬂ, with norms

)
)

r1/;(:z:n)/2h2/3

=le W[ £2((0,00)) F RT3 [w, o,

#
HA,T

(fersen /2

ull £2(0,00))
BY. =

— r(z 2/3
+h723 e @2 R DL V2| 20,00y R P |u_ o
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LEMMA 8.2. Let 0<6<% and let us put
def x(za/hf) 0
X2 = X2 0 Id y
where X2€ ¥%0(90), WF(X2—1d)C{m:d(m, £)<C}, WF4(X2)C{m:d(m,T)>3C}.

There exist

Ef(2)€ W(00; 1, L(HE,, BE ), EL(2)€W(00;1, L(HE,, BY,))

such that
P(2)E3(2) —x2=R§(2), & (2)P(2)~x2=RZ(2),
where
RE(2) € Us 2/3(00; RN NN, L(HE  HE ),
R (2) € Vs 2/3(00; V(N ™, L(BY. . BE,)),
for any N.

Proof. This follows from the same argument as that in the proof of Lemma 8.1 but
with the simpler calculus: as in the second part of §6 we can now use the standard
semi-classical calculus as we are away from the glancing hypersurface . O

The two lemmas give
PROPOSITION 8.1. There erist £3(2): Hr—Bre, «=R, L, such that

x(zn/h%) 0 x(zn/h5) 0

P()E(2)- ( 0 1 0 1

)=REG. £HEPE-( )=REG)

where for any N,
(R2D50) N RE(2) (WP Apo)N = O ): H, — H,,
(n*Do0) " RE (2)(K* Noo)™ = O(WN): Br.e — By,
where (h2As0)YN is applied to both components, and

B (2)=E" (2)€ ¥3}3.(80; L(CV, C)).

Proof. We simply put ER(z)=EF(z)+££(2) and choose X1, X2 so that X1+X2=1.
The spaces B, . and H, were defined so that after truncation to the ~°-neighbourhood of
the boundary, the operators in Wy 5/5(00; L(+,r,*r,r)) microlocalized to a neighbour-
hood of ¥, and operators in ¥{90; £( 'iﬁ,r’ fr)) microlocalized away from X, -=H, B,
are bounded on H, and B, . respectively. ]

Combining this with the estimates of §7 we can obtain the full inverse:
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ProrosiTION 8.2. For 0<s<% and 0<h<hgo(d) there exists Ey(2): Huw,o0— Buw,o,e
such that
Puw(2)Ew(2)—1d=0, &,(2)Pu(z)-1d=0,

and E, _, €3 (80; L(CN,CN)).

Proof. We first construct an approximate right inverse, and for that we put
~ X he 0 E.(1—X(z,/h® 0
ER(Z) — ER(Z) X(l‘n/ ) + E( X(I / )) ,
0 Id 0 0
where E, is given by (7.2), £&(z) by Proposition 8.2, and X€C>®(R; [0, 1]) has its support
close to 0, and x=1 on the support of ¥. Then

P(2)ER(2) =1d +K.(2), ]CE:Réz(z)+(KE(1—§(§Zn/h€)) g) ,

where again K. and R¥ are as in (7.2) and Proposition 8.2 respectively. We have K.=
O(h*): Ho—Ho, and hence for h small enough (I+K.)"'=I+A., A.=O(h*®): Ho—Ho.
Thus we can put £(z)=ER(2)(I+A:(2)).

The operator A, (z) has of course much better mapping properties: K.(1—X(z»/h))
maps L? to H* for any k, and RE is smoothing in the tangential variables. If we write
A(2) = (Au(z) Aya(2) )

Az(z) Ax(2)

then it follows that A;3(2) and Agq(z) are smoothing in the tangential variables. Hence
B_(2)= BR, (2)+ B7, (2) Asa(2)+ B (2) Asa(2)
“ER ()+R(2), R(z)€¥==(30;£(C",C)),
that is, £_, remains essentially the same. |

The precise structure of E,, _, (2) comes directly from §§ 5 and 6. Using the standard
formula

(h”Q/S(P(h) —w) _Z)_l =E, (2}~ Ey . (2) Ew,—+(z)_1Ew,— (2) (8.6)

as in (8] we identify the resonances with the values of z for which E,, _,(z) is not invert-
ible. This is summarized in the main consequence of this section:

THEOREM 8.1. Assume that W& (0,00) is a fized set. For every weW and z€C,
|Re z|<1/V6, |Im 2| <Cy, there exists Ew1_+(z)E\Il%i"22/3(8O,[,(CN’ C™)), where X, =
{peT*00: R(p)=w}, N=N(C1) such that for 0<h<hg(d):

(i) If the multiplicity of the pole of the meromorphic continuation of (Apmeo—¢)™!
is given by mo(C) then

1
mo(h~?(w+h?/32)) = 5 tr?f Ey_ ()7} 4 E, _,(3)dz, 0<e<1l. (8.7)

|Z2—z|=¢ dz
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(i) If Ega—Jr(Z;p):"Ewyh(Ew,—Jr(z))(P; h), peT*00, and ox,, n given in Proposi-
tion 4.1, then
ES _(zp)=0({(A-Re2)).

In addition for |A\|<1/CV/3 we have
IEq, _, (259 h) —diag(z— A—e~>"/3¢;(p))l| ccm ovy Se < 1 (8.8)
and
det B}, _,(z;ph)=0 & z=A+e 2™/3¢;(p) for some 1<j<N, (8.9)

where the zero is simple. Here (;(p)=¢;(2Q(p))¥/3.

(i) For |X|>1/CV6, ES, _, is invertible and

ES . (zp;h) ™ = O((A-Rez)™").

Proof. The first part follows (8.6) as in [8]: the multiplicity is given by the trace of
the integral of the left-hand side divided by 27i. We then use (8.6), the cyclicity of the
trace and the identity E,, (2)E,, ,(2)=—0,E +(z). For the second part we recall the
symbolic constructions of £ and £# given in §6. They show that the principal symbol
is O((A—Rez)). For |A|<1/CV?é the only contribution comes from &, and then the
statement follows from (5.15) and (5.16).

For the last part we first note that in the region of overlap between the two symbolic
constructions, the expansions (6.13) and (6.19) agree. Consequently we need to check
the boundedness of the inverse of the principal symbol separately for each construction,
assuming |A|>>1+|Re z|. That follows from (5.17) and (5.20) in §5. O

9. Trace formula for the reduced problem

In this section we will use Theorem 8.1 and the calculus developed in §4 to establish a
local trace formula for £_,(z) (for simplicity we now put w=1 and drop that index).
We introduce a new parameter L<1/v/8 which will give the size of Rez in the region
we will work in. From now on the constant kg will depend on both L and 4. All other
constants are assumed to be independent of L and J unless it is indicated otherwise.
The main point is that the leading symbol has nice uniform properties for large I but
the lower-order terms and the derivatives can grow as L gets large (that is, as § gets
small—see §6).
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We first need an auxiliary operator E_ +(z) which microlocally differs from E_, (z)
for |A\|<L+C only, and is globally invertible. Thus let rES%’Oz’/_?’m(a(’),L(CN ,CNY)),
a multiple of Idcw, be supported in |A\| <L+ C and satisfy

(E°, (z;p;h)+r(w, h¥3X))~t = 0(1): C¥ - CV,

which is possible because of (ii) of Theorem 8.1. If we use R to denote Opy; 5/5(r) then
for 0<h<hgy and

A= (R (=R Ds0-1)), A€ TL}7,(30), (9.1)

the operator A=Y (E_,(2)+R): L?(80)— L*(80) is uniformly invertible. We now use
Lemma 4.4 to find a finite-rank operator K such that R— K€ ¥~°~%(90), rank(K )=
O(LhY-"+2/3) Putting E_, (2)=E_, (z)+ K we obtain

LEMMA 9.1. There ezists an operator E,+(z)€\ll%’1:;§3(8(9;£(CN, C™)) such that
for O<h<hyg,

E_ ()7, (ATE_(2)7" E_.(2) ' E_(2) =O(1): L*(80; C") — L*(80; CN),

and

E_.(2)-E_.(2) = O(1) € L(L*(80; CN), L*(80; CN))
is independent of z, and rank(E%(z)_E_;(z)) ~ O(LRI-™+2/3),

We note that by Lemma 4.1 the inverse is a pseudodifferentigl operator in our exotic
class: E_Jr(z)_lE\IJ%_z}é_z(a(’);E(CN, C¥)). From (8.9) we also see that for 0<h<ho,

dist (z, G(R+e—2“‘/3gj(2))) > % = E_(2)7'e ¥y, *(80;L(CN,CN)).
7 ) ’ 02)

To have this satisfied for a sufficiently large set of z’s (in addition to the obvious

—21ri/3)

set Im 2>Im(e miny; ¢;) we need to make geometric assumptions on 0. We will

assume that
min Gjo-+1(p) > max jo(p), (93)
which is (1.4). We also assume that N is much larger than jo. Condition (9.3) implies
that
min G;1(p) > max (i(p),  1<7 < Jo, (9:4)
since j+(;41—(; is decreasing. That is well known from Sturm’s comparison theorem.

We remark that asymptotically the zeros of the Airy function, or rather their negatives,
satisfy ¢~ (3 j)z/ ® Hence if we allow jo to grow then O needs to be closer to the ball.
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bys—iby
m
min ¢, cos g az—iay W
— —
mgx Cjo cos 8 '72‘ as —1a3 Y4
V3 Q
by—1ibs

min (; 4, cos X
» CJo-H [

Fig. 2. The regions WC Q and the contour y=~1Uy2Uvy3U~vys. When jo=1 there is no upper
shaded region.

To state the trace formula we need to introduce two domains, WC £, in C and a

suitable contour, v:
W={z:ap<Rez<ag, 1< -Imz<a3}CQ={z:bg<Rez< by, by < —Imz<bs},
cos(gm) max (o -1 <bi < a1 < cos(gm) min o,
cos(gm) max (j, <ag <bs < cos(i) min Go+1, (9.5)
7 =mNUnUysUs =W,

WCWI{Z‘:CQ<Rez<04,C1<—ImZ<03}CQ,

where we took the positive orientation, y; and 73 are the horizontal pieces, —Im z=¢;
and —Im z==¢3 respectively, and -, and ~¢ are the vertical ones, Rez=cy and Rez=c,

respectively—see Figure 2. As a choice of the constants we take

a2=—%L, 0,4:%[/, a1 —by, b3_a'3=0(1)‘ (96)
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To state the trace formula we need one more definition:
Res(h) &' {z:mo(h~2(1+h%32)) > 0},

where me is as in (8.7), and we count the elements of Res(h) according to their multi-
plicities given by me.

THEOREM 9.1. Let E_+(z) be as in Lemma 9.1, WCQCC, and «y be as in (9.5)
with assumption (9.3) satisfied. Let f(z) be a holomorphic function in Q such that

I[f(2)|€1 ifba<Rez<ay and ay<Rez<by, £>0.

Then for 0<h<hyg,

3 s _f(z)(E—+(z)_l%E~+(z)—ﬁ-+(2)_liE—+(z))dZ

i 2mi J,, dz 07
= Y f()+0Q)LhT"H,
zERes(R)NW

The first step of the proof of Theorem 9.1 does not depend on the assumption (9.3):
we reduce the problem to a finite-dimensional one using a Grushin problem for E_,(z).
This is given in

LEMMA 9.2. Let E_,(2) be as in Lemma 9.1, A as in (9.1), and let

M =rank(E_,(2)—E_,(2)) = O(1) Lh*~"+%/3,

Then there exist operators R, € L(L*(00; CN),12(Zys)), R_(2)€ L(I*(Zr), L2(8O; CN))
such that

Q(z) = (A‘lij(z) R. (()z))

( o(L) o(L)
OB

):L2(6(9; CMY@12(Zy) — L2 (80;CMY® (2 )
has a bounded inverse

F(2)=0(z)" = ( P(z)A  F,(2) )

F (z)A F_(2)
(om0

o1/L) o) ) . L*(B0; CMY® 2(Z ) — L2(80; CMY@ 1*(Zpr).

In particular,
E_ (2) ' =F(2)=F(2) F_ (2) T F_(2). (9.8)
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Proof. Let ey, ...,ear,ep41, ... be an orthonormal basis of L?(00; C") such that
Image(A~Y(E_,(2)—E_,(2)))* = (Ket(A'E_, (2)—E_,(2)))* =span{ey, ..., enr },

where the e; are independent of z as the difference E_ -E. + is. In particular,

€M1, EM42, - EKer(E_, (2)—E_,(2)). (9.9)
We put
M —~— o~
Rou(f)=(u.e;), 1<i<M; R_(2)u_=)» u_(j)A'E_,(2)e;=AT"E_,(2) Rju_.
i=l
We want to solve
A'E_ (2)u+R_(2)u_=v, (9.10)
R.ou=uv,. (9.11)

We will find formulee for u,u_ in terms of v,v,. For that let us assume that we have a
solution of (9.10) and (9.11). Writing u=2;°;1ujej we see from (9.11) that u;=v,(j)
for <M, and hence

uv=Riv,+v/, u'e€lmage(I-II), II=R}R,.
Hence (9.10) becomes
AN E_ ()W +E_,(z2)R*u_)=v—A"'E_,(z) R%v,.

From (9.9) we see that A~'E__ (2)u’ =A"1E_,(2)v, and consequently we can rewrite
the previous equation as

A‘1E,+(z)(u'+R1u_) =v—AT'E_,(2)R}v,.

Thus
v+Ru_ = E_+(z)“lAv—E_+(z)_1E_+(z)R:v+,
from which it follows that

W' =(I-ME_,(z) ' Av— (I~ E_, (2) ' E_,(2) R} v,
u_= R+E_+(z)_1Av—R+E_+(z)_1E_+(z)R:v+,
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that is,
F(z)=(I-T)E_,(2)7",
Fy(z)=Ri~(I-IE_,()'E_. ()R}, 012
F.(2)=R.E_ ()7,
F i (z)= —R+E_+(z)_1E_+(z) RZ,
which completes the proof of the lemma. O

Remark 9.1. We note here that following an argument from {26], Lemma 9.2 applied
with 1/8, L=0(1) provides a finer local upper bound on the number of resonances than
that given in Theorem 4 of [32]: if 0<h< hg then

> mo()=0Q)hHE, (9.13)
[1—Re ¢|<Ch?/3
—Im¢<Ch2/3
In fact, it follows from (9.8) that the poles of E__(z)~! are given, with multiplicities, by
the poles of F_ ()71, and these are in turn the zeros of det F_, (2). We now recall that if
Ais an (M x M)-matrix and [|A||zq2(zm);2(zm))=O(1) then |det A|<exp O(M). Hence
|det F_, (z)|=exp(O(h'~"*+%/3)) and Jensen’s inequality gives a bound for the number
of its zeros in |2|<C as O(h!~"+%/3). Rescaling to the original spectral coordinates
gives (9.13).

For the next lemma we need to recall a lower modulus theorem which has a long
tradition in function theory and is essentially due to H. Cartan—see Theorem 4 in §11.3
of [14] and references given there. Suppose that g is holomorphic in D(zg,2¢R) and
g(z9)=1. Then for any 1>0,

15¢3
log g(2)| = —Iog( )log max |g(z)|, z€D(z, R)\D, (9.14)
n |z—20]|<2eR

where D is a union of discs with the sum of radii less than nR. For our purposes the
values of the fixed constants in (9.14) will not be relevant.

LEMMA 9.3. Let us assume that (9.3) holds and let us take f satisfying the assump-
tions of Theorem 9.1. If N is large enough compared to jo then with v;’s as in (9.5),
we have

)—logdet " (2)dz| = O() LA —"+2/3 ) j=24, (9.15)

where F_(z) is given by Lemma 9.1.

Proof. We will prove the claim for j=2, the other case being analogous. Using
Remark 9.1 we first note that a deformation of the contour within the region where
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¢ —C31
» —C3

Fig. 3. The discs in which (9.14) is applied.
|f(2)]<1 gives an O(h!~"+2/3).error. We also observe, again as in Remark 9.1, that

det F_ (z) = O(1)eCLr """
1;}‘1—7}.4‘2/3

(det F_,(z0)) "' =det(F_, (2) 1) =0(1)et ,
where the last estimate follows from writing (see (9.12))
F_(20)7'=-R,E_,(20) " E_.(20) R},

and from Theorem 8.1 and Lemma 9.1.

Using this and (9.14) with 1 small enough (see Figure 3) we can find a contour ¥,
close to v2 and with the same end points on which F_(z) has no zeros and in addition
|log det F_, (2)|=O(Lh'~"*2/3) for z on the contour (we choose some determination of
the logarithm in the neighbourhood of the zero-free contour). We now write

d
f(2) o logdet F_, (2)dz

¥z

d : T
= l_ / Ef(z) log det F_ () dz+ f(az—ia;)logdet F_, (az —ia;) |;:i’
72

<J
¥

Since by Cauchy’s inequality, f’(z)=0(1) on ¥z, this gives the estimates (9.15). O

%f(z) llog det F_, (2)| d|z|+ O(Lh™+2/3),




RESONANCES FOR CONVEX OBSTACLES 243

Remark 9.2. A more elementary argument for (9.15) can be given by adapting the
methods of §8 of [26]. We would have to take a product over a larger set of zeros
in defining G (in some rectangle containing -, but of size independent of L). The
bound would then come from Harnack’s inequality as in [26]. Alternatively, we could use
Caratheodory’s inequality directly as in the proof of (9.14). It seemed however worthwhile
to recall that useful result even though we do not use its full power.

To conclude the proof of the main result of this section we adapt some of the
arguments of [26]:

Proof of Theorem 9.1. Using (9.8) and (9.12) we write
B (o) LB (B () L E ()
(9.16)
=—(IHE_(2) " +F.(2)F_.(2) ' F- (Z))— +(2),
where II=R} R, is as in the proof of Lemma 9.2. Both terms on the right-hand side are
of rank O(Lh'~™+2/3). The first term, —I1E_, (z)™!, is holomorphic in © and hence

- Z 27m/ 2)trllE_, (2)'8,E_, (2) dz
(9.17)
= Z f) e E_, (2)7'8,E_, (2)dz

71=2, 4 Vi
On y2U~4 we have | f(2z)}<1 and the trace, and hence the entire integral, can be estimated
by O(Lh'~"+2/3). Consequently we can absorb it into the error term in (9.7).
It remains to study

_1 d
B Z 27rz f z)tr(F+(z) +(2) F—(Z)EE_Jr(z)) dz

=13
(9.18)
- X g [ f@u(r- 0 @ R R ) ¢
Using f(z):—]—'(z)Q(z)]-'(z), we get (since R, is independent of z)
P LB (IF() = P F A LR (FL(). (919
We first consider the contribution to (9. 18) of the last term in (9.19):
fz tr +()1F(Z)A R (2)F. . (2))d
;3 271'1/ z )> z
= Z ——/ f(z)tr(F (z)AiR (z)dz
o), e (9.20)

—_ Z 1 (=) tr( _(z)AdizR;(z)) dz

-—24
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as in (9.17), and as there we conclude that the last expression is QO(Lh1~"+2/3),
We are now left with

Y o [ 1@u(Fa@ @) di= Y f@rOR)
s=1,3 “T0 s Z Res(h)NW (9.21)

- Z ﬁ Ljf(z)tr(F.+(Z)_ldizF—+(z)) dz,

=2,
where we noted, from the assumption on f and (9.13) with L~1, that

Y f) = max  |f(2)| ORI = ORI ),y =W
Res(h)NW\W Res(h)nW\W

Since tr F7'8,F . =0,(logdet F_,) the last term on the right-hand side of {9.21) is
O(Lh'~"*2/3) by Lemma 9.3. This gives (9.7). O

10. Proof of the main theorem

We will now use Theorem 9.1 to prove, under the assumption (9.3), the asymptotic
formula for the number of resonances in a band corresponding to the jth zero of the Airy
function. We formulate it here in the semi-classical setting:

PROPOSITION 10.1. For O<a<b let us write

Ni([a,b];5) = > mo(h™22),
a<Re z<b
#(§)h?/® —Ch<— Im z< K (j}h*/3+Ch (10.1)

() =2%3¢; cos () min Q*3, K(j)=2%3(;cos(§n) 580 Q%2

where —(; is the j-th zero of the Airy function, me is the multiplicity of a pole of the
meromorphic continuation of (—Armo—¢)™", and Q is the second fundamental form
of 00. Let us assume that

3/2

maxss0 Q@ Ci+1
. 10.2
minsso @ <( ¢ ) (10-2)

Then for any £>0,
hl—n

Nh([a,b];j)=(1+(’)(€))—»ﬁ/ dz' dg' + O (K13, (10.3)

(2m)> 1 Jagierz, <o

where |¢'|2, is the induced metric on T30,



RESONANCES FOR CONVEX OBSTACLES 245

In addition there are no resonances of —h?Ap in

K(j—1)h?34+Ch < —Im z < »(j)h?*—Ch,

s . N (10.4)
K(j)h*°+Ch<—-Imz<x(j+1)h Ch,

with the convention that K(0)=—o0

Theorems 1.1 and 1.2 are easy consequences of this proposition: we can apply a
dyadic decomposition and then use (10.3) in each dyadic piece (see for instance §7 of [28]).

To obtain Proposition 10.1 we will apply the pseudodifferential calculus to the ex-
pression on the left in the trace formula of Theorem 9.1. The parameter L is now
becoming large, and since § can be chosen depending on L we drop it altogether.

Prorosition 10.2. Let f, W, «; and jo be as in Theorem 9.1. Then

> s ot [ O8G0 ) 0
zERes(h)N (27T " (105)
+O(Lh1 n+2/3)+0f,L(h2_n),
where
I(w)={AeR: A +e /3¢, (w)eW}, (10.6)

the coordinates (w,h?/3)\) are as in Lemma 4.3, and we consider (;, as a function on X.
Proof. 1f we apply Lemma 4.3 to the term appearing in (9.7),

o [ FE@ (B B L)) L B2 dz, (10.7)

2mi TUys

then in the notation of Theorem 8.1 we obtain

pl-n+2/3 1 . . B
EE—/ ﬂ/f (2) or (B (a3, ) 7T = B2, (20, ) )

xR 27

X d% E° (zw, )\)) dz Ly(dw) dA+ Of, (R ™).

By construction, (E,)"1—(E?,)~! is O(h®(\)~*) for [\|>C+L, and thus we can
insert 1j_¢_z,c4r)()) into the integral at the expense of an O(h*)-error. That allows
us to split the integrals into two terms corresponding to E°, and E° 4

Since E°, (z;w,A)~" is holomorphic in © we can change the contour of integration
to 72Uv4. The function f satisfles [f(z)|<1 there and hence the contribution of the
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term involving E?, is O(Lh'~"2/3) (the factor L comes from the length of the range

of integration in the A-variable), and (10.7) becomes

hl—n+2/3 / 1 / f( )
&L — 2
(271-)71,—1 xR 271 Y1U~s
d
X tr (E9+(z; w,A)~! —E9+(z; w, )\)) dz Lg(dw) 1_c_r,cyr)(A) dA

dz
+O(LRI23 L0 (h27M).

We now note that tr E°,,E° =9, logdet E°, has a simple pole with residue 1 at z=
A+e~2m/3¢, (w)—see (8.9). For A€ I(w), with I(w) given by (10.6), that pole is in W
(and it is then the only pole there), and E?, (z;w, )" is uniformly bounded on y2U~4.
Hence at the expense of an O(h!~"+2/3)_error we can close the contour, which gives

pl-n+2/3 1
T Jon 371 L
xR Y1U~vs

X tr(E(j+(z; w,A) 7! % E9+(z; w, /\)) dz 1;(,)(A) Le(dw) dA

hl——n+2/3 ori/3
- (27r)"_1 5 Rf()\+6_ i/ Cjo(w)) ll(w) (/\) Lz(dw) dA
X

+O(th_n+2/3)+0L,f(h2—n).

The remaining part of the integral obtained by inserting 1—1;¢,y()) is O(R}~"%/3). In
fact, we can deform y,U~ys away from its endpoints so that E?, (z)~! remains bounded
on the deformed contour and the deformation takes place in the region where |f(z)|<1—
see Figure 4. Strictly speaking we have to replace W by a slightly larger W here, such
that |f(z)|<1 for z€W\W. Since the number of resonances in W\W is O(hl=7+2/3)
by Remark 9.1 we commit a controllable error on the right-hand side of (9.7). The
contributions from residues consequently give a term of order O(h!~"+2/3), ]

We will apply this proposition with

1
fe(2)= % 6*5(2‘20)2/2, 20 = ——%i(al +a3), eL<l, eL?>log o (10.8)

where we recall from (9.6) that as+a4=0. In §, we have

Re(—5e(z—20)%) = —1e(Re(2—2))*+ O(e),
Im(—3e(z—20)?) = —e Re(2—20) Im(2 — 20) = O(Le),
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Fig. 4. Contour deformation for A¢I(w).

and hence
fe(2) = (14+O(EL)), /% ¢—c(Re(2—20))%/2, (10.9)

In particular, arg f,=0(eL) and
1£-(2)| < (14 O(L)), /—2% e~ L2 ;cQ, Reze by, az)U]as, ba). (10.10)

Applying Proposition 10.2 with f(z)=((1+O(eL))y/e/2m e <L"/2) 'f.(z) (which
satisfies the required assumptions because of (10.10)) we obtain

n+2/
Z \/‘ —e(Re(2—20))%/2 _ (H_@(EL))}Z; ):213/Lg(dw) (10.11)

zERes(h)NW
O(I)L\/ge—eLz/Zhl—n+2/3+OE’L(h2—n)

1-n+2/3
(@mt

where we used the assumptions on L and ¢ in (10.8).

— (1+0(cL)) / Ls(dw) + O, 1 (R>™),

Proof of Proposition 10.1. We now reintroduce the parameter weW as appearing in
Theorem 8.1, and we take [a, )] CWE(0, oo). We generalize previous notation by writing

Res(h; w) = {2z : mo(h~*(w+h?32)) > 0},
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with points included according to the multiplicities given by meo, Res(h)=Res(h;1).
Then

w+Lh?/3/2
/ 23e_eh~4/3(u_w>2/2Nh(dv;jo)_ 3 / e—c(Re2)’/2
s

w—Lh2/%/2 z€ERes(h;w)NW (10.12)

1-n+2/3

:(1+O(5L))%)—HL Ly, (dz'd¢" )+ O, L (h*™).

If we multiply the left-hand side by A~2/% and integrate it in w over [a,b] we obtain

w4+ LR2/3/2 s
h_2/3// arsya ‘/ e~ P02, (v o) dw

v+ Lh?/3/2 o3 )
_h—2/3// / —eh= 43 (v—w) /2d’U)Nh(d’U ]0)+0(\/—th n+2/3)

Lh2/3/2

= N ([a, b],j0)+O(Lh1—"+2/3).

The error term came from the change of order of integration: the symmetric differ-

ence of integration domains is contained in

U {(,w):|v—c|, lw—c| < 1LA?3}.
ce{a,b}

The integral in w is normalized and hence after the integration with respect to w first
we are left with

o) Y / Ny (dv, jo) = O(LR' ™ %/3),
cefaby ) lv—cl<LA2/3

where we used Remark 9.1.

To summarize, we have shown that
Nh([a, b],jo)+O(th_"+2/3)

1-n b
:(1+(’)(5L))(~2};T_T//2ng(dx’d{’)dw+(’)E,L(h1_"+1/3).

Since Ly (dz’'df’) dw=dz’'d¢’, the integral on the right-hand side is the integral on the
right-hand side of (10.3) with ¢ replaced by €L. By taking L=¢"2/3, as in view of
(10.8) we may, we obtained (10.3) with ¢ replaced by €!/3. As it is arbitrarily small this
completes the proof of (10.3).
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To see the pole-free regions we apply Theorem 8.1. For the rescaled variables z,
¢=h"%(w+h?32), the condition (10.4) translates to
K(j—1)+Ch'® < —Imz < 2(j)—ChY3, K()+Ch'/? < —Imz < 3(j+1)—-Ch'/3.
The assumptions on the curvature and z show that all but one of the terms
z—X—e*™/3¢;(p)
have moduli bounded from below. Hence (8.8) and (8.9) show that
E_(2)=A(2)G_.(2) B(2),
where A(z), B(z)G\II%E’gB(BO, L(CY,CN)) are invertible, and
G, (z) € U575 /5(80, £(CN,CM))
has the principal symbol satisfying
ImG°, (2) > ChY?ldgy  near %,
and
Im G9+(z) > ({)2h_2/3/6’ away from X,,.

If C is chosen large enough then by (6.11) the imaginary part of the full symbol of G_ (2)
is bounded from below by a positive symbol in Sgi/ 2/?32 An adaptation of the sharp
Géarding inequality (with h replaced by h1/3; see for instance §2 of [24] or Proposition 3.1
of [32]) gives

IE_ (2)wllz> > CRY3 w2, weC™®(80,CV).

Since E_,(z) is a Fredholm deformation of an invertible operator it is consequently
invertible, and hence A~2(w+h?/32) is not a resonance. a

Appendix

We present here the proof of Lemma 4.1. For that we let
an(2,§) = alw, k1701, hes, .., héns b)

so that we can write A=ap(z,D,), and we will be concerned with that operator and
some of its commutators. We have

= ! el g, (z h() ¢(z)
(4,0) = sz [[ @00 (e, 0)b(0) F do e, (A1)
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with §(€)=(Fy)(€)=[ e =€ (z) dz, and for ¢,y S(R™). Let us put
Teaw(Z) =w(z—120), Feou(z) =& u(x),

and recall that
Fiee=TeeF, FTao=T-gF.
We have

B défadg" adg’DJ ad?, adﬁl—éDzlA = (_i)la’|+|ﬁ’|+q+1’h|ﬂ’|+(1—5)th(z’ D),
b (2, €) = (—g:)¥ 5 (~ B, )02 an(x, €).

Let us now assume that we have the commutator estimate in the lemma with £>1. Then
if JJull(—q)=I(h*=®Dz,)~%ul| 2 is the norm dual to |- ll(q), we get

[(BTay ey, Tyo Fp @) S CHICHI A=+ r 2 ] 4 17y g bl —gy- (A.2)
For fixed ¢, g€ S(R"),
ITeTeo®lly ~ (B 0601)*,  Nrye Tro®ll(—q) ~ (R °m0,1) 77,
and hence the right-hand side of (A.2) is
O(1) Al HFHA=B)p+) (p1=b¢, | yk(p1=0pe) =0,

Using (A.1) we rewrite the left-hand side of (A.2) as

1
(2m)"

hlg/'+(1_6)p// €i<x’€)bh($,€) d‘)(g_fo)e—i(avo,E—Eu)e—i(ﬂo,z-yo)d_)(x_yo) dz df|.
Decomposing the first exponent in the integral as

(z,€) = (Yo, &0) + (T Yo, &) +{§ — &0, Yo) +{T— 10, € —&o)
we rewrite it further as

RI8 1 +(1-8)p
(2m)m

=R H=OR F (1, e, %)) (M0 —E0, To—w0)], (2, €) =X E14)(€) G(x).

// bh(l‘,E)ei(z_yo’g_fo)@;(g_go)q;(_q;__yo)ei((5—60,y0—10)+(I—y0,Eo—flo))dx de¢

Summing up, we get

| Ft((ryo,e0x) O 02,8502 an) (10— €0, 2o ~Yo)|

, (A.3)
— O(I)h]a |+(1—6)q(h1-6£0’1>k(h1—6n071>—q'
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Here (as in [4, §8]) x can be replaced by any fixed C§°-function. Writing {=19—& and
2= —Yo, we therefore get

F(0Z 08, 05/08 (1yo,60x) 08 8,85 38,01 (¢, 2)

17z 1z

= ORI A= R1=0g, (R (o1 +¢1)) 77,
which puttihg a=(g§,a), B:(ﬁ, B’) we rewrite as
2P T (ryo,60X) O 02,05 08,01) (¢, 2) = O(D) W1 =99 B1=8gy V(170 (g 1 +¢1)) 7.
It follows that
F(1y0,60%) O 0F, 80,88, an) (¢, 2) = O(1) BIe 1= (p1=0g, | yk=a(c) =N () =N
for any N, and consequently
02 88,05 02 an(z, €) = O(1) A1 1+0-Da(p1-0¢ yk—a,

that is,
(999,00 02, a) (z, k' =2€1, he's h) = O(1) (1061 )1,

which gives the lemma for k0. When k<0 we check that the assumption is satisfied
for (h'=%D,,) %A with k replaced by 0. The composition formula then gives the result.
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