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1. Introduction

Let M denote a compact, strictly pseudoconvex, 3-dimensional CR-manifold. Such a
structure is induced on a strictly pseudoconvex, real hypersurface in a complex surface,
or as the boundary of a 2-dimensional Stein space. In the latter case we say that the
CR-manifold is fillable or embeddable. It is a fundamental fact that many 3-dimensional,
strongly pseudoconvex CR-manifolds cannot be realized as the boundary of any compact
complex space. The CR-structure on M can be described as a subbundle T%!M of the
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complexified tangent bundle, with fiber dimension 1. For each p€ M we require that
0.1y 1.007 _
T, " MNT,"M= {0}.
where T10M =T,"'M. There is a real two-plane field HCTM such that
HRC=T""MoTOM.

The plane field H is a contact field if and only if the CR-structure defining it is
strictly pseudoconvex. All of the CR-structures with a given underlying plane field are,
up to orientation deformations of one another. A given 3-manifold has infinitely many
inequivalent contact structures. Recent work of Eliashberg. Kronheimer and Mrowka
supports the view that only finitely many of these contact structures support any em-
beddable CR-structures, see [El], [KM)]. In this paper we assume that (M,T%1M) is an
embeddable CR-manifold and restrict our attention to deformations of this CR-structure.
It is now well known that the generic deformation of the CR-structure is not embed-
dable. We would like to understand the subset of deformations defining embeddable
CR-structures. Presently so little is known about this set that it would be useful to have
answers to the following essentially topological questions:

(1) Is the set of small embeddable deformations closed in the C*-topology?

(2) Is the set of small embeddable deformations (locally) connected or path-con-
nected?

(3) Is the set of small embeddable deformations contained in an infinite-codimen-
sional submanifold of the set of all deformations?

For strictly pseudoconvex, compact hypersurfaces in C? results of Bland—Duchamp,
Burns-Epstein and Lempert provide affirmative answers to questions (1) and (2), see
(Bl], [BID], [BuE], [Lel], [Le2] and [Ep2]. Various of these results together with the
techniques of [EH1]| also provide an affirmative answer to question (3) for the case of
strictly pseudoconvex hypersurfaces in C2.

Lempert introduced a method for studying these questions in [Lel]-[Le3]. The ba-
sic idea is to compactify the problem by realizing an embeddable CR-manifold M as
the boundary of a strictly pseudoconcave manifold X_, containing a smooth, compact
curve Z. As the normal bundle of Z is positive we say that Z is positively embedded.
If X, denotes the normal Stein space bounded by M then X=X 11, X_ is a compact
complex space. As follows from the remarks above, the problem of extending a defor-
mation of the CR-structure on M to an integrable complex structure on X, is very
delicate. On the other hand, as follows from a theorem of Kiremidjian, extension to the
pseudoconcave side is much simpler, see [Ki]. The formal obstruction is the cohomol-
ogy group H2(X_;®), which is always finite-dimensional. The obstruction to finding an
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extension which preserves the dth formal neighborhood of Z is the cochomology group
H2(X_;0®(~dZ]), which is again finite-dimensional, see [EH1]. Lempert’s strategy is to
extend an embeddable deformation of M to X_ in such a way that the divisor remains.
Then one constructs elements of H%(X_;[Z]) with respect to the deformed complex
structure by extending sections of H°(Z; Nz). Finally one proves that H(X_;[Z]) is
stable under this process.

This approach has been applied successfully by Lempert and Li to the case that
Z~PL. For example, Lempert showed that if M is a strictly pseudoconvex hypersurface
in C? then the set of small embeddable deformations of the CR-structure on M is closed
in the C*-topology. Indeed, in {Le2] it is shown that strictly pseudoconvex hypersur-
faces MC C? have a very strong stability property: any small, embeddable perturbation
of the CR-structure can be realized as a small perturbation of the given embedding.
In all previously known cases, the closedness of the set of embeddable deformations is
established by constructing an embedding which is stable under such deformations. In
these cases it can be shown that the entire algebra of CR-functions is stable under small,
embeddable deformations. It is known from examples, however, that this is often not the
case, see [CL], [Ep2].

This paper has three parts. In the first part we extend Lempert’s methods to many
cases where Z is not a rational curve. Lempert has recently shown that any embeddable,
strictly pseudoconvex CR-structure on a 3-manifold can be realized as a separating hyper-
surface in a projective variety with an ample divisor contained in the pseudoconcave piece,
see [Le3]. A similar result was announced in [Bog]. Under cohomological hypotheses on
X_ which ensure that small deformations of the CR-structure on bX_ extend to X_,
in such a way that the divisor persists, we establish the closedness of the set of small
embeddable deformations. This is accomplished without obtaining a stable embedding.
In the second part we show that embeddable deformations of the CR-structure on M with
extensions to X_, vanishing to order 3 along Z, share many of the stability properties
of hypersurfaces in C2. We also consider the consequences of higher-order vanishing and
the deformations of the defining equations. In the final part we consider examples.

Assume that X_ is a pseudoconcave surface which contains a positively embedded,
smooth, compact curve Z. Let H°(X _;[dZ]) denote the space of sections of the line
bundle defined by the divisor dZ which are holomorphic in X_. Restricting an element
of H%(X_;[dZ]) to Z defines a holomorphic section of N%. A time-honored method for
constructing sections of H°(X_;[dZ]) is to reverse this process by extending elements
of H%(Z; N2). The Riemann-Roch theorem implies that

d
(dim H°(Z; NL)~dim HY(Z; N})] = 3d(d+1)k+ (1—g)(d+1), (1.1)

M
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where k=deg(INz) and g is the genus of Z. In §2 we show that if bX_ is embeddable
then for large enough d we have the estimates

d d
> ldim HY(Z; N})~dim HY(Z; N < HY(X_;[dZ)) < > dim HY(Z; N).  (1.2)
3=0 i=0

Let {X_;} denote X_ with a sequence of complex structures, each one containing a
smooth, positively embedded curve Z;. We suppose that each bX_; is embeddable and
that the sequence of pairs {(X_;, Z;)} converges in the C*-topology to (X _o, Zy). Using
(1.1), (1.2) and standard semicontinuity results for dimensions of cohomology groups we
obtain that the limiting structure satisfies

dim H%(X _o; [dZ,]) > Ld(d+1)k+(1—g)(d+1).
Even if X_ is embeddable, the ring

A(X_,[Z])= U HY(X_;]dZ])
d>0

may not contain sufficiently many sections to define an embedding. In light of this we
havé introduced two weakened notions of embeddability for pseudoconcave manifolds
which contain a compact, positively embedded, smooth divisor: weak embeddability and
almost embeddaobility. Essentially, the pair (X_, Z) is weakly embeddable if the lower
bounds in (1.2) are satisfied. If (X_,[Z]) is weakly embeddable then for sufficiently
large d the sections in H%(X_;[dZ]) define a holomorphic map of X_ into projective
space which is an embedding of a neighborhood of Z. It seems difficult to show directly
that these maps are embeddings on the complements of proper analytic subsets. This
led us to introduce the subclass “almost embeddable concave structures”, which enjoy
this property.

This is an important subclass, for if bX_ is embeddable then (X_,Z) is almost
embeddable. One of our main results is that the converse is also true: If (X_,Z) is
almost embeddable then bX_ is embeddable, see Theorem 5.1. This in turn implies
that X _ is itself embeddable in projective space. We prove this without assuming that
the ring A(X _,[Z]) separates points on X_, thus refining earlier work of Andreotti and
Tomassini, see [AT]. In their work, the embeddability of a pseudoconcave surface X _
proved under the assumption that there exists a holomorphic line bundle FF— X_ such
that the ring A(X_; F) separates points on X_ and defines local coordinates at every
point. For the case of a pseudoconcave surface with F'=[Z] we obtain the embeddability
of X_ under the weaker assumptions:
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(1) A(X_,[Z]) embeds some neighborhood of Z, and ,

(2) there is a proper analytic subset GC X_\Z such that A(X_, [Z]) separates the
points of X_\G.

Our second principal result is the fact that almost embeddability is closed under
convergence in the C*°-topology, see Theorem 6.2. Using this fact in tandem with Kiremi-
djian’s extension theorem we are able to show that the set of small, embeddable pertur-
bations of the CR-structure on bX_ is closed in the C*-topology for many new classes
of CR-manifolds, see Theorem 6.1. Included among these are examples where the full
algebra of CR-functions is not stable under small embeddable deformations.

In §4 we apply the results in §§2 and 3 to study the problem of projective fillability
for surface germs containing a smooth curve with positive normal bundle. This is a germ
analogue of the problem of embedding CR-manifolds. In this context we obtain a weak
version of a conjecture of Lempert: even though the set of surface germs containing
a given curve with a given positive normal bundle is infinite-dimensional, the set of
projectively fillable germs is, in a reasonable sense, finite-dimensional. Each fillable germ
has a representative as an open subset of a variety belonging to a finite-dimensional
family of varieties. This generalizes a rigidity result for embeddings of P! with normal
bundle O(1) proved in [MR1].

In the second part of the paper we consider a compact, 2-dimensional subvariety of
XCP™ which contains a smooth, strictly pseudoconvex, separating hypersurface M — X.
Let X, denote the components of X\M. Now we assume that ZCX is a smooth
hyperplane section. As remarked above the obstruction to extending a small deformation
of the CR-structure on M to an integrable almost complex structure on X_ vanishing
to order d along Z is the finite-dimensional cohomology group H2(X_;0®[—~dZ]). We
show that embeddable deformations of M having extensions to X_ which vanish to order
3 along Z share many of the stability results of hypersurfaces in C?. We also consider
the behavior of the defining equations for X under deformations of the CR-structure on
M which extend to X _ vanishing to various orders along Z. A notable result in this part
is Theorem 8.1: For any separating hypersurface M in a projective surface X there is a
finite-codimensional space £p.2 of the deformations of the CR-structure on M, such that
any embeddable deformation in £p, o is “a wiggle”. Our results on the deformations of
the defining equations are especially useful if X is a cone. In this case we can show that
the deformed CR-structure embeds as a hypersurface in a fiber of an analytic deformation
space of X.

In the final part the results in the paper are applied to a variety of examples. If
the curve “at infinity” is rational then it is possible to prove much more precise results.
This case was considered by Lempert and Li, see [Lel], [Le2], [Li]. In §9 we refine their
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results. For the case of Hirzebruch surfaces we prove the natural analogue of Lempert’s
stability theorem for hypersurfaces in C?: A small embeddable deformation of the CR-
structure on a strictly pseudoconvex, separating hypersurface in a Hirzebruch surface
can be embedded as a hypersurface in a fiber of the versal deformation of the Hirzebruch
surface. As a consequence, the set of small embeddable deformations is path-connected.
In the last section we analyze various examples where Z is a non-rational curve.

The spirit of the methods used in this paper is essentially algebro-geometric. We do
not know of any examples of surfaces with positive Kodaira dimension which satisfy the
cohomological hypotheses used in this paper, (6.1) and (6.2). In a forthcoming paper we
will present a more analytic approach to these issues. This involves a detailed analysis of
the J-operator on singular varieties and their {possibly singular) subdomains. We expect
these methods to be more flexible allowing us to extend the range of our results. In
particular, we hope that the analytic methods will allow us to treat certain surfaces of
general type.
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I. Closedness of the set of embeddable deformations
2. The dimension of H%(X;[dZ])

Let X denote a projective variety with Z a smooth holomorphic hypersurface embedded
into X'\sing(X). We say that Z is positively embedded if Nz, the normal bundle of Z,
is a positive line bundle over Z. Extending earlier work of Grauert, Griffiths showed
in [Gr] that this implies that Z has a basis of neighborhoods in X with smooth, strictly
pseudoconcave boundaries. We use the notation [Z] to denote the holomorphic line
bundle defined on X by the divisor Z. The bundle [Z] is ample if for sufficiently large d
the holomorphic sections of [dZ] define an embedding of X in projective space. In order
for [Z] to be ample it is necessary that Z be positively embedded, though in general this
is not sufficient.

Frequently we also let [Z] denote the sheaf of germs of holomorphic sections of this
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line bundle. In this section we study dim H%(X;[dZ]) for d>0. If dimX=2 and Z is a
curve of genus g with deg Nz=k then we show that for d>1+(2g—2)/k we have

dim H(X;[dZ]) = 2d(d+1)k+(1—g)(d+1) +mx, z(d) (2.1)
where mx z(d) is a non-negative, non-increasing function of d. Define the function
M(g,k,d)=1d(d+1)k+(1—g)(d+1). (2.2)

By the Riemann—Roch theorem,

d
M(g,k,d)=") _ [dim H(Z; N})—dim H'(Z; N})].
j=0

The main technical result needed for the proof of (2.1) is a slight elaboration of the
Pardon—Stern extension of Kodaira’s vanishing theorem.

ProrosiTION 2.1 (Pardon-Stern). Let V be an n-dimensional normal, projective
variety, and suppose that ZCV \sing(V) is an ample divisor (i.e. the line bundle |Z] is
ample). Then the L?-cohomology groups satisfy

HYI(V\singV;[-dZ]) =0 for g<n, d>0.

Remark. The subscript D on the cohomology group indicates that it is defined with
respect to the Dirichlet boundary condition along singV. These groups are defined
in [PS]. The basic vanishing result, from which the Pardon—Stern theorem is derived,
was proved by Grauert and Riemenschneider, see [GR]. The notation in this argument
follows that used in [PS]. For our applications, one could replace this result with an
argument using a resolution of the singularities of V and the extension of Kodaira’s
vanishing theorem to seminegative bundles, found for example in [BPV] or [SS].

Proof. This result follows from Proposition 1.3 and Theorem C in [PS]: Because Z C
V\sing(V) the arguments given in [PS] to study cohomology with respect to the structure
sheaf apply mutatis mutandis to cohomology with coefficients in [dZ]. In particular, as
the Hodge star operator defined on [dZ]-valued forms acts fiberwise, one easily establishes
that

HE4(V \sing(V); [dZ]) =~ (K% (V \sing(V): [dZ]))'- (2:3)

Hence the proposition follows from Theorem C.
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In this section we make use of some well-known exact sequences of sheaves. Let Ox
denote the structure sheaf of X, and Z; the ideal sheaf of Z. Then for each [>1 we have
the exact sequences

0TI, —0x = O0x/Iy =0, (2.4)
0—I5/IF" - Ox /I = Ox/I; —0. (2.5)

Since the sheaf of germs of sections of [Z] is locally free and Iz is isomorphic to the sheaf
of germs of sections of [~Z], we can tensor (2.4) and (2.5) with [dZ] to obtain

0 [(d-1)Z]—[dZ] = Ox /T =[dZ] -0, (2.6)
0= Nt Oy /TH 1 0[dZ] — Ox /T, ®([dZ] — 0. (2.7)

We refer to sections of Ox /T, ®[dZ] as order-1 sections of [dZ] along Z.

Let {Uy,...,Un} denote a covering of a neighborhood of Z by coordinate neighbor-
hoods, and Uy CC X'\ Z an open set with smooth strictly pseudoconvex boundary which
covers X\U U...uUUys. Let 0g;€O(U;), i>0, vanish simply along Z. Set ggp=1. The
l-cocycle

. _ Do
gij = ;0;
defines the line bundle [Z]. We denote by oy the holomorphic section of [Z] defined
by {00:}. A smooth section of [kZ] is a collection of functions f;€C>(U;) such that

filv.au, = g5 filvaau, -
An element of HY(O/T,®[kZ]) is given by s;€O(U;), i>1, such that

3; UlmUj——gf-Sleint EIZZ(UlﬁU]) (28)
7

Because the sheaf associated to C*°(X; [kZ]) is a fine sheaf it is easy to show that there
exist functions f;€C™(U;) such that

(a) S=(s;—fi) defines a smooth section of [kZ],

(b) fieZy(U;)C=(U,),

(c) dS=08 where 3 is a smooth [(k—1)Z)-valued (0, 1)-form with compact support
in a small neighborhood of Z.

We call S a smooth representative of (s;).

Using the long exact sequence in cohomology and the Pardon—Stern vanishing the-

orem we obtain
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PROPOSITION 2.2. Let X be a normal, compact complex space and ZC X \sing X
be a smooth, positively embedded divisor. Then for each d>0 the natural map

H(X;[dZ)) » HYOx/IiT e[dZ])

18 an isomorphism.

Proof. We first suppose that [Z] is an ample divisor and X is projective. The
short exact sequence of sheaves in (2.6) with [=d+1 leads to the long exact sequence in
cohomology

0— HO(X;[~Z])) » HY(X; [dZ]) 5 HYOx /IE ' ®1dZ) 2 HY(X;[~Z]) = ... . (2.9)

As [~Z]<0, the group H(X; [—Z]) vanishes. To complete the proof in this case we need
to show that 7 is surjective. Let s€ HY(O/Zat'®[dZ]) and let S be a smooth represen-
tative with compact support in a neighborhood of Z disjoint from sing(X). Evidently

is a smooth, closed section of A%!®[~Z] with compact support in X \sing(X). From
Proposition 2.1 it follows that there is an element feC®(X \sing(X);[—Z]) such that

of =w.

As X is a normal variety the section S—og " f extends to define an element of H(X; [dZ])
which satisfies
r(S—adtf) =s.

It is not necessary for ZC X to be ample or for X to be projective. We use the
following lemma to reduce to the previous case.

LEMMA 2.1. Suppose that X is a normal, compact complex space and ZC X \sing(X)
is a positively embedded smooth divisor. There exists a normal, compact projective vari-
ety V and a holomorphic map m: X—=V . Let W=n(Z); it is an ample divisor and there
is a neighborhood of Z which is biholomorphic to a neighborhood of W.

Proof. As Nz is positive it follows from [Gr] that there is a neighborhood U of
Z and a smooth, strictly plurisubharmonic function p defined in U\{Z} such that
lim,_, z p(x)=o0. For sufficiently large c€R set S,={p~!(c)}. If ¢ is a large regular
value of p then S, is a compact, strictly pseudoconvex hypersurface which bounds a
neighborhood of Z. Such a hypersurface separates X into two connected compounents.
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Let D. denote the component of X\S. not containing Z. This domain is a compact
complex space with strictly pseudoconvex boundary. Arguing as in [Le2] we see that
Grauert’s theorem implies that the compact varieties in D, can be blown down. There-
fore we obtain a normal, compact complex space and a holomorphic mapping

mX—=V

The complex space V has no exceptional varieties disjoint from w(Z). Set W=n(Z);
the map 7 is a biholomorphism from a neighborhood of Z to a neighborhood of W.
Applying Theorems 2.4 and 1.8 from [MR2]| (both due to Grauert) we conclude that [W]
is an ample line bundle and V is algebraic.

Let V, W be as in the lemma. The argument preceding it applies to show that
HO(V; [dW]) — HY(Oy/TEH ®[dW])

is an jsomorphism. As 7 is biholomorphism from a neighborhood of Z to a neighborhood
of W it is obvious that

™ HO(Oy/IE @ [dW]) » HY(Ox /T ®(dZ])

is an isomorphism. Since both X and V are normal, and [Z][x\z and [W]|y\w are
trivial, it follows that
7 HYV; [dW]) = H°(X;[dZ))

is an isomorphism as well.

We now restrict to the case dim X =2; set

2g9—2
lozﬂgTHH.

The cohomology groups H'(Z; N) vanish for j>(2g—2)/k. Using this observation and

Proposition 2.2 we obtain the main result of this section:

THEOREM 2.1. Let X be a normal, compact complex space of dimension 2, and
ZC X \sing(X) be a smooth compact curve of genus g. Suppose further that its normal
bundle Nz has degree k>0. Then for d>ly we have that

dim H°(X;[dZ]) = 2d(d+1)k+ (d+1)(1—g)+mx z(d). (2.10)

The function mx z(d) is a non-increasing function of d, satisfying the bounds

l0~1
0<mx,z(d) < Y dim H'(Z; N). (2.11)
=0
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Proof. For 0<I<d—1, the short exact sequences of sheaves (2.7) lead to the following
long exact sequences in cohomology:

HY%(Z; Nb) 2% HY(Ox /I3 dZ]) 1 B0/ ®[dZ)) o)
2.12
d
20 HY(Z, NY) — HY Ox /T3 9[dZ]) — HY(0/I ' 2[dZ]) — 0.
As deg Nz=£k>0,
HYZ;NL)=0 if [>1p.

Using the exact sequence (2.12), we obtain the recursion formula

dim H%(0/I3 " ®[dZ]) = dim HY(O/I¢ ' ®[dZ])+dim H%(Z; N})—dim range 8.

(2.13)
For d>1y we use (2.7) with [=1 to derive the formula
dim H°(O/I2®[dZ]) =dim H*(Z; N&)+dim H°(Z; Ng1).
Using this formula along with (2.13) in a recursive argument we obtain
d
dim HY(O/Z5 ' @[dZ]) =Y _ dim H*(Z; N}).
1=y

Let A;{d)=dim HY(Z; N})—dimrange §¢ so that

0< Ay(d) <dim HY(Z; NY). (2.14)

Note that A;(d)=0 for all [>ly. For d>ly we have the formula

d
dim H°(O/1¢ 0[dZ]) =)  dim HY(Z; NL)—dim HY(Z; NY)+mx z(d), 2.15)
zZ zZ 4 ,
=0

where
d

mX,z(d):ZAl(d).

=0
Formula (2.10) now follows from Proposition 2.2.

The estimate (2.11) follows from (2.14). All that remains is to show that mx, z(d)
is non-increasing. We use the long exact sequence in cohomology defined by the short
exact sequence of sheaves (2.6) with /=1 to conclude that as lp<d we have the estimate

dim HY(X;[(d-1)Z]) > dim H'(X;[dZ]),

and therefore

mxyz(d)—mx,z(d——l) =dimH1(X; [dZ])—dimHl(X; I(d—l)ZD gO.
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3. Weakened notions of embeddability for concave structures

In this section we define two weakened notions of embeddability for a pseudoconcave sur-
face X_ with a smooth, positively embedded, compact curve ZC X_. Let HY(X _;[dZ])
denote the space of sections of [dZ] which are holomorphic on X _. Because bX _ is strictly
pseudoconcave the estimates in §3 of [Le2] imply that every element of H(X_;[dZ]) has
a smooth extension to X _.

Definition. Suppose that X_ is a compact, complex surface with smooth, strongly
pseudoconcave boundary. If X_ contains a compact, smooth, holomorphic curve Z of
genus g with positive normal bundle of degree & then the pair (X _,Z) is a weakly em-
beddable, concave structure if

2g—~2

dim HY(X_;[dZ)) > M(g,k,d) for d> 5+l (3.1)

The function M(g, k,d) is defined in (2.2). Note that H'(Z; N})=0 for j>(2g—2)/k.

We consider the relationship between embeddability of bX _ and weak embeddability
of (X_,Z):

PROPOSITION 3.1. Suppose that X_ is a compact, smooth, compler surface with
strictly pseudoconcave boundary which contains a smooth, positively embedded curve Z.
If bX_ is embeddable then (X_,Z) is weakly embeddable.

Proof. Let X, denote the normal Stein space with boundary bX_. The compact
complex space X=X, 1[,x_ X_ contains a positively embedded, smooth curve. We can
apply Theorem 2.1 to conclude that

2g—2
dim HO(X; [dZ]) > Ld(d+1) deg Nz +(1—g)(d+1) ford>deggN +1. (3.2)
VA

Definition. A weakly embeddable, concave structure (X_, Z) defines a set of positive
integers, G(X_,Z). The positive integer d€G(X_, Z) if H'(X_;[dZ]) is base-point-free
and the holomorphic mapping ¢, into projective space which it defines has the following
properties:

(3.3) the image of Z is the intersection of v4(X ) with a hyperplane,

(3.4) there is a neighborhood Uy of Z such that ¢4|u, is an embedding,

(3.5) the set pg(Uy) is disjoint from pg(X_\Uy)-

The following result is used many times in the sequel:
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PROPOSITION 3.2. Suppose that (X_,Z) is a weakly embeddable, concave structure.
If g is the genus of Z and k is the degree of Nz then there is a positive integer C(g, k)
such that the cardinality of N\G(X _,Z) is at most C(g, k).

Proof. As Ny is positive there is an integer mgy which depends only on g, &k, such
that N2 is very ample for mg<m. We tensor the exact sequence (2.4) with =1 by [mZ]
to obtain

0—[(m—1)2] 22% [mZ] - NJ* = 0.

As before, op denotes a holomorphic section of [Z] with divisor exactly Z. This gives
the following long exact sequence in cohomology:

0= HY(X_;[(m=1)Z]) — H(X_;[mZ]) =™ H(Z; N}) 56)
S HY (X [((m=1)2]) 22 H(X_: [mZ]) — HN(Z;NJ) > ... . '

Observe that (3.6) implies that
dim H(X_; [mZ])—dim H*(X_;[(m—1)2]) <dim HY(Z; N}) for 1<m.  (3.7)

This shows that .

dim H(X_; [dZ])) <1+ Y H(Z;Np). (3.8)
m=1
It is an easy consequence of the Riemann—Roch theorem and the theory of divisors on a
Riemann surface that

2g—2

dim HY(Z;NL)=1—g+kl for 1> ik——ﬂ,
. (3.9)

dim H(Z; NL) <kl+1 for 0<I< iklﬂ.

These inequalities imply that there is a function E(g, k) such that

d .
> H(Z;N}) < Mg, k,d)+E(g, k), (3.10)
=0

and therefore
H(X_;[dZ]) < M(g,k,d)+E(g, k).

Since (X _, Z) is weakly embeddable it follows that

-2
dim HY(X_; [dZ]) > M(g, k,d) for d> ng—ﬂ. (3.11)
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LEMMA 3.1. Suppose that (X_,Z) is a weakly embeddable, concave structure with
Z of genus g and Nz of degree k. The map r; in (3.6) fails to be surjective for at most
E(g,k) values of j.

Proof. From (3.6) we deduce that

dim [H%(Z; N} /r; H(X_; [§ 2])} < dim H%(Z; N})+dim HY(X_; (5 -1)Z))
~dim H%(X_;[5Z)).

If we sum this estimate from 0 to m we obtain
m ) m )
Z dim[HYZ; N} /r; HY(X_; 5 Z])] <€ Z dim H%(Z; N})—dim H(X_;[mZ]).
j=0 j=0
Applying (3.10) and (3.11) it follows that for any m>1+(2g—2)/k we have
m .
Y dim[H(Z; N})/r;HY(X ;[5Z])] < E(g, k). (3.12)
7=0
This completes the proof of the lemma.
Combining this result with the next lemma we complete the proof of the proposition.

LEMMA 3.2. Suppose that for a j>mg the mappings r;, 7j41 are surjective. Then a
basis of sections for HY(X_;[(i+1)Z]) defines a holomorphic map of X_ into projective
space, satisfying conditions (3.3), (3.4) and (3.5).

Proof. Suppose that j>mg and r;, ;41 are surjective. As j is at least my it follows
that H%(Z; N%) and H%Z; N?Ll) define embeddings of Z into projective space. For =3
or j+1 let {0} denote sections of [[Z] such that

{rl(alk) k=1, ...,dl}

define bases of H%(Z; N,). Here d;=dim H%(Z; N}); let m=d;+d;11. As oo vanishes
exactly on Z we can define a map ¢’: X_ —>P"™ in homogeneous coordinates by

%0'3 prr [Ug+1(P) 30003‘1(1)) D :UOajdj(p) : 0’(j+1)1(10) Do 5‘7(j+1)d3~+1(17)]'
From the choice of j it is clear that ¢'|z is an embedding and dy’(x) has rank 2 for all

z€Z. It follows from the implicit function theorem and the compactness of Z that ¢’
defines an embedding of a neighborhood Uy of Z into P™.
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If we augment the components of ¢ to obtain a basis for H(X_;{(j+1)Z]) then
after relabeling we obtain that

o=lodT 1 on)

defines a holomorphic map of X_ into P™. As the divisor of gy equals Z, the image
of Z under ¢ is the intersection of the hyperplane H={aq=0} with ¢(X ). Since ¢’ is
the composition of ¢ with a projection onto a linear subspace, ¢|y, is an embedding.
The line bundle [Z] is trivial in X_\Z, and therefore we can take oo=1 in X_\Us.
In terms of linear coordinates on the affine chart P™\ H, the other components of ¢,
{p: /03T (x):i=1,...,n}, are then holomorphic functions on X_\U, which are smooth
and in particular remain bounded as z approaches bX_. Hence the image of X_\Uy
under ¢ is contained in a relatively compact subset of P™\ H. From this we conclude
that Z has a neighborhood UcC Uy such that

p(U)Np(X_\Uo) = 2.
Since ¢ is one-to-one on Uy this implies that

p(U)Np(X \U)=2.

PROPOSITION 3.3. Let (X_,Z) be a weakly embeddable, concave structure with Z
of genus g and Nz of degree k. For deG(X_,Z) let ¢ denote the map into projective
space defined by H*(X_;[dZ]). There is a 2-dimensional projective variety V such that
©(X_)CV. The degree of V is at most kd?, and sing(V') is a finite set.

Proof. Let dim H(X_;[dZ])=n+1. We can find a basis for this cohomology group
of the form {og, ¢y, ..., vn } Where each ¢; vanishes to order at most d—1 along Z. Let U
denote the neighborhood of Z in (3.4)—(3.5). Since Z is positively embedded we can find
a smooth, strictly pseudoconcave hypersurface MCU, bounding a domain D, such that
ZCDcU. Since DCU its image (D) is a strictly pseudoconcave submanifold of P™. As
@(M)YCP™\ H the Harvey—Lawson theorem implies that it bounds an irreducible analytic
variety W, see [HvL]. This variety is of course contained in a compact subset of the affine
chart P™\ H. Observe that V=¢p(D)U, )W is a compact subvariety of P".

If feZy then ¢*{f}|p=0, and thus ¢*{f)=0o0on X_. Hence p(X_} is a subset of V.
As WNH=g the intersection (with multiplicity) of V with H equals ¢(D)NH. From
the form of ¢ it is easy to see that the order of contact between H and V is at most d,
and therefore we have the estimate

deg V < kd?. (3.13)
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As V is smooth in a neighborhood of VN H it follows from the maximum principle that
sing(V') is a finite set.

From Theorem 2.1, Proposition 3.2 and Proposition 3.3 it follows that the notion of
weak embeddability is equivalent to a simple geometric property.

ProrosiTioN 3.4. The pair (X_,Z) is a weakly embeddable, concave structure
if and only if there exists a positive integer d and a neighborhood UDZ such that
HY%X_;[dZ))|u defines an embedding of U into projective space.

If bX_ is embeddable then we can obtain more precise geometric information about
the maps described above.

COROLLARY 3.1. Let X_ be a compact manifold with strictly pseudoconcave bound-
ary. Suppose that X_ contains a smooth, compact, positively embedded curve Z, and that
bX_ is an embeddable CR-manifold. If deG(X_,Z) and ¢ is the holomorphic map de-
fined by H*(X_;[dZ]), then X_ contains a proper analytic subset E such that ENZ=2
and p|x_\g is an embedding.

Remark. We call a holomorphic map ¢: X_—P™ which satisfies the conclusion of

this proposition a generically one-to-one mapping of (X_, Z) into P™.

Proof. Let X, be the normal Stein space with M=bX,=—-bX_, and let X=
X, Oy X . Let p: X_—P" be the holomorphic map defined by H%(X_;[dZ]), and
VCP" the irreducible projective surface containing p(X_). The line bundle [Z] is trivial
in X\ Z, and therefore the components of the map ¢ can be represented by holomorphic
functions on X \Z which have smooth extensions to bX_. As X, is normal it follows
from the theorem of Kohn and Rossi that the components of ¢ have holomorphic ex-
tensions to X, see [KR]. Thus we have a holomorphic map @: X —P". As before, the
permanence of functional relations implies that the image of ¢ is contained in V.

Let HCP™ be the hyperplane with HNV=¢(Z). As ¢(X,) is a relatively compact
subset of P™\ H, it follows that there is a neighborhood U of Z such that @|y is an
embedding and @(U)N@(X\U)=9. Thus there is an open neighborhood WCV of VNH
such that @~}(W)=U and each point in W has a unique preimage. Let [X], [V] denote
the generators of H4(X;Z), Hy(V;Z), respectively. As @ is continuous it follows that

Gx[X]=q[V]

for some integer q. As @ is holomorphic it follows that ¢>0. In fact g=1, for let
X€CZ (W) be a non-negative function with x(z)>0 at some point €W, and let w be
the Kéhler form for P™. As supp xCW we have that

’ /wazz (alV], xw?) = (X], 3 (xw?)) = /U 5 (xw?) = /wa2.
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Since [i;, xw?>0 this proves the claim.
Let F={zeX 1k $.(x)<2} and S=@~!(sing V). These are analytic subsets of X.
As both are disjoint from U they are proper analytic subsets disjoint from Z. We define
the proper analytic subset
E'= FuSUsing X.

The map ¢ is injective on X\ E’. Suppose not; then there exists a pair of distinct points
y1,Y2€ X\ E" with $(y1)=@(y2). In light of the definition of E’ there exist disjoint open
sets Uy, Uy C X\ E' such that y; €U;, |y, is a biholomorphism onto its image, and @(Uy )=
@(Us)CV \sing(V). Repeating the above computation with a non-negative function x €
C((U;)) we easily obtain a contradiction to the fact that g=1. As rk @.(z)=2 for
€ X\ E', setting E=X _NE’ completes the proof of the corollary.

This corollary indicates that there is an important subclass of weakly embeddable,
concave structures which includes those with an embeddable boundary:

Definition. Let X_ be a smooth, strictly pseudoconcave manifold containing a
positively embedded, smooth, compact curve Z. If there exists a holomorphic map
¢: X_—P" which embeds a neighborhood of Z and is generically one-to-one then we say
that (X_,Z) is an almost embeddable, concave structure.

We conclude this section with a result on the C*-closedness of the set of weakly
embeddable, concave structures. Let X_ be a compact, complex manifold with pseudo-
concave boundary. Let €;, j>1, denote a sequence of deformations of the complex
structure on X_, smooth up to the boundary, which converge in the C*°-topology to
a deformation €. For >0 we let X_; denote the complex manifold with complex
structure induced by the deformation tensor ;. Suppose that for each j2>0 there is a
smooth, compact, holomorphic curve Z; CC X_; and that, as j—00, Z; converges in the
C*>-topology on submanifolds to ZoCC X_.

PROPOSITION 3.5. If the pairs {(X_j,Z;):j>0} are weakly embeddable then the
limit (X_o, Zo) 1s as well.

Proof. From the hypotheses it is clear that the genus of Z; and the degree of its
normal bundle are constant after some finite value of j. Denote these common values
by g and k respectively. Starting at this value of j, we can therefore find a sequence
{4;} CDiff (X _) converging to the identity in the C*-topology so that v;(Z;)=Zp. We
let X’ ; denote X_ with complex structure defined by ;=17(Q2;). The pairs (X4, Zo)
are again weakly embeddable. The sequence {Q} also converges to €}y in the C>-
topology. We let L; denote the holomorphic line bundle defined by the divisor Zy with

respect to the complex structure defined by €. Let D/, denote the natural J-operators
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acting on sections of L?. We need to understand the behavior of the space of holomorphic
sections of L‘;, i.e. ker E;d as j—o0o. As a C>*-complex line bundle, each L‘j is isomorphic
to L&. By fixing a sequence of isomorphisms we are reduced to considering a single line
bundle L¢ and a sequence of differential operators acting on its sections.
In [Le2] it is shown that in the present situation there exists a sequence of C°°-bundle
isomorphisms
b1 Lo — L;

which converge to the identity in the C>-topology. These bundle isomorphisms in-
duce isomorphisms <I>jd:Lg—>L;l for every integer d. In terms of this common (non-
holomorphic) trivialization, the d-operator on C>(X_;L¢) is represented by D;s=
deol_);do{)j_dl. Fixing L?-structures on Cx(X_;Ag’j®Lg), 7=0,1, we define the qua-
dratic forms

Qjals) = /X \Djas|?dV

on C®(X_;L%). Using these quadratic forms and the Friedrichs extension we define
unbounded, self-adjoint operators D;4 acting on L?(X _; L¢). Using the estimates in [Le2]
it follows that each operator D;4 has a compact resolvent. In light of the definition of 53@,
it is clear that for 0<j and 0<d we have the isomorphisms

H°(X_; L}) ~ker Djq4. (3.14)

For each d>0 the sequence of operators {D;q:j>0} converges in the strong resolvent
sense to Dyy. From classical perturbation theory, see [Ka], we conclude that

dim ker Dyy > lim sup dim ker Djg4. ‘ (3.15)

j—o0

Since (X_j,Z;) is weakly embeddable it follows that for sufficiently large j and each
d>(29—2)/k+1, we have the estimate

The conclusion of the proposition is immediate from (3.14), these estimates and (3.15).

Remarks. (1) Note that having
dim HY(X _;[dZ]) > cd?

does not imply embeddability. The Andreotti~Grauert-Rossi example, see [R] or [AS],
is a 1-parameter family of CR-structures on S%: {¥7%183:¢c€C, |e|]<1}. The structure
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070.183 is that induced on the unit sphere in C2. If ¢#0 then (S%,T%193) is not
embeddable. These structures extend to P2\ By in such a way that Z, the line at infinity,
remains holomorphic. For the standard structure,

dim HO(X;[dZ]) = L(d+1)(d+2).
For a non-trivial deformation (¢#0) we have
1d? <dim HY(X¢; [dZ]) < 3(d+1)*.

For any d>0, #0, the space of sections H(X¢;[dZ]) gives local coordinates but fails
to separate points on X_.

(2) In §5 we show that the boundary of an almost embeddable, concave structure
is embeddable. It is a question of principal interest whether a weakly embeddable, con-
cave structure is almost embeddable. In general, we do not know the answer to this
question. Corollary 3.1 shows that if an embeddable CR-manifold bounds a pseudocon-
cave domain X_, with smooth, positively embedded curve ZCC X_, then the concave
structure (X_, Z) is almost embeddable. In §6 we show that, in a certain sense, almost
embeddability is closed under convergence in the C*-topology. This allows us to show,
for many new classes of 3-dimensional CR-manifolds, that the set of small embeddable
deformations of the CR-structure is closed in the C*°-topology.

4. Finiteness results for projectively fillable germs

In the previous sections we have considered strictly pseudoconcave, complex surfaces
which contain a positively embedded curve. Our principal motivation is to understand
the behavior, under deformation, of the algebra of CR-functions on the boundary of
the manifold. There are two reasonable “germ models” for this problem, a concave
one and a convex one. The convex one is the study of deformations of isolated surface
singularities, whereas the concave problem is the study of projective fillability for surface
germs containing a given curve with a given positive normal bundle. In this paper we
consider only the latter problem, which we now formulate more precisely.

Let ¥ denocte a Riemann surface and L a line bundle over ¥. A surface germ
containing (X, L) is a complex manifold Y of dimension 2, with a smooth, holomorphic
embedding i: X—Y such that the normal bundle Ny, —4(X) induced by ¢ is isomorphic
to L. We let S(X, L) denote the set of surface germs containing (£, L). Two such germs
Y1,Y5eS8(%, L) are equivalent if there is a germ of a biholomorphism ® defined on a
neighborhood of i1(X)CY; such that

Doiy=1iq.
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Let 6(X, L) denote the set of equivalence classes in S{X, L) under this equivalence rela-
tion. We do not attempt at this point to define a topology or analytic structure on this
space. We say that a surface germ Y is projectively fillable if it is equivalent to an open
subset UC V| a projective variety. We denote this subset of G(X, L) by &(%, L).

For the case of interest to us, L>0, it is known that &(X, L) is infinite-dimensional.
Using results of Docquier and Grauert, Morrow and Rossi gave a parametrization for the
subset of &(Z, L) consisting of structures which are holomorphic neighborhood retracts
(HNRs) of 3. This subset is shown to be infinite-dimensional. On the other hand, results
in [Gr] show that this subset is also of infinite codimension in &(X, L).

The problem which we consider in this section is the “size” of €(X,L). We show
that it injects into a subset of a finite-dimensional space. In [MR1] it is shown that
€(PL,O(1)) consists of a single structure: the standard embedding of P! as a linear
subspace of P2

The following theorem is a consequence of the results in §2 and §3:

THEOREM 4.1. Let g denote the genus of ¥, and 0<k the degree of L—X. There
are integers N(g,k) and D(g,k) such that each class of germs in €(X, L) contains a
representative which is an open subset of a projective surface S, embedded in PV for an
N<N(g,k) of degree at most D(g,k). The curve ¥ is realized as the intersection of S
with a hyperplane.

Remark. The sense in which (X, L) is finite-dimensional is given by this theorem.
The proof is a refinement of the proof of the Nakai-Moishezon criterion for the ampleness
of a divisor, see [Ht, Chapter V, §1]. The extra bookkeeping is done in Theorem 2.1.

Proof. Let Y be a representative of a class in €(X, L). Without loss of generality
we can consider Y to be an open subset in a smooth projective surface X. Let Z
denote the embedded image of ¥ with normal bundle Nz~ L. As Nz is positive, a small
neighborhood X_ of Z can be found with a smooth, strictly pseudoconcave boundary.
From Theorem 2.1 it follows that (X_,Z) is a weakly embeddable, concave structure.
Proposition 3.2 implies that there exists a d€G(X_, Z) such that d<C(g,k)+1. The
conclusions of the theorem now follow from (3.10) and Proposition 3.3.

Remarks. (1) As shown in Proposition 3.3, the image of the map defined by
HY(X_;[dZ]) provides a representative of a fillable germ as an open set in a projective
surface with at worst finitely many isolated singularities.

(2) The theorem implies that every class in €(3, L) has a representative with ¢(X)
the intersection of a hyperplane in P*, n<N(g,k), with a surface in P™ of degree at
most D(g,k). Let C(d,n) denote the surfaces in P™ of degree at most d. This is a
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finite-dimensional space. We see that there is an injective map of (X, L) into the finite-
dimensional space
C(D(g, k), N(g, k)) x PNk, (4.1)

We let ¢(g, k) denote the finite-dimensional image of this correspondence. This is a sense
in which the set of projectively fillable surface germs containing (X, L) with 0<L is
finite-dimensional. This is a weak version of Lempert’s conjecture on the existence of a
universally stable embedding: every fillable germ with the given data can be embedded
into a finite-dimensional family of varieties. The set e(g, k) may be quite complicated,
e.g. it may have infinitely many connected components. Note that the moduli space (4.1)
only depends on the topological data (g, k). Hence if we allow the complex structures on
32 and L to vary then we obtain an injective map into the same space.

(3) The results in this section have a direct bearing on question (3) of the introduc-
tion. If H2(X_; ©®[—Z])=0 then we can extend a small deformation of the CR-structure
on M to a complex structure on X_ so that Z remains a positively embedded holomorphic
curve. Indeed, using results in [EHI| we obtain an analytic map from small deforma-
tions of the CR-structure on M to deformations of the complex structure on X_ which
extend the deformation of the CR-structure and vanish on Z. Let Def(M, ;) denote the
small deformations of the CR-structure on M. Composing this extension map with the
projection to &(Z, Nz) defines a map

9: Def(M,8,) - &(Z,Nz).

If a small deformation w is embeddable then g{w) is fillable. It would be guite interesting
to know if the converse is also true.(') We conclude from Theorem 4.1 that the set
of embeddable deformations is, at least formally contained in a subvariety of infinite
codimension in the set of all deformations. To prove a theorem to this effect one would
of course need to define appropriate topologies and analytic structures on &(Z, Nz) and
Def(M, 3,) in which to analyze the properties of this map. We hope to return to this in
a latter publication. A related result for the case of the 3-sphere appears in [BID].

5. Almost embeddability implies embeddability

Let X_ be a complex surface with smooth, strictly pseudoconcave boundary M. Assume
that there is a smooth holomorphic curve ZCC X_ of genus g, with positive normal
bundle Nz of degree k. In §3 we showed that if M is embeddable then there are a
projective variety VCP™ and a holomorphic mapping ¢: X_—V which enjoy several

(1) Note added in proof. A recent result of Bruno de Oliveira shows that the converse is false.
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special properties. Notably, ¢ is an embedding in a neighborhood of Z, and there is a
proper analytic subset ECX_\Z such that ¢|x_\g is an embedding. In this section we
show that an almost embeddable, pseudoconcave surface is actually embeddable.

A section weC®(M; Hom(T%' M, T1-OM)) with |lw| = <1 defines a deformation of
the CR-structure with the same underlying contact field. For each pe M we set

YTH'M ={Z+w(Z): Ze T M}.
Note that w does not have to satisfy an integrability condition. If
QeC™(X_;Hom(T®'X_, T'°X )
satisfies |||z <1 and the integrability condition
a0-1(0,0]=0

then
CTPX ={Z+Q(2): ZeT}'X }, zeX.,

defines an integrable almost complex structure on X_. If
Qb=Q'T0<1AI =w

then we say that Q is an extension of w to X_.

We now establish that if (X_, Z) is an almost embeddable, concave structure then
bX_ is an embeddable CR-manifold. The first observation is that we do not need to
actually embed bX_ itself, it suffices to embed a sequence of hypersurfaces tending
to bX_. The proof of this statement uses the relative index introduced in [Ep2]. For
the convenience of the reader we recall the basic definitions. Let (M,d,) denote an
embeddable, strictly pseudoconvex, 3-dimensional CR-manifold, and & an orthogonal
projection onto ker 8,. If w denotes an embeddable deformation of the CR-structure
then it is shown in [Ep2] that

S:ker 87 — ker 0,

is a Fredholm operator, and the relative index Ind(8,,0y) is defined as the Fredholm
index of this operator.

Choose a non-negative function po€C° (X _) which vanishes on 56X _ but such that
dpg is non-vanishing on this set. We can further arrange that pg is strictly plurisubhar-
monic in a neighborhood Uy of bX_. For e>0 we let

Xe =pal((67 OO))
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LEMMA 5.1. Suppose that for a decreasing sequence {e,} tending to zero the CR-
manifolds {bX. } are embeddable. Then bX_ is embeddable.

Proof of Lemma 5.1. For each 0<7<&¢eq, we can find a smooth family of contact
transformations
Y bXy =5 bX,, tel0,7],

with 1, =Id. Using these contact transformations we pull back the CR-structures 700X,
to obtain a smooth family of CR-structures on bX,. Let w; denote the deformation

tensors. By selecting 7 sufficiently small we can ensure that
|wellpe <% for t€0,7]. - (5.1)

Observe that for any 0<s<7 the CR-manifold X, is embeddable: We choose an n so that
€n<s. AsbX, isembeddable there is a pseudoconvex, complex manifold X with bX} =
—bX.,. By gluing X' to the collar {z:e,<py(z)<7} we obtain a complex manifold
which contains bX; as a hypersurface bounding a compact, pseudoconvex domain. Using
this construction and Corollary 3.1 in [Ep2] it follows that for 0<s<7 we have

Ind(dX,,bX,)=0.
As wo=lim,_,o ws in the C*-topology it follows from (5.1) and Theorem E in [Ep2] that
Ind(bX,,bX_) > 0.

We can therefore apply Theorem A from [Ep2| to conclude that X _ is embeddable.

Remark. This gluing argument implies that
Ind(bX_,0X,)=0 for s<T.

For sufficiently small s we can therefore embed bX, as a small deformation of a given
embedding of bX_.

THEOREM 5.1. Suppose that (X_, Z) is an almost embeddable, strongly pseudocon-
cave structure. Then bX_ is embeddable.

Proof of Theorem 5.1. Let ¥: X_—PY be a generically one-to-one map of the con-
cave structure (X_, 7Z) and let G denote the minimal, proper analytic subset such that
] x_\g I8 an embedding. If there is an exhaustion function py vanishing on bX_ and
plurisubharmonic on X_\ Z, then, as GNZ=g, it follows that dim G=0. In this circum-
stance we can easily use the lemma to show that bX _ is embeddable. Set M;={py'(¢)}.
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Since 0 is not a critical value for pg there is an €>0 such that py has no critical values
in [0,e]. The generically one-to-one map ¥ is an embedding on the complement of a
discrete set. Thus we can find a decreasing sequence {t,} such that lim¢,=0. For each
n we have:

(1) tn<e, and hence dp is non-vanishing on M;_,

(2) ¥|m,, is an embedding.

In this case the theorem follows from Lemma 5.1.

Now we treat the general case. Our proof makes extensive usage of monoidal trans-
formations and the resolution of singularities. The data we have is X _, a pseudoconcave
manifold with a positively embedded smooth divisor Z. There is an irreducible projec-
tive variety WC P such that ¢/(X_)CW. A priori we do not know that W is a normal
variety. If ¢: W —W is the normalization of W then W and W are bimeromorphic and
biholomorphic in the complement of a finite set. They are moreover biholomorphic in a
neighborhood of Z. Let ¢ denote the composition ¢~ o). This is a meromorphic map
which is therefore defined in the complement of a set I C X _\ Z of codimension at least 2,
see [Gu]. As W\W (Z) is an affine variety it follows that we can find coordinates for
W\w’ (Z) in which the components of ¥ are uniformly bounded in a neighborhood of I.
By Riemann’s extension theorem, 1/’ has a holomorphic extension to X_. This shows
that there is no loss in generality in assuming that ¢ maps X_ into a normal subvariety
W of P™.

Let m: W —W be a resolution of the singularities of W.

LEMMA 5.2. The mapping ¢ factors through W on the complement of a discrete
set. That is, there is a discrete set IC X_ and a holomorphic map @:X_\I—>W such
that

QMX.\{ =7T°?/;-

Remark. We use the notation f: A--+B for meromorphic maps.

Proof of Lemma 5.2. The proof is essentially immediate: 7 !: W —W is a mero-
morphic map, and it is biholomorphic from W \sing(W) to its image. We set p=n"loy);
this map is a biholomorphism from X_\G to 7~1(W \sing(W)). More importantly it
is a meromorphic mapping from X_ to W. This implies that the map extends to the
complement of the indeterminacy locus I. As I is a subvariety of codimension at least 2,
it is a discrete set of points.

Henceforth we let 7: W —W denote a resolution of the singularities of W, and ¥
the lift of ¢. The map @:X,—--)W is holomorphic on the complement of a discrete
set and an embedding on the complement of a proper subvariety G. To complete our
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argument we need to show that by finitely many blow-ups of W we can obtain a map
which is defined on the complement of a discrete set and globally injective. To that end
we first treat the local problem: Let (z,w) denote coordinates for C? and D, D'C C? be
neighborhoods of (0,0). We call a holomorphic map f: D— D’ a germ of a blow-down if
(1) £(0,w)=(0,0),
(2) f is injective on D\{z=0}.

THEOREM 5.2. Suppose that f: D—D' is a germ of a blow-down. Then there are

local coordinates ((,€) on a neighborhood of (0,0) such that in these coordinates the map
is either

F(¢.&)=(¢,¢%), keN, (5.2)

or

F(60)=(¢7 Mot (M (at .+ (P (ap+E) ), @i€C, k€N, i=1,..,p. (5.3)
As a consequence of the theorem we obtain

COROLLARY 5.1. If f: D—D’ is a germ of a blow-down, then there is a finite se-
quence of point blow-ups

D=Dy& Dy I~ pl
and lifted maps f;: D— D] so thot

f=moomofy
and fm: D— D). is a germ of a biholomorphism.

These results are proved in [EH2]. Combining this corollary with Lemma 5.2 we
obtain

ProOPOSITION 5.1. If 1: X_—W is a generically one-to-one mapping of the concave
structure (X_,Z), then there exists a desingularization 7:W—W and a meromorphic

map ¥: X_--»W which is a biholomorphism on the complement of a discrete set and
such that

P="ror.

Proof of Proposition 5.1. We let 7: W—W and 1/3 be respectively the desingulariza-
tion of W and the meromorphic lift of ¢ obtained above. Let I denote the indeterminacy
locus of 121, and F the union of 1-dimensional components of G. As W is smooth and 1&
is generically one-to-one it is clear that rk di(z)<2 for ze E\I. We show that at smooth
points of EF\I the map @@ is a germ of a blow-down. This follows easily from the next
proposition.
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PROPOSITION 5.2. Let U.VCC? be neighborhoods of (0,0) and let f:U—V be a
holomorphic map. Suppose that the set K={z:rkdf (z)<2} is a smooth proper submani-
fold passing through (0,0). If tkd(f|k)(0,0)=1 then f is a non-trivially ramified cover
in a neighborhood of (0,0).

Proof of Proposition 5.2. As rkdf is generically 2 we can find local coordinates
(21, 22) near to 0, and (wy,ws) near to f(0), so that K={2,=0},

f(21,22) = (g(21, 22), 23R (21. 22))

with j>1 and

dg
Tar (0,0)#0, h(0,0) #£0.

For each ¢ sufficiently close to zero there is a unique z1(£) close to 0 with

9(21(8),0) =¢&.

We can solve for z1(22;£) such that

21(0;6) =21(§) and  g(z1(22:§), 22) =¢&.

On the other hand, for 30 sufficiently close to zero the equation

Bh(z1(z2:€),22) =7

has j>1 distinct solutions. Thus f is a j-sheeted ramified covering map in a neighborhood
of 0.

Let {E), ..., Ex} be the irreducible components of F. As ¥ is generically one-to-
one, the proposition shows that rk(dqﬁ] g;)=0 for j=1,..,m. Hence each component
is mapped to a point by ¢, and on each, the Jacobian determinant has a positive,
generic order of vanishing. We use the following iterative procedure to desingularize the
map z@: Begin with F; and blow up the point 1]1(E1), obtaining a space m:wﬁw
and a lifted map ;. As the indeterminacy locus of 9, is discrete, the map 1,@1 is either
locally biholomorphic in a neighborhood of E; or 12)1(E1) is a point. In the former
case we turn our attention to 1(F5,), in the latter case we simply blow up U (Fy).
Proceeding recursively in this fashion we obtain a sequence of monoidal transformations
;e ’WﬁWi_l and lifted meromorphic maps %Z)z X_--» WL- which satisfy

i1 =m0
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As the sum of the generic vanishing orders of the Jacobians of the 't[)z along the components
of E is strictly decreasing, after finitely many such steps we obtain a space 7: WoW
and a lifted map zﬁ:X, ——>W with Qﬁzﬁozﬁ. The map ¢ is defined, holomorphic and
has non-vanishing Jacobian on the complement of a discrete set I;. It is evident that

J;I X \I is a biholomorphism onto its range, which is an open subset of W.

Since the set I g 18 discrete, for almost all ¢ we obtain an embedding
1/~): bX.— 8. C W.

By a finite sequence of monoidal transformations of X. we can resolve the indeterminacy
of 1; at the finite set of points IJ) NX.. Denote the blown-up space by )?E, and the
lifted map by .. For such generic ¢, the image 1216()?5) is a domain in W with smooth,
pseudoconcave boundary S.. Therefore WH:W\@&()?E) is a compact domain with
a smooth, strictly pseudoconvex boundary, CR-equivalent to bX.. This completes the
proofs of Proposition 5.1 and Theorem 5.1.

The following corollary is a simple consequence of Theorem 5.1 and classical results
of Chow and Kodaira, see [CK] and [Kd1].

COROLLARY 5.2. If (X_,Z) is an almost embeddable concave structure, then X_ is
embeddable in projective space.

Proof. From Theorem 5.1 it follows that —bX _ is the boundary of a strictly pseudo-
convex, normal Stein space X,. Therefore X=X Il,x X, is a compact complex space
with a positively embedded divisor ZC X \sing(X). Let X be the minimal resolution
of X. As X_ is smooth it follows that X contains an open subset )?_, biholomorphic
to X_. It therefore also contains a positively embedded holomorphic curve Z. AsZ-Z>1
it follows from Theorem 3.3 in Part I of [Kd1] that X is an algebraic surface and per
force embeddable in projective space. Thus X_ ~X_ also embeds in projective space.

Remark. Consider the following example: Let (V, p) be a compact, projective surface
with a unique singular point at p. Let ZC V' \{p} denote a smooth hyperplane section and
7V >V aresolution of the singularity of V. Let E CV be the exceptional divisor which,
. for simplicity, we suppose is a smooth, compact curve. Let {Bj,..., By} be pairwise
disjoint disks contained in E. As E\|JB; is a Stein space, Siu’s theorem implies that it
has a Stein neighborhood basis {U;}, see [Si]. For each ¢ we can suppose that —bUj is
the smooth, strictly pseudoconcave boundary of a domain XiCIA/, and that ZNU;=9.
The domains X; are almost embeddable: a basis ¢ of sections of HO(V;[Z]) defines a
generically one-to-one map. Evidently ¢(E) is a single point. There does not exist a
projective embedding of X; such that [dZ] is linearly equivalent to a hyperplane section
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Z'=Hn X;. If this were possible then a basis ¢’ of sections for H%(X;;[Z’]) would extend
to define a projective immersion of V where the compact curve E would be mapped
non-trivially into an affine chart. This is because FNX; is a union of open disks and
¢'|Enx, would be an embedding. This shows that in order to embed bX _ it is sometimes
necessary to enlarge the algebra of CR-functions beyond those which arise as restrictions

of meromorphic functions with polar divisor Z.

6. Limits of embeddable deformations

We now establish that if certain cohomological conditions are satisfied then the set of
small embeddable perturbations of the CR-structure on the boundary of an embeddable,

pseudoconcave surface is closed in the C*°-topology.

THEOREM 6.1. Suppose that X_ is a complex surface with an embeddable, smooth,
strictly pseudoconcave boundary such that there exists a smooth, positively embedded,
holomorphic curve ZCC X_ of genus at least 1. If either of the hypotheses

H*(X_;0®[-Z])=0 (6.1)

or
H*(X_;0)=0 and HYZ;Nz)=0 (6.2)

15 satisfied, then the set of small embeddable deformations of the CR-structure on bX_
15 closed in the C*-topology.

Remark. If the genus of Z is zero then the complications encountered here do not
arise. This case, which has already been treated in [Lel], [Le2] and [Li], is considered
in §9.

This theorem has the following corollary:

COROLLARY 6.1. Suppose that X_ is a strictly pseudoconcave manifold with bound-
ary which is embeddable in projective space and contains a positively embedded, smooth,
compact curve Z. If (6.1) holds, then the set of small deformations of the complex struc-
ture on X_ which are smooth up to bX_, vanish on Z and embed into projective space
15 closed in the C*™-topology. If (6.2) holds, then the set of small deformations of the
complex structure on X_ which are smooth up to bX_ and embed into projective space is
closed in the C*-topology.

Proof of Corollary 6.1. Suppose that {Q2,} is a sequence of integrable, embeddable
deformations of the complex structure on X_ which are smooth up to 6X_ and satisfy
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the hypotheses of the corollary. Assume that this sequence converges in the C*°-topology
to Q. Let {w;:j>0} be the deformations of the CR-structure on X _ induced by these
deformations of the complex structure on X_. The sequence {w;: j>0} converges to wp in
the C*-topology. Using Andreotti’s theorem (see [A]) and the resolution of singularities,
it follows, for each j>0, that (bX_,“T%!bX ) bounds a compact complex manifold. It
follows from Kohn'’s theorem (see [Ko]) that each is therefore embeddable. If the w; are
sufficiently small then Theorem 6.1 implies that (X_,“°T%16X_) is embeddable as well.
Let X’ denote the normal Stein space with this boundary, and X ” the manifold X_ with
the complex structure defined by €. If the deformations {Q;} are sufficiently small, then
under either hypothesis X’ contains a positively embedded, compact curve (see Step 1
below). Let X be the minimal resolution of the singularities of the compact complex
space X'=X'11X". Since X’ is smooth, X contains an open subset biholomorphic
to X’ . Hence X contains a positively embedded, compact curve, and so satisfies the
hypotheses of Theorem 3.3 in Part I of [Kd1]. It is therefore an algebraic surface which
embeds into projective space.

Proof of Theorem 6.1. The proof has two main steps:

(1) Let {w;} be a sequence of small embeddable deformations of the CR-structure
on bX_ which converges in the C*®-topology to wg. Using the cohomological hypotheses
we show that each deformation of the CR-structure w; can be extended to an integrable
deformation §2; of the complex structure on X_. Let X_; denote X_ with the complex
structure defined by ;. We further establish that §2; can be chosen so that there is a
smooth, compact, holomorphic curve Z;C X _;. Finally we show that (2; converges to {2
and Z; to Zy in appropriate topologies.

(2) After passing to a subsequence, we study the limits of the generically one-to-
one maps and projective varieties ¢;: X_;—V;. This allows us to show that there is a
generically one-to-one, holomorphic map 1: X_o—P™, and therefore that (X_g, Zp) is
almost embeddable. From Theorem 5.1 this suffices to conclude that bX _g is embeddable.

Step 1. If (6.1) holds then we can apply the extended Kiremidjian theorem, see [Le2],
[EH1], to obtain {;:7>0}, integrable extensions of {w;:7>0} which vanish along Z.
That is,

Qj =00=j,

where oo€ HY(X_;[Z]) with divisor equal to Z, and the {Z;} are smooth tensors. We
can also assume that the sequence {Q;:j>1} converges in the C*°-topology to {2 as
j—o0.

If (6.2) holds then we proceed a little differently. We apply Kiremidjian’s theorem
to obtain integrable extensions {{2:j>0} of {w;: j >0}, converging to € as j—oo. If



190 C.L. EPSTEIN AND G.M. HENKIN

the deformation tensor ) is sufficiently small, then, as H'(Z;Nz)=0, we can apply
Kodaira’s stability theorem (see [Kd2]) to locate an ©j-holomorphic curve Zy, a small
deformation of Z such that

deg Nz, =deg N. (6.3)

As € converges to (f in the C*-topology we can, for sufficiently large j, locate Q-
holomorphic curves Z ; which are small deformations of Zy and converge to it in the C*°-
topology on submanifolds. We henceforth omit the finitely many terms of the sequence
for which such a curve does not exist, and relabel the remaining terms beginning with
j=1.

Select. diffeomorphisms {y;€Diff (X ):j>1} which reduce to the identity in a
neighborhood of bX_ and carry Z;- onto Zg. The size of 3, in the C*°-topology on
Diff.(X_) can be controlled by the C**-seminorms measuring the distance between Z/
and Zy, and therefore by the C*°-seminorms of w; —wp. We let Q; be the pullback of
Q2% via ;. This is again an integrable extension of w;, with Zy a holomorphic curve.
For 7220 we let X_; denote the manifold X_, with the complex structure defined by the
deformation tensor ;, and Z;=1;(Z;) denote the smooth divisor with respect to this

complex structure.
Step 2. We now consider the behavior of the generically one-to-one maps
pir XV
obtained in Corollary 3.1. Our goal is to prove the following result:

THEOREM 6.2. There exists a d>0 such that H°(X_o;[dZy]) is base-point-free and
defines a generically one-to-one map of (X _qo. Zg) into projective space.

Remark. In a subsequent paper we will give an analytic proof of this statement. It

follows from the estimates
dim HY'(V;, [dZ;]) = 0(1),
uniform in d and j. This proof is also rather involved.

Proof of Theorem 6.2. As the proof of this theorem is quite long we begin with a
short outline. Because the manifolds {X _;} can be compactified we can use Corollary 3.1
to obtain a generically one-to-one map of each (X_;, Z;) into a projective space such that
the images are contained in irreducible subvarieties of uniformly bounded degrees. Using
standard compactness results we show that the bases of sections defining these maps
have convergent subsequences. Two problems arise in the limit:

(1) The limiting collection of sections might have base points, and so fail to give a
globally defined map of X_g into projective space. In general, the limiting map is defined
in the complement of a finite subset of Zj.
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(2) It is not evident that the limiting map is generically one-to-one.

To handle these problems we consider the image varieties as defining holomorphic
currents. As the degrees are uniformly bounded, this sequence of currents necessarily
has convergent subsequences. This allows us to use the approximating maps to control
the global properties of the limiting map, and thereby to prove the proposition.

The hypotheses of the theorem imply that for each j>0 there is a normal Stein
space X j, with bX,;=—bX_; as CR-manifolds. Let X;=X,;Ilyx ;X _;. These are
compact complex spaces each with a positively embedded, smooth curve Z;. Of course,
with our normalizations the Z; are all represented by the same “physical curve” Zo,
though the complex structure in general depends on j. Let HY(X ;;[dZ,]), j>0, be the
holomorphic sections of the line bundle defined by the divisor [dZ;]. Let g denote the
genus of Zy and k the degree of the normal bundle. From Proposition 3.5, (3.10) and
(3.11) it follows that, for 70 and d>1+4(2g—2)/k, we have the estimates

M(g, k,d) <dim HY(X_;;[dZ;]) < M(g,k,d)+E(g, k). (6.4)

For each j>0 the complex space X ; is normal. As the line bundles [dZ;] are trivial in
a neighborhood of X, ;, it follows easily that every element of H°(X_;;[dZ;]) extends
holomorphically to define an element of HY(X;; [dZ;]).

Recall that G{X_;,Z;) is the set of integers such that H%(X_;;[dZ,]) defines a
holomorphic map of X _; into a projective space which is an embedding of a neighborhood
of Z;. From Proposition 3.1 we know that

INAG(X_j, Z;)| < C{g, k)- (6.5)

For j>0 it follows from the Corollary 3.1 that these maps are generically one-to-one
on X_;. The proof of this statement required an embedding of X_; as an open subset
of a compact complex space. To obtain a generically one-to-one map for the limiting
structure we need to choose d judiciously. First we state a lemma in algebraic geometry
whose proof is deferred to the end of this section.

LEMMA 6.1. Suppose that ¥ is a Riemann surface of genus g, and L—=X a holo-
morphic line bundle of degree k>0. For each non-negative integer | there is an integer
d(g,k,1) such that, if d>d(g,k,l) and SC H°(Z;L4) is a linear subspace of codimen-
sion 1, then there is o finite subset {xy,...,x,}CX, containing the base points of S.
Moreover, S defines an embedding of L\{z1,...,x,} into PS*.

Existence of a limiting map. We need to consider more carefully the sequence of
vector spaces { H(X _;;[dZ;])}. We are in precisely the situation considered in the proof
of Proposition 3.5. Let

D;4: [dZo) — [dZ;]
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denote, as before, bundle isomorphisms and Ejd the induced representation of the d-
operator on sections of [dZ;] as an operator on sections of [dZ;]. As before we have the
identifications

H(X_j;[dZ;))=®;4ker Djy for j,d>0. (6.6)

We now make use of the estimates given in §3 of [Le2]. Lempert considers a complex
manifold with boundary Y, such that the Levi form of dY has at least one negative
eigenvalue at each point. Let L be a holomorphic line bundle on Y with d-operator D,
acting on C*(Y; L). Lempert shows that there are constants C,, C} such that for ue
C>(Y; L) we have the estimates

luls < Cs(|Duls—1+]ulo), s=1,2,...,

(6.7)
luls < Cllulp for ul HY(Y;L), s=2,3,....

Here {|-|s:s€[0,00)} is a family of seminorms defining the standard topology on
C>(Y;L). The constants {C,} are geometric in nature, obtained by localizing to co-
ordinate patches where the line bundle L is smoothly trivialized. Thus if we have a
family of complex structures on Y and L with uniformly bounded geometries on Y, then
we have uniform bounds on these constants. From this it follows that for each pair (s,d)

there is a constant CA's,d such that each ue H(X ;;[dZ;]), j >0, satisfies

|(I)j_d1u|s < és,dluls < 6s.dCs,d|uIO < é\'s,dl(I)j_dluI(]‘ (68)
Let r; 4 denote the restriction mappings
ria: HNX_j;[dZ;]) » H*(Z;: Ng,).

In Lemma 3.1 we showed that there is an integer E(g, k) such that r; 4 may fail to be
surjective for at most E(g, k) values of d. From this observation it follows that we can
find arbitrarily large values of d>d(g, k, E(g, k)), where d(g, k,!) is defined in Lemma 6.1,
such that

(6.9) the maps ro 4 and rg 441 are surjective,

(6.10) there exists an infinite subsequence {j1, j2, ... } such that r;, 4 and 7;, 441 are
surjective for all £>0.

To see this let dy be chosen so that rg 4 is surjective for d>dy. Suppose that for
a d>dy there does not exist a subsequence satisfying (6.10). Then there is an inte-
ger Jg such that for j>J; at least one of the maps r; 4, 7; 441 is not surjective. It is
clear that this can happen at most 2E(g, k) times. Let d; be henceforth fixed so that
di >2max{dy, d(g, k, E(g,k))} and (6.10) holds. To simplify our notation we relabel this
subsequence {X_;, X_g,...}.
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Fix a volume form on X_ and a Hermitian metric on the fibers of [Zp], thereby
obtaining metrics on [dZy] for all d>0 as well as inner products on C*(X _;[dZp]). For
each j>0 let 0jo denote a section of H%(X_;;[Z;]) with divisor equal to Z;. If we
normalize so that each @;11(0]-0) has norm 1 then it follows from the estimates (6.8) and
the Rellich compactness theorem (see [Ka]) that there is a subsequence converging to
oo in the C*°-topology. Here oo is a holomorphic section of [Zg] which vanishes simply
along the divisor. We continue to denote this subsequence by {0}

For 0< j we construct ordered bases for H*(X_;; [dZ,]), 0<d<d;+1, in the following
manner: Fix a basis for H°(X_;;[Z;]) of the form

ej1= (050, fi11, s fiiny, )-
Inductively define
€im = (UjOej(m—l)3 fjmly (R} fjmnm]' )7

where {7 (fim:):9=1, ..., 1  } is a basis for range r; n,. Finally for each pair j, d let ¥; 4
denote the result of applying the Gram—Schmidt process to the ordered basis <I>j_d1(ejd).

It follows from the pigeon hole principle and Lemma 3.1 that we can select a sub-
sequence {j;} so that Ny=dim H%(X_j;,;[dZ;,]) is constant for 0<d<d;+1. Again using
the estimates (6.8) and Rellich compactness we can further assume that the subsequence
{W;, a} converges to ¥y 4 in the C>-topology on X_, for 0<d<d;+1. Here ¥g 4 is a lin-
early independent collection of holomorphic sections of [dZy]; though of course it may fail
to span HY(X _o;[dZo]). Let WyC HY(X_o;[dZo)) denote the subspace spanned by ¥ g4,
for 0<d<d;+1. As ¥,, ; are orthonormal bases it follows easily that dim Wy=N, for
0<d<di+1. Let N=Ng, 1.

From our choices of subsequence and d; it is apparent that 75, 4, and ry; 4,1 are
surjective for all 4. Corollary 3.1 shows that for i>0 the maps into P defined by

HO(X 5 [(da+1) Z5,),

which we denote by ¢;, 4,11, are generically one-to-one and embed a neighborhood of Z;;,.
The image of ¢}, 4,+1 is contained in an irreducible projective variety V;. From Proposi-
tion 3.3 it follows that deg V; < D for some fixed integer D. There is a fixed hyperplane H
such that

Croiri1(Z;) =VinH.

Since the sections ojq, 720, vanish only along Z, the uniform convergence of the bases
{9, 4,+1} and the maximum principle imply that there is a neighborhood R of Z and a
neighborhood S of H so that

Giodt1(XG\R)CPY\S  for all 4. (6.11)



194 C.L. EPSTEIN AND G.M. HENKIN

Basic structure of the limiting map. We have not been able to show that ro 4w, are
surjective for d=dy, d;+1. It follows easily from (3.12), however, that for d=d;,d;+1 we
have the estimates

dim [H%(Zo; Ng,)/70,a(Wa)] < E(g, k).

From our choice of d; and Lemma 6.1 it follows that there is a finite set Eg={x1, ...,z }
containing the base points of 19 4(Wy), d=d; and di+1, such that spaces of sections
r0,4,(Wa,) and 79 4, +1(Wy, ;1) define embeddings of Zy\ Ey into projective spaces. As
the first component of ¥g 4,41 is a constant multiple of 08%“, it follows that the base
locus of the subspace Wy, 41 is contained in Zg, and therefore in the finite set Ey. Thus
Wo,4,+1 defines a holomorphic map ¢g 4, +1: X_o\Eo—P?¥ and a meromorphic map from
X_o to PV, Note that as Z is 1-dimensional the singularities of ¢¢ 4, +1|z, are removable.
The image of the extended map is simply the closure of g 4,+1(Zo\ Eo). Since 7¢ 4,(Wa,)
is base-point-free on Zy\ Ey, it follows that the rank of dyg 4,+1(z) equals 2 for every
r€Zo\ Ey. Fix a Riemannian metric on X_ and let Bs(x) denote the metric ball of radius
0 centered at z, Ss(x)=bBs{x) and

X0 =X_\ -Ql Bs(x;).

(3

We can remove the indeterminacy of the meromorphic map ¢g 4,+1 by blowing up,
successively, a sequence of points to obtain a complex manifold 7: X’ ;— X ¢ and a glob-
ally defined map ¢f 4 ,,: X_,—P". Let E;Cn~!(Eg) denote the exceptional divisor.
Then we have that

X' \E1— X ¢

is a biholomorphism onto its image, and
7
Wo,d1+1°7f|x;0\El = <Po,d1+1|XLO\E1-

Let Zy=n"1(Zy\ Ep); it is biholomorphic to Zp.
The exceptional divisor E; is a finite collection of P¥’s. As the genus of Z}} is greater
than 0 it follows from the Riemann-Hurwitz theorem that

I= @6,d1+1(E1)0906,d1+1(Z6) (6.12)
is a finite set of points. Note that as rkdyyg 4 ,,(z)=2 on an open set, the set
E)={z:1k ¢6,d1+1($) <2}

is a proper subvariety of dimension at most 1. The analogous statement is therefore true
for the meromorphic map g 4, +1.
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Structure of the limiting variety. Consider the sequence of varieties {V;} as defining
a sequence of positive currents {[V;]} on PV. As degV;<D for all 1, it follows that the
masses of the [V;] are uniformly bounded. A result of Bishop implies that {[V;]} has a
weakly convergent subsequence {[V;,]}, and that the limiting current C is a holomorphic
2-chain. In fact,

Jim [V,,]=C=3 nlYy], (6.13)

j=1

where the Y; are distinct, purely 2-dimensional, irreducible subvarieties of PV, and the
n; are positive integers, see [Bi] and [Hv]. The image ¢o4,+1(X_0\Fo) is contained
in a single irreducible component of C. If it were not, then one could easily construct
a non-trivial meromorphic function on X_¢ which vanished on an open set. Call this
component Y;. We again relabel so that the subsequence {{V; ]} is simply {V;} with
corresponding relabeling of the bases, maps and pseudoconcave manifolds.

We need to have a somewhat more precise picture of the convergence of the se-
quence {[V;]}. The exceptional divisor E;C X’ is a union of P!’s, and in particular it
has real codimension 2. This implies that for each £>0 there exists an r(¢)>0 so that if
r<r(e) then the 3-dimensional Hausdorff measure of

To.r = 0,0, +1(U Sr(#1)) =04 4, 4107 H{U Sr(21))

satisfies
/Hg(T(),T) <E.

H3 denotes 3-dimensional Hausdorff measure. The (relabeled) bases {¥, 4} converge in
the C*-topology on X_ to W 4. This easily implies that the maps into projective space
defined by these bases converge locally uniformly in the C**-topology on X_\ Ey. From
this we conclude that, for a fixed r<r(¢) and a sufficiently large j, we have the estimate

H3(T;,)<2e where Tj, = ;4 +1(U S (1)) (6.14)

This implies that we can choose a subsequence {ix} and a sequence r;—0 such that if

we set
Vi = @i (Xi\UBr(@1),  Vip =0ig,d141(U Bri(a))
then
Vil =Vi+Vi and dVy]=—dlV]=Tk (6.15)
and

lim ’Hg(Tk) =0.
k—o00
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By choosing a further subsequence of {[V;,]} (which we continue to denote by {[V;,]})
we can assume that {[sz]} and {:I:d[sz]} converge weakly to currents C* and D re-
spectively. Of course,

dC*=—-dC~ =D, C=C"+C~ (6.16)

and C¥ are integer multiplicity currents with support on the holomorphic varieties {Y;}.
As H3(D)=0 it follows from the support theorem of Federer that d[C*]=0. It now
follows from the structure theorem of Harvey and Shiffman for closed, positive currents
that

CE=> nf[vi. (6.17)
i=1
From (6.13) and (6.16) it follows that {n;F} are non-negative integers with
n;=n4+n;, i=1,..m,
see [Hv].
The limiting map is unramified. Let wegy 4 1(Zo\7~ " (Eo))\1, see (6.12). There
is a unique point z € Zy\ Ey with
00.d,+1(%) = 0 g, +1(z) = w.

We claim that the point z has a neighborhood U, C X' j\ E; such that

(‘P(),dl+1)_l(90(),d,+1(Uz)) =Uy. (6'18)

The rank of dcpf): 4, +1(Z) is two, and therefore ¢ ; ., is one-to-one in a neighborhood
of z. If U did not exist then we could find sequences {p,}, {g,} such that

#0,di+1(Pn) = 0.4, +1(dn),  lim pp =1,

but z is not a limit point of {g,}. As ¢ 4, 1(¢n) converges to a point on H it follows
that the sequence {g,} remains in a compact neighborhood of ZjUE,;, and that its
limit points must lie on this set. Let q be a limit point of this sequence. Evidently
©0,d,+1(0) =94 4, +1(z) =w. Since § 4 1 1|z,\E, 15 2n embedding, the point ¢ must belong
to Ey. This would, however, imply that we I, which is a contradiction. This shows that
a neighborhood U, satisfying (6.18) exists.

Recalling the definition of the neighborhood R from (6.11), choose a point z€ Zp\ Ey
and let U, C R be a neighborhood which satisfies (6.18). By shrinking U, we can assume
that rk dpg 4, +1(y) =2 for all yeU,, and that g 4,41 embeds U,. Now choose

we <p07d1+1(Um)\IUY2U...UYm.
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This is surely possible as ¢g 4,+1(Us) is an open subset of Y1, and Y1NY;, i>1, are proper
analytic subvarieties. Let Q,, C o 4,+1(Uy) be a neighborhood of w such that Q,,NY;=@
for i>1, and choose an open subset @, CS of PV (see (6.11)) such that

Q,NY1=Q, and Q,NY;=2 fori>1. (6.19)

Now choose a non-negative function x€C°(Q),,) such that x(w)=1. Let n denote
the canonical Kahler form on PV. It follows from (6.13) and (6.19) that

m[Vi](x7?) = lim [V, ](xn?). (6.20)

Since ;, 4,+1 15 generically one-to-one it follows that
[Vik](an):/ @51 (X77)-
ik
As U, CR it follows that in fact
Vi) () :/ @i +1(x77%)- (6.21)
—~ip

For any sufficiently small >0 we have that U, CC X%, and therefore
C*xn®y=lim | @} 4 1(xn®)= / @5 4, 110x7°) = 1] (x7)- (6.22)
k—oo [xs X8

The last equality follows from (6.18). As [Y1](xn?)>0 equations (6.20), (6.21) and (6.22)
imply that

ni=1 and nj=n;—-1. (6.23)

Now suppose that we could find disjoint open sets Uy, Us C X_\ Zy such that

0,4, +1(U1) = 0,4, +1(U2)-

Since rkdpg 4,+1=2 in the complement of a proper analytic subset we could choose
disjoint open sets U, Us such that

(1) wo,d1+1lv,, 1=1, 2, are embeddings,

(2) @=v0,d,+1(U1)=¢0,4,+1{(U2),

(3) for i>1, @NY;=2.
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Let Q’"CPY be an open set such that Q'NY;=Q and Q'NY;=o for i>1. As before
we select a non-negative function x€C®(Q’), with x(w)>0 for some we@. Choose a
§>0 small enough so that U;UU,CC X¢. Then we have that

m[Yll(xnz)=klgn;o[%k](xn2)=klirr;o /Xé 0r a1 (X)) +C~ (xn?) 620

> 2[Y1](xn?)+(n1 - D[] (xn?)-

The last inequality follows from (6.23) and our choice of open sets Uy, Us. As [Y1](x7?)>0
this contradiction proves that such subsets do not exist.

Construction of the generically one-to-one map. We now augment the basis ¥g 4,41
to obtain a basis g 4,41 for H%(X _o; [(d1+1)Z5]). In light of (6.9) this basis is base-
point-free, and therefore defines a map

v: X_o—PM,

where M=dim H%(X _¢;[(d1+1)Zo])—1. It is clear from (6.9) and Lemma 3.2 that ¢
embeds a neighborhood of Zy. There is a linear projection p: PM —P¥ such that

Po,d;+1=Po.

This implies that there do not exist disjoint open subsets Uy, Uo C X_ with ¢(U1)=¢(Uz).
Let WCPM be the irreducible subvariety obtained in Proposition 3.3 such that
W(X_)CW and sing(W) is a finite set. To complete the proof of Theorem 6.2 we need
to show that 1 is generically one-to-one.
Let Ea={x€X _o:rkdy(xz)<2}. This set is a proper subvariety, and therefore E;=
ESUE] where E} is the union of i-dimensional components of E;. The subset EJ is
discrete.

PROPOSITION 6.2. If E} is the union of 1-dimensional components of Ea then
Y(E3) is a finite set of points.

Proof of Proposition 6.2. First we show that rkd(y|z;).(p)=0 for peE}. Suppose
that this were not the case at some point in EJ. As sing(W) is a finite set we could
therefore find a smooth point x€ EJ such that ¥(z) is a smooth point of W and

rk(d(¥|gy))(z) =1.

We apply Proposition 5.2 to conclude that 1 is a non-trivially ramified cover in a
neighborhood of z. This would imply that there were disjoint open sets Uy, Uz with
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¥(U1)=v(Uz). Each connected component of E} is therefore mapped to a single point
by 1, and each connected component is a union of irreducible components of E. There
is a neighborhood Up of 5X_ in which a defining function pg for bX _ is strictly plurisub-
harmonic. The maximum principle implies that no irreducible component of Ej can
be contained in Up. It is clear that sing(£3)N{X _\Uo} is a finite set, and therefore
E}N{X_\Up} has finitely many irreducible components. As every irreducible component
of £} intersects X_\Uy, this implies that E3 has finitely many irreducible components.
This completes the proof of Proposition 6.2.

LEMMA 6.3. There is a discrete set of points EsC X_ such that, if G=FE;UFEs, then
Y|x_\q is an embedding.

Proof of Lemma 6.2. Suppose that there exist £y € X _\ F2 with ¢(z}=v¢{y). From
the definition of E it follows that rk di(z)=rk dy)(y)=2. The image point (z)=y(y)€
sing(W). Otherwise we could find disjoint open sets U, U, with ¥(U,)=4(U,). If there
exists x€X_\ E3 and y€Es such that ¥(x)=1(y), then again ¥(z)€sing(W). If it were
not, then there would again exist disjoint neighborhoods U,, U, of z,y, respectively,
such that ¥(U,)"(Uy) has non-empty interior. In either case the germ (W, ¢(x)) must
be reducible and the disjoint neighborhoods U, U, must have images lying in different
components of the germ. As sing(W) is finite the different components must intersect in
a point. This shows that for some set GC E,U~!(sing(W)) the restriction ¢|x_\¢ is
an embedding. The lemma follows from the finiteness of the set sing(W).

Thus the map 1 is generically one-to-one. To complete the proof of Theorem 6.2,

and thereby the proof of Theorem 6.1, all that remains is the proof of Lemma 6.1.

Proof of Lemma 6.1. To prove the lemma we use the following more precise state-
ment:

SuBLEMMA 6.1. Let ¥ be a Riemann surface of genus g, and L—X a holomorphic
line bundle of degree k>0. Let N+1=dim H°(3; L), let ¢ be the canonical map

¢: 2= PHO(S; L) ~ PV,

and m: PN PN~ be a linear projection. There are at most | pairs of distinct points
(a;,b;) €L such that mop(a;)=mow(b;), provided

dk—2(1+1) > 2g—1. (6.25)
Remark. We would like to thank Ron Donagi for the statement and proof of this

sublemma. It is a classical general position argument which makes extensive usage of the
language and notions of projective geometry, see [GH].
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Proof of the sublemma. We prove the sublemma by induction on I. Recall how a
linear projection m: PV —»PN-! is defined: given a subspace QC P of dimension [—1
we obtain a holomorphic map mg: PV \Q—PN~! by mapping a point pe PV\Q into the
unique I-dimensional subspace of P~ spanned by p and Q. More concretely one can select
an (N —I)-dimensional linear subspace R disjoint from (. Then 7o (p) is the intersection
of the linear subspace spanned by p and @ with R.

Since L>0 there is a divisor Dy, so that the line bundle [Dy] is linearly equivalent
to L. Let ® be a fixed basis for H(X; L¢)~ H%(%;[dD.]). We begin the induction with
[=1. Choose a point g€ P¥. First suppose that g=¢(c;) for a c;€Y. There cannot exist
two points a1 #b; €3\ ¢ 1(q) with

mgop(ar) =mgop(by). (6.26)
Let hePY* be a linear functional such that

If (6.26) holds then q is collinear with (a;) and (b;), and therefore we would also have
that

This would imply that
HO(Z; [dDr\{a1, b1 }]) = H%(Z; [dD\{a1,b1,c1}]). (6.27)

If kd—3>2g—1 then (6.27) contradicts the Riemann-Roch theorem. If q¢ap(2) then
there cannot exist two distinct pairs (a;,b;), i=1,2, such that

meop(ai) =mgep(bi), i=1,2. (6.28)

As p(a1),p(by) and q are collinear, if h€ P™V* is chosen so that h-®(a;)=h-®(b;)=0 then
h-g=0 as well. As p(az), p(b2) and q are again collinear, if h-®(az) also vanishes then
h-®(b;)=0 as well. This would entail

HY(Z; [dDr\{a1, b1, a2}]) = H(Z; [dDr\{a1, b1, a2, b2 }]).

If kd—4>2g—1 this again contradicts the Riemann—Roch theorem. This completes the
case [=1.

Suppose that the result is proved for {1,2,...,5} and that dk—2(j+2)>2g—1. Let
Q be a j-dimensional subspace of PV, and let 7o be the linear projection to PNV=(+1
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it defines. For convenience we select an [N —(j+1)]-dimensional subspace R disjoint
from Q and ¢(X) so that mg: PV \Q— R. To shorten the exposition we only present the
details of the induction step for the generic case QNp(X)=2. As in the case [=1, the
non-generic cases are even more restrictive.

Suppose that there are j+2 distinct pairs {{a;, b;}} such that
T('QO(,D(G,Z'):WQOQO(bi):T‘iGR, i=1,...,7+2

Let g; denote the intersection of the line through ¢(a;) and r; with @, and ¢, the in-
tersection of the line through ¢(b;) and r; with Q. This collinearity entails the linear
relations

anrit0iap(ai) =aq, qiri+Bip(b)=q.

Here and in the sequel we tacitly identify points in P¥ with points on the lines in
CN+1\ {0} which define them. For homogeneous relations of this type this practice should
cause no confusion. As both QN R and @Np(X) are empty, none of these coefficients can
vanish. These relations imply that

¢ = aingi —ain g, = iz Baplas) — i Bioe(bi)- (6.29)

As the map ¢ separates points it follows that ¢)'#£0, i=1,...,j+1. We claim that the

points {q7, ..., ;1 } are linearly independent. If not, we would have a linear relation
j+1
> e =0, (6.30)
i=1

with some coefficient non-zero. We can relabel so that ¢;#0. Combining (6.29) and
(6.30) we would deduce that
Jj+1
Ci
a12fup(ar) —anBiap(by) = — Z aai2ﬁi1@(ai) — a1 Biap(bs)- (6.31)

=2

This would imply that
HO(S;[dDy—{a1,a2,bz, ..., aj41,bj41 1) = HY(Z; [dDy, —{a1, b1, 62, b2, ..., @41, 41 }])-

As kd—2(j+1)>2g—1 this contradicts the Riemann-Roch theorem. Since dim@Q=j it
follows that the points {g7,...,q},,} span the subspace. If ke P"* is chosen so that

h-®(a;) =h ®(b;)=0 fori=1,..,j+1, (6.32)
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then (6.29) implies that h-¢/=0, i=1,...,j+1, and therefore, as {q{,...,qj(,} span @,
we have that

h-q=0 for all ge@Q.

In particular, h-qj+2:h-q;-+2=0. If h-®(a;4+2)=0 as well, then h-r;15=0, and therefore
as p(bj12), ¢j42 and 7542 are collinear we see that h-®(b;42)=0. This would imply that

H(S;[dD—{a1,b1, ..., aj41, b1, aj42}])
= HO(E; [dDL —{al, bl, veny (1j+1, bj+1, aj+2, bj+2}]).

As dk—2(j+2)>2g—1 this contradicts the Riemann-Roch theorem and completes the
proof of the sublemma in the generic case. The non-generic cases are left to the reader.

Using a similar argument one easily shows that a subspace SC H°(X; L?) of codi-
mension /, where kd—2(l+1)>2g~1 has a finite number of base points B={s1, ..., $m }
Thus the subspace defines a map ¢’: X\ B—+PS*. The lemma now follows immediately
as the sublemma shows that at most a finite number of points in ¢’'(X\ B) can have two
or more preimages. As dy’ is not identically zero it vanishes at finitely many points.
This completes the proof of the lemma.

II. Stability results for deformations with
extensions vanishing to high order along Z

7. Extending sections of the normal bundle

In a previous paper, [EH1], we considered the problem of extending deformations of the
CR-structure on bX_ as integrable, almost complex structures on X_. From Lempert’s
work it is clear that it is often useful to have an extension for which the deformation
tensor vanishes to a given order on a smooth, compact curve ZC X_. Suppose that w
is a deformation of the CR-structure on M, and € is an integrable deformation of the
complex structure on X _, that satisfies

(1) Qb:Q|T0v1M =w,

(2) E=0;%Q has a smooth extension across Z,

(3) 09-1[0,Q)=0,
then we say that w has an integrable extension (to X _) vanishing to order d (along Z). Let
E4(M, X_, Z) denote the set of deformations of the CR-structure with such an extension.
In [EH1] the following theorem is proved:
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THEOREM EHI1. Let X_ be a smooth, strictly pseudoconcave surface containing a
smooth, positively embedded holomorphic curve Z. We further suppose that the CR-
structure induced on bX_ is embeddable. For any 0<d the set £4(M, X_, Z) contains an
analytic subvariety of the set of all deformations of the CR-structure of codimension at
most 2dim H2(X_;0®[-dZ]).

Remarks. (1) Using a slight variant of the proof of Theorem EH1 one can improve
the codimension estimate to the more natural bound

codim £4(M, X_, Z) < dim H*(X_; 0®([-dZ]),

see |EH3]. For applications of the improved results see §10.

(2) Kiremidjian proved a version of Theorem EH1 under the assumption that the
formal obstruction to extending the deformation tensor H?(X_;©) vanishes. Using the
Nash-Moser theorem he obtains extensions in C**(X_) which do not depend analytically
on the boundary data. In [EH1] we obtain extensions of finite differentiability which

depend analytically, in appropriately defined Hilbert spaces, on the boundary data.

In Part I we considered circumstances where small deformations of the CR-structure
on bX_ could always be extended to X_ in such a way that a smooth, positively embed-
ded divisor Z also deforms in a controlled manner. Unless Z~P!, 2 is the minimal order
of vanishing, which implies that Nz, the holomorphic normal bundle, remains fixed under
the deformation of the ambient complex structure. We now consider the consequences of
having extensions of deformations which vanish to order 3 or more along the divisor. It
must be stressed that we know of only one class of examples with H2(X_; O®[-3Z])=0,
neighborhoods of P! in P2 As follows from the extension result above, however, the
codimension of £3(M, X_,Z) is always finite, and one hopes that the collection of em-
beddable structures with such an extension is also of “finite codimension”. In this and
the following section we show that embeddable structures in £3(M, X_, Z) have stability
properties analogous to those of hypersurfaces in C2.

Suppose that w defines a deformation of the CR-structure on M which has an
extension to an integrable, almost complex structure 2 on X_, vanishing to order d>0
along Z. We denote X_ with this complex structure by X’ . When confusion might arise
we continue to denote objects connected with the deformed complex structure with a ’,
e.g. @. We denote the line bundle defined by the divisor Z with respect to the deformed
complex structure by [Z’]. Suppose that (M,“T%1M) is embeddable and hence the
boundary of a compact Stein space X,

To proceed with our analysis it is useful to have a more explicit description of the
complex structure on the line bundle [Z’]. To that end we construct local &’-holomorphic
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defining functions for the hypersurface Z’. Fix a cover of a neighborhood of ZC X_ by
open balls {Uy, ...,Ug} such that in each U; we have 8-holomorphic coordinates (z;,w;)
with

ZNU; ={z;=0}.

We further suppose that each U; contains the unit ball B; in the (z;, w;)-coordinates,
and that these balls also define a cover of a neighborhood of Z. Let Uy denote an open
set in X_ disjoint from Z such that Uy along with the balls of radius 1 is a cover of X_.
If we set

24 1<1<Q*
0pi = i
1, 1=0,

then op={00;} is a holomorphic 0-cochain with (op)=[Z].
The basic facts we need are contained in the following technical lemma. Here we let
(z,w1, ..., wn—1) denote linear coordinates on C™ with H={2z=0}.

LEMMA 7.1. Let Q€C*®(B;;0®A%!) define an integrable deformation of the com-
plex structure on the unit ball By in C™, such that Q=2z%Z for some d>0. Here =
is smooth in By of sufficiently small C"*2-norm. There exists a function 2'€C>®(B),
holomorphic with respect to the deformed complex structure, such that z'=hz where

h=1+0(|z|").

The map Z=—h—1 is continuous from C°(B;OQA>'1 ®[—dH]) to C=(B1).

This is an extension of Lemma 4.1 in [Le2]. The proof can be found in [O].
We apply the lemma to obtain local &’-holomorphic defining functions for Z’. For
each >0 let z,€ O(B]) denote the function defined in Lemma 7.1, and set

' zl, i>0, (7.1)
Opil B, = . :
0 1, i=0.
The ¢’-holomorphic cochain o} satisfies
(00)=12']

Transition functions for [Z] and [Z’] are given by

R

Zq 1
gij=— and gj;=
Zj

!

respectively.
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We let
!
hy ="t (7.2)

The smooth 0-cochain h={h;} defines an isomorphism between the smooth line bundles
[Z] and [Z']. If s is a smooth section of [Z] we denote the corresponding section of [Z']
by h-s. From the lemma. it follows that 1—h; is estimated on B; by bounds on Z|p,, and

moreover

hi=140(|z|*"Y), i>0. (7.3)

Of course, hg=1.

We now consider the extension of sections of Nz to sections of [Z'].

LEMMA 7.2. Let Q be an integrable deformation of the complexr structure on X_
vanishing to order d>1 along Z. If T is a section of H(Z; Nz) which has a holomorphic
extension as a section of [Z], then T has a smooth extension to X_ as a section § of
[Z'] which satisfies

ds=0f""a, (7.4)
where a is a smooth [(2—d)Z]-valued 1-form.
Proof. For se HY(X_;[Z]) we let =h-s be a smooth section of [Z']. If {2 vanishes
to order d>1 along Z then 3|z =s]|z, and it follows from (7.3) that
3= (0p) e,
where « is a smooth [(2—d)Z’]-valued 1-form.

Suppose that X’ is a compact domain in a projective surface V'. We augment the
set Uy by adding to it V/\X’. The line bundle [Z'] is extended to all of V’ by simply
extending o to be 1 on the expanded Uy. We extend § as a smooth function across
bX_ and cut it off smoothly to obtain something compactly supported in V'\sing(V"’).
Denote by § this extension of 7 to V' as a smooth section of [Z’].

In order to find a holomorphic extension we need to solve
0't=0'3,
tlz =0.

0's
o

It would suffice to solve

Oty = — (7.5)

!
0
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and set s'=3—a)ty. In general, (7.5) is solvable only if Hy'(V'\singV’)=0. Unless
Z~P?! our information about this cohomology group is rather limited, so we instead
consider the equation -
g, =95 (7.6)
G
Here we see the utility of working with perturbations of the complex structure on X_
that vanish to order 3 along Z.
In the proof of the following theorem we use the anisotropic Lempert—Sobolev norms
defined in §3 of [Le2]. We refer the reader to the cited work for their definitions and

main properties, see also (6.7). As in §6 we denote these norms by |- |s.

THEOREM 7.1. Let § be an integrable deformation of the complex structure on X_
which vanishes to order d>3 along Z, such that X' is a subdomain in a normal, projec-
tive variety V'. If E=0,%Q is sufficiently small and 7€ H%(Z; Nz) has a holomorphic
extension s as a section of [Z], then it has a 0’'-holomorphic extension s’ as a section
of [Z'] which satisfies

si—his; =0(cE™"), i=1,..,Q.

Additionally the Lempert-Sobolev norms of the difference s'—h-s are estimated on X
by bounds on =.

Proof. With § defined as above it follows that
5’52' :O'gl_lﬁl

Here {3;} are smooth 1-forms which are estimated on X_ by bounds on Z. From the
lemma it follows that

0's; Bs

AL
is smooth and obviously & -closed. As 1 —hi_ is estimated on B; by bounds on Z it follows
that this ratio also satisfies such bounds on X_.
Thus we have a smooth, closed (0, 1)-form with values in [(2—d)Z’] and compact
support in V'\sing(V’). As d>2, Proposition 2.1 implies that we can solve
5 9’5
) —
T o

By standard regularity results, u is smooth on V/\sing(V’). Setting s'=5—(c})? 'u we
obtain a holomorphic section of [Z’] which has the desired behavior in a neighborhood
of Z. As V' is normal and the line bundle [Z’] is trivial in a neighborhood of sing(V’),
this section has a holomorphic extension to all of V.
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All that remains is to establish the bounds on s’ in X_. To that end we use the
estimates (6.7), originally from §3 of [Le2]. As noted before, the constants {Cs} are
uniformly bounded under small deformations of Y and L. To complete the proof we
need to show that for a negative line bundle L the constants {C’} are also uniformly
bounded under small deformations. For the case Y=X_, L=[(2—d)Z], it is clear that
H°(Y;L)=0. Indeed, we can find a strictly pseudoconcave neighborhood U of Z such
that L|y is strictly negative. If Y/, L' denote small enough deformations of the complex
structures on Y, L, then UCY” is again strictly pseudoconcave, and L'|y is strictly neg-
ative. This implies that HO(Y”; L')=0 for sufficiently small deformations of the complex
structure. This in turn implies that the constants {C?} are uniformly bounded.

If not, then we could find a sequence of deformations (Y, L, ) converging to (Y, L)
in the C*°-topology, and an [>2 for which there exists a sequence {u,} so that u,€
C>®(Yy; Ly,) and

[unli=1, |tnl=n|Dattn]i_1- (71.7)

On the other hand, we have that
|un|l < Cl(|5nun|l—l+|un|0) (78)

with a constant independent of n. Let ®, denote C*-isomorphisms of the bundles
L,— L, converging to the identity as n—oo. From (7.7) and the Rellich compactness
theorem we conclude that {®,u,} has a subsequence converging to v€ H*(Y; L) in the
(I—1)-norm. The second estimate, (7.8), implies that |v|o>C;!, and therefore v#£0.
This contradicts the fact that H(Y; L)=0.

In the case at hand, Y=X', L=(2—-d)Z’, we have solved the equation

&5

Du= (—UF

The right-hand side is estimated on X_ by bounds on E. Observe that s'—h-s=(c})¢ .
As we can assume that the constants {C%} in (6.7) are uniformly bounded, it follows that
u itself is also bounded on X_ by =. This observation coupled with the bounds on o
given in Lemma 7.1 completes the proof of the theorem.

Using Lemma 2.1 along with Theorem 7.1 we obtain the corollary.

COROLLARY 7.1. If Q is an integrable deformation on X_ which vanishes to order
d>3 along Z such that Q induces an embeddable CR-structure on bX_, and oy 20 s
sufficiently small, then every section T€ H*(Z; Nz) which has a holomorphic extension o
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as a section of [Z] also has a holomorphic extension o' as a section of [{Z'] satisfying
the estimate
ho—o'=0((05)*™")
along Z.
Let M be a separating, strictly pseudoconvex hypersurface in a projective surface X.
Let X4 denote the components of X\ M. Assume that X_C X \sing(X) and that ZC X_
is a smooth, positively embedded holomorphic curve.

PROPOSITION 7.1. Suppose that HO(X;[Z])—>H%(Z; Nz) is surjective and w is a
sufficiently small deformation of the CR-structure on M with an integrable extension to
X_ wvanishing to order d>3 along Z. Let X' denote the normal Stein space bounded by
(M,“T%M), and set X'=X! Ty X' . Then

dim HY(X';[Z']) =dim H°(X;[Z]).

Proof. Let N=dim H%(Z; Nz); from Corollary 7.1 it follows that there exist sec-
tions {o},...,c’y }€ HY(X’;[Z']) such that {o}|z,...,0 |z} is a basis for H%(Z; Nz), and
therefore

dim H°(X';[Z']) > N+1=dim H°(X; |Z]).
It follows from (3.7) that
dim H%(X";[Z2']) <dim H*(Z; Nz)+1
as well, thus completing the proof of the proposition.

From this point, Lempert’s argument establishing the stability of the embedding of
ON

M into CV,
p g0 p),

defined by a basis of sections {oy, ...,ox} for H°(X;[Z]), is a consequence of (6.7). Using

his argument one easily proves

PROPOSITION 7.2. Suppose that HO(X;[Z])—H%(Z; Nz) is surjective, and [Z]—X
is a very ample line bundle. Let w be a sufficiently small deformation of the CR-structure
on M with an integrable extension to X_ vanishing to order d>3 along Z. Let X' denote
the normal Stein space bounded by (M,“T%'M), and set X' =X 1 X" . Then for each
[>0 and >0 there exist a k>0 and a §>0 such that, if ||wllcrary<9, then there are

holomorphic sections {o{,...,o} of [Z'] which satisfy the estimates

!

a; g;

7 <e fori=1,..,N.
Op (ods)

ci(ar)
With additional hypotheses we see that dim H°(X; [dZ])=dim H%(X’;[dZ']) for all

positive values of d.
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COROLLARY 7.2. There exists an integer m(k, g) such that if the maps
Sym™H%(Z; Nz) = HY(Z; NJ) are surjective for 0 <m <m(k, g) (7.9)
then, under the hypotheses of Proposition 7.1, we have

dim H%(X;[dZ]) =dim H*(X';[dZ']) for d>0.

Proof. If k>2g—2 then it follows from Castelnuovo’s bound that the maps
Sym™H%(Z; Nz)— H°(Z; N

are surjective for all m>0, see [GH]. If k<2g—2 then let I=](29—2)/k]+2; by the same
reasoning the maps
Sym™HY(Z; N,) —» H(Z; N)™)

are surjective for all m>0. Let j>2[ and choose 0<n so that
(n+1)l<j< (n+2)l.

With this choice of n we can find two sections s;,s.,€ H(Z; Né’"g) without common

zeros. Hence the following sequence of sheaves is exact:
nl nl | J
0= NZONz — Ny —0
where f(t1,t2)=s1t1+82t2. The long exact sequence in cohomology implies that
s1H(Z; N3 +s, H(Z; N3') = HY(Z; Ni).
As j—nl<2l this implies that there is an m(k,g) such that for any m>0 the group
H%(Z; N7) is generated by monomials of weighted degree m in

m(k,g) )
H%(Z; NJ).

7=0
The hypotheses of the theorem therefore imply that the following sequences are

exact:

0— HYX;[(d-1)Z]) = HYX;[dZ])) = H*(Z; N3) -0, 1<d,
0 HYX;[(d-1)2Z"]) = HY(X";[dZ']) 5> H%(Z; N$) -0, 1<d.
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Thus
d
dim H%(X; [dZ]) = dim H(X';[dZ"]) =Y | H(Z; N})

J:O

for 1<d.

Remarks. (1) Note that the hypotheses of the corollary imply that dim H%(X;[dZ])
achieves the maximum possible value for all 0<d.

(2) It seems likely that the conclusion of the corollary does not require an additional
hypothesis as strong as (7.9). Using once again Lempert’s estimate one can show that
for a fized d and sufficiently small w, sections in H%(X;[dZ]) are well approximated on
X_ by sections in H%X';[dZ']). A priori the necessary smallness of w depends on d.
The results in [Ep2], however, suggest that, at least when (J,.o H(X; [dZ])|y is dense
in the CR-functions on M, there should be a uniform estimate that works for all 4.

In the case that X'\ Z is a Stein manifold, the stability property obtained in the
previous corollary can be strengthened.

COROLLARY 7.3. Suppose that (X,Z) satisfies the hypotheses of Proposition 7.2,
and that X\Z is a Stein manifold. Then any sufficiently small deformation of the CR-
structure on M with an integrable extension to X_, vanishing to order d=3 on M, can
be realized by a small deformation of the embedding of M into X itself.

Remark. Colloquially one says that all sufficiently small embeddable deformations
of the CR-structure on M are obtained by “wiggling” M within X. In this case the
results in [Ep2] do indeed show that ker 8, is uniformly well approximated by elements

of ker 8;, and vice versa.

Proof. Let YCC™ denote a proper embedding of X\ Z obtained from a basis of
sections of [Z]. It follows from a theorem of Docquier and Grauert that there is a
neighborhood U of Y and a holomorphic retraction

R:U—=Y,

see [DG]. For a sufficiently small, embeddable deformation, the image of the perturbed
embedding, defined in Proposition 7.2, is transverse to the fibers of R. Hence we can
compose this embedding with R to obtain an embedding of the deformed CR-manifold
into Y itself. As Y is biholomorphic to X\ Z this proves the corollary.
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8. Deformation of the defining equations

We now let XCP?Y be an algebraic surface with Z a smooth hyperplane section and
MC X a separating, smooth, strictly pseudoconvex hypersurface. Let X1 be the com-
ponents of X\ M; assume that X_ is smooth and that ZCCX_. We have seen that
an embeddable deformation of the CR-structure on M which has an extension to X_
vanishing to sufficiently high order along Z can be embedded as a small deformation
of M in PV, In this section we show, under additional hypotheses, that the deformed
embedding lies in an algebraic variety which is a deformation of X.

We let (Cp:...: (i) denote homogeneous coordinates for P. Let H denote the hyper-
plane {{;=0}, and suppose that X is embedded into P with

Z=XNH

a transverse intersection. We can also think of the functions {{;} as a basis for
HO(PY;[H]). With this interpretation we denote the restrictions of {¢;:5=0,...,N}
to X by {0}, and the restrictions of {o;:j5=1,..., N} to Z by {7;}.

We begin with a crude algebraic stability result:

PROPOSITION 8.1. Let w denote a sufficiently small, embeddable deformation of the
CR-structure on M, having an extension to X_ vanishing to order d=3 along Z. The
deformed CR-manifold (M,“T%'M) can be embedded into a projective variety X which
satisfies

deg(X) = deg(X).

Proof. Let Q denote the integrable deformation extending w which vanishes to order
d>3 along Z. We let X/, denote the normal, complex spaces bounded by (M,“T%!M),
and set

X'= Xy X
Let of denote the section of [Z’] introduced in (7.1). Recall that h={h;}, defined in
(7.2), is a smooth 0-cochain defining an isomorphism between [Z] and [Z’]. Using Propo-
sition 7.2 it follows that for each {>0 and £ >0 there exist a k>0 and a 6>0 such that if
llwllex (ary< 0 then there are holomorphic sections {ay, ..., o } of [Z’] such that
oilz =i,
hioi—o; = O(log|* ™),
Ih =0l x_y<e for i=0,...,N.

From the definition of h it follows that

oy = hay.
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Thus the embedding of X’ into PN defined by {0}, ...,07%} meets the embedding of
X along Z=XNH. On the other hand, by taking w sufficiently small we obtain the
estimates above for [=2 and an 0<e<1. This gives an embedding of bX’ which is
a small deformation of bX . As bX’ is contained in the affine chart P¥\ H, we can

apply the Harvey—Lawson construction to obtain an irreducible analytic variety X 4+ with
bX,=-bX'.
As X , is contained in a compact subset of the affine chart PV \ H, we see that
HnX,=2.
Thus X :)?+ I,x' X' is a subvariety of PV which meets H along Z. Since X intersects
H transversely we have the formula

deg X = #(XNP)

for PC H a generic (N —2)-dimensional subspace. As transversality is an open condition,
under the smallness hypotheses of the proposition we also have that

deg X = #(XNP).
As XNH=XNH the proposition follows immediately.

Suppose that the ideal of the subvariety XC P/ is generated by homogeneous poly-
nomials {p1,...,p;} of degrees {m,...,my}. The sections {o;} satisfy the relations

pi(0g,...,on)=0, j=1,..,L (8.1)
If 2 vanishes to order d>3 along Z then the holomorphic sections {o}} of [Z'] satisfy
h-o;—0ol = O(|og|* ™). (8.2)

As a consequence of (7.3) it follows that, in local coordinates near to a point on Z, we
have the estimate
oi—0;=0(|ao|* ") = O(log| ). (8.3)
Using the homogeneity of p; it follows that, along Z,
pj(0") = O(jool*™),

and therefore by the Riemann removable singularities theorem it follows that

¢ = i)
1 oy
extends to define a holomorphic section of [(m;—d+1)Z'|.

Let

D =max{m;,...,m}.

The discussion in the previous paragraph establishes the following strong stability result:
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THEOREM 8.1. If w is a sufficiently small, embeddable perturbation of the CR-
structure on M which has an integrable extension to X_ wvanishing to order d>D+2
along Z, then (M,“T%'M) is realizable as a small perturbation of bX, within X.

Proof. Under these hypotheses the bundles [(m; —d+1)Z’] are negative, and there-
fore the holomorphic sections {£;} must vanish identically. As the polynomials {p;}
generate the ideal of X it follows that the image of the map z—(oj(z):...;0%(x)) is
contained in X. That the image of M under this embedding is a small perturbation of
bX, follows from Proposition 7.2.

This result has an interpretation in terms of the relative index between the ref-
erence CR-structure and that defined by w, see [Ep2]. Let (M,d,) denote an embed-
dable, strictly pseudoconvex, 3-dimensional CR-manifold, § an orthogonal projection
onto ker J, and w an embeddable deformation of the CR-structure on M. If w arises
from a wiggle of M then it is shown in [Ep2] that the relative index vanishes, see §5. Let
8“ denote the orthogonal projection onto ker 6. If Ind(8s, 8¢)=0 then

|8 =5l = O(lwl). (8.4)

Here [l -]l denotes the operator norm relative to the H*-topology for some fixed s, and
|- | is an appropriate C*-norm. Thus we see that if Ind(p, %)=0 and |w| is small then
the entire algebra ker d, is uniformly well approximated in the H*-topology by ker 5,‘;’.
In [EHI] it is shown that, for any 0<d, £;(M,X_,Z) contains a finite-codimensional
subvariety of the set of all deformations.

COROLLARY 8.1. If w belongs to the intersection of Epyo with the set of embeddable
CR-structures, then
Ind(éb, 5{;’) =0.

Proof. This is an immediate consequence of Theorem 8.1 and the fact, proved
in [Ep2], that the relative index vanishes for wiggles.

Remark. This corollary will perhaps be an important step in the understanding of
the set of embeddable CR-structures in the general case. As codim £p42 is finite it gives
strong support for the conjecture that Ind(d,,0y) assumes only finitely many values
among small embeddable deformations. In [Ep2] it is shown that this conjecture implies
that the set of embeddable structures is locally closed in the C*°-topology.

We now counsider the stability properties of deformations of the CR-structure on
M which have extensions to X_ vanishing along Z to order 0<d<D+2. We make an
additional assumption on X and its embedding into projective space:

HPY;[H])— H°(X;[Z]) and H(X;[Z]) — H%(Z; Nz) are surjective. (8.5)
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As above we let {(p,...,(n} denote homogeneous coordinates for PV with H={(y=0}.
We may consider {(;} as a basis of sections for HO(P¥; [H]), and, with this interpretation,
set

Ui:<i|X7 i:ow"aNa

Ti=0iz, i=1,..,N.

Our assumptions on X and Z imply that {¢;:i=0,..., N} is a basis for H%(X;[Z]), and
{ri:i=1,..., N} is a basis for H%(Z; Nz).
We also require that the normal bundle satisfy the condition:

Sym™H (Z; N;) — H%(Z; NJ') is surjective for 2 <m. (8.6)

As noted in the proof of Corollary 7.2, there is a constant m(k, g) such that it suffices
to assume this surjectivity for m<m(k, g). The conditions in (8.6) hold for Z=P!, any
hypersurface in P3, the projective completion of the total space of the canonical bundle of
a non-hyperelliptic Riemann surface. As follows from the Castelnuovo bound, this is the
case for the compactification of any line bundle with degree sufficiently large compared
to the genus, see [GH]. We can now establish a stronger algebraic stability statement.

PROPOSITION 8.2. Suppose that X 1is a projective variety containing a smooth, very
ample divisor Z, satisfying (8.5) and (8.6). Let w be a sufficiently small, embeddable
deformation of the CR-structure on M which has an extension to X_ vanishing on Z
satisfying:

(a) the normal bundle of Z' is isomorphic to the normal bundle of Z,

(b) the map HY(X';[Z'])— H®(Z'; Nz) is surjective.

Then the CR-manifold (bX_,“T®'bX_) has an embedding into a projective variety X.
For each j there exist homogeneous polynomials {p;1, ..., pjm;} in the variables ((1,...,(N)

such that the homogeneous polynomials
PiQ)=p;(Q)->_ pir(Q)Ck, j=1,...m,
k=1

belong to the ideal of X.
Proof. Let {0y, ...,0%} denote sections of [Z'] which satisfy
(6)=2', ollz =7, i=1,..,N. (8.7)
As the sections {;} satisfy the relations p;(7)=0, j=1,...,1, it follows that

3 _pio)
70 0_6
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are holomorphic sections of [(m;—1)Z’]. Our assumptions (8.5) and (8.6) imply that
there exist homogeneous polynomials {p;1} of degrees {m;—1} such that

(p;(0")/oo)lz =pju(T), F=1,..,1

Note that these polynomials are functions of N variables, i.e. they do not depend on (.
We can repeat this argument with

Pj(U')—Cféle(U/)
(00)? ’

which are holomorphic sections of [(m;—2)}Z’]. Arguing recursively we obtain a sequence

§r=

of homogeneous polynomials

{pjk(Cl, [XEEY CN) k= 17 '“amj}9

where deg p;x =m;—k, which satisfy

m;

p;(0") =) (00)*psx(c') =0. (8.8)

k=1

Setting

my

Pi(Q) =p;(O)=>_ k()&
k=1

completes the proof of the proposition.

Remark. If w has an extension vanishing to order d >3 along Z then conditions (a)
and (b) are automatically satisfied. Moreover one can arrange that the polynomials pj,
k=1,...,d—2, vanish identically. If Z~P? then such high-order vanishing is not needed.

Now we suppose that X \ Z is a normal cone in CV. This implies that the polynomials
{r;({)} are independent of (;. Using the simple structure of the deformed polynomials
we can show that the variety X is a fiber in a deformation space of X.

THEOREM 8.2. If, under the hypotheses of Proposition 8.2, VonPN\ Z is a normal

cone, then there exists a flat family of projective varieties, m:V—C, such that X isa
fiber.

Proof. We define a family of polynomials, depending upon t€C,

P;(C) :pj(é)_z tkpjk(é)gg? J=1..1 é:(gla Rt CN)v

k=1
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and a holomorphic action of C* on P by

Ki(Co:CrroetCN)=(Co:tCa: o 1 tlN ).

Observe that for ¢ #0 the equation P;(¢)= P} ({)=0is satisfied if and only if P{(K;(¢))=0.
Define the analytic space

VCCxPY={(t,¢): P}({)=0,7=1,...,1}.

Let 7 denote the natural projection m: V—C and V,=7"1(¢).

If t5#0 then the map M, ,, induces a biholomorphic equivalence between V, and V;.
As XCV; it is apparent that for each teC, V; contains a 2-dimensional subvariety of
CxPY. Observe that as subvarieties of PN we have, for all ¢, that

Vin{G=0}=2. (8.9)

In light of (8.9), if we can show that the germ of V; at each point z€ Z is irreducible then
it follows that V; is globally irreducible. For each z&€Z we can select a neighborhood
U,CP" and a subset {j1,..., jn—2}C{1,...,m} such that {dp;,({),...,dpjy_,(¢)} are lin-
early independent in U,. For sufficiently small ¢t and a possibly smaller neighborhood
U, of z, the differentials {dP} ((),...,dPf, ,(C)} are linearly independent in U;. The
implicit function theorem then implies that

{PL(Q) = .= PL,_,(()=0}NU

IN=-2

is a smooth submanifold. As K;(V;)NU. is contained in this manifold and is itself a
2-dimensional manifold they must coincide. This shows that, for small enough ¢, the
germs of V; at points along Z are irreducible and smooth. As K fixes {(o=0} and is a
biholomorphism, this proves the desired statement for all t€ C\ {0}.

We have now established that V is an analytic space with irreducible fibers. All
that remains is to show that the map = is flat. Arguing as above, this is essentially
immediate near smooth points of V. We use the method introduced in [BIE] to establish
the flatness near to the singular point of Vj.

Let y be the singular point of V; and let {21,...,25} denote affine coordinates in
a neighborhood of y with y={z=0}. In virtue of the Artin approximation theorem,
to establish the flatness of 7 at y it suffices to show that if r=(r1,...,7) is a relation
satisfied by the generators p of Zy,, that is,

rep= Z rip; =0,
=1
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then there is a formal series R', with polynomial m-vector coefficients

o0
Rinr 4 thry, (8.10)
k=1
such that
R'P'=0(t?) for every q. (8.11)
For ¢>0 let

Ap={o< 2| <20}

For sufficiently small 0<p, A,NV; is a smooth manifold, and therefore we can find a
smooth family of diffeomorphisms {F;: |t|<n} such that

Fy=Id and F,(A,NVp)CV,. (8.12)

This implies that Ft*Pj’?EO for j=1,...,m. Since the coordinate functions of r are poly-
nomials, as are the generators {pi,...,pm} of the ideal Zy,, we can apply the proof of
Theorem 7.2 in [BIE] to obtain a series as in (8.10) satisfying (8.11). This completes the
proof of the theorem.

Remark. In this circumstance we have embedded the hypersurface M, with the

deformed CR-structure, as a hypersurface in a fiber of an analytic deformation space
of X.

Appendix: The exact obstruction to

extending sections of the normal bundle

As before, MC X is a strictly pseudoconvex, separating hypersurface, X are the compo-
nents of X\ M, and ZC X _ is a smooth, compact, holomorphic curve. In this appendix
we analyze precisely when H(X;[Z])— H%(Z; Nz) is surjective. To answer this question
we use (2.7) with =1, d=1 to obtain the long exact sequence in cohomology

HY%(Z;07) > HY(Ox/IiR(Z)) < HY(Z;Nz) 5 HN(Z;05) > ... . (A1)

By Proposition 2.2 the issue is to decide if a section s€ H(Z; Nz) is in the kernel of 4.
Of course, if Z~P?' then the group H(Z;0z)=0, and thus all sections of the normal
bundle extend to holomorphic sections of [Z]. In this appendix we assume that Z#P!.

Suppose that w defines a deformation of the CR-structure on M which has an exten-
sion to an integrable almost complex structure {2 on X_, vanishing to order 2 along Z.
Denote X _ with this complex structure by X’ . As before, we denote objects connected
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with the deformed complex structure with a /, e.g. Z’. Suppose that (M,“T%M) is the
boundary of a compact Stein space X’ . From Lemma 2.1 we conclude that the compact
complex space

X'=X"UnX,

is a modification of a projective variety. As the deformation tensor vanishes to order 2
along Z, the complex structure on Z and its normal bundle are unchanged. Thus we

have the exact sequence
HY(Z;0z) - HYOx/ /T ®(2']) = HY(Z; Nz) 25 HY (Z;02) — ... . (A.2)

Fix a cover of a neighborhood of ZC X _ by open balls {Uy, ..., Ug} such that in each
U; we have 0-holomorphic coordinates (z;,w;) with

ZNU; = {Z,-':O}

We further suppose that each U; contains the unit ball in the (z;,w;)-coordinates, and
that these balls also define a cover of a neighborhood of Z. Let Uy denote an open set
in X_, disjoint from Z, such that Uy along with the balls of radius 1 is a cover of X_.
If we set
0g; =
1, =0,

then og={0¢;} is a holomorphic 0-cochain with (o¢)=[Z].
Let {2]} be as defined in (7.1) noting that

s 7
2

—+=140(|z]) and 5%=zia,’ (A.3)

for a smooth 1-form «;. Transition functions for [Z] and {Z'] are given by

9i5 = z—; and gzl'j = —z%
respectively. From (A.3) it follows that
2= zi+v; 22+ O0(|2 %), (A4)
and therefore
dgi; = O(loo]?) and 9z =O(|og]?). (A.5)

We have an expansion for gz’-j:

915 = 915 (1+2i(vi = gjivj)+O(|2:f?)). (A.6)
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From (A.5) and (A.6) it follows that
O(vi~gjiv;)|z =0. (A.7)
Invariantly (v;—g;;v;)|z is a Cech 1-cocycle with values in N. We define a cohomology
class B,€ H'(Z; N%) as the cohomology class of the Cech cocycle
Belu.nu;nz = 9i5vi—v5luinu;nz- (A.8)

ProrosiTioN A.1. If Q is the deformation tensor of an integrable almost complex
structure which vanishes to order 2 along Z, then the connecting homomorphism in (A.2)
for the deformed structure is given by

8'(s) =6(s)—Pa(s), scH'(Z;Ny). (A.9)

Proof. Let W;=ZNU;. A section s of Ny is represented by a collection of functions
8 € Oz(W;) which satisfy
Silwinw; = 945 55|l winw;- (A.10)

Let {3;} denote d-holomorphic extensions of {s;} to neighborhoods of {W;}. The con-
necting homomorphism is defined as a Cech 1-cocycle by

5(s) =225 _Uij %, (A.11)

To compute 4’ we find &'-holomorphic extensions of {s;}, {s;} which satisfy
s;=3+0((z)%). (A.12)
To accomplish this we need to solve the equation
s,

;= %
That this is possible follows easily from the fact that 0’ §i=zi2a, where « is a smooth &'~
closed (0, 1)-form. Formula (A.9) now follows easily from (A.4), (A.6), (A.11) and (A.12).

LEMMA A.l. If X satisfies:

HY(X;[Z]) —» H%(Z;Nz) =0 is exact, (A.13)

and € is the deformation tensor for an integrable almost complex structure which vanishes
to order 2 along Z, then HO(X';[Z'])—H%(Z; Nz) is surjective if and only if the map
from HYZ,Nz) to HX(Z,0z) defined by B2(SY) is trivial.

Proof. The hypothesis implies that the map r in (A.1) is also surjective, and there-

fore, for the reference structure the connecting homomorphism ¢ is the zero map. Thus
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0'=0 if and only if the map defined by 3z is trivial, and so 7’ in (A.2) is surjective if and
only if this map is trivial. The proposition now follows from Proposition 2.2.

Remark. If the genus of Z is at least 1 then one can easily show that HY(Z; N})=
HYZ;#®Ny) =[H%(Z; %)@ H%(Z; Nz)|'. Thus the map defined by f; is trivial if and
only if =0 in H(Z, N3).

III. Examples
9. The case Z=P!

In this section we consider a projective surface X with a smooth, ample divisor Z~P?.
Castelnuovo’s condition implies that X is a rational surface. As H}(X;Ox)=0 it follows
from (2.6) with d=I=1 that

0— H(X;O0x) = HYX;[Z]) > H%Z;Nz)—0
is exact, and therefore
dim H%(X;[Z]) =dim H%(Z; Nz)+1. (9.1)

Suppose that w is an embeddable deformation of the CR-structure on bX_ which has an
integrable extension 2 to X_. As Z~P! it follows that

HY(Z;Nz)=0. (9.2)

Thus, provided that Q is sufficiently small we can apply the stability theorem of Kodaira
to conclude that there exists a smooth rational curve Z’ which is holomorphic with respect
to the deformed complex structure and a small deformation of Z. As observed in Step 1
of the proof of Theorem 6.1 we can actually assume that Z=2'. Let X’ denote X_ with
this complex structure, X’ the normal Stein space bounded by (bX_,“T%!bX_), and
X'=X1x X'.

As holomorphic line bundles over P! are classified by their degree,
Nz >~ Ng. (9.3)
As X’ is also rational it follows as above that
dim H*(X';[Z]) = dim H(Z; Nz)+1. (9.4)
Indeed, we can easily show that

dim H%(X; [kZ]) = dim H°(X';[kZ']) for k> 0. (9.5)



STABILITY OF EMBEDDINGS FOR PSEUDOCONCAVE SURFACES 221

Using the cohomology sequence derived from the sheaf exact sequence
0= [-Z] = [kZ] = Ox /I ®kZ] -0

we conclude that
HO(X; [kZ]) ~ H(Ox /5" ® [k Z)). (9.6)

Using the cohomology sequence derived from
0Ny = Ox /I ©kZ] = Ox /T ®kZ] =0

in an inductive argument, and the fact that H'(Z; N %):0 for all j>0, we conclude that

k
dim H(Ox /I ' @[kZ)) = dim H(Z; N},). 9.7)
3=0
From Proposition 2.2, (9.6) and (9.7) we easily derive (9.5).
Let {00, ...,on} denote a basis of sections for H(X;[Z]) with (c¢)=2.

THEOREM 9.1. Suppose that M is a smooth, strictly pseudoconvez, separating hyper-
surface in a rational surface X. Let Xy be the components of X\ M, and suppose
that X_ contains a very ample, smooth rational curve Z. If H2(X_;0)=0 and w is a
sufficiently small, embeddable deformation of the CR-structure on M, then there exists
a basis {0, ...,on} for HY(X';[Z']) such that the differences

i i y_1,..,N, (9.8)

are bounded on M by the size of w. The set of embeddable deformations of the CR-
structure on M is closed in the C*°-topology.

Proof. As H2(X_;©)=0 we can extend w as an integrable deformation of the com-
plex structure on X_ as described above. As dim H°(X;[Z])=H(X’;[Z’]) the argument
of Lempert used in the proof of Proposition 7.2 applies in this case as well to establish
the existence of the basis {0, ...,a/} for H*(X’;[Z']) satisfying the conclusions of the
theorem.

The last statement follows as in Lempert’s work: let {w,} be a sequence of small
embeddable deformations converging to w in the C*-topology. For each n the theorem
provides a CR-embedding v, of (M,“~T%'M) into CV with uniform estimates on the
coordinate functions. We can therefore select a convergent subsequence of embeddings
{tn,} which converge to a CR-embedding of (M,“T%!M).

Theorem 9.1 implies that the affine embedding of M defined by {o;/0¢} is stable
under small embeddable deformations of the CR-structure on M. Arguing as in the proof
of Corollary 7.3 we easily establish
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COROLLARY 9.1. If in addition to the hypotheses of Theorem 9.1, X is assumed
to be smooth and reduced, then every sufficiently small, embeddable deformation of the
CR-structure on M can be realized as a small deformation of M within X.

We now consider the special case of Hirzebruch surfaces. Let O(k) denote the unique
holomorphic line bundle of degree k over P!, and S denote the rational ruled surface
obtained as the projectivization of the Whitney sum O(k)® O(0), i.e.

S =P[O(k)®O(0)].

If k>0 then the boundary of a strictly pseudoconcave neighborhood of the 0-section in
Sy satisfies the hypotheses of Theorem 9.1. Consequently the CR-structure on such a
boundary has a stable embedding. Let Sio denote the space obtained by blowing down
the exceptional curve in Si. The space Sio\P! embeds into C**! as a cone with an
isolated normal singularity. This space has non-trivial smooth deformations. These are
of course just the affine bundles associated with O(k). These deformations are naturally
parametrized by H'(P!; O(—k)). We denote the versal deformation by Vi, see [MR1],
[Pi], [BIE]. Let X, denote the components of Sxo\M, and ZC X_ denote the 0-section
of O(k). In §10 (a) it is shown that H?(X_;0®[-Z])=0.

THEOREM 9.2. Let M be a strongly pseudoconvex, separating hypersurface embedded

into Sko\{0}. Any sufficiently small, embeddable deformation w of the CR-structure on
M embeds as a hypersurface in a fiber of the versal deformation of the singular space So.

Proof. The deformation w has an extension to X_ which vanishes along Z. As Sig
is a cone we can apply Theorem 8.2 to construct a flat family of projective varieties
7:V—C such that 771(0)=So and (M,“T°!M) is embedded in the fiber 7=1(1). From
the versality of Vy it follows that if w is sufficiently small then 7=1(D;) has a holomorphic
embedding into this space, and therefore the deformed CR-structure embeds into a fiber
of Vy.

Using special features of the affine bundles we can say even more about the topology
of the space of embeddable deformations. If X’ denotes a fiber of V;, with Z/C X’ the
curve at infinity, then it is shown in [MR1] that

Ox/I:~0x/T2.. (9.9)
Let {00:} be a 0-cochain defining Z. A consequence of (9.9) is
LEMMA 9.1. There ezists a &’ -holomorphic 0-cochain {c},} with (c(;,)=2" such that

5% = o0 (9.10)
T0i

for a 0-cochain of smooth (0,1)-forms {o;}.
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To prove this lemma we use the “tubular neighborhood theorem in the holomorphic
category”. This gives a convenient way to study the deformation tensor describing the
complex structure on a neighborhood of Z'.

LEMMA 9.2. Let Y be a compact, complex submanifold of a complex manifold X with
holomorphic normal bundle NY. Let i: NY—-T%0X|y be a complex linear inclusion.
There exists a neighborhood U of the 0-section in NY , a neighborhood V of Y in X, and
a diffeomorphism 1¥:U—V such that

(1) |y =Id, where we identify Y with the 0-section of NY,

(2) for each y€Y the restriction ¥ |n,ynv is holomorphic, that is, v is fiber-holo-
morphic,

(3) restricting 1. to the vertical tangent space along the 0-section induces the in-
clusion i: NY - TH0X |y

The result is a simple consequence of Lemma 4.1 in [Ku].
Proof of Lemma 9.1. The normal bundle sequence of Z’— X’ splits, and therefore
there is a holomorphic bundle map

NZ' =T X'\

Let ¢ be a normal fibration as in Lemma 9.2 with 1, inducing ¢ along the 0-section. Using
1 we pull back the complex structure from a neighborhood of Z’ in X’ to a neighborhood
of the 0-section in NZ’. Let Q denote the deformation tensor for this deformed complex
structure on NZ’. We introduce local coordinates (z,w) in a neighborhood of a point p
in the 0-section so that {w=0} is the O-section and {z=c} are the fibers of the normal
bundle. A computation in these coordinates shows that

Q=wla(z, z,w)0,+b(z, 2, w) 8, ) RdZ,

where, as indicated, a and b depend holomorphically on w.
Since the inclusion 7 is holomorphic it follows that J,, is a 5,?-holomorphic vector
field along the O-section. This is equivalent to the condition

715 Oy Bz + w0, +wbBy o = 0.

This in turn implies that a(z, Z,0)=b(z,Z,0)=0. Thus  is of the form

for Z a smooth tensor. The assertion of the lemma follows from Lemma 7.1.
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We use this to show that the set of small embeddable deformations is path-connected.
Let w denote a small embeddable deformation of the CR-structure on M. From The-
orem 9.1 it follows that (M,“T%!M) is either a wiggle within Sio or embeds as a hy-
persurface in a smooth fiber of Vi. In the former case we can obviously isotope the
deformed embedding through smooth, pseudoconvex hypersurfaces in Sig back to the
original embedding of M. Henceforth we assume that the deformed structure embeds
into a smooth fiber X’ of V.

We can apply Lemma 9.1 to conclude that the 0-cochain {k;}, which defines the
smooth bundle isomorphism between [Z] and [Z'], satisfies

hilz =1, J'h;=0h;. (9.11)
Let {0} denote a basis of sections of H(Sk;[Z]) with
T]‘ :O’jlz, ]:1,,k'+1

We set s;=ho;, obtaining a C>-section of [Z’] which extends 7;. From (9.11) and the

fact that the deformation tensor vanishes on Z it follows that

J's;
ﬁj = /]

Op

is a smooth, closed (0, 1)-form. The size of §; is controlled by estimates on the defor-
mation tensor. As X' is a smooth rational surface it follows that H%!(X’)=0. Thus we
can solve the equation

g'uj = ﬁj,
where again the size of u; is controlled by estimates on the deformation tensor. We set

0} =s;—0yu; to obtain a holomorphic section of [Z’] which restricts to 7; on Z'.
The space Sko\Z has an embedding into C**! such that its ideal is generated by

(.’L‘l T2 ... .fl?k>
o T3 . Tk41

We let (09,07, ...,0k11) denote a basis of sections of [Z] such that

the (2x 2)-minors of the matrix

_9
Ty = —=.
go

Let (a,b, ¢,d) be indices such that

Talp— T4
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belongs to the ideal of Skg. Then
(0304, —0.04)/00)| 20 = TaUe+Teta— Talip —ToUq. (9.12)

This is a holomorphic section of Nz, and therefore there are constants {y2°*?} such that
the right-hand side of (9.12) equals

> yebedr,, (9.13)

As H %(Z; Nz) is a finite-dimensional vector space it is apparent that the coefficients in
(9.13) can be estimated by the supremum norm of 74t +7,ug—T,up — Tpti, and therefore
by size of the deformation tensor. There is one further constant ~y,;.q4 such that

§ : abcd
Talp—Teld — Ye Te —Yabed

is a generator for the ideal defining X’. Evidently this constant is also estimated by the
size of the deformation tensor.

Thus we see that the deformed CR-manifold embeds as a hypersurface in a surface
whose defining equations are perturbations of the defining equations for Sgo. The coeffi-
cients of the linear and constant terms are estimated by the size of the deformation tensor.
Let M’ denote the embedded image of the deformed CR-manifold in X’. Let m:V—C
denote the l-parameter deformation space containing X’ constructed in the proof of
Theorem 8.2. Lemma 9.2 implies that there is a foliation of a fibered neighborhood U of
M > Sko by holomorphic disks, transverse to the fibers of V. If the deformation of the
CR-structure is sufficiently small then 7=1(1) lies in the neighborhood U. Let ¢ denote
the deformation parameter. The foliation by disks defines an analytic l—pararﬂeter family
of diffeomorphisms F; between M and hypersurfaces K;, lying in 773(¢). Again, if w
is sufficiently small then F1(M) is a smooth, strictly pseudoconvex hypersurface in X’
isotopic to M’ through strictly pseudoconvex hypersurfaces. We can then deform Fj(M)
back to M through Fy(M), t€[0,1]. If we resolve the singularity at (0,0) in V then all
the fibers of resolved space satisfy

HYY(X;)=H>Y(X;)=0.
We can therefore apply Theorem C in [Ep2] to conclude:

THEOREM 9.3. The set of small embeddable deformations of the CR-structure on a
stmooth, separating, strictly pseudoconvex hypersurface MC Syg is locally path-connected.
Each sufficiently small, embeddable deformation has relative index zero.

If we instead begin with a smooth, separating, strictly pseudoconvex hypersurface
in an affine bundle L¢ over P, then it is easy to show that all sufficiently small defor-
mations are wiggles. By semicontinuity it follows that H2(X_;0®[-Z])=0, so every
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small deformation has an extension to X_ retaining the holomorphic P!. Thus we can
extend all sections in H%(Z; Nz) as holomorphic sections of [Z’]. Using Lempert’s ar-
gument we can show that a small embeddable deformation has an embedding near to a
given embedding of L¢. As L¢\Z is a Stein manifold, there is a holomorphic retraction
of a neighborhood of L¢\ Z onto L¢\ Z. If the deformation is sufficiently small then the
deformed embedding is transverse to the fibers of the retraction, and so we can compose
them to obtain an embedding of the deformed CR-structure into L.

THEOREM 9.4. Let L¢ be an affine bundle over P!, and M @ smooth, separating,
strictly pseudoconvex hypersurface in Le. All sufficiently small, embeddable deformations
of the CR-structure on M can be realized as small deformations of M within L.

Remarks. (1) Theorem 9.1 was previously obtained by Hua-Lun Li. Among other
things, he proved

THEOREM 3.4.3 ([Li]}). If M is a CR-manifold which bounds a strictly pseudoconver,
open neighborhood of the O-section in the line bundle O(—m) over P, then there ezists
a stable embedding of M into C™.

(2) Let (M,T%'M) be an embeddable 3-dimensional CR-manifold with a stable
embedding

0: M — CV,

where N>3. If w defines a small, embeddable deformation of 7'M, then there is a
0¢-CR-embedding
Yo M CN

so that ||¢—p,||=O(Jw]). This does not imply the local path connectedness of the
space of small embeddable deformations. To obtain the path connectedness one needs
an isotopy from a deformed embedding to the reference embedding through maximally
complex submanifolds. If the codimension is greater than 1 then this is difficult to

accomplish because maximal complexity is non-generic.

10. Some examples and problems

In the examples below we compute H2(X_; ©®[—jZ]) under various circumstances. The
size of the pseudoconcave neighborhood X_ of Z which we employ is not very impor-
tant. It follows from results in [Gr] that this cohomology group, or rather its Serre dual
HY(X_;'®K®[jZ]), is determined by a fixed, finite-order formal neighborhood of Z
in X_.
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(a) Line bundles over curves. Let L—¥ be a holomorphic line bundle of degree
k>0 over a surface X of genus g. We denote by L the compactification of L obtained by
adding the “curve at infinity”. We let {24, U, } denote a cover of ¥ by coordinate charts
where

ZQZfQB(Zg) in UaﬂUg,

and we let £, denote a fiber variable for L|;; . On the overlaps we have

ga = ga,@(zg)f,@, 9ap € O*(UaﬂU/j).

Let p be a smooth function which vanishes along the O-section Z of L and is given in a
local coordinate chart by

(2a,8a) = hoz(za) |§a|2+0(|§|3)'

We further assume that —log p is strictly plurisubharmonic in a deleted neighborhood
of Z. Let X_ be a strictly pseudoconcave neighborhood of Z, with X _ a level surface
of p. We first compute H2(X_;0®[—jZ]). Next we consider the deformations which
define the affine bundles associated to L.

To compute H2(X_;0O®[—jZ]) we use Serre duality to identify this group as the
dual of HO(X_; Q'®K®[jZ]). Here Q! is the sheaf of holomorphic 1-forms, and K is the
canonical sheaf. We compute the latter group by expanding sections into power series
along Z. This has an invariant description in terms of the S!-action induced on sections
of Q*®K®[jZ]. Let s denote a section of H)(X_;Q'®K®[jZ]); in local coordinates we
have

8 =(aa(20s€a) dza+bo(2a, €x) d€o) ®d2a NdEqRed,.
Here e, is a section locally trivializing L. We expand a,, b, in Taylor series along Z:
>0 0
G«a:Zaak(Za)ﬁz, ba:Z bak(za)§§~
k=0 k=0

The coefficients of these series satisfy the transition relations

ago = (fég)zgizj a0,

(05(k+1)>:gk—j+zf/ (f,;g 9&g/9aﬁ)<%(k+1)> k0. (10.1)
bgk R AN 1 bok /) ’

The transition relations appearing in the first equation in (10.1) define holomorphic
sections of #2®L®U1) where s is the canonical bundle of Z. The matrix appearing in
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the second equation in (10.1) defines a rank-2 vector bundle £— Z. The sheaf of sections
€ of F fits into a short exact sequence

0—=0z—=2E—>x—0.

The factor in front of the matrix amounts to tensoring by the line bundle QL7 ~*~2.
We begin with the observation that

dim H2(X_;0Q[-Z]) > dim H%(Z; »?).

The group on the right-hand side vanishes if and only if Z~ PL. In this case using the
exact sequences considered below one easily shows that

H*(X_;0®[-3Z])=0 if and only if degL=1,
H?*(X_;0®[-2Z])=0 if and only if degL=1,2,3,
HX(X_;0®[-Z])=0 if degL>0.

We now turn our attention to line bundles over curves of genus at least 1. In
these cases the only group which may in fact vanish is H2(X_;©). Let HZ(X_;O)),
k=—1,0,..., denote the various Taylor series components of these cohomology classes.
We have that

HA (X _;0) 1y ~[HYZ; %L

For k>0 the other components fit into long exact sequences:
HYZ; %@L %72) - [H2(X_;0) ) = HY(Z; 5*QL ™ 2) > ...

Evidently if deg L>2deg »x=4g—4 then the group H2(X_;©)=0. For deg»x<degL<
2deg s the size of this group depends in a subtle way on the holomorphic moduli of L.
If deg L< 5 then H2(X_;©)#0.

From these considerations we conclude:

PrOPOSITION 10.1. Suppose that L—3¥ is as above and deg L>2deg 3. Let X_ be
a strictly pseudoconcave neighborhood of the 0-section in L. The set of sufficiently small,
embeddable perturbations of the CR-structure on bX_ is closed in the C*-topology.

Proof. This is an application of Theorem 6.1. We have verified that H2(X_;©)=0.
The normal bundle to the O-section is canonically isomorphic to L, and thus as deg L>
2deg s it follows that

HY(Z;Nz)=0.
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We now consider a special family of deformations of the complex structure on the
total space of L. These are the affine bundles. Let {v,3} be a 1-cocycle with values in L*.
Using this 1-cocycle we can define a new complex structure on L using the transition

relations
_ _9a88s
o=T"""—.
1—- ’/a,B 55

In terms of coordinates on the dual bundle n,=¢.! this becomes

18 = 9aBNot+Vag-

We let L, denote the compact manifold defined by these relations. The effect of such
a deformation is to eliminate the holomorphic representative of the “curve at infinity”.
Thus L\{Z} is a complex manifold with a non-trivial exceptional locus, whereas the
deformation L,\{Z} is a Stein manifold. Let M be an S'-invariant, strictly pseudocon-
cave hypersurface bounding a neighborhood X_ of Z. The deformation of the complex
structure on L defined by v can be identified with a deformation of the CR-structure
on M with an integrable extension to X_. We use X,,_ to denote the pseudoconcave
domain with the deformed complex structure.

The class v€ HY(Z; N3) can be identified with the class 3; defined in the appendix
to §8. A little care is required as the tensor defining the complex structure on L, as a
deformation of the complex structure on L does not vanish to order 2 along Z. As shown
in [MR1], however, there is a canonical identification

OL/I3~0y, /1%, (10.2)

80 the argument from the appendix can be carried through in this case as well, see also
Lemma 9.1. It is evident that

H(X_;|Z)) — H%(Z;Nz)

is surjective. It follows from Proposition A.1 that the obstruction to extending a section
$€EH(Z; Nz) to an element of H%(X,_;[Z,]) is exactly

v(s)e HYZ;0p).

If g>1 then the map v: H%(Z, Nz)— HY(Z,0z) is non-trivial if v#0 in H'(Z, N}). For

such an element one can show that

Ind(bX_,bX,_) <0.
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These examples illustrate two points: (1) The condition in (10.2) does not suffice to
conclude that the algebra of CR-functions is stable under small deformations. Indeed,
these are the first examples where the entire algebra of CR-functions is not stable under
all small embeddable deformations, and yet the set of such deformations is known to be
closed in the C*-topology. (2) In [Epl] it is shown that under deformations of the CR-
structure on circle bundles with “non-negative” Fourier coefficients the whole algebra of
CR-functions is stable. These examples show that there are embeddable deformations
not satisfying the non-negativity hypothesis, but that the algebra of CR-functions is not
stable under such a deformation.

(b) Neighborhoods of curves in P?. Let ZCP? be a smoothly embedded curve of
degree d. The classical formula

g9=3(d-1)(d-2)

gives the genus of Z in terms of its degree. The normal bundle is O(d)|z. By Serre
duality we obtain that

dim H'(Z; Nz) = dim H%(Z; O(-3)) =0.

Note that the degree of Nz is d?>2g—2. Let X_ be a neighborhood of Z with strictly
pseudoconvex boundary. As P?\{X_} is a Stein manifold with boundary bX _, it follows
that bX_ is an embeddable CR-manifold. Using Serre duality, we identify

H*(X_;00[-jZ]) = [HYX_;Q'eKke[iZ])]. (10.3)

From Hartogs’s extension theorem for sections of a holomorphic vector bundle we con-
clude that

HYX_;Q'®Kke[jZ]) ~ HO(P% ' 9Kp:®[12)).

Let [H] denote the hyperplane section bundle. As is well known, Kpz~|[-3H|, and
therefore the group we must compute is

H'P%Q'®[(dj-3)H)).

A calculation shows that

0 if k<2,
dim H'(P%; Q'®[kH]) = (10.4)
s(k+2)(k+1)(k—1) ifk>2,
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see [Bot]. Combining (10.3) and (10.4) we obtain

H*(X_;00[-4Z])=0 if and only if d=1,
H2(X_;00[-2Z])=0 if and only if d=1, 2,
HY(X_;0R[-Z])=0 if and only if d=1,2, 3,4, (10.5)
dim H2(X_;0®[~Z]) = (d—2)(d—4) if d>5,
HX(X_;0)=0 for d > 0.

Note that (d—2)(d—4) is the codimension of the planar deformations in the space of all
deformations of the complex structure on Z.

The case d=1 is simply that of a domain in C?, which was treated in [Le2]. If d=2
then Z~P?!, and the analysis presented in §9 applies to show that every sufficiently small,
embeddable perturbation can be obtained by wiggling 6X_ in P2. This is true because
the normal Stein space bounded by bX _ is P\ {X_}, which is a smooth manifold. From
Theorem 6.1 we obtain

PROPOSITION 10.2. If X_ is a smoothly bounded, strictly pseudoconcave neighbor-
hood of a curve in P? of degree d>2, then the set of sufficiently small, embeddable
perturbations of the CR-structure on bX_ is closed in the C*-topology.

Problem 10.1. Is the embedding of bX_ in P2 stable for any d>27?

Problem 10.2. Let X_ be a strictly pseudoconcave domain in P2 Is the set of
sufficiently small, embeddable perturbations of the CR-structure on bX_ closed in the
C*-topology?

Remark. There exist smoothly bounded, strictly pseudoconcave domains in P? which

do not contain any compact, holomorphic curves, see [F].

(¢) Quadric hypersurfaces. The quadric hypersurfaces in P? are classified by the
rank of the quadratic form defining them. If we require the surface to be connected and
irreducible then there are only two examples:

Qo={[C): T+ +¢=0}, Qu={l¢): F+F+E+5=0}

In either case there is a rational curve Z “at infinity” with normal bundle of degree 2.
The cone Q is the compactified total space of the line bundle of degree 2 over P!
with the exceptional locus blown down. This is the same as the space denoted as Sy
in §9. Let X_ denote a neighborhood of ZC @ with strictly pseudoconcave boundary.
In Theorem 9.3 it is shown that any sufficiently small, embeddable perturbation of the
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CR-structure on bX_ is realizable as a hypersurface in a fiber of the total space of the
versal deformation of (9. That space can be described quite simply in this case:

V={(t[¢]): G+F+E+t¢5=0}.

Now let X_C (@, be a neighborhood of Z with strictly pseudoconcave boundary.
Using the semicontinuity of dim H2(Y;; ©®[—Z]) for {Y;} a smooth family of strictly
pseudoconcave domains in the fibers of V, it follows that H?(X_,0®[—Z])=0. We can
therefore apply Theorem 9.1 to conclude:

ProposITION 10.3. If X_CQ; s a smoothly bounded, strictly pseudoconcave neigh-
borhood of Z, then every sufficiently small, embeddable perturbation of the CR-structure
on bX_ is realizable as a small wiggle of bX_ within Q).

(d) Cubic hypersurfaces. Let XCP? be a cubic surface, not necessarily smooth.
Let Z=XNP? be a smooth hyperplane section and X_ a smoothly bounded, strictly
pseudoconcave neighborhood of Z. A computation shows that both

H*(X_;0®]-2Z))=0 and HY(Z;Nz)=0.

Thus we can apply Theorem 6.1 using either cohomological hypothesis to conclude:

PROPOSITION 10.4. Let X_C X, as above, with X a cubic surface in P3. Then the
set of sufficiently small, embeddable perturbations of the CR-structure on bX _ is closed
in the C*-topology.

(e) Quartic hypersurfaces. Now we suppose that XCP3 is a quartic surface, not
necessarily smooth. Let Z;=XNY, be a smooth intersection in P3 of the quartic X
with a hypersurface Y; of degree d. Let X_ be a smoothly bounded, strictly pseu-
doconcave neighborhood of Z;. Computations show in this case that, for all d>1,
dim HY(Z4,Nz,)=1. On the other hand, dim H2(X_,0O®[-Z4]) is equal to the codi-
mension of the set of deformations of Z; extendible to deformations of X in the space of
all deformations of the complex structure on Zy. If d=1 then H2(X_,©®[-Z;])=0, and
we can apply Theorem 6.1 to conclude that the set of small embeddable perturbations
of the CR-structure on bX_ is closed in the C°°-topology.

If d>2 then

H3(X_,0®[-Z4))#0 and H(Zg4,Ngz,)#0.

Hence we cannot directly apply Theorem 6.1. Nevertheless with the help of the informa-
tion above and the precise version of Theorem EH1, we obtain
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ProposSITION 10.5. Let X_ be a smooth domain with strictly pseudoconcave bound-
ary in a quartic surface in P3. If X_ contains a smooth divisor Zyz=XNYy, with Yy a
surface of degree 1<d, then the set of small embeddable perturbations of the CR-structure
on bX_ is closed in the C*®-topology.

By modifying the construction of Catlin-Lempert, see [CL], one can obtain an ex-
ample of a singular quartic hypersurface such that the embedding of bX_ into P? is
not stable. In this example we again have a case where the algebra of CR-functions is
not stable under all small embeddable deformations, but the set of such deformations is
closed in the C*-topology.

Note that a quartic surface X is a K3-surface. The deformations of the complex
structure on X are parametrized by a 20-dimensional complex space 72°. The algebraic
deformations depend on only 19 parameters. In fact, 7?° has a countable collection of
19-dimensional proper subvarieties {A,} which parametrize the algebraic K3-surfaces.
The index n is the minimal degree of a curve defining a very ample divisor on a K3-
surface with complex structures parametrized by A,. The union of the {A4,} is dense
in S, see [GH]. The closedness problem for sequences of complex structures on projective
varieties analogous to that which we have been considering for CR-manifolds has in the
present case a negative solution: Choose a sequence 2,€.4,, which converge to a point
Qoo €T?\|J A,. Let X,, denote X with complex structure defined by €2,,. Observe that
X 18 not a projective variety.

As the pseudoconcave manifold X_ with bX_=M is highly non-unique, it is not
immediately apparent what bearing this example has on the stability problem for em-
beddable CR-structures. Let X be a smooth algebraic K3-surface. We can construct
the versal deformation space 7: V—T2° for the complex structure on X. We identify X
with 771(0). Let M < X be a smooth, strictly pseudoconvex, separating hypersurface.
We can find a hypersurface germ MCV such that

M= Mnz"0),

and so that
Mt = Mmﬂ_l(t)

is separating and strictly pseudoconvex for sufficiently small t€T?°. For the generic ¢ the
surface 7~1(¢) is not algebraic, and so we have M; embedded in a “non-embeddable”,
compact surface. On the other hand, M; bounds a compact region in 7~ !(t), and is
therefore itself embeddable. We can find a Stein neighborhood UC X which contains M;
this neighborhood has in turn a Stein neighborhood W in V on which there is a holomor-
phic retraction R: W—U. For sufficiently small ¢ the hypersurfaces M; are transverse to
the fibers of R, and therefore can be reembedded into X as wiggles of M.
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(f) Quintic hypersurfaces. Let XCP3 be a quintic surface, not necessarily smooth,
and let Z denote a smooth hyperplane section. As usual we take X_ to be a smooth,
strictly pseudoconcave neighborhood of Z in X. A computation shows that

H2(X_;0)=0,
dim H2(X_;0®[-Z]) =6,
dim HY(Z; Nz)=3.

The results in this paper cannot be applied directly to study the structure of the em-
beddable perturbations on 6X_. With these computations and a more precise version of
Theorem EH1 we can show that the set of embeddable structures lying in a codimension-3
subspace of the set of all deformations is closed in the C*-topology.

Problem 10.3. Is the set of all sufficiently small, embeddable deformations of the
CR-structure on bX_ closed in the C>-topology?

The principal difference between quintic and quartic surfaces is that for a quintic
surface not every element of H!(Z, Nz) can be generated by global deformations of
the complex structure on X. It follows from results of Kodaira, see [Kd1], that all
deformations of the complex structures on hypersurfaces in P2 of degree different from
4 are algebraic.

Let M be a smooth, compact, strictly pseudoconvex, embeddable 3-manifold. In
[Ep2] it was conjectured that among the sufficiently small, embeddable perturbations
of the CR-structure on M only finitely many different relative indices actually arise.
This in turn implies that the set of sufficiently small, embeddable perturbations is closed
in the C*-topology. In Theorem 6.1 we have shown that the set of small embeddable
perturbations is closed in the C*®-topology without verifying this conjecture.

Problem 10.4. Suppose that M is as above and also satisfies the hypotheses of The-
orem 6.1. Show that only finitely many different relative indices arise among the set of
sufficiently small, embeddable perturbations.(?)

(3) Note added in proof. In recent work of the first author this question has been answered
affirmatively.
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