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Introduction

In this paper we present a new algorithm of resolution of singularities over fields of
characteristic zero, making use of invariants that come from Abhyankar’s good point
theory [Abl]. We also prove new properties on constructive (or algorithmic) desingular-
ization.

Let us explain what we mean by an algorithm of resolution. Consider a pair
(X, W) where W is a regular variety over a base field k (of characteristic zero) not
necessarily irreducible (i.e. W smooth over k), and X CW is a closed non-empty sub-
scheme. Call C the class of all such pairs (over different base fields k). Natural maps
(p~1(X), W) 2+ (X, W) arise within this class, for instance if : W;—W is a smooth
map over a fixed field &, or if p: W, —W arises from an arbitrary change of base field.

Fix now a totally ordered set (I, <) and suppose assigned, for each pair P=(X, W)
of C, a function ¢p: X —1 which is upper-semi-continuous and takes only finitely many
values, say {ay,...,a,}CI. Let maxyp be the biggest a; and set

Max ¢p = {§ € X | ¢p(§) =max¢p}.

We first require that the assigned function ¥p be such that Max 1p (C X) is regular and
closed in W.

Note first that I is independent of P=(X,W). Roughly speaking, at each point
£€ X, the value 9¥p(£) is to quantify how bad £ is as a singular point, so now the worst
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singularities define the closed and regular stratum Max 1»p. The property of v is that sin-
gularities “improve” after blowing up Max v and that desingularization will be achieved
by repeating this procedure.

Let W<ZW, denote the monoidal transformation with center Max yp and set
X1 (CW;) as the strict transform of X. The subscheme X; is empty if and only
if Maxyp=X, in which case red(X) (X with reduced structure) is regular; if not,
P1=(X3,W;) is also a pair in C and the exceptional locus of ¢ in W is a regular
hypersurface, say H;. Now we want to assign a function to P;, more generally:

Fix Py=(Xo, W) a pair in C, and suppose that for some index s>0 we have defined
blowing-ups

Wo <2 W, £ . Lo w,

in smooth closed centers C;C X, pairs P;=(X;, W;), X; the strict transform of X;_1,
t=1,..., s, and that functions

vp,: X; —»(1,<), i=0,..,5-1,

have been assigned and Max yp,=C;, i=0,...,s—1.

(Als) (Requirement.) We require that the exceptional locus of W, —W;, be E;=
{H.,...,H}, a union of regular hypersurfaces having only normal crossings.

(A2;) (Assignment.) If X,#0, an assignment of a function ¥p,: X;— (I, <), upper-
semi-continuous and taking only finitely different values, such that Maxyp, (CX;) is
regular and closed in W, and has only normal crossings with E;.

(B) For each pair (Xo, Wp) there is an index s>0 so that Max ¢p, = X;.

(C) With the setting of (B), if Xj is reduced, then X is regular (and has normal
crossings with Es by (A2,)).

The last condition (C) is that of a so-called “embedded” desingularization of X CW.
Note that (Al;) is vacuous if s=0, and for s>0 guaranteed by (A2,_;).

This is an algorithm of resolution (with values at (I, <)), namely an assignment
with the conditions (A), (B) and (C). An algorithm was introduced in [V1] to give
a constructive proof of desingularization, as opposed to the existential proof in [Hil].
Constructive resolution allows us to avoid the web of inductive arguments in Hironaka’s
monumental work and also presents desingularization as an active tool rather than an
existential result. The search of applications leads to the study of natural properties as:

(P1) If (¢~ 1(X),W;1)—(X,W) is defined by ¢: W;—W, either smooth or an ar-
bitrary change of base field, then the desingularization of (¢~!(X), W;) defined by the
algorithm is the fiber product (via ¢) of that of (X, W).

(P2) (Equivariance.) If a group acting on W induces an action on a pair (X, W),
the action naturally lifts to the desingularization of the pair defined by the algorithm.
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(P3) For any (X, W), if Imy={ay,...,a,} then X=J;_, ¥ (o) is a stratification
of X, each stratum 9 ~'(a;) being locally closed, regular and of pure dimension.

Property (P3) is a consequence of:

(P4) The regular and closed subschemes Max ¢p, (see (A2;)) are pure dimensional
and dim Max 1yp, is given by the value max p,.

Properties (P4) and (P1) (for an arbitrary change of base field) were initially moti-
vated by the study of stratification of families of schemes (e.g. Hilbert schemes) defined in
terms of “algorithmic equiresolution”, which we hope to address elsewhere (see also [E]).

Our program of study of canonical properties grows from [V2]. There (P1) and (P2)
were proved for the algorithm introduced in [V1] and examples were included to exemplify
how the algorithm works (e.g. on the Whitney umbrella) and how group actions lift. We
also refer to [V4] and particularly to [EV] for a simple introduction to constructive
desingularization. In this work we present a new algorithm and we prove the properties
mentioned above. In Remark 6.:22 we show how new and old algorithms relate. Proofs
are organized to show that these properties hold for both algorithms.

The old algorithm (in [V1], [V2], [V4]) relied on the two main “inductive invariants”:
w-ord, n (see Definition 4.20 and 6.17). These two invariants were the clue for the
inductive argument on the dimension of the ambient space. Together with the two main
inductive invariants, there was finally a third invariant involved in the first algorithm,
which is simple, non-inductive, and only plays a role when the two main invariants are
exhausted (see the monomial case in §2).

Recently an important contribution with another approach to constructive desingu-
larization has appeared in [BM2]. We also refer to [AJ], [AW] and [BP] for short and
nice non-constructive proofs of desingularization.

Our new algorithm grows from a fourth invariant: Ab (see (6.18.1), (6.18.2)) which
enables us to desingularize taking into account the notion of “good point” introduced
by Abhyankar [Abl]. We refer to [V3] for examples which illustrate that, in general, the
new algorithm leads to desingularization in less steps (less monoidal transformations)
than the old one.

An important improvement of this presentation with respect to that in [V1] and [V2]
is the notion of “assignment of chains and functions” introduced in Definition 6.3, which
clarifies the global behavior of the algorithm, avoiding the notion of idealistic exponents.
Algorithmic aspects of the proofs are developed in the second half of the last section (§6).
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1. Basic objects. Transformations

1.1. Let Z be a Zariski space (i.e. a Noetherian topological space such that each irre-
ducible subset has a unique generic point, cf. [Ha, p. 93]), and (I, <) a totally ordered
set. In what follows, a mapping f: Z—(I, <) is said to be a function if and only if

(1) f(Z)={a1,...,as}CI (f takes only finitely many different values),

(2) for each acl the subset {£€Z|f(€)>a} is closed in Z (i.e. f is upper-semi-
continuous).

In our context Z will be the underlying topological space of a scheme of finite type
over a field ([Ha, p. 84]), hence a mapping will be a function if and only if both (1)
and (2) hold locally at any point of Z.

For f a function as above, we define

» max f=max{ay,...,as}, the maximal value achieved by f,

» Max f={¢€Z| f({)=max f}, a closed subset of Z.

Ezample. If FCZ is closed and £€F, let cod¢(F) denote the codimension of F in
Z locally at €. The map — cod: F—Z, — cod(§)=(—1) cod¢(F'), is an important example
of a function as defined above. Note that the local dimension, say dim: F—Z is also a
function.

Definition 1.2. A basic object consists of data (W, (J,b), E) where

(1) W is smooth and pure dimensional over a field k of characteristic zero ([Ha,
p. 268]),

(2) J is a coherent sheaf of ideals of Ow, such that J;#0 for all £eW,

(3) beN,

(4) E={H,, ..., H,} is a finite set of smooth hypersurfaces of W having only normal
crossings.

The dimension of (W, (J,b), E) will be the dimension W and to each such basic
object we assign a reduced closed subscheme of W:

Sing(J,b) ={€ €W | ve(J) 2 b}
where v¢(J) denotes the order of Jg at the local regular ring Ow,¢.

1.3. There is an ideal describing the closed set Sing(J,b). If n is the dimension of
the basic object, Q%,V/ « is locally free of rank ., and so is the dual sheaf Der(W/k). Define
an operator A on coherent ideals in Oy by setting

A(Ne=(f, D(f)| fe Jg, DeDexr(W/k)e) VE€W.

We claim that Sing(J, )=V (A*~1(J)) (the closed subset defined by A®~1(J)). This can
be checked from the fact that, if £ is a closed point and x1, ..., z, is a regular system of
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parameters of Ow ¢, then
A(J)e={f,0f/9z;| f € Jg, i=1,..,n), (13.1)

so vg(A(J))=max{0,ve(J)—1}. Note also that if J¢ is generated by equations fi,..., fr
then

A(D)e=(f;,0f;/0z;|j=1,...,7m,i=1,...,n). (1.3.2)

Definition 1.4. A center of a basic object (W, (J,b), E) will be a closed and smooth
subscheme of Sing(J, b) which has normal crossings with E={Hy, ..., H,}.

Let ¢: W, —W denote the monoidal transformation with center C, H,,; the excep-
tional locus of ¢ (a smooth hypersurface) and

Fi= {H{, . H.:.}U{Hr.q_l}

where H] is the strict transform of H;. There is a unique coherent sheaf of ideals J; C Oy,
so that

JOw, = J1I(H,y1)®

(I(Hy41) is the ideal defining H,y1=¢"1(C)). Now (W1, (J1,b), E}) is also a basic object
and
(W, (J,b), E) <= (W1, (J1,b), E1)

will be called the transformation of basic objects defined by the center C.

1.5. Note that p: W; —W induces a proper map
@: Sing(J1, b) — Sing(J, b)

which is an isomorphism over Sing(J,b)\C. In particular, Sing(J;,b) contains the strict
transform of Sing(J, b).

1.6. Trivial basic objects. Note that if J=I(V) where V is any smooth closed sub-
scheme in W, then Sing(J,1)=V, and if
- (Wla (Jl’ 1)7 El) - (W7 (J7 1)7 E)

is a transformation of basic objects with center C, then Jy=I(V;) where V; is the strict
transform of V. (W, (J,1), E) will be called a trivial basic object. So in this case the
strict transform of Sing(J, b) is Sing(J, b).
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Definition 1.7. A resolution of a basic object (W, (J,b), E) will be a sequence of
transformations

(W, (J,b), E) = (Wy, (Jo,b), Eo) « (W1, (J1,b), E1) ... — (Wn, (JN,b), En)
such that Sing(Jy,b)=2.
1.8. Let (W, (J,b), E) be a basic object and ¢: W1 —W a smooth map (of pure
relative dimension, [Ha, p. 268]). Set J;=JOw, and
Ey={p ' (H1),.. ¢ (H:)}.
Then (W1, (J1,b), F1) is also a basic object and
Sing(Jy,b) = ¢~ !(Sing(J, b)).
This setting (where ¢ is smooth) will be denoted
@: (W1, (J1,b), E1) — (W, (J,b), E)
and called the restriction defined by . Of particular interest is the case where ¢ is an
open immersion or an étale morphism.
1.9. Let a:W’'—W be either a restriction or a change of the base field k (k as in

Definition 1.2(1) and W] the fiber product):

(W', (J',b), B') <£— (W, (J],b), E})

(W, (J,b), E) <—£— (W), (J1,b), E1).

(1) If ¢ is the transformation with center C, then ¢’ is the transformation with
center a~!(C) and o is a restriction (resp. a change of base field) (we agree that a
transformation on the empty center is the identity).

(2) If ¢ is a restriction then ¢’ is a restriction.

In particular a resolution of (W, (J,b), E) induces a resolution of any restriction and
of an arbitrary change of base field.

2. The monomial case

The interesting thing with the notion of resclution of basic objects, Definition 1.7, and
its link to resolution of singularities will be clarified in the development. For the time



GOOD POINTS AND CONSTRUCTIVE RESOLUTION OF SINGULARITIES 115

being let us say that the clue to constructive desingularization [V1] was to define an
assignment: to each basic object B=(W,(J,b), E) a smooth subscheme C(B)CSing(J,b)
having normal crossings with E. Set

B=(W,(J,b), E) — (W1, (J1,b), E1) =By

as the transformation with center C(B). Now look at the transformation with cen-
ter C(B1), so ultimately such an assignment induces over each basic object B a sequence
of transformations (Definition 1.4):

BB ..«—By+...

We also require that for some N (set By =(Wn, (Jn,b), En)), Sing(Jn,b) be empty (as
in Definition 1.7).

Here we treat a very special case inspired by [Hil, p. 312]; but the treatment will
illustrate the general strategy. Set B=(W, (J,b), E), E={Hj, ..., H;}, and assume that

J=I(Hy)* ... I(H,)*, (2.0.1)

0;: W—Z20, ;(§)=0 if £¢ H;, and «; locally constant along points of H; (i.e. constant
on each irreducible component of H;). In this case we call B a monomial basic object.

First note that the singular locus can be expressed in terms of the exponents ay, ..., @,
and the hypersurfaces Hy, ..., H,, namely:

Sing(J, b) = {£€W1 diq, cees Ty ail(§)+...+aip ({) > b, §€Hilﬂ...ﬂHiP}.

One can easily check that, locally at any point, Sing(J, b) is a union of irreducible com-
ponents with normal crossings, and we wish to select one of them as a center of trans-
formation.

We define a function which depends on (J,b):

['(B): Sing(J,b) — Iy = Zx Qx NN,
L'(B)(€) = (—T'1(§), ['2(£), T'3(£)),

where I is totally ordered with the usual lexicographic ordering.
Define for £€Sing(J, b):

(2.0.2)

Fl(f) = rnln{p | ailv "'7ip7 ai1(£)+---+aip (§) 2 b: §€Hi1ﬂ--~ﬁHip},

I'2(¢) Zmax{ail(£)+';+aip ©) ‘ D

=T1(8), @i, () +.. 4, (§) 2 b, {eH,—lm...mHip},

Ts(€) zmax{(il, ey 0y} | Ta(€) = O‘““H';M"”(é) : £eHilﬂ...nHiP}.
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I'; (€) is the minimal codimension of the components of Sing(J, b) locally at £. T'2(£)=b'/b,
where ¥’ is the maximum of v, (J), y being the generic point of a component of Sing(J, b)
containing ¢ and of codimension I'; (§).

Set max I'(B)=(~p,w,a) and n=dim W. One can check that, locally at ¢, Max I'(B)
is one of the highest-dimensional components of Sing(J,b) (dimension n—p). In partic-
ular, if some o;(£)>b then p=1 and Max I is a hypersurface at .

In general, MaxI'(B) is a union of connected components of the pure dimensional
and regular scheme H; N...NH; where a=(i1,...,%p,0, ...) (recall that max '=(-p,w,a)).

Note that MaxI" has normal crossings with E. Setting MaxI'(B) as center of the
transformation

B= (VV, (Jv b)? E) — By = (Wla (Jh b)7 El)
we naturally obtain an expression
Jy=I(H)“ .. I(H])* [(Hp41)% (2.0.3)
by setting for & € H mapping to £€ H;, a;(&1)=0a;(€), and if §1€H ¢

ary1(€1) = (0, (§)+- .+, (£) —b=(w—1)b.

So B, is monomial, ['(B;) can be defined as above and one can check that max I'(B) >
maxI'(B;) and that repeating this construction again and again, we finally come to a
resolution of the basic object B (Definition 1.7).

3. The good points

3.1. Suppose now that the ideal J is not necessarily monomial but that there exists a
monomial part together with another factor, say

J=I(H,)*..I(H,)* A. (3.1.1)
A point £€8Sing(J, b) is called ezceptional and good if
ve(I(H)® ... I(H)* A) <b (3.1.2)

where &;(£) denotes the remainder of a;(£) modulo b for any point €. Clearly &; is locally
constant.

If all points in Sing(J, b) are exceptional and good, one can check that, locally at ¢,

Sing(J,b) = Sing(I(H,)*© ... I(H,)*® )= U H,.
ai(§)2b
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Let T'(B):Sing(J,b)—Ip be the function defined in (2.0.2) applied now only to the
monomial part of J in the expression (3.1.1). So I'(B) is defined by neglecting the
non-monomial part A.

If any point is exceptional and good then I';(£)=1 at any point £€Sing(J,b) and
Max T is a union of components of a hypersurface H;. In particular, MaxI" is a hyper-

surface. The transformation with center Max I' is an isomorphism on W, but the trans-
form of B=(W,(J,b),E) is By=(Wh, (J1,b), E;) where

Ji= I(III)OL1 I(H’1'141)13‘7L1_1I(I:[il)o‘;1 I(Hﬂti1+1)ai1+l I(HT)arAa (3'1'3)

maxI'=(-1,w, (i1,0,...)) and aj =b(w—1). Again, all points of Sing(J;,b) are excep-
tional and good, and it is easy to check that the sequence of transformations

89—314—-...<—BN,

defined by the functions I'(3;) as in the monomial case, is a resolution of the basic object B

(Definition 1.7) obtained by monoidal transformations, all centers being hypersurfaces
(so that all W;=W in this case).

3.2. Within the setting of (3.1.1) we present a slightly more general situation which
is particularly good. Define a point £ €Sing(J, b) to be locally good if either £ is exceptional
and good ((3.1.2)), or the point is locally monomial, namely if

.Ag = OW’,g. (3.2.1)

If each point £€Sing(J,b) is locally good, then Sing(J, b)=Sing(I(H,)* ... I{H,)*",b).
Now we neglect A in (3.1.1) and define I as in §2, in terms of I(H,)*'... I(H,)*". In this
case, the sequence of transformations consists first in some monoidal transformations at
hypersurfaces, say N steps, and then Wy=W and Jy=I(H;)*...I(H,)* A ((3.1.2)).
Now all points of Sing(Jw, b) are locally monomial ((3.2.1)) and then again the procedure
in §2, defined in terms of I', extends the sequence of transformations to define a resolution.

This shows that the function in §2 defines a unique resolution of B in case all points
of Sing(.J,b) are locally good.

Remark 3.3. (1) MaxT is locally defined as an intersection of hypersurfaces in F,
hence MaxT" has normal crossings with E (with the union of hypersurfaces in E).

(2) If Max I is a hypersurface, then Max T is a union of components of some H; € E.
Assume that Max ['=H;, and fix notation as in Definition 1.4; then W=W,, H] =2 and

H,,=H;,. In particular, we must replace i; by r+1 in (3.1.3).
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4. Codimension and basic objects

4.1. Set W=Speck[X1,..., X,] and let JCk[X],...,X,] be a homogeneous ideal gen-
erated by homogeneous elements of degree b. Under these conditions we claim that
Sing(J, b) is a linear variety.

In fact, recall that Sing(J,b)=V (A®~1(J)) (1.3), Euler’s formula for homogeneous
polynomials

n
of
bf=) Xi—=
(k being of characteristic zero) asserts that Ab~1(J) is generated by homogeneous ele-
ments of degree one.

4.2. Let R be a regular local ring with maximal ideal m. If J is an ideal of R, v(J)
denotes the order of J. If JCm?® (i.e. ¥(J)>b) then we denote by In, J the initial part
of degree b of J in the graded polynomial ring Gr(R):

Iny J = J4m?+/mb+l C mb/m®+1 C Gr(R) = @ m™/m™+L.
n20

If v(J)=b, then In; J is generated by homogeneous polynomials of degree b.

Definition 4.3. Let £ be a closed point of Sing(J,b). We define 7(§)=7(J,b)(§) to
be the codimension of the linear variety Sing(Iny J¢,b) in Spec(Gr(Ow¢))-

Note that 7(£) >0 and that 7(£)=0 if and only if v¢(J)>b.

4.4. It follows easily from (1.3.1) that at a closed point £€Sing(J, b),
Ag;_r(l(?w,e) (Inp Jg) = Iny (A%l;l (J)e)

as ideals in Gr(Ow,). In particular, in case ve(J)=b, 7=7(£)>0 and there exists a
regular system of parameters zi,...,z, of Ow, such that

A YD) = (1, ey T )+ (4.4.1)

where IC mg.

LEMMA 4.5 (Giraud). Consider a transformation of basic objects:
(W, (J,b), B) < (W, (J1,b), En)

with center CCSing(J,b) and denote by H the exceptional divisor (Definition 1.4).
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Then for all i€{0,...,b}, A% (J)Ow,CI(H) and

1
I(H)!

APHJ) S A1) (S Owy)-

Proof. If i=b, A°(J)=J, A%(J;)=J; and the claim is trivial. We argue by decreas-
ing induction on %, so assume that the inclusion holds for some i>0. Let £’€ H be any
closed point, {=¢(¢’) and choose €O ¢ such that I(H)=(z).

Tt suffices to show that for generators f of AP=G=D(J), f/xi~te Ab=G-1(J}). If fe
AP7(J) (CAP~G=D(])) then the assertion follows by induction. Therefore, by (1.3.1),
it suffices to treat the case f=D(g), for g€ A>~(J)¢ and DeDer(W/k)e. By induction
we have

g 1

xt " I(H)?
Set D'=xD. It can be checked that D’ is a derivation (with no poles) locally at ¢'eW’,
so D'(g/z*)e A*=C=D(J)e. Finally

D'(i) - D(g)—w(x);’é,

A=) C AP () e (S APETD()e).

P Zi—1
and hence f D(g)
g (9 ) . g
231—1 wz—l (.’L‘l +ZD($) xt

belongs to AP~ G (J;)e.

COROLLARY 4.6. Let (W, (J,b),E) be a basic object and assume that there is a
closed regular subscheme ZCW such that 1(Z)CAP1(J).
For any transformation (W, (J,b), E)— (W1, (J1,b), F1),

I(Z)) CAY ()

where Z1 is the strict transform of Z.

This follows from the property of transformations of trivial objects (1.6) together
with Lemma 4.5 applied for i=1.

Remark. Note that I(Z)CAb~1(J) implies v¢(J)=b for all £€Sing(J,b) ((1.3.1)); in
particular, in this setting it also follows that vg, (J1)=b for §;€Sing(J1,b).

COROLLARY 4.7. Let £ be a closed point in Sing(J,b) and assume ve(J)=b.
(1) If {=z1,...,z+} are as in 4.4, after restriction to a suitable neighborhood of €, we
may assume:

V=V({(z1,...,x,)) is closed and regular, and I(V)C A*"1(.J). (4.7.1)
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In particular, Sing(J,b)CV and cod¢(Sing(J, b)) 27=7(£), where cod, denotes the codi-
menston in W, locally at £ as in the example in 1.1.

(2) Set (W,(J,b), E)<Z- (W, (J1,b), E1) a transformation (Definition 1.4) and & €
Sing(J1,b) such that o(&1)=€. Then v, (J1)=b and 7(§)<7(&1). If furthermore the
setting is as in (1), then Sing(J1,b)CVy, where V; is the strict transform of V.

(3) For any transformation (W, (J,b), E)— (W1, (J1,b), F1) and for any point &€ Wy
mapping to £€8Sing(J, b):

b=ve(J) > ve, ().

Proof. (1) is clear since AP~1(J) is coherent and Sing(J,b)=V(A*~1(J)) (1.3).
(2) follows from Corollary 4.6, and (3) from the fact that v, (A*=1(J;))<ve, (I(V1))<1
(see Corollary 4.6).

COROLLARY 4.8. For £€Sing(J,b) as in Corollary 4.7 and 7=7(&):

(1) codg(Sing(J,b))=7 if and only if A*"1(J)¢=(x1,...,T,) (in the setting of (1)
of Corollary 4.7, if and only if Sing(J,b)=V).

(2) Fiz a transformation (W, (J,b), E)«<2— (W, (J1,b), E1) (Definition 1.4) and &,€
Sing(Jy,b) so that p(£1)=E. Then code,(Sing(J1,b))=T if and only if cod¢(Sing(J,b))=7.

Proof. Replacing W by a suitable open neighborhood of £ we may assume that the
setting is as in (4.7.1), where in addition V is irreducible, so

(i) Sing(J,b)CV,

(i) Sing(J1,b)C Vs,
where V3 is the strict transform of V, both irreducible, smooth and of pure codimen-
sion 7.

(1) is a simple consequence of (i).

(2) We shall prove that equality holds at (i) if and only if it holds at (ii).

If cod¢(Sing(J, b))=7 then Sing(J,b)=V (by (i)). 1.5 asserts that the strict trans-
form of Sing(J, b), namely V1, is contained in Sing(Jy, b), which together with (ii) implies
that Sing(J1,b)=V1, so code, (Sing(J1, b))=7.

Conversely, if cod, (Sing(J1,b))=7, then Sing(J1,b)=V; (by (ii)), which maps sur-
jectively to V. Since o(Sing(J1,b))CSing(J,b) (1.5), it follows that Sing(J,b)=V, so
cod(Sing(J, b))=r.

4.9. Let @: (W', (J',b), E')— (W, (J,b), E) be either a restriction of basic objects
(1.8) or an arbitrary change of the base field k (Definition 1.2(1)), and & a closed
point in Sing(J’,b)=¢~!(Sing(J,b)) mapping to £€Sing(J,b). Then cod¢(Sing(J,b))=
codg/ (Sing(J’,b)). A regular system of parameters at Ow,¢, say Z1,...,Zn, can be ex-
tended to a regular system of parameters x1, ..., Zn, Tnt1, .., Tm at Owr ¢
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If Je=(f1,..., fr) then J.,=(f1,..., fr) and 8f;/0x;=0 if j>n. It follows from (1.3.2)
that

AT Ow = AT,

In particular, the setting of (4.4.1) is preserved (for the same 7) and so is Corollary 4.7 (1)
and Corollary 4.8 (1).

PrROPOSITION 4.10. Fiz =0 and let (W,(J,b),E) be a basic object such that
7(J,b)(€)=2e (Definition 4.3) at any closed point £€Sing(J,b). Note that we have
codg (Sing(J, b)) e at any & (Corollary 4.7 (1)).

Set F(®)={¢cSing(J,b)| code(Sing(J,b))=e} (possibly empty). Then:

(1) F© is smooth of pure codimension e and is open and closed in Sing(J,b) (i.e.
a union of connected components).

(2) Suppose that F(®) has normal crossings with E and set
(W, (J,b), B) <= (W1, (J1,b), Ex)

as the transformation with center F(®. Then F\® ={¢€Sing(J1,b)| codg (Sing(J1,b))=e}

is empty (i.e. cod(Sing(J1,b))>e at any point) and Sing(J1,b) can be identified with
Sing(J, b)\ F(®),

Proof. (1) Note that at any closed point £€F(), AP~ (J)e=(xy, ..., z.) in (4.4.1),
so Sing(J,0)=F®=V=V((z1,...,2,)) locally at & which shows that F(® is open
in Sing(J,b). From Corollary 4.7 (1), it also follows that, if F{®)#@, F(¢) consists of
points of Sing(J,b) of maximal dimension, and therefore F(¢) is closed by the example
in 1.1.

(2) With the setting and notation as in the proof of Corollary 4.8, here Sing(J,b)=
F) =V and therefore Sing(J;,b)=V; (strict transform of V). Since the center is V,
Vi(=Sing(J1, b)) =2.

We summarize the previous results as follows:
CoOROLLARY 4.11. Let £ be a closed point in Sing(J,b) such that ve(J)=b. Set e
such that 7(§)>2e>0. There is a restriction to an open neighborhood of £,

(W' (J',b), E"Y — (W, (],b), E),

and there is a smooth closed subscheme V¢ of W' such that:
(1) £€Ve and V€ has pure codimension e.
(2) I(VE)CAPY(J") (so Sing(J',b)CVe).
(3) 7(¢')=e and codg (Sing(J',b))=e for any £'€Sing(J',b).
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(4) Any sequence of transformations
(W', (J',b), ") — (W1, (J1,), E1) = .. = (Wi, (I, b), E)
induces a sequence of transformations of trivial basic objects (1.6),
(W, (I(V®),1), E') — (W}, (I(VF), 1), Eq) ... = (Wi, (I(VR), 1), Ely),
with each V¢ the strict transform of V2 ., and for each indezx i,
I(VE) S AP, b);

in particular, Sing(J],b)CV,e=Sing(I(V), 1) and codg, (Sing(J], b)) >e.

4.12. Set R=k[[Z1, ..., Ze, X1, ..., Xn]] and R=R/(Z1, ..., Ze)=K[[X1, ..., X,]]. Let v
denote the order in R and ¥ the order in R. If f€R, we denote fR the class of f in R.
One can check that
of

vifizb & z7<—.——.1?)>b—i, 1=0,..,b—1, i1+...+i.=1.
8Z}...0Z¢¢

In fact, setting f=>_an2%, an€k[[X1,...,Xxn]], a=(a1,...,an), |a|=a1+...40p, the
equivalence can be rephrased as

v(f)zb & as)=2b—la| Ya, |a|<b.

COROLLARY 4.13. Let (W, (J,b), E) be a basic object and V (CW) be a regular
subvariety of codimension e. If £€V then

vwe(J)(E)2b & vy (AY(J)Ov)=2b—i, i=0,..,b—1,

where vw,¢ (resp. vv,e) denotes the order at the local ring Ow,¢ (resp. at Ovy,¢).

Definition 4.14. Let B=(W,(J,b), E) be a basic object such that b=max{v¢(J)|
£€Sing(J,b)}. Let V¢ be a smooth closed subscheme of codimension e and assume that
I(VEYCAP1(J) (so Sing(J,b)CV¢). We define the coefficient ideal of B on V*:

b_l . .
C() =) _(AH)CI0y-.
=0
It follows from Corollary 4.13 that Sing(J,b)=Sing(C(J),b!). Note that C(J)¢=0 if
and only if Sing(J,b)=V* locally at £. In particular, if F(©)=@ then C(J)¢#0 for any
&, so (Ve,(C(J),b), ) is a basic object and Sing(J, b)=Sing(C(J), b!) (CV*®) as closed
subsets in W.
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PROPOSITION 4.15. Let (Wy, (Jo,b), Eo) be a basic object and V5 be a smooth closed
subscheme of pure codimension e such that:

(1) I(V§)CA=(J) as in Definition 4.14; note that in that case T(§)>e for any
£€Sing(J, b).

(2) V¢ has normal crossings with Ey and VE¢ H for any HEEy.

Assume that F®) is empty (see Proposition 4.10) and set the basic object as
(VE, (C(Jo), b)), Ep), where Eq={HNV{|HeEy}.

Any sequence of transformations of basic objects,

(WO’ (J07 b)v EO) — (Wl, (le b)v El) AT (WSH (JS, b)7 ES)7
induces a sequence of transformations with the same center,
(Vbe’ (C(Jo), b')a EO) “— (Vlea (C(Jo)l’ b')’ El) e (VS’ (C(’]O)Sv b')v ES)?

and Sing(J,, b)=Sing(C(Jp)s,b!) (CVECWy).

Proof. Let H, CW)j, be the exceptional hypersurface corresponding to the transfor-
mation (Wk:—la (Jk:—l’ b)7 Ek—l)(—(ch) (Jky b)v Ek)
We set for £>0,

(A" Co)lk = gy A" (o)1 0w,
so that
b—1
B= D [AYH(Uo) ] Oy
=0

We begin by formulating a claim, say:

Claim(s). For any index k=0, ...;s

(1) [A*H(Jo)]s CAP*(Jk)-

(2) At any closed point & €Sing(C(Jo), b!) there is a regular system of parameters
2k,15 v Zk,es Th,1s s Thyn—e SUCh that:

(a) I(Vi)er=(2k1, - Zk,e)-
(b) Setting R,C—(DW,c £y Ri= Ove .&x, there is a set of generators {f,C )} of Jy Ry,

V=3"aXzg, o) ek [[X] =R,

so that
(ai"\i)b!/(b"‘al) € C(Jo)x Ry (4.15.1)

for all o« with |a|<b.
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Before we proceed with the proof of our claim, let us point out that if (1) holds then
C(Jg)x CC(Jy) and in particular,
(Sing(Jk, b) =) Sing(C(J), bl) C Sing(C(Jo)k, b!)-
On the other hand, if (2) holds at any & € Sing(C(Jo), b!), it follows from (4.15.1) that
&€ Sing(Jk, b), S0
Sing(C(Jo)x, bl) C Sing(Jk, b)-
As for Claim(0), (1) is trivial and (2) follows from the fact that ag‘ieA"““\(Jo)Ro if
|| <.
We now assume Claim(s) and consider a sequence of transformations of length s-+-1.
Since [Ab~i(Jp)]s CAP~H(J,), we have
. 1
Ab—z s
(A e = T
See Lemma 4.5 for the last inclusion.
Let £54+1€Sing(C(Jo)s+1,b!) be a closed point, &, € Sing(C(Jo)s, b!) the image in W.
After a finite extension of the base field and a linear change involving only the vari-

1

C—— AHJ) C A (Jet1).
C Ty AT S AT )

(A (Jo))s C

ables z; ; in Ry, we may assume at R, =0Ow,,,¢,,, 2 regular system of parameters
Zs41,15 s Zstl,er Ts+1,1 -y Ts+1,n—e With
IHop)e,, ={Tst1,1)y  Tss1,1=2ZTs1,
€ i
I(VE ) eir = (Zs41,15 0 Zob1ie)s  Zst1,5 = 25,5/ Ts,15

and define

s(i)l = Z a.g)-‘f-)l aZor
so that aii)l =all /wb l*l In particular,
(aﬁfl,a)”’/(”"“') € C(Jo)s+1Rs1.
This proves Claim(s+1) and Proposition 4.15.
Definition 4.16. Let (W, (J,b), E) be a basic object and assume that 7(J,b)(§)>e
for any £€Sing(J,b). Define
ord. (., b): Sing(J, b) — QU{co},

orde(J,b)(€)=o0 if and only if code(Sing(J, b))=e. If cod¢(Sing(J,b))>e, setting V¢ in
a suitable open restriction so that I(V*)CAY~1(J) (Corollary 4.11), and C(J)COvy- as
in Definition 4.14, then

ord, (J,b)(€) = ’i((;,@ €Q

where v¢ denotes the order at Oye ¢.
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PROPOSITION 4.17. The function defined above (Definition 4.16) is independent of
the choice of V©.

Proof. The statement is clear if ord.(J, b)(§)=00, so assume that cod¢ (Sing(J, b)) >e
and, after suitable open restriction, that furthermore F(®)=g.
Since orde(J, b) is clearly a function as in 1.1, it suffices to assume that &€ Sing(J, b)
is a closed point. Multiplying by At: Wo=Wx AL, Vf=VexAL, Jo=JOw,, we get a
restriction
(Wv (Ja b)7 E) — (W07 (JOa b)a EO):
so I(V§) CAP1(Jp) (4.9) and C(Jo)=C(J)Ov-.

Set £o=(£,0), Lo={¢}x A}. If '=v¢(C(J)), then ve: (C(Jo))=V for any £'€ Lo (4.9).
Consider the transformation with center &g, say

(Wo, (Jo, b), E) — (W1, (J1,b), Er).

Let H; be the exceptional divisor, L, the strict transform of Lg, V¢ the strict transform
of V§ and &,=LiNH;. Set (V£,(C(Jp)1,b!), E1) as the transform of (V§, (C(Jo), ), @)
and (V§, (A1, V), E1) as the transform of (V, (C(Jo),b’), D). Note that the order of A,
at points in Li\{&1} is ¥/, so vg,(A1)=b' (see Corollary 4.7 (3)), and

C(Jo)r =I(H )P~ A,

where H;=H;NV¢. Note that b’ —b! is the highest power of I(H,) that one can factor
out.

Suppose that we have defined inductively (Wy, (Jk,b), Ex), Lk, V¢, Hx, Hy=HNVE,
ArCOve and §g=LiNHy such that

C(Jo)i=T(H) =M A, b =g, (M)

Consider the transformation with center at &: (Wx, (Jk, b), Ex) — (Wi+1, (Ji+1,0), Brt1)-
Let Hy 11 be the exceptional divisor, Ly, be the strict transform of Ly, V)¢, | be the strict
transform of V¢ and &,41=Lg41NHyy: (closed point). Set (Vie,,, (C(J0)k+1,b), Exg1)
as the transform of (Vi¢,(C(Jo)k,b!), Ex) and (V2 1, (Akt1,b), Ext1) as the transform
of (Vi&, (Ax, V), Ex). By Corollary 4.7 (3), ve,(Ak+1)=b and

C(Joksr = I(Hyp1) D= 4 .
In this way, for any natural number N we have defined a sequence of transformations

(Wa, (Jo,b), Eg) ... — (Wn, (Jn,b), En)
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and codg, (Sing{Jn, b)) 2e+1; in particular, the local codimension in Wy is
code,, (Sing(Jn,b)NHy) > e+1.

Now it is clear by Proposition 4.15 that

code, (Sing(Jn,b)NHy)=e+1 < codgy (Sing(C(Jo)n,b1)NHN) =1

, (4.17.1)
& N -b)=b

where the second codimension is considered in V. Moreover, in this case,
Sing(Jn,b)NHy =Hy

is a permissible center.

Suppose N (b —b!)=b! and set Cy=Sing(Jn,b)NHy. Consider (Wn, (Jn,b), En)«—
(W1, (J{,b), E}) as the transformation with center Cp, and let H] be the exceptional
divisor. Note that this transformation in V§ is the identity map, Hi=H|NV'{=Hy,

C(J}) = I(H)N -9 A,
and it is therefore clear that
codg (Sing(J;,b)NH; ) =e+1 & N(b'—bl)—bl >bl. (4.17.2)

We can iterate this process of transformations (isomorphisms in V) at centers of codi-

mension e+1 exactly {n times, for

= [N(b;!—b!)]

where the brackets denote the integer part.

Equations (4.17.1) and (4.17.2) show that the number I depends on the codimension
of the singular locus and not on the choice of V¢. Finally note that
v [N(b' —bl)/b!]

——1= lim l—I—V—: lim ———. (4.17.3)

Orde(']a b) (5) -1= b! Nooo IN N—ooco N

4.18. In the particular case of e=0 (V¢=W) the map defined in Definition 4.16 is

ve(J)
s

ordy (J’ b) (5) =

4.19. Let (W, (J,b), E) be a basic object such that 7(£) >e for any £€Sing(J,b). Let
(W, (J,b), E)« (W1, (J1,b), E1) be a transformation with center C, and let H; denote
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the exceptional divisor. Let £€Sing(J,b), V¢ and C(J)COy- be as in Definition 4.14 (in
a suitable neighborhood). Set V{* as the strict transform of V€. Recall that the number
ord.(J, b) does not depend on the choice of V¢, and by Proposition 4.15 that

Sing(J, b) = Sing(C(J),b") (CV*®), Sing(J1,b) =Sing(C(J)1,b!) (C V).

Define b': W1 —Z >0 as follows: if £&eW1\ Hy, set b/(£1)=0, and for &€ H; with image
say £€C, set b/(§1)=vc (C(J)), the order of the ideal C(J) at the generic point of the
unique irreducible component C’ of C' which contains €.
Note that
C(JIh =I(H)" ™4

where Hy=H, NV and &' (>b!) is a locally constant function on H;. The exponent which
appears in this expression above divided by b! is independent of V¢, since

b'(£1)-b ,
(b—)!=orde(J,b)(C )—1.

On the other hand, if £, €Sing(.J1,b) then

orde (1, b)(61) =

b/(gz)!—b! 4 Vglé.;‘h) '

We now attach a new map w-ord.(Ji, b) to the transformation, setting w-ord(J1,b)(&1)=

ve, (A1) /b

Definition 4.20. Let (Wy, (Jo,b), Ep) be a basic object such that 7(J,b)(€) >e, VEE
Sing(J, b). Given a sequence of transformations, with centers C;, =0, ..., k—1,

(W07 (Jf)’b)’EO) — (Wl) (Jl’b)aEl) AR (Wk’ (Jkﬂb)’Ek)a

we define a map w-ord(J, b): Sing(Jx, b)—Q by induction on k.
If k=0, define w-ord(Jo,b)=ord.(Jo,b) (Definition 4.16). Suppose for k>0 the
existence of maps

w-ord.(J, b): Sing(J,0) = Q, 7=0,...,k—1,

and assume, for any point £ €Sing(Jp, b), the choice of a regular variety V§ of codimen-
sion e, as in Corollary 4.11; assume also expressions of the form

C(Jo)k—r =I(H1)™ ... I(Hp—1)** " Ap_1

where V?_, is the strict transform of V' and the exponents aq, ..., ax—; are locally con-
stant functions on H; independent of the choice of V®.
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For the index k we have the following expression in Oy, (with Vj¢ the strict transform
of V¢ 1)
C(Jo)k = I(H{“) I(Hk_l)a"_lf(ﬁk)ak/tk

where ay, is a locally constant function on Hy; for £é€ Hy, set

Br(€) = akb(f) =orde(Jr—1,b)(C") -1 (4.20.1)

where C’ is the unique component of Cy_; which contains the image of £ in Wy_;.
Now we define for each H; a function §;: Wy —Q, B;(£)=a;(£)/b!, so for any £€
Sing(Jk, b),

w-ord, (Ji, b)(€) = (Ak)_ord (Jx, b)(€)— Z a’@

B!
¢, (4.20.2)
=ord.(Jk, b)(€)— ) _ Bi(§)-

¢eH;

Note that the definition of the map w-ord.(Jk,b) depends only on the map orde(Jx,b)

and the given sequence of transformations.

Remark 4.21. The maps ord, and w-ord. are functions as in 1.1, and if
(W, (J,b), E) — (W', (J',b), E')

is a restriction (1.8) or arises from an arbitrary change of the base field k in Defini-
tion 1.2(1), and &'€Sing(J’,b) maps to £€Sing(J,b), then ord.(J, b)(§)=ord(J’,b)(¢’)
and the same holds for w-ord,.

PROPOSITION 4.22. Let (W, (J,b), E) be a basic object such that 7(J,b)(§)>e, VEE
Sing(J,b). Consider the sequence of transformations

(W7 (Jab)r ) (W07(']07 ) ) (Wla(']ly )7E1)<_"'<_(Wk7(Jk7b)7Ek)

and the function w-orde(Jy,b):Sing(Jx,b)—Q. A smooth closed subscheme Cj of
Sing(Jk, b) having normal crossings with E) defines an enlargement of the sequence of
transformations

(Wo, (Jo, b), Eo) « (W1, (J1,b), Eq) .
— (Wi, (Jk, b), Ex) <22 (Wit1, (Jkt1,0), Bet1)-

If w-ord.(Jk,b) is locally constant along Cx (constant on each irreducible component)
then

w-orde (Jg, b) (0(€)) = w-orde (Jk+1,b)(€) V€€ Sing(Jk+1,b).
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Proof. To study the inequality we may assume that ¢(£)&Cy, and after suitable
open restriction, that Cj is irreducible with generic point y. We assume here that
w-orde(Jk, b) (¢(€)) =w-ord.(Jx, b)(y)=b"/b!. It can be checked that:

(1) I/S,(Q(Ak):lly(.Ak)-——b".

(2) The basic object (Vi , (Ax+1,8”), Ers1) is the transform of (Vig, (Ax,b”), Ex)
at the permissible center Cy.

Finally the inequality follows from Corollary 4.7 (3).

5. Idealistic closed sets

Definition 5.1. Let W be smooth of pure dimension n over a field k of characteristic
zero, and E={H,, ..., H,} a finite set of smooth hypersurfaces of W having only normal
crossings. A weak idealistic closed set is

(W, F, B, {UD 25 Wier, {(J9, b;) bier)

where
(1) I is a finite set,
(2) F is a closed subset of W,
(3) for each i€, o;: U —W is smooth and W=|J;.; Im a;,
(4) if EO={a;}(H)| HEE, a; }(H)#®} then for each icI, (U®, (J®,b;), E®) is
a basic object and
a; Y (F) =Sing(J9, b,). (5.1.1)

Weak idealistic closed sets will be denoted by gothic letters,
§=W,F,E{UD 25 Whier, {(J9,b:) }ier),

and F will be called the singular locus of F,

Sing(¥)=F.

We say that § is an n-dimensional weak idealistic closed set if in addition dim U ()=

dim W=n for any i, in which case the a; are open immersions or étale morphisms.

5.2. If a: W/—W is either a restriction (1.8) or a change of the base field k, then §
induces by fiber products a weak idealistic closed set § on W’ (see 1.9) denoted

F—7F,

which we shall call a restriction of § when « is smooth.
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5.3. Let C be a closed smooth subscheme of W having normal crossings with
E={H,,....H,}. Set o:W;—W as the monoidal transformation with center C. We
can argue as in 1.9 to show that, by taking fiber products, there is a finite covering
{Bs: Ul(i)_>W1}i€1 of Wi by smooth morphisms, and basic objects (Ul(i), (Jl(i),b,-),EY))
(transforms of original basic objects) for each index of the same finite set I.

However it is not clear, and in general not true, that there exists a closed set F; CW;
such that

B (F1) = Sing(J{", b;).

Definition 5.4. A closed smooth center CC F=Sing(F) having normal crossings with
E is said to be permissible if the latter condition holds. In such case the morphism §F«§1

is called a transformation of weak idealistic sets, where

$1=(Wy, F1, By, {UP 25 Wi bier, {(T, b0) Yie)-

Definition 5.5. An n-dimensional weak idealistic closed set § is said to be an n-
dimensional idealistic closed set if, in addition, for any sequence

P P2 Pk
F=Foc—F1 ... — T,

with each ¢; either a restriction or a transformation at a permissible center, then any
closed and smooth subscheme of Sing(F) having normal crossings with Ej, is permissible.

5.6. Any n-dimensional basic object (W, (J, b), E') defines naturally an n-dimensional
idealistic closed set.

A finite open covering {U®} of W (or an étale covering) defines by restrictions of
(W, (J,b), E) (1.8) also a structure of idealistic closed set where, naturally, F=Sing(J, b).

Other examples will show up in Theorem 6.6.

Definition 5.7. Let § be an n-dimensional idealistic closed set. A resolution of § is

a sequence of transformations
Y1 P2 Pk
F=Foc—Fr1e—...— 3k

such that Sing(Fx) is empty.

5.8. Let § and § be two idealistic closed sets on the same regular scheme W. § is
defined in terms of E (hypersurfaces with normal crossings) and § in terms of E'.
Assume that Sing(F')CSing(F) and suppose that if C is any smooth closed subscheme
of Sing(§’) having normal crossings with E’ then C has normal crossings with E (for
instance, if E=@ or E=E").
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It is clear that any transformation
5
induces a transformation
3’ — %’ 1
and the same holds for restrictions or change of base field (1.9).

Definition 5.9. Given § and § as above, we shall say that §'CF if the following
properties hold:

(1) Sing(¥")CSing(F).

(2) Any sequence of transformations and restrictions over §, say
! ! !
§ =380 ... — %
induces a sequence over §, say

S=80 ... =Tk,

so that Sing(F;)CSing(F:), ¢=0,...,k, and furthermore, if C'CSing(J}) is closed and
regular and has normal crossings with E} then C has also normal crossings with Ej.

Ezample 5.10. Let (W, (J,b), E) be a basic object, and VCCW a closed and smooth
subscheme of codimension e. Assume I(V¢)CA®~1(J). Setting § and § as the idealistic
closed sets defined by the basic objects (W, (J,b), E) and (W, (I(V¢),1), E), then FCF.

Definition 5.11. Set §, §', W, E and E’ as in 5.8. We say that ¥ is equivalent to §’
E~3') if FCF, FCF and E=FE'.

Ezample 5.12. (1) The basic objects (W, (J,b), E) and (W, (J2,2b), E) define equiv-
alent idealistic closed sets.

(2) Fix § an idealistic closed set and notation as in Definition 5.1. If for each icl
there is a finite set I; and smooth morphisms

B UM —UD, jel
such that UW={J,, Tm §; ;, then
84 = (VV, Fa E? {U(i’j) f‘iigi’ W}iEI,jEIi’ {(J(i’j)’ bl)})

is an idealistic closed set equivalent to §.
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Remark 5.13. (1) Set W, E=E’ and §~§ as in Definition 5.11. Then Sing(§)=
Sing(§’) in W and if

F=Fo—...—8k

is a resolution of § (Definition 5.7), it induces naturally a resolution
F=Fo— . 8k

and equalities

Sing(F;) =Sing(3,), i=0,1,...,k. (5.13.1)

(2) Let <’ be a restriction of §F (resp. a change of base field). Then a resolution
of §,

§=Fo ... — 5k,

induces (by pullback) a resolution of §’,
F =% Tk
and restrictions (resp. changes of base field) «;: §; —§; inducing morphisms
a;: Sing(F;) — Sing(3:). (5.13.2)

Definition 5.14. An n-dimensional idealistic closed set § (Definition 5.5) is said to
be of codimension >e if for each i€ there is a closed smooth subscheme V&iCU® of
pure codimension e, such that:

(1) I(Ver)CAb-1(J@) (in particular, Sing(J®, b;)CVe?).

(2) At any £cSing(J® b;) there is a regular system of parameters zi,...,z4 of
Oy, ¢ with the following conditions:

(a) I(Vo)e=(z1,..., Te).

(b) If Eéi):{HeE(i)lgeH} then for any HEEéi) there exists an index igy>e so
that I(H)e=(zi,)-

Also if ¥ is a weak idealistic closed set (Definition 5.1), we say that § has codimension
>e if these conditions hold for F.

Note that to any basic object (U®,(J®, b;), E®) we associate a basic object
(Ve (C(JD), b;!), E®) such that Sing(J®,b;)=Sing(C(J®),b;!), and this equality
holds after any sequence of transformations (see Proposition 4.15).
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Ezample 5.15. (1) Let § be an idealistic closed set. Then § is of codimension >0
(Vei=U®). In fact, for e=0 all conditions in Definition 5.14 are vacuous.

(2) Let (W, (J,b), E) be a basic object where E=@, and let e>0. If 7(J®, b;)(£) >e,
V¢ €Sing(J®, b;), then Corollary 4.11 asserts that there is a finite set I and an open
covering {U},¢; so that the restrictions of (W, (J,b), E) to the different U define a

structure of n-dimensional idealistic closed set of codimension >e.

5.16. Let § be an n-dimensional idealistic closed set of codimension >e. Condition
(1) of Definition 5.14 implies that 7(J® b;)(€)>e for each £€Sing(J®,b;), i€l. In
particular, functions
ord.(J®,b;): Sing(J®, b;) — QU{oo}

are defined so that whenever &€ Sing(J(®,b;) and &, €Sing(J\, b;), 4, 5€1, map to the
same point £ €Sing(F) then ord. (J®, b;)(&;)=ord.(JU),b;)(¢;) (see Definition 4.16). We
say that the functions ord.(J®,b;) patch so as to define a function Sing(F)—QU{oo},
namely:

LEMMA 5.17. With the setting as above, where § is an n-dimensional idealistic
closed set of codimension e, the different functions

ord (J®?): Sing(J@, b;) -» Qu{cc}, i€l
patch and define a function (1.1)

ord.(F): Sing(F) — QU{oc}.

Proof. This follows from formula (4.17.3), where the value of the function is ex-
pressed in terms of the codimension of the singular locus.

5.18. One can check that if § is an n-dimensional idealistic closed set and F«§1 is a
transformation, then naturally §; is an n-dimensional idealistic closed set. Furthermore,
if § has codimension >e then §; has also codimension >e. The same holds for restrictions
or change of base fields (5.2).

A sequence of transformations
S=Fo—F1 ... — Tk
induces for each i€l (Definition 5.1) a sequence of transformations of basic objects,

UD,(JD,6;), ED) = (U, (I, 6:), E) = (UD, (JD, b;), EP) o ...
e (U, (D b)), B,
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and we have attached functions in Definition 4.20 to such a sequence, say
w-orde (J, b,): Sing(J¥, b;) — % ZU{o0} € QU{oo}, (5.18.1)

and for each hypersurface H; GE,(:) a function

O]
i i i ;&)
By U —=Q, O =57

(see (4.20.1) and (4.20.2)).

COROLLARY 5.19. Let § be an n-dimensional idealistic closed set of codimension e,
fix a sequence of transformations
§=380—F1 ¢ ... — 3k
and set for s=0, ..., k, F=(Ws, Fy, Es, {US,(i)—>Ws}iGI, {(Js(i), b;)}ier) as in Definition 5.1.
The functions w—orde(J,Ei),bi) (5.18) patch and define a function
w-ord.(Fx): Sing(Fx) — QuU{oo},

and w-ord.(§o)=ord.(Fo). For each H;EEy, the functions ﬁ,(cg (5.18) patch to define
functions

B;(3x): W —Q
which are locally constant along H;€Ey, (see Lemma 5.17 and formulas (4.20.1) and
(4.20.2).

COROLLARY 5.20. Let § and §' be equivalent idealistic closed sets ( Definition 5.11)
of codimension >e. Then

ord.(§) = ord.(§"),

and given a sequence of transformations

§=8o ... — 5,
§F =80 Bk
as in Definition 5.11, we have
w-orde (&) = w-orde (5%)
and for each H;cEy,
B;(8r) =65 (%)
This follows directly from (4.17.3), {4.20.1) and (4.20.2).

Remark 5.21. It is clear from Corollary 4.7 and Corollary 4.11 that if § is an ideal-
istic closed set of codimension >e, then code F'>e (codimension of F in W locally at &)
at any point £€F.



GOOD POINTS AND CONSTRUCTIVE RESOLUTION OF SINGULARITIES 135

THEOREM 5.22. Let § be an idealistic closed set of codimension >e. Set F¢=
{€€Sing(5)| cod Sing()=c}.

(1) £€eFe if and only if ord.(F)(€)=oc.

(2) F*° is an open and closed set in Sing(F) (it is a union of connected components).

(3) F*© is smooth of pure codimension e and has normal crossings with E.

(4) Let F—%F1 be a transformation and set Ff={£€Sing(F1)|code Sing(F1)=e}.
Then F¥ is the strict transform of F¢. In particular, if the center of the transformation
is C=F¢ then Ff is empty and Sing(F1) can be identified with Sing(F)\F*°.

Proof. (1) follows from Definition 4.16; (2) from Proposition 4.10; (3) from Defini-
tion 5.14 (2); and finally, (4) follows from Corollary 4.8.

6. Algorithms of resolution

The proof of desingularization of an embedded variety X CW is closely related to that of
principalization of ideals: given a sheaf of ideals in a regular variety, say I C Oy, define
a morphism of regular varieties W« W' so that I'=IQw- is locally principal and V{(I')
(algebraic subset defined by I’) is a union of hypersurfaces having only normal crossings.

In fact, both results undergo the same general scheme of proof. The following
development will state both problems in a unified frame.

Definition 6.1. Let an algebraic class G be a class of objects Ob(G) and arrows

S('_%l, 3"7 $1€Ob(g)7

called transformations, subject to the following conditions:

(1) To each F€Ob(G) there is an assigned scheme Sing(F).

(2) A transformation § 2% can be identified with a closed and regular subscheme
C, of Sing(%), called the center of ¢, and each such transformation induces a morphism
of schemes

@: Sing(F1) — Sing(F)

which in terms defines an isomorphism
Sing(§1)\@~ ' (C,) = Sing(3)\ Co-

Ezample 6.2. (1) Define S by setting X€Ob(S) if and only if X is a scheme which
is separated and locally finite over some field of characteristic zero. Define Sing(X) as
the singular locus with reduced structure, and a transformation

X<——-X1
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to be a monoidal transformation on a closed regular subscheme C, CSing(X).

(2) Let C be the class of idealistic closed sets (Definition 5.5), with Sing(g) as in
Definition 5.1 and transformations as in Definition 5.4.

(3) We can define D by setting F€Ob(D) where F=(W,I) consists of a non-zero
sheaf of ideals ICOw, W a regular variety, and

Sing(F) ={€ €W | I € Ow¢ is not (locally) principal},
and if C is closed and regular in Sing(F)CW, it defines the monoidal transformation
W —W'. Then set F—F where F=(W',I"), I'=10yw.

Definition 6.3. Let G be an algebraic class and (I, <) be a totally ordered set. An
assignment of chains and functions from G to (I, <) will be a set

CF(G,1)

where an element consists of data, say

_{&o&...«ﬁ*—&k, F:€0b(G),
9i :g‘i(%"i): Slng(SI) —)Iv ’L:Oa ceey ka

each g; being a function (1.1) and each ; a transformation in the algebraic class G.
A sequence of transformations in G together with functions as in (6.3.1) will be called
a chain of length k. We require that the set CF(G, I) satisfy the following properties:
(Ag) For each F€Ob(G) there is a unique chain of length zero with §o=35, say

3'07
0 =
go: Sing(Fo) — 1.
(Bk) For each chain Ly of length k ((6.3.1)) there is a set C(Ly) and each element

of this set is a closed and regular subscheme in Max g;. This set C(Ly) will be called

the criterion of choice of the centers for the given chain.
(Ck) For each chain Ly of length k ((6.3.1)) and for each C€C(L) there are a
transformation §x«Fxr+1 and an enlargement of Ly to

LB R S, Bi€0b(G), 632)
P giSing(Bi) oI, =0,k k+1, -

with gy, ..., gk as in (6.3.1), and
9 (Pr+1(8)) = gr41(€) V€ € Sing(Fr+1) (6.3.3)

with equality if @x41(§)¢Coy, > Pr+1: Sing(Fr+1)—Sing(Fx) as in Definition 6.1.
(D) Any chain of length k+1 arises from one of length & as in (Cg).
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Remark 6.4. From the definition above one deduces easily that for any chain of
length % as in (6.3.1):

g](¢1+1(§)) 29]-1-1(6) V€€ Sing(3j+1)7 .7:07 15 ceey k—]-7

and, in particular,

max go 2 maxgi 2 ... 22 max gg.

Ezample 6.5. Set S as in Example 6.2 (1), and I=NN ordered lexicographically.
One can adapt the Hilbert-Samuel function so as to define, for each X €Ob(S),

H(X): Sing(X) — (I, <)

as an upper-semi-continuous function (1.1). So (Ap) holds.

Condition (D) says that chains are to be constructed by induction on the length. Set
the criterion of choice (By) as CeC(Ly) if and only if C is closed, regular and contained
in Max gy, and set gr=H(X}).

Fix a chain £;. For any j, Max g;=Max H(X) is known as the Hilbert-Samuel
stratum of the scheme X;. Now, CeC(L;) if and only if C is permissible in the sense of
Hironaka ([Hi2, p. 71]), and the inequalities (6.3.3) are known as Bennett’s theorem [Ben)].
So this defines an assignment of chains and functions from S to NN, say H(S,NW).

THEOREM 6.6 (Aroca [Hi2, Theorem 1, p. 100], [G2, Theorem 3.12]; see also [G3,
p. 233] for characteristic p). Let S be the algebraic class and H(S,NN) the assignment
of chains and functions defined above (Ezample 6.5). Fiz X€Ob(S) and assume that X
is a closed subscheme of W, where W is smooth and of pure dimension n over a field
of characteristic zero. There exists an n-dimensional idealistic closed set § such that:
If LxeM(S,NN) is a chain over X, say

Xo—..— X, X;e0n(S), Xo=2X,
H(X;):Sing(X;) » NN, i=0,...,k,

with max H(Xy)=...=max H(X}), then there is a sequence of transformations (Defini-
tion 5.4)

F=Fo ...~
such that Sing(F;)=Max H(X;), i=0,....,k. And if we consider an enlargement of the

chain Ly:
{X0<—...<-—Xk ('—_Xk—{—la XzGOb(S),
k+1—

H(X;):Sing(X;) = NN i=0,...,k,k+1,
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and the corresponding sequence of transformations

F=Fo—...— 8k — Fr+1,

then either
max H(Xy) >max H(Xk4+1) and Sing(Fr+1) =9

or
max H(X)=max H(Xy1) and Sing(Frx+1)=Max H(Xk41).

Definition 6.7. Fix an algebraic class G and a totally ordered set (I, <). An algo-
rithm of resolution of G with values at I will be an assignment of chains and functions
CF(G, I) (Definition 6.3) with the following properties:

(1) For any chain of length k ((6.3.1)), say

_ Fo 2t 3, F:€0b(G),
B fi:Sing(F:)—1, i=0,..,k,

we have C(Ly)={Max fr} (Bx in Definition 6.3), and in (6.3.2) either Sing(Fi)=2 or
max f>max fry1. In particular, this means that Max fi is regular and the criterion of
choices (By) reduces to Max f.

This already says that, fixing F€Ob(G), if there is a chain of length k so that F=Fo
then the chain is unique and max fo>...>max f.

(2) For each F€Ob(G) there is an index k and a chain of length k£ such that F=go
and Sing(F) is empty.

Note that the chain in (2) is a resolution of § (Definition 5.7) which is uniquely
determined.

6.8. Let C be as in Example 6.2(2), and let C(n) consist of those F€Ob(C) which
are n-dimensional idealistic closed sets (Definition 5.5). Given §€Ob(C(n)) and a trans-
formation F—F1 in C, it is clear that also §;€0b(C(n)). So C(n) is also an algebraic
class.

In the same way we can define for S as in Example 6.2 (1) the subclass S(n) of
schemes which admit a closed embedding in a smooth n-dimensional W (smooth over
some field k of characteristic zero).

An algorithm of resolution of C(n) with values at (I, <) together with Theorem 6.6
would provide for any X€Ob(S(n)) a unique sequence of transformations

X=X0‘_X1(_---<_'Xk
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on centers C; C Max H(X;) (the Hilbert-Samuel stratum) such that
max H(Xo)=... =max H(X;_;) > max H(X;) in NW.
A result of Hironaka [Hi2, p. 71| states that if
Xoe— X1 X, — .

is a sequence of monoidal transformations at centers C; contained in the Samuel stratum
of X;, then for some index m,

max H(Xp,) =max H(X /) VYm'>m.

One can finally check that an algorithm of resolution on S(n) can be defined with
values at N™ x I,,, ordered lexicographically, which essentially means that an algorithm of
desingularization can be achieved from an algorithm of resolution of C(n). Furthermore,
one can also check that an algorithm of principalization of ideals (Example 6.2 (3)) will
also follow from an algorithm of resolution of C(n).

If §€Ob(C(n)) is actually an idealistic closed set of codimension e (Definition 5.14)
and §F1 is a transformation in C(n), then §; is also of codimension >e. So set C(n,e)
as the algebraic class consisting of those objects, and naturally

C(n,n)CC(n,n—1)C...CC(n,1) CC(n,0)=C(n).

Since both desingularization and principalization follow from an algorithm of resolution
of C(n), our main goal is to define I,, and an algorithm of resolution on C{n). But we
will first argue by decreasing induction on e, defining totally ordered sets (I, .., <) and an
algorithm of resolution on C(n, e}, and finally setting I, =1, ¢. This inductive procedure
will be clarified in the proof of Theorem 6.13.

6.9. We shall construct an algorithm of resolution on C(n) (values at I,,) (Defini-
tion 6.7) with the following additional properties:

(1) Compatibility with equivalence: Note that if § and §’ are equivalent (Defini-
tion 5.11), then a resolution of one induces a resolution of the other (Definition 5.7).
With the setting as in Remark 5.13(1) we will show that the assigned functions are
equal, namely

fk(%k)ka(%),

as functions on Sing(Fx)=Sing(F},) ((5.13.1)). In particular, both § and §’ undergo the
same resolution via the algorithm (see Definition 6.7 (1)).
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(2) The center Max fi (Definition 6.7) is of pure dimension and its codimension
in Wi, (notation as in Definition 5.1) is given by the value max f.

(3) Fix F€Ob(C(n)) and a: F' —F, an étale restriction or a change of base field. Fix
notation as in Remark 15.3 (2). We will show that

fi(§) = fi(i)oa

for a;:Sing(§,)—Sing(F;) as in (5.13.2). In particular, the algorithmic resolution of §’
is obtained from that of §.

Note that both C(n), C(n,€) and also S(n) (6.8) are closed by étale restriction and
by arbitrary change of base field.

6.10. Consider a set with two elements {G, B} (G=good, B=bad) ordered by G< B.
Given totally ordered sets (I, <), (I2, <), we shall always consider (I, x5, <) to be
ordered lexicographically and set

prlleng—>Il, pr2:11><12——>12

as the usual projections. An element « of (I, <) will be denoted by oo(I) if a>g for
any B€l, B#a. If such an element exists, it is clearly unique. If not we will sometimes
enlarge I to JU{oo(I)} so as to add such an element.

© 6.11. Claim(n,e). There is an ordered set (I, <) with oo(I.) €., and an assignment
of chains and functions (Definition 6.3)

CF(C(n,e), I.)

where I.={G, B} x I, with the following conditions and properties:
(1) For any FeC(n,e) let

Lom { § =S,
g&:Sing(Fo) — I

be the assigned chain of length zero ((Ag) in Definition 6.3). Then

(a) pry(g§(€))=DB for any £€Sing(F)=F (i.e. the first coordinate of g§ is always B),

(b) g§(¢)=(B,00(I.)) if and only if £ F(®) (F(&={¢cF|cod¢(F)=e} as in Theo-
rem 5.22).

Note that (B,o0o(l,)) is the biggest element of I. (here oco(l.)=(B,oo(l.))), so
Max gs=F(©) if F(&)£g.

(2) If F(® is not empty then C(Lo)={F(®}. The criterion of choice of centers for
chains of length zero ((Bp) in Definition 6.3) reduces to F{®) if it is not empty.
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(3) Let Lk be a chain of length k in CF(C(n,e), I.). Assume that either k=0 and
F) =g or that k>0 and pr;(max gf)=B. Set 4o as the smallest index such that

(max gj, _;>) max g; =...=max gi
(see Remark 6.4). Consider the chain £;, the truncation of £ at level éo:
Jo - . 5y, F:i€ODb(9),
T {gf: Sing(§:) — I, §=0, ...
Note that pr;(max g§)=B for j=0, ...,k by Remark 6.4, and that max g; <(B, oo(Ie)) by
(1) and (2) above and (4) of Theorem 5.22. We require:

Case k=ig. There is an idealistic closed set §; of codimension >e+1 (with §;,€

Ob(C(n,e+1))) and §; CFi, (so any sequence of transformations and restrictions over
3§, induces the same sequence over §;, (Definition 5.9)) such that:
* Sing(§;,)=Max g (8i,)-

« CeC(L;,) if and only if C is a permissible center for §;, (Definition 5.4).

Case ig<k. Note that if {o=0 then F°=@ by (1) and (2), otherwise max g§=
(B, o(I.))>max g¢ >max g¢. So we define the chain £;, as above and consider §;, as in
the case k=1g.

Now we require that there be a sequence of k—ig transformations over §; o

['k: ,’SO 3’1.0 ?k
§y—— - —— 5

such that:

+ Sing(§;)=Max g%, j=io, ..., k.

« CeC(L;) ((C;) in Definition 6.3) if and only if C is a permissible center for §;
(Definition 5.4), where £; is the truncation of Ly at level j, and j=1g, ..., k.

Induction. Set

Lrt1: So Sio Sfc Fr+1
o Sk k1

where §;  (of codimension >e+1) is as in the case i9<k and Ly is an enlargement of
Ly, defined by a choice of a permissible center C€C(L). Then either

max g >maxggy, and Sing(F,,)=2
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or

max gf =maxgg,,; and Maxgg,, =Sing(F 1)

(4) If k>1 and pr,(max g§)=G then:

(a) Maxgg is regular and C(Lx)={Maxg:} (see (Cy) in Definition 6.3). So if
pr;(max g¢)=G, there is a unique choice of center in (By) in Definition 6.3 (see Re-
mark 3.3 (1)).

(b) If

80 oo — 8k — Fr1

is the unique enlargement defined in (4)(a) above, then either Sing(Fx+1)=2 or max g§ >
max gz ,; (in which case prj(max g, ,)=G).
(c) The case Sing(Fx+1)=2 holds for some k after finitely many transformations.
(5) Given

So—...—Fne—...,

an infinite sequence in C(n, ), such that for any %,

Fo— . — 8k

is as in (6.3.1) for some chain in CF(C(n, ¢}, I.), then there is an index s such that
max g; =maxgs,; =... .

Note that for an infinite sequence as above pr,(max g¢)=B for all r>1, by (4)(c).

(6) (a) If § and §F are equivalent in C(n,e) (Definition 5.11), then any chain L in
CF(C(n,e),I.) with Fo=F induces a chain £} with §5=F so that Sing(F;)=Sing(F;)
((5.13.1)) and

03 = g5 (B, =0,k

as functions on Sing(F;)=Sing(F}).

(b) If pri(max g§)=G then the centers Cx=Max g§ are of pure dimension and the
codimension is determined by the value max g§.

(c) If §’ is an étale restriction of § or if § is obtained from §F by a change of the
base field, then any chain L; in CF(C(n,e), I.) with Fo=F induces, by étale restriction
or change of base field, a chain £} in CF(C(n,e), I.) with §5=§" and g5 (§}) =95 (8r)ox
(a as in (5.13.2)).

6.12. Proof of Claim(n,n). Set I,={oco} so I,={G, B}x{oo} as in 6.11. For any

F€O0b(C(n,n)), Sing(g) is either empty or Sing(F)=F(™ consists of finitely many closed
points.
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We set git(¢)=(B, 0o) for any ¢ € F(™) =Sing(§). Now max g§ =(B, cc) and Max g =
Sing(§F). We declare Max g& to be the unique center as our criterion (C(Lo)={Maxgg}),
and set

o « 51

as the transformation at such a center. Theorem 5.22 asserts that Sing(F1) is empty.

Clearly all conditions of Claim(n,n) are fulfilled. Furthermore, what we obtain is
an algorithm of resolution of the algebraic class C(n, n), as defined in Definition 6.7, that
clearly fulfills all properties of 6.9.

We shall address Claim(n, ) for e<n in 6.14. The following theorem is to show how
an algorithm of resolution of C(n,e), e<n, can be achieved from Claim(n, €). Recall that
we are ultimately interested in an algorithm of resolution of C(n,0)=C(n) (6.8).

THEOREM 6.13. Fiz (n,e) and assume the following two hypotheses:

(H1) The existence of an algorithm of resolution on C(n,e+1) with values at an
ordered set Ap o+1 (Definition 6.7) and such that the properties in 6.9 hold.

(H2) The existence of I. so that Claim(n,e) holds.

Then there is an algorithm of resolution of C{(n,e), with values at A, ., satisfying
the properties of 6.9, where

An,e = Ie X (An,e+lu{oo})'

We shall organize the proof of Theorem 6.13 as follows:

Step 1. We attach to each F€Ob(C(n, €)) a unique sequence

F=F8o—F1< ... — 3% (6.13.1)

such that
Sing(Fx) = 2. (6.13.2)

This sequence (6.13.1) will be constructed in such a way that there is a chain of functions
in CF(C(n,e), I,) associated to (6.13.1).

Step 2. We define functions
f{:Sing(F:) > Ane, i=0,...,k,

so that, for all FeOb(C(n,e)), the sequence (6.13.1) together with these functions f7
define an algorithm of resolution (Definition 6.7).

Step 3. We show that the algorithm of resolution constructed in Steps 1 and 2 fulfills
the properties of 6.9.
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Step 1. Fix F€Ob(C(n,e)). If F{®)C Sing(F) is not empty, set
F=Fo—%

as noted in 6.11(2): the transformation with center F(¢).

Suppose that (6.13.1) has been defined so as to induce a chain of functions of length
k in CF(F(n,e),I.). If k=0 and F(*)#@, this is done by 6.11(2). So we are left with
two possibilities:

(1) Either k=0 and F(®=g or k>0 and pr,(max g§)=B.

(2) pri(maxgg)=G.

(1) If either k=0 and F(®)=@ or k>0 and pr,(max g{)=B, set ip as in 6.11(3).
Now we can assume that the sequence

Fip e — 8k

of 6.11(3)(c) consists of the first steps of the resolution of §; €Ob(C(n,e+1)). This
assumption can be made because we are constructing (6.13.1) inductively on k& and we
also assume that there is an algorithm of resolution of C(n,e+1) with values at A, ¢41-

Set now the next transformation of (6.13.1) by choosing C}. to be the center assigned
in Sing(§}) by the algorithm of the resolution mentioned above.

(2) If pry(max g§)=G, then set Cy=Max g¢ and apply 6.11 (4)(c) to come to the
case Sing(Fx)=2.

Note that the hypotheses (H1) and (H2) together with (3) and (5) of 6.11 assert that
pri(max g§)=G will hold for some k big enough. Finally Step 1 follows from 6.11 (4). In
this way we attach to each F€Ob(C(n,e)) a unique sequence (6.13.1) in CF(C(n,e), L)
so that Sing(Fx)=2 ((6.13.2)).

Step 2.

Step 2.1. First we define the functions f¢ only along the closed sets Max g¢.

Step 2.2. We define f; as a function on all Sing(g;).

Step 2.3. We show that the functions f; define an algorithm of resolution (Defini-
tion 6.7).

Step 2.1. (1) If i=0 and Cy=F(®) (case F(®)£2), then set for £ €Max g§=F¢)
(see 6.11(1)):

fg(g) = (98(5)» Oo(An,e+1)) = (maX!JS, Oo(An,e+1)) S An,e-

(2) If either i=0 and F®)=g or i>0 and pr, (max g¢)=B, then set for £ €Max g¢:

F2€)=(g(8), £77(8)) = (max g5, £ (€)) € Ane
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where ff“: Sing(F;) —An,e+1 are the functions given by the algorithm of resolution for
F.eC(n,e+1) as in 6.11 (3).
(3) If pr;(max g§)=G, then set

Ji(8) =(gi(€),00(An e41)) = (max g, 00(An e41)), € €Maxg;.
One can easily check that all
fi:Maxgi = An., i=0,..,k-1, (6.13.3)

are as in 1.1.

Step 2.2. In this step we extend (6.13.3) to define
J{:Sing(F:) > Ape, =0,..,k—1.

Recall that §; —Fi+1 in (6.13.1) is defined as a transformation with center C; CMax g5 C
Sing(F;); in fact, the construction in Step 1 was done so that (6.13.1) induces a chain in
C(n,e), so the inclusion is given by (Bj) in Definition 6.3. Since Sing(Fi) is empty, it is
clear that Sing(Fx—1)=Ck—1 (Definition 6.1); in particular,

Ji—1:8ing(Fx—1) = Ane
is already defined. Assume, by decreasing induction, that
fo:Sing(F) = Apey, i=1141, . k=1,
are defined as functions (1.1), and

FE(@iv1(8)) = fi1(€) V€ €Sing(Ss)

with equality if @;41(§)¢C;. Define now

fle_13 Sing(%l—l) - An,e

by setting:
(a) For {eMaxg; ,, ff 1(§) as in Step 2.1.
(b) For £e€Sing(Fi—1)\Maxgf ;, we have {¢C;_, and one can identify ¢ with
€' eSing(F,); set
(O =f(E).
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Now we check that:
(1) f1(@u(€)) > £ (€) for any £€Sing(F1).
(2) ff_, is upper-semi-continuous (1.1).
(3) Max ff ,=C;_; and max ff ; >max ff.

(1) By construction of ff ; it suffices to check the inequality only if @;(£)eCi_1.
Since the first coordinates of f(£€) and ff ;(#1(€)) are defined by gf(¢) and gf , (#1(£)),
we may also reduce to the case gf(§)=gf ,(@:1(£)) ((6.3.3)). Since now we assume
P1(§)€Ci_1, 6.11(4)(b) asserts that this equality can only hold if pr,(maxgf)=B. But
then the second coordinates (see (2) in Step 2.1 and Definition 6.7 (1)):

T @©)) > £ (6.13.4)

by the assumption (H1) of Theorem 6.13.

(2) Fix £€Sing(F;—)) and £'€{£}: € is a specialization of £. Since the coordinates
involved in the definition of f7 | fulfill the conditions of 1.1, it suffices to show that
T &) 2 fr1(8). fE¢'¢Maxgf |, both € and £’ can be identified with points in Sing(3;)
and the assertion is clear. If £€Max gf ; then the inequality follows from (6.13.3).

(3) is a case by case treatment. If pry(maxg;_;)=G, the inequality follows from
(4)(b) in 6.11. If pr,(max g;—;)=B then it follows from (6.13.4).

Step 2.3. The assertion grows now from the construction and properties (3), (4) and
(5) in 6.11.

Step 3. This now follows from our definition of f£; in fact, it follows from part
(6)(a), (6)(b) and (6)(c) of 6.11 together with the assumption (H1) in Theorem 6.13.
This proves Theorem 6.13.

6.14. Proof of Claim(n,e) (6.11). Claim(n,n) was proved in 6.12. We shall prove
Claim(n, ) for e<n. Recall that for e=n we defined I,,={oo} (6.12). Set now, for e<n,

I = ((QU{oo}) x (ZU{oo})) Uy

where LI denotes the disjoint union, ordered so that if S€(QU{oc})x(ZU{oc}) and
o€y then §>a, where Ips denotes the totally ordered set defined in (2.0.2).

Set I.={G,B}xI.. We shall define now an assignment of chains and functions
CF(C(n,e),1.) as in 6.11. In particular, functions

95:Sing(F:) — I
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will be defined, and we shall call Ab,=pr,0¢¢ (first coordinate) and gf=prycgf (second
coordinate):

Ab;: Sing(3;) — {G, B},
g5 Sing(F;) — L.

The first coordinate will indicate where the second coordinate lies, namely for £ €Sing(F;),
9:(§) € (QU{oo}) x(ZU{oc}) <« Abi(§)= B,

and therefore g7 € I if and only if Ab;(§)=G. Recall that B>G and that I, is ordered
lexicographically. In particular, (B, (0o, 00)) is the biggest element of ..

Our task in this proof is twofold: on the one hand to define the assignment on I, as
above (i.e. defining chains of length k£ and proving the conditions in Definition 6.3), on
the other hand to show that these chains of length & fulfill the conditions of 6.11. All
this will be carried out by induction on k.

We organize the proof of 6.11 by dividing it into the following steps:

Step 1. We begin by defining chains of length zero (of what is to be CF(C(n, e), I.))
by setting (Ag) and (Bp) ((Bg) for k=0) in Definition 6.3, and showing that conditions
(1) and (2) of 6.11 hold.

Step 2. We prove condition (6) of 6.11 for chains of length zero.

Step 3. Assume, inductively on k, the definition of chains and functions of length &:

L= {30(_'"%&’ (6.14.1)

9%:Sing(§) — I, i=0,...,k,

so that the inequalities of Remark 6.4 hold, and with conditions (1), (2) and (6) of 6.11.
At this step we also introduce some additional hypotheses, (Clx), (C2x), (C3k), (C4s),
and prove that (Clg), (C2), (C3p) and (C4p) hold for chains of length zero. This will
allow us to continue the development with the assumption that also (Clg), (C2), (C3k)
and {C4;) hold for chains £y of length k0.

Step 4. Under the assumption of an enlargement Ly, of £ by a transformation
on a center C€C(Ly), we define the function

Gi41:Sing(Bk 1) — L

and the criterion of cheice of centers C{Lx11) so that (Clgsq), (C2k41), (C3k41) and
(C4gx41) also hold. Finally we check that we have defined an assignment of chains
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and functions (Definition 6.3) which, in addition, satisfies hypotheses (C1), (C2), (C3)
and (C4).

Step 5. We prove that the assignment of chains and functions satisfies conditions
(1), (2) and (6) of 6.11.

Step 6. We prove that condition (3) of 6.11 holds.

Step 7. Finally we prove conditions (4) and (5) of 6.11.

Step 1. Fix I, defined as above. Set now for each F€Ob(C(n,e)),

96(8) = g5: Sing(§) — Ie ={B,G} x L., Abo(¢)=B,
96(8) = (B, w-orde(8)(£), me(F)(£))

for w-ord. (%) defined (for F=Fo) as w-ord.(Fo)=o0rd.(Fp) in Corollary 5.19. Set

00 if w-ord, (§)(&) = oo,
o8O = { HHEE|€eH} if word.(5)(€) < oo,

(w-orde(F)(£), no(F)(£)) € (QU{oo)U(ZU{o0}) CI.. Now we set (Bo) (Definition 6.3),
namely we fix the criterion of choice of centers C(Lo):

6.15. It follows easily from the definition that g§(F) is a function as defined in 1.1.
Moreover, Theorem 5.22 asserts that £€F(®) if and only if g§(%)(¢)=(B,00,00). In
particular, F(®)#£ if and only if max g§()=(B, 00, 0), in which case Max g§(§)=F"©).

Let

B { 8o,
0 g&: Sing(Fo) — I
be a chain of length zero. If F°# @ then we agree to set C(Lo)={Max g§}. If F°=2 then
we set CeC(Ly) if and only if C is a permissible center for §o (Definition 5.4) contained
in Max g&(Fo). In this way chains of length zero are defined as in Definition 6.3, and
conditions (1) and (2) of 6.11 hold.

Step 2. Condition (6)(a) follows from the first assertion in Corollary 5.20 and from
the fact that E=F’ in our notion of equivalence (Definition 5.11). Condition (6)(c)
follows from the formula (4.17.3) which, in turn, is invariant by restrictions or change of
base field. Condition (6)(b) is vacuous for chains of length zero, since pr,(max g§)=25B.

Step 3. Now we assume the definition of chains and functions of length k, say L
((6.3.1)), together with a criterion of choice of centers (By), such that the inequalities of
Remark 6.4 and the conditions (1), (2) and (6) of 6.11 hold.

6.16. Fix an index j, 0<j <k, and assume §; locally defined by (U, (J{”,b;), E¥)
(notation as in 5.18), which we simply denote by (Uj, (J;,b), E;).
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Recall that in Definition 4.20 and 3.1 we have established the following expressions
of products of ideals:

C(J;)=I(H)% M. I(H;)%0) A,

e e (6.16.1)
red(C(J;)) = I(H)% M ... [(H;)% 0 A;

in a regular subscheme of codimension e in Wj, for j=0, ..., k (m the remainder modulo
b! of as(%) as in 3.1).

For £, €Sing(Fr), let & €8Sing(F;) denote the image of &, j=0,...,k. Since the
inequalities of Remark 6.4 hold by the assumption on k, we also know that

g5-1(&-1) 295(&),  Abj_1(&—1) = Ab;(&;).

6.17. We will also assume for 0<j <k the following definitions and conditions linking
the functions g5(3;):

(C1) If Abj_1(§;-1)=B then w-orde(§;-1)(£;-1) 2 w-orde(3;)(§5)-

We now define E; (§;)CE; inductively:

(Do) Ej (bo)={H€E Eo| &€ Eo}-

(D;)

E; (&) = { {HeE;|§cH} if w-orde(Fj—-1)(&—1) > w-ord.(F;)(&;),

{HeE;_1(§-1)]51&€H}Y if w-orde(Fj-1)(&—1) = w-orde($5)(&;)

where [E;_;(§;-1)]; denotes the strict transform of hypersurfaces in E;_;(§;-1)-
Finally set

n; (&) =#(E;).

Remark. In our development it will be enough to understand the behavior of the
function n; along closed points in Max w-ord.(§;). Note that (C1;) implies that

max w-orde(Fo) = ... > max w-ord. (F;).

Set iy as follows:
« If max w-ord,(§o)=max w-ord.(§;) then ip=0.
o If max w-ord. (o) >max w-ord.(§;) then set iy so that

max w-ord, §iy—1 > max w-ord, §;; =max w-ord, ;.
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Finally set E; CE; as the hypersurfaces of E; which are strict transforms of hyper-
surfaces in £, and note that for §; € Max w-ord,(J;):

E; (§)={HEeE] [§eH}.
(C2;) If Ab;(€;)=G then & is a locally good point of (C(J;),b) (3.2), C(J;) as
in (6.16.1).
(C35)
(6)= { (Ab;(&;), (w-orde(F;)(§;). ns(&5)))  if Ab;(§;) =B,
T by Te) if Aby (&) =G
for I' as in (2.0.2). Note that I'(§;) is well defined if Ab;(§;)=G by (C2); in fact, T is
defined for locally good points (3.2).
(C4;) If pry(max g§)=G then C(L;)={Maxg;}.
Condition (Clp) is vacuous, Step 1 asserts that for j=0 (C3p) holds, where only the
first line applies (Abg(£)=B). Conditions (C2¢) and (C4g) are also vacuous.

6.18. Step 4. Now we will define the function gg, , and the criterion of choice of
centers C{Lk41), under the assumption of an enlargement of the chain £; to a chain
L+1 obtained by a transformation on a center Cr €C(Ly).

Case A. pr)(max g¢)=B. We want to define a value g§_ ;(€x+1) for £x41€Sing(Fx41)-
As C, CMax g5 then (C3x) and Proposition 4.22 will guarantee that

w-0rde (Fe+1) (k1) S W-orde(Sx)(Ex)-

In fact, w-ord.(Fx) is actually constant along Ci. We define now nyy; as in (Dgy1)
(6.17).

Recall from Remark 6.4 that max g§>...>max g§. Let g be the smallest index such
that

maxg; _; >maxg; =...=max gj.
Now set Abgy1{€x+1) as follows:
(L) ¥
w-ord, (Fk)(€x) > w-orde (k1) (Ex+1)
or if
w-orde (Fr) (&) = w-orde (Fe+1)(€k+1) and  nx(€k) > nir1{€rr1)s
then
Abjta (€kt1)
{ B if €41 € Sing(red(C(J)ky1),b!) and w-orde (Frr1)(Er+1) #0,  (6.18.1)

G if 11 ¢ Sing(red(C(J)x+1), b') or w-orde(Fr+1)(Ex+1) =0.
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(2) If w-orde(Fk)(§x) =w-orde (Sk+1)(€k+1) and ng(€x)=nk+1(€k+1) then

Abpy1(§e+1) =
{ B if ék—i—l S Sing([red(C(JiO))]kH, b') and w—orde($k+1)(§k+1) 7é 0, (6182)
G if g1 ¢ Sing([red(C(Ji )] k+1,b') or w-orde (Fr+1)(Ek+1) =0

where (V£ ,, ([red(C(J;,))]k+1,8!), Exi1) here is the transform of the basic object
(Vig: (red(C(Jy,)), bY), @) (red(C(J;,)) and VE=V* as in (6.16.1)). It should be noted
that if &1 ¢ Sing([red(C(Ji;))]k+1,b!) then &k is a locally good point of (C(Jx41),b!)
(3.2); in fact,

Sing([red(C'(Jr+1))], b!) C Sing([red(C(io))]k+1, b!)

and points of Sing(C(Jx+1), b!)\Sing([red(C(Jx+1))],b!) are good ((3.1.2)). So condition
(C2k41) holds. Condition (Clgy1) is guaranteed by Proposition 4.22. We now define
gk41 8s in (C3g41), and finally condition (C4x, 1) is vacuous within this case.

We can now check (6.3.3), namely that gg(£x)>95, 1 (§x+1), with equality if £, ¢ Cy.
This reduces to the following cases:

o Abi(&k)=Abgi1(€k+1)=B, in which case the inequality follows from

w-0rde(Fx) (§k) > w-orde (Sk+1) (k+1)

and our definition of ng(¢;) and ngy1(€kt1)-

o Abg(€k)=Abk+1(€k11)=G, in which case 95 (€x)=0541(&k). In fact, since CC
Max g; and we are within Case A, we have & ¢Cy.

Now we define the criterion of choice of centers (Byxy1): C(Lg+1) (notation as in
Definition 6.3).

o If pry(maxg;, ,)=B then Ce€C(Li41) if and only if C is a closed smooth sub-
scheme of Max g} , ,, permissible for F.;.

« If pry(max gg, ,)=G then C(‘Ek-f-l):{M;a‘xg::—l—l}'

Case B. pr,(max g;)=G. By (C2;) all the points of Sing(F) are locally good points
of (C(Ji),b!) (3.2). (C4y) asserts that there is only one choice of center, namely Cp=
Max g, so all the points of Sing(Fr41) will also be locally good points of (C(Jx1),d!).

Now, for &x41€Sing(Fr+1), we set Abgy1(€x+1)=G and

92+1(5k) = (Abk"l‘l(gkl)’ F(§k+1))7

I' as in (2.0.2).
We fix now the criterion of choice of centers to be C(Lr41)={Maxgf }. (Clps1)
is vacuous and (C2x41), (C3x+1) and (C4g41) will hold.
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We can finally check that we have defined an assignment of chains and functions
(Definition 6.3) satisfying, in addition, conditions (C1), (C2), (C3) and (C4) introduced
in 6.17.

Step 5. Conditions (1) and (2) of 6.11 only apply to chains of length zero and
they were shown to hold for this assignment in Step 1. Condition (6)(a) follows from
Corollary 5.20, and (6)(c) follows from formulas (4.20.1), (4.20.2), (4.17.3) and the fact
that they are all invariant by restrictions or arbitrary change of base field.

Note finally from (2.0.2) that the codimension of MaxT is given by the first coordi-
nate of maxT", so (6)(b) follows from (C2) and (C3).

Step 6. Let Ly, be a chain of length k ((6.3.1)) and set the index iy as in 6.11 (3).

Step 6.1. We consider the case k=0 and F*=g, and construct a weak idealistic
closed set §f as in condition (3) of 6.11.

Step 6.2. Here we consider k>0 and pr, (max g§)=2B and construct a weak idealistic
closed set §;, as in condition (3) of 6.11.

Step 6.3. We show that §; is in fact an idealistic closed set.

First of all we need a previous lemma:

LEMMA 6.19. Let W be a regular algebraic variety over k, and let V be a regular
subvariety of W of codimension T at a closed point £€V.

There exists an étale neighborhood U of &, e: (U,&)— (W, &), so that U admits a
retraction on e~ (V).

Let z1, ..., T, be a regular system of parameters of Ow,¢ such that I(V)¢=(z1, ..., 2,).
We can define a morphism f: W — A7} replacing W by an open neighborhood of £ by
setting f#(X;)=x; for i=1,...,n, where A?=Spec(k[X1,..., Xs]). So we may assume,
after suitable restriction, that f is an étale neighborhood of (A},0) and the subvariety
V=f"1({X1=0, ..., X,;=0}). Let r: AT— A7 be the natural retraction. The morphism

f=re(flv):V - AFT

is étale. Consider now the fiber product U’:

w rof AZ_T
e'T Tf/
U —"—V.

Let i: V—W denote the inclusion and note that f'=(re f)oi. Since U’ is a fiber product,
i induces a section of r’, and we identify e~!(V') with the image of such a section. Finally
note that the section defines a retraction.



GOOD POINTS AND CONSTRUCTIVE RESOLUTION OF SINGULARITIES 153

6.20. A retraction of W on V (CW) will allow us to lift an ideal I (COy) to, say
I (COw).

Step 6.1. Now suppose that k=0, that F*® is empty, and set max g§=(B,w, a). Note
that weQ>=1 and a€Z>0. Locally at any closed point {€Max gi there is an open
set UM, so that Fo is defined (after restriction) by a basic object (U@, (J®),b;), E®);
there is also a regular variety of codimension e, say VeCU® (Definition 5.14), and a
coefficient ideal C(J®) in Oy. (Definition 4.14).

Note that v§(C’(J(i))):wbi!€Z>O. At step k=0, wb;!=b;!1>1, so there exists a
regular system of parameters ey, ..., Yn 0f Oye ¢ such that

Yer1 € A L(C(JD))

(see 4.4). Denote by CY}(’/) ) the ideal obtained by lifting C(J®) to U®), or more exactly,
to an étale neighborhood defined in terms of a retraction on V¢ (Lemma 6.19), and set
y; €Ow,¢ by lifting §;€Ove ¢.

Denote b,=wb;!. Now define at a suitable neighborhood of the closed point £ the
sheaf of ideals B(()i) so that

(BS)e = (3, . 2) + CID) 4 (2t | I(H)e = (z:), Ee H ED) (6.20.1)

where z1, ..., T, is a regular system of parameters of Oy ¢ as in Definition 5.14.

6.21. Let us note that:

(1) Inye+1 is linearly independent of Inz;,...,Inz, in Gr(Ow,) (4.4).

(2) (Z1, ) Te, Yer1) CABL(BY).

(3) Sing(By, b;)=Max g§(F) (after restriction of Max g§(F) to a suitable open neigh-
borhood of £).

These three conditions hold at an étale neighborhood. In particular, there is a weak
idealistic closed set, §j, such that:

« § is locally defined by the basic objects (U®, (BS”, b)), @) (Definition 5.1).

» From the definition of g§ in Step 1, it can be checked that Sing(F;)=Max g§(3).

+ 30 is of codimension >e+1 by 6.21, and Ej=9.

If CeC(Ly) then C'CSing(F;) and has normal crossings with Ey=@. Conversely, if
CCSing(F}) then C has normal crossings with Ey. In fact, locally at any closed point
£eC, C is contained in the intersection () ccHEE, H. So if §g«3§1 is the transforma-
tion with center C€C(Ly), then C is permissible for §j. Set (Ul(i), (Bgi), b,), E1) as the
transform of (U®, (B, b)), E}). B® can be written as

BY =x,+C(J®), +X]
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where X; and X are the transform of the first and the third term of the sum, respec-
tively, in the formula (6.20.1). One can check that either max g§ >max gf, in which case
Sing(B{", b})=2, or max g§=max g¢, in which case Sing(B¥, b}) =Max genU®,

Step 6.2. Suppose k>0 and max g¢=(B,w, a). Recall that 4y is defined in terms of
k as in 6.11(3). Locally at any closed point £ € Max g%, i0<j<k, §; is defined by a basic
object (Uj, (J;,b), E;). Set b’ =wb! and note that b’€Z>0 but w can be smaller than 1.
Set also b”"=b'b!.

Case k=1iy. Recall that g¢ =(Ab;,, g5,) and that formula (6.18.1) applies for Ab;,.
We define at a suitable neighborhood of a closed point { € Max g the sheaf of ideals B;,:

——

(Big)e = (a2 ey @)+ (Aig) Y 7" +(C(Ji0 )2 ™

" —~ . (6.21.1)
(@ | I(H)e = (z:), He E;, (6))+1ed(C(Ji,))e *

where 1, ..., Z,, is a regular system of parameters of Oy, ¢ as in Definition 5.14, Ay, and
red(C(J;,)) are as in (6.16.1), and E; (£) as in (Dy,) (6.17). Note that #(E; (£)) is
constant (and equal to a) along a neighborhood of {=¢;, in Max g7 . We now want to

define a structure of an idealistic closed set of codimension >e+1 (in the setting of Defi-
nition 5.14) in terms of (6.21.1). So first set £; €Sing(§y;) as the image of &;,€Sing(Ji,),
where i is as in the remark in 6.17, so max w-ord;; =...=max w-ord;,. Locally at &;; we
may argue as in Step 6.1 to find a regular system of parameters 1, ..., Z,, Y. 1, ..., ¥y, SO
that ﬂ;+1€Ab1_l(-Ai<')) where 7., , denotes the image of v, in OViZ’f-{,'

Applying Corollary 4.6 to the induced sequence

(Vs (Aig, 1), @) = .. = (ViE, (Aig, V), B

(recall that Vfi;](A'ié):"‘:”ﬁio(Aio):bl)’ and setting I(V’):(géH)QAb'“l(A%), we may
assume that there is a regular system of parameters {1, ..., Ze, Ye+1, ---, Yn } locally at &,
so that 1, ..., Te, Yet1 are strict transforms of 7, ..., T¢, Yy 1- Setting £ as in the remark
in 6.17 and E =FE;\E;, we may also assume that:

o Per1€AYTI(A,,).

o If §,€ HEE] then I(HNV )¢, =(ysy) for some sp>e+1.

Now we argue as in Step 6.1 (6.21) to check that there is a weak idealistic closed set
i, such that:

« §i, is locally defined by the basic object (U, (Bi,,b"), Ej, ), where now Ej =E7.

* Sing($;,)=Max g, .

. 3;0 is of codimension >e+1 and E{O:Ejo }

» CeC(L,;,) if and only if C is permissible for F;_ .
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Case ig<k. In this case formula (6.18.2) applies for Aby, where g¢=(Aby, gi). For
i0<j<k, max g§=(B,w,a). If (U, (B;,b"), E}) is the transform of (Us,, (Bi,,b"), Ej,)
and {€Max g7, then

(Bi)e= (@t )+ (A" + (OO

., . - (6.21.2)
+(@" | I(H)e = (2:), He E; (€))+red([C(Jip)];)f /™

where 71, ...,z is a regular system of parameters of Oy, ¢ as in Definition 5.14. The
same argument as in Case k=io applies to show that #(E; (§))=a for any point of
Max g7 (D(j) in 6.17). It is easy to check that Sing(B;,d"”)=Max g;NUj, so that the
different basic objects (Uj, (B, b"), E’) define a weak idealistic closed set §’; such that
Sing(F})=Max g5. In fact, § is the transform of §i,- As in the case above, we argue as
in the previous case to see that CeC/(L;) if and only if C is a permissible center for
(Definition 5.4).

Induction. If we consider an enlargement to a chain of length k41 by a choice of a
center Cy, €C(Ly), then formula (6.21.2) holds for j=k+1 to define ¥}, such that

maxgf >maxgf,, ¢ Sing(Fi)=2,

max gi =maxgp,; = Sing(§xi;)=Maxgg,:.

Step 6.3. We have shown that formula (6.21.2) and the equalities Sing(3’;)=Max g5
hold after transformations. It can be checked that these equalities are preserved also
by restrictions. We conclude that §; is, in fact, an idealistic closed set of codimension
ze+1.

Step 7. Condition 6.11(4) follows from the definition of gf given in (C3;) and the
process defined in §§2 and 3. Condition (5) of 6.11 reduces to the case pr,(max g% )=B
for all N by (4)(b) and (4)(c) of 6.11. Note that the definition of max gf is in terms
of the functions w-ord, and n. Note that w-ord, takes values in Z/m for some m big
enough; in fact, the index ¢ in (5.18.1) will range in the finite set I (Definition 5.1 (1)).
On the other hand, n takes values between 0,1, ...,dim W. So max g% cannot improve
(decrease) infinitely many times; in particular, max gy =max gy+1=... for some N big
enough in the sequence in 6.11 (5). This proves condition (5) of 6.11.

Remark 6.22. Setting Abg(£)=B, V€€ Sing(Fo) (see Step 1 of 6.14), and

B if w-ord. (&) >0,

Ab(&) =
(&) { G if w-ord.(&)=0
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(see Step 4 of 6.14), we recover the algorithm introduced in [V1]. In such case the first
coordinate of gf is G if and only if C(J)x is monomial in Oy, ((2.0.1)), and if the first
coordinate is B then the last term of the sum should be neglected in (6.21.1) and (6.21.2).

6.23. Equivariance. Let § be an idealistic closed set of dimension n (Definition 5.5),
and set W and E={Hj,..., H,} as in Definition 5.1. In what follows we will consider
an isomorphism ©: W —W (not necessarily of k-varieties) with the additional condition
that ©(H;)=H; for any hypersurface H;€E. Such an isomorphism defines naturally a
restriction of F (5.2), say §°, now with the same W and the same E={Hj, ..., H,}. We
shall say that © acts on the idealistic closed set F if in addition § is equivalent to F®
(Definition 5.11).

Fix W, E and © as before. If ©(X)=X, where X is a subvariety of W, then
one can easily check that © acts on the n-dimensional idealistic closed set § defined in
Theorem 6.6.

The combination of properties (1) and (3) in 6.9 says that, setting

3= (W, Fy, B, (U - Wikier, {(J7,0:)})

as the transforms of F=3%, defined in terms of the resolution, then:
(1) For any &;€Sing(J;), O(¢;)€Sing(F;) (Definition 5.11).
(2) F(35)(&)=F(35)(O(&)) (6.9(3)).
() fF@)(&)=F(E;)(O(&)) (6.9(1)).
Finally (3) implies that
(4) ©(Max f(3;))=Max £(3;),
which asserts that any such © will lift to the resolution of F (i.e. will act on each §;),
and ultimately that the embedded desingularization defined by the the algorithm is

equivariant.
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