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1. Introduction 

In this note, functions considered are complex-valued unless otherwise explicitly 

stated. For a function f(x) E L~o c (R~), let 

IITIIBMo = sup II1-' f If(x)--fjI dx, 

where the supremum is taken over all cubes I in R n, with sides parallel to axis, and 

where III denotes the Lebesgue measure of I and 

= Ill-' f t f(x) dx. f,  

A function f(x) is said to belong to BMO (R n) if I IflIBMo< + o~. 

Let R s. (j= 1 . . . . .  n) be the Riesz transforms. That is, 

R j f ( x )  = ( -  i~J~l-')~(~)) ~ (x), 

where i = ( -  1) 1/2, ~=(~1 . . . . .  ~n) and where ^ and v denote the Fourier and the inverse 

Fourier transforms, respectively. As is well known, 

for f(x) E Lll<p<= LP(R"). For f(x) E L*~ let 

(1) This work was supported in part by Science Research Foundation of Japan. (General Research (c) 
1980.) 
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l~jf(x) = C,, P.V. f { (xj-yj) [ x-yl-n- '  _ (_y)  [_y[-~-! Z (y: ~yl>~(y)} f(y) dy, 

where ZE(x) denotes the characteristic function of a measureable set E. 

C. Fefferman and Stein [8] showed 

THEOREM A. If h(x) f(x) dx I <. CIIhlln, IIflIBMO, where 

n 

IlhllH, = IlhllL,+~ IIR~hIILI- 
j = l  

and 

As a corollary of Theorem A they obtained 

THEOREM B. I f  f(x) E BMO (Rn), then there exist go(X) . . . . .  gn(X) E L~(R n) such that 

n 

f =  go+ 21~jgj ,  (modulo constants), 
j = l  

II&IIL~ ~ CIIflIBMO" 
j=O 

o n  

The Fefferman-Stein proof of Theorem A used the subharmonicity of 

{ n ~ 2} p/2 
te, ~- h(xl l2+~ Ie,-~"jh(x)] 

j= l  

Rn+l = {(x, t ) :xER ", t > 0 }  + 

for p > ( n -  1)/n, where Pt(x) denotes the Poisson kernel. Theorem B was obtained from 

Theorem A by the Hahn-Banach extension theorem. Until now the existence of 

go . . . . .  gn E L ~ had not been obtained constructively, except for the case n= 1, where 

P. W. Jones exhibited go and gl using complex function theory. (For the martingale 

case, see Uchiyama [15]). In this note, we prove Theorem B constructively, and since 

our proof does not use subharmonicity, we obtain Theorem B in a more general form. 

Let 0t(~), ..., 0m(~) E C~(Sn_O, where 

Sn_ 1 = {XERn: Ix] = 1}. 
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Let 

Kjf(x)  = (oj~/l~l)f(~))V(x), j =  1 . . . . .  m. 

As is well known (see Lemma 2.A), there exist aojE C and f2oi(x)E C~ such that 

fix f2oj(X) = 0 I=l 

and 

Kj f(x)  = aoj f(x)+P.V, f ff2oj((x-y)/Ix-yl) [x-yl-"f(y) dy 

for f(x) E tJl<p<= LP(R"). For f(x)  E L| let 

1~jf(x) = aojf(x) + P. V.  f { f2oj( (x- y ) / lx- y I) Ix- yl'"-f2o,(- y / lYl) ]yl-nX Cy: ]y[>l})f(y)dy. 

Our result is 

THEOREM 1. / f  

on S._l ,  then for  any 

gl(x) ' | . .... gin(x) E L (R) such that 

m 

s :  ZKj j 
j= l  

and 

( 0 1 ( ~ )  . . .  O m ( ~ )  

rank ~0i(__~ ) Om(__~) / ---- 2 

f (x)  E BMO (R n) with compact  

(1.1) 

(modulo constants), 

IlgjlIL| ~ c ,  ,(0t . . . . .  0m) IIflIBMo" 
j= l  

Let 1 be the identity operator. Since 

( :  21 "'" ' . ) -=2  on S._,, rank -~l .-. -~ .  

the operators l, R1 ..... Rn satisfy (1.1). By duality, Theorem 1 gives another proof of 
Theorem A. More generally, we obtain 

support,  there exist 
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COROLLARY 1. If(1.1) holds, then 

c,.2(o~ . . . . .  Ore) Ilhll., ~< ~ IIKj hilt ~ C,.3(0, . . . . .  Ore) Ilhll.l" (1.2) 
j=l  

Remark 1.1. The second inequality is well known. 

In [6], S. Janson showed that if 

m 

Cllhll., ~< llhllL,+~ IIKj hilL, ~ C'llhll., (1.3) 
j=l 

holds, with C and C' independent of h(x), then 

~ lOj(O-Oj(- ~)l ~F o (1.4) 
j=! 

on Sn-1. Our Corollary 1 gives the converse (conjectured by Janson). 

COROLLARY 2. If(1.4) holds, then (1.3) holds. 

Remark 1.2. Janson's proof of the necessity of the condition (1.4) shows the 

necessity of the condition (l.1) in our Theorem 1 and Corollary I. 

Another interesting case is 

COROLLARY 3. I f  

m 

Z 1 
j=l  

(1.5) 

MAiN LEMMA. Assume that (1.1) holds and that R>C1.4(01 . . . . .  Ore). I f  

IlfllBMo~<l and i f  suppf  is compact, then there exist gl(x) .. . . .  gm(x) EL~(R n) such 

that 

on Sn_ ~ and if  there exist v t . . . . .  VmERn\{0} such that 

supp Oj C {~E an_t: ~'vj ~ 0} ,  (1.6) 

where ~. vj denotes the inner product in R n, then (1.2) holds. 

See [3], [6], and [7] for related results. 

In proving Theorem I, we establish the following somewhat more precise result. 
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where 
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m 

gjgj c, 5(o, ... . .  ore, R), 
j=  1 BMO 

j= l  

supp(g l -R) , suppg2  ... . .  suppgm are compact, 
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(1.7) 

(1.8) 

(1.9) 

lim cl.5(O l . . . . .  0,,, R) = 0 (1.10) 

Remark  1.3. If aoj and Qoj(X) (j= 1 .. . . .  m) are real-valued, that is, if 

= Oj(-  0 (1.11) 

on S~_ 1 and iff(x) is real-valued, then we can take gl(x) . . . . .  g,n(X) to be real-valued. 

Notation. A dyadic cube is a cube of the form 1-l~.=~[kj2-k,(kj+l)2-~, where 

kl . . . . .  kn and k are integers. In the following, I and J denote dyadic cubes, l(/) and xt 

denote the side length and the center of I, respectively, aI denotes a cube concentric 

with I, with sides parallel to the axis and with l(aI)=al(1). 

v and ltt denote elements of C m. 

~'2m-1 denotes {v=(v I . . . . .  v m) E f r o :  Xjml Ivjl 2-- 1}. 
V(v) denotes (Re vl, Im Vl .. . . .  Re Vm, Im Vm) (E R2m). 

V(v)-V(Itt) denotes the inner product of V(v) and V(Itt) in R 2m. 

g(x)=(gl(x) . . . . .  g m ( X ) ) ,  t$(x) and p(x) denote Cm-valued functions. 

(K. g) (x) and (I~. g) (x) denote ET__ 1 (Kjgj) (x) and Ejml (/(Tj gj) (x), respectively. 

For O(x), ~ (x )E  C=(Sn_O and y E Rn\{0} ,  0(y) and ~(y) denote O(y/lyl) and f~(y/lyl), 
respectively. The letter C denotes various constants that depend only on 

01(~)  . . . . .  Om(~). 

Acknowledgements .  I would like to thank Professor John B. Garnett for correcting 

my bad English and for his kindness and encouragement during my stay at U.C.L.A.,  

1980-1981, where I prepared this paper. 



220 

LEMMA 2.A. 

such that 

A. U C H I Y A M A  

2. Preliminary I 

~ S  Let O(~)EC~(Sn_O. Then there exist aoEC and ~o(x)EC (n - l )  

f~ f~o(X) = 0, (2.1) 
1=I 

sup ([DxjOxk~o(x)l:j, kE (1 . . . . .  n}, Ixl = 1} ~< c2.1(0), (2.2) 

lao[ ~< c2.1(0) (2.3) 

and 

(x) = aof(x)+P.V. ] ~~ (o(Df(D)  v dy 

for any f(x)EL2(Rn), where cz.l(O) depends only on 

sup {ID ~=' ..... =")0(01:I~1 = 1, a l + . . . + a  .~< C2.2(n)}. 

See Ste in  [14], p. 75. 

Remark 2,1. I f  

Re  (0(~) + 0 ( -  ~)) ---- Im (0 (~ ) -  0 ( -  ~)) = 0, 

R e a o = 0  and Re g2o(X) =- 0. 

LEMMA 2.1. Let vEZ2m_l,  ~I[~(4/A 1 . . . . .  /Am) , ~t' =---(p' 1 . . . . .  /A') ECm and 

ran (") 

then  

t k I . . . . .  k m, k 1 . . . . .  k" C C 

m m 

E/Ajk  =/__,/Aj j = l  
j = l  j = l  

Re p~.(kj+kj) = Im 9j(kj-k;) = O. 
j = l  \ j = l  / 

Then there exist 

such that 

and 

(2.4) 

(2.5) 
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Proof .  Set 

A =  

~V(v) V(v) 
V(iv)  - V( iv)  

rift) 0.. .0 
V(ift) 0 . . .  0 

o . . .  o �9 v ( f t ' )  

~0... 0 V(i~t') 

= (A 1 A2).  

221 

where A~ and A2 are  6•  real matrices. Let  

(a l . . .  a6)A = (0 . . .  0). 

Note that (2.5) implies 

Say, 

max (ran  (;) 2 

rank (ft)  = 2. 

Then, rank A~=4. So, al=a2=a3=a4=O.  By the linear independence of Vfft') and 

V(i#'), we get as=a6=0.  Thus, 

rankA = 6. 

So, there exist x I . . . . .  X2m, X' l . . . . .  X~m E R such that 

I t~ o '2rn = 1 
A , 0 

1 

1 
.t 0 
2m 

Putting 

k I = x l + i x  2 . . . . .  km -~- X2m_l+iX2m , 

k~ . . . .  = '  ' '  
~ XI"I-IX2, . . . , k m  X2m_l'Jt-lX2m 

then gives the result. Q.E.D. 
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LEMMA 2.2. Assume that (1.1) holds. Then there exist 

O1(~,  v)  . . . . .  O , . (~ ,  v)  E ~ x C (S,_ I X2,,_ 1) 

such that 

• Oj(~) Oj(~, v) =-- 1, (2.6) 
j=!  

m m 

Re Z ~ j { O j ( ~ ,  Y)+Oj(--~, V)} ~ Im Z ~j{Oj(~, v ) - O j ( -  ~, v)} - 0, (2.7) 
j=t j=l 

sup {ID~ al ..... an)oj (~' V)I: ]~t = [Vt = 1, a t +. . .  + a  n <~ C2.2(n)} <~ C. ( 2 . 8 )  

Proof. Take any (~, v)ES,_I• v Then by (1.1) and Lemma  2.1, there exist 

(kj(~, v)}j"= l and {kj(~, V)}~m=t such that 

and 

0,(0 k,(~, .) = ~ 0j(- ~) kj(~, .) = 1 
jffil j= l  

m m 

Re ZOj(kj(~, v)+kj(~, v) )=  Im ZOj(kj(~, v)-kj(~, v) )=  0. 
j= l  j=l  

(2.9) 

(2.10) 

Furthermore,  we can take kj(~, v) and kj(~, v) to be C = in some neighborhood of  (~, v). 

Then by the compactness  ofS,_lXZ2m_1, we can define kj(~, v) and kj(~, v~ to be C = on 

S,_~xY.2,,_ I and to satisfy (2.9)-(2.10). Set 

e/~, v) = {kj(~, v)+kj(-~, v)}/2. 

Then (2.6)-(2.7) follow from (2.9)--(2.10). 

LEMMA 2.3. Letf(x)EL2(R~). Let V ~ - 2 m _  1. Set 

pflx) = (Oj(~, v)Re f(~))" (x)+ i(Oj(~, iv)Imf(~)) v (x), 

Q.E.D. 

j = 1 . . . . .  m (2.11) 

and 

p(x)  = (p I(x) . . . . .  p , . (x ) ) .  
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Then 

and 
V(p(x)) �9 V(v) - 0 (2.12) 

(K.p)(x)=f(x). (2.13) 

Proof. Applying Lemma 2.A to 0(~)--Oj(~, v), we get 

f~%(.,,)(x) E C~(Sn_I). Then 

~ Pjpj(x)= ~ Pjao,~.,v)Ref(x) 
j = l  j = l  

+P.V. f ~ pjf2op.,)(x-y)[x-yl-nRef(y)dy 
j = l  

+ i ~ ~j a%~., iv) Im f(x) 
j = l  

+iP v f 2 ~ o#,i,)(x-y)lx-yl -n Imf(y)dy. 
j = l  

ao/. ,,) and 

(2.14) 

By (2.7) and Remark 2.1, we get 

m m 

Re E PJ a o # , , ) - R e  E vi ~o/..v) (x) - 0, 
j=l j=J 
m m 

Re E 'vJao#,i*)-Re E i#Jao/ ,i,) (x)-O" 
j = l  j = l  

Then the real part of (2.14) is equal to 0, and we get (2.12). (2.13) follows from 

(2.6). Q.E.D. 

Remark 2.2. Let v E R m N Z2m_ 1" Then if l~'= ~ in Lemma 2. I, we can take kl, ... , k" 

to satisfy/~=kj (j= l, ..., m). So, if (1.1 l) holds, we can take Oj(~, v) in Lemma 2.2 to 

satisfy ~)j(~, v)=Oj(-~,  v). Furthermore, iff(x) is real-valued, then we can take p(x) in 

Lemma 2.3 to be Rm-valued. 

3. Preliminary II 

Definition 3.1. For a measure/z defined on R~ § t, let 

I 11 -- sup ~ul(Q(I))/[~, 
1 
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where the supremum is taken over  all closed dyadic cubes in R n and 

Q(/) = {(x, t): x E I, t E (0, l (/))}. 

If I~llc<+~,~ is said to be a Carleson measure.  

Definition 3.2. For  f(x) E C(Rn), let 

IlftlLipl -- sup If(x)-ftY)l/Ix-yl. 
xg=y 

For f(x) E CI(R"), let 

Ilfllupz = ~ IIo~filup~. 
j=l 

LEMMA 3.1. Suppose that f(x) has compact support and {[fl[Bsio<~C3.~. Then 

there exist functions {bz(x)}i and complex numbers {2t}i, where I is taken over all 
dyadic cubes, such that 

f(x) = 2 2z bz(x)' (3.1) 
1 

supp b! c-- 31, (3.2) 

f bt(x) dx = O, (3.3) 

I Ib,HLip ~ ~ 1(/)- ', 

where 6(X ' 0 denotes  the Dirac measure concentrated at the point (x, t) E R"+ + . 

(3.4) 

(3.5) 

Proof. Following Chang-R. Fefferman [5] (see also A. Calder6n-Torchinsky [2]), 

let q0(x)E ~ (R  n) be real-valued and such that 

supp r c {xERn: ]x I < 1}, 

f~(~t )z t - ld t  -- any ~E R " \ { 0 } .  1 for 
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and tPt(x)=t-ncp(x/t). Then, 

and 

where 

IDxj = 

f0 ~ f (x )=  ( ~ - ~ - ~  f ) (x) t - l  dt 

=~ff=n~o,(x-y)(w,~f)(y)t-latay 

l;ax), 
I 

Set 

T(/) = {(x, t): x El, t E (I(/)/2,1(/))}. 

supp 6 t = 31, f I~t(x) dx = 0 

Io I,,o 
"1 1/2 

IS * f(Y)] 2t-I dt dy~ 

bl(X) = t~l(x)/)Li. 

Then (3.2)-(3.4) follows from (3.6)-(3.8). 

Take any dyadic I. Then, 

Z [2jl2,J] = c Z f ,cpt % f(x)[2t-l dt dy 
J = l  (J) 

= c f fe(D Ig~ f(Y)lZt-l dt dy <~ Cl'f[[zaM~ 

by Fefferman-Stein [5] p. 146. 

Remark 3.1. By almost the same argument, we can show 

IIb, ltup2 ~</(/)-2 

instead of (3.4). 

15-812904 Acta mathematica 148. Imprim~ le 31 aoftt 1982 
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(3.6) 

(3.7) 

(3.8) 

Q.E.D. 

(3.9) 
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Definition 3.3. For {21}t obtained by Lemma 3.1, set 

~k(x) = ~ IA,l{l§ -~-~, 
1:1(/)=2 -k 

co 

ek(x ) = ~ (2/3)JTlk-j(x) �9 
j=O 

LEMMA 3.2. With qk(x) and ek(x) defined as above, we have 

~]k(X) ~ ek(X ) ~ C3. 2, 

rl k(x) ~ C3.2(2klx-y] Jr 1) "+l rlk(y), 

ek(x) <~ C3.2(2klx-yl+ l)"+lek(Y) 

(3. lO) 

(3.11) 

(3.12) 

where (}t=a denotes the measure induced by n-dimensional Lebesgue measure on the 
hyperplane t=a in il n+l a l +  . 

Proof. Since (3.10)-(3.12) are easy, we verify only (3.13). Take any dyadic cube I 

in R n. Then 

f fQ(~ k ~=~ rlk(X)2 dt=2-~ c f fe(~ k ~=~= S:t~=2_12S'Z { l + 2k]x--xs'}-n-' St=2-k 

<,c ~ {I+t(~-'Ix,--XLI}-"-' ~ IZstzlJI~ClII 
L:  I (L)=l(1)  J: J c L  

by (3.5). Take anyj~>0. Then by the above and (3.10) 

f fo ,o ,= =2 r]k-j(x)2t~t=2 -' C'II(1+j)" 

Thus, by the Schwarz inequality, 

f fQm k ~=~_ rl~-J(X) rl,(x) dt=2 -k ~ C'l' ( l +j)'/2" 
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So 

<< ~ (2/3)J(l+j)v2 < +oo. Q.E.D. 
c j = 0  

LEMMA 3.3. Let j be a positive integer. Let {bl(x)}t be such that 

supp bt c 2ii, (3.14) 

f bt(x) dx = (3.15) O, 

Ilb,llLip i ~ (2/!(/)) - ' .  (3.16) 

Then for any {2t}tcC and for any fl>a>0, 

Proof. By (3.14)-(3.16), we get 

f bt(x) bj(x) dx (3.17) 

if l(J)<~l(l). For k~>0, let ~3k(/) be the collection of all dyadic cubes such that 

l(J) = 2-*1(/) a n d  2/J O 2i1=1= ~ .  

Then, 

,~,bl(x ) dx<~ C Z Z 14,1 ~ I;bl bs(x)bt(x)dx 

~ C  ~ ~ JAil ~ [AjI2J'lJll(J)/l(l) by (3.17) 
k I J 

c22~ , ~ I~,1~ I*1. 
I 

Q.E.D. 
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LEMMA 3.4. Assume that {bt(x))t and {2t}tcC satisfy (3.14)-(3.16) and 

[1~1 [21,2[I[f)(xl.l(1)) c<-~ I. 

Let a>0 and set 

Then 

f(x)= 2 2tbl(X)" 
1: I(1)<a 

tVIIsMo ~ C3.4 2in" 

(3.18) 

and 

Proof. Take any cube I (not necessarily dyadic). Set 

fl (x) = 2 2jbj(x) 
{J: I(J)<a,l(J)<2-Jl(l) and 2JJnl*O) 

A ( x )  = f ( x ) - f  l (x). 

Since IAj[~l by (3.18), 

Ifgx)-f2ty)l ~ c2 ~ 

for any x, yEI. By Lemma 3.3 and (3.18), 

I~11~<C2 2j~ 
{J: l(J)<2-Jl(l) and 2]Jnl~:f~} 

So, by the above estimate and (3.19) 

IU 2 I J[ ~c22Jnlll. 

f ]f(x)-f2(x,)[2 dx ~ C22J'1I [. 

LEMMA 3.5. Let I and p(x) E CI(R n) be such that 

f p(x) dx = O, 

Lo(x)l ~< l(1)n+~/(l(I)+ [x-x,I) n+l 

ID xp(X)l <<. l(l) ~+ ~/(/(I) + Ix-x,[) ~+2 

(3.19) 

Q.E.D. 

(3.20) 

(3.21) 

(3.22) 
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forj=l ..... n. Then there exist ~ 1 n {fl~(x)}j=0cC ( R ) s u c h  that 

p(x) = ~ 2 -j(n+l)~(x), 
j=0 

supp flj c 2~ 

!l~jllLip, ~< C3.5 2-JZ(/) -',  

f ~j(x) dx = O. 

(3.23) 

(3.24) 

(3.25) 

(3.26) 

Proof. By dilation and translation, we may assume xt=0 and /(/)=2. 

h(t) E C~176 by such that 

Set 

Then 

supp h c (1/4, 3/4), Eh(t/2J)=l for t > l .  
j=l  

ho(t) = 1 - ~ h(t/2J). 
j=l 

o o  

p(x) = ho(IXl) p(x) + ~ h(2-Jlxl) p(x) 
j=l 

=(ho(lxl)p(x)+h(lxl)f~h(2-klYl)e(y)ax/ fh(lYl)dy} 

j=l  

-h(2-J+llxl)f~k=jh(2-klyl)p(y)dy/ fh(2-J+l[y[)dy 

+h(2-Jlx])fk~=~+lh(2-'lyl)p(y)dy/ fh(2-Jly])dy} 

-- r  g(x). 
j=l  

Let  
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Since 

IIh(2-Jixl) p(x)[[Lipl <~ C2-(n+2)J 

and 

f~,=ih(2-J'Y[)P(y)dy~C2-J, 

flj(x) can be written in the form 2-~"+l)flj(x) where flj(x) satisfies (3.24)-(3.26). Q.E.D. 

Remark 3.2. If p(x) is a C'-valued function with properties (3.20)-(3.22) and if 

V(p(x))- V(v)-= 0 

for some vector v E cm\(0}, then by the same argument as above, we can get C ' -  

valued functions {l~j(x)}7= 0 such that (3.23)-(3.26) hold and such that 

V(~j(x)). V(v) ---- 0. (3.27) 

LEMMA 3.6. Let 0(~) E C| Let b(x) and I be such that (3.2), (3.3) and (3.9) 

hold. Then, 
p(x) = (0(0 b(O)v (x) 

satisfies (3.20), 

and 
lP(x)l ~ c3.6(0) l(I)~+~/(l(D+lx-xll) ~+1, 

IDxp(X)l ~ c3.6(0) l(I) "+ t /(l(1) + Ix-x11) "+2, 

where c3.6(0) depends only on (2.4). 

Proof. By Lemma 2.A, there exist a0E C and ~2o(x)E C| such that 

p(x) = ctob(x)+ P.V. f ~2o(x-y) Ix-yl-~bCy) dr = pl(x)+p2(x). 

Clearly, p~(x) satisfies the desired properties. 

If x t~ 3I, then 

[PE(X)l = I f  { ~~176 Ix-xtl-~} b(y) dr 
i 

<~ Cc2.1(0) l(1)~+ l lx_ xz 1-~+1). 

(3.21)' 

(3.22)' 
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Similarly, 

IDxp2(x)l <<. Cc2.~(0) l(1) n+l Ix.xll-~.+~). 

If x E 31, then 

Similarly, 

[p2(x)l<~lfx_yl<~o.,~<Qo(x-y)lx-Yl-~(b(y)-b(x))dYt<-Cc2.~(O) �9 
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IDxf2(x)[ <~ Cc2.~(0) l(1) -I. Q.E.D. 

LEMMA 3.7. Let  v6Cm\(0}. Let  b(x) and I be such that (3.2), (3.3) and 

IlbllLip2 ~< C37 l(/) -2 (3.9)' 

cr  hold. Then there exist {[Ij(x)}j= o such that (3.24)-(3.27) and 

K- 2 -J(n§ (x) = b(x) (3.28) 

hold. 

Proof. Firstly applying Lemma 2.3 to f = b  and v/Ivl, we obtain p(x) with 

(2.12)--(2.13). By Lemma 3.6 and (2.8), p(x) satisfies (3.20)-(3.22). Then we can apply 

Remark 3.2 and obtain {l~j(x)}[= 0 with the desired properties. Q.E.D. 

Remark 3.3. If (1.11) holds, if vERmflZzm_l, and if b(x) is real-valued, then by 

Remark 2.2, we can take {l~j(x)}~= 0 to be Rm-valued. 

4. Proof of the Main lemma 

We may assume 

s u p p f c  {x: Ixl < 1} and IIflIBMo ~< C3, C3.7. (4.1) 

Let M be a large positive integer to be determined later and let R>2 M~n§ By Lemma 

3.1, we have 

f(x) = Z 2t bi(x)' (4.2) 
! 
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where {b1(x)}i and {2i}i satisfy (3.2)-(3.5) and (3.9). By (4,1) and (3.8), 

and 

21 = 0 if 31 fl {x: Ixl < I} = 0 

IAllZ I/1 ~ cIIfllZL~. 
1 

We inductively construct  Cm-valued functions 

such that 

where 

{gk(x)}kZ-M-,, {~k(X)}L-M, {l~la(X)}j=0,1,2,...;t~_<2M, 

f 
supp [$t,j = 2/1, J I$ta(x) dx = O, lll$,,2llL~p~ C3.5(2]1(I)) -1 , 

K.  2-~("§ (x) -- b~(x), 
j=O 

I~k(x)l ~ C~. 1 c4.2(M, R) ~k(X) ~k(X), 

supp ~k ~ {x: Ixl ~ 2n 1/2 max (2 ~-k, 1)}, 

I~k(x)--'~kCY)l <<- C24., c,.2(M, R) 2klx-yl if Ix-yl <<- 2 -k, 

g_M_I(X) ~ (R, 0 . . . . .  0), 

Igk(x)l --= g ,  
M 

gk(X)--gk_L(x)= ~ ~2-J~"+L)~,,j(x)--~k(x), 
1:/(/)=2 -k j=O 

Igk(x)-gk(Y)l ~< C4.~ ~k(x) 2klx-yl if Ix-yl <<- 2 -k, 

c4.2(M, R )  ----- 2M(n+2)R-I.  

We temporarily accept this construction. By (4.12), if k~>-M, then 

M k 

gk(x)--g-M-' (x)= Z "~IZ2-J~n+')~t,J(X)--Z~h (x) 
1:2M>~1(1)>-2 -k j=0 h=- M 

(4.3) 

(4.4) 

(4.5) 

(4.6) 

(4.7) 

(4.8) 

(4.9) 

(4.10) 

(4.11) 

(4.12) 

(4.13) 

(4.14) 
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j = 0  1:2M~>l(/)~>2 "k j =  M + 1 I: 2M>~l(I)~ 2 - k  h= - M 

= (4.15)k-(4.16)k--(4.17) k. (4.18) 

Thus, by  (4.6), 

K'gk = 

g(x)=g_M_l(X)+ lim (gk(x)--g_~t_l(X)). 
k--~ 0o in L 2 

Then (1.8) holds. By  (4.3), (4.5), (4.8) and the second formula of  (4.18), 

supp ( g - ( R ,  0 . . . . .  0)) c {x: Ixl <~ 2n 1/2 22M}. 

Therefore,  (1.9) holds. 

By (4.10) and (4.18), 

gk = (R, 0 . . . . .  0)+(4.15)k--(4.16)k--(4.17)k. 

Z ~.lbt-K" ( ( 4 . 1 6 ) k + ( 4 . 1 7 ) k ) ,  (modulo constants). 
2M~>1(/)~2 -k 

Set 

---~ 0, h,k-+~. 

Ilgk--ghll,| ~< 2R, 

I[gk--ghl122 -- 2al{x: [gk(x)--gh(X)l > a}l da 

~ 2a1{1(4.15)k-(4.15)hi > a/3}l da 

+ 2a[ {1(4.16)k-(4.16)hi > a/3} Ida 

+ 2al{l(4.17)k-(4.17)hi > a/3}[ da 

~ 911(4.15)k-(4.15)h11~+911(4.16)k--(4.1%11~2+6RI1(4.17)k--(4.17)hll~ 

By (4.4)--(4.5) and Lemma 3.3, (4.15) k and (4.16)k converge in L 2 as k ~ .  By 

(4.7)-(4.8) and (3.13), (4.17)k converges in L 1 as k---~oo. Since 
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Thus, by (4.2) 

where 
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I~-g =f- (4 .20)-K-  ((4.21)+(4.22)) (modulo constants), 

(4.20)= Z "~lbl(X)' 
l(/)>2 M 

(4.21)= ~ 2 -./`'+') Z 2,~,,j(x), 
j=M+ 1 I: 2M>~l(I) 

(4.22) = ~ ~j(x). 

(4.19) 

j=  - - n  

Further, we temporarily accept the following three inequalities: 

l[(4.20)limao <~ C2 -M', (4.23) 

II(4.21)IIBMo ~< C2 -M, (4.24) 

11(4.22)11BMO ~< CC~.l c4.2(M, R), (4.25) 

where the BMO-norm of Cm-valued function is the sum of the BMO-norms of its 

components, and we conclude the proof of (1.7). 
Take any e>0. By taking M large enough, we get 

11(4.20)11mao, 11(4.21)IIBMO < e. 

Taking R large enough depending on e and M, we get 

11(4.22)11B~ o < e 

by (4.14). By the boundedness of K! ..... Km on BMO (R n) and by (4.19), 

Ilf -R"  gllBr~o = 11(4.20)+K. ((4.21)+(4.22))11BM o ~ Ce. 

Therefore (1.7) holds. 

The construction o f  {gk(x)}, (~k(X)} and {[It.j(x)}. We construct these function by 

induction. Define g-M-I by (4.10). Assume that { g h } h = - M - I , - M  ..... k - l ,  { ~ h } h = - M  ..... k-I 
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and {Ol,J}2,>~l(1)>~2_k+l;j=0,1,2 .... have been constructed so that (4.5)-(4.14) hold with some 

sufficiently large C4.1 and R. In particular, gk_l(X) satisfies 

Igk-l(x)l -- R, (4.11)' 

Ig,_~(x)-gk_~(y)l <- C4.~ ek_~(X) 2 k-~ Ix--yl if Ix--y I <~ 2 -*+1 . (4.13)' 

Applying Lemma 3.7 to v=gk_l(X t) and bt(x) for each I with l(/)=2 -k, we get 

{13td(x)}~= 0 such that (3.24)--(3.28) hold, Consequently, we have (4.5)-(4.6) and as well 

V(p,,:(x)) �9 V(v) ~ O. (4.26) 

M M 

1:1(/)~2 -k j=0  j=0  I: 1(/)=2 -k, dist (x, 1)<~2 j-k 

Note that 

<~ Crl,(x) (4.27) 

and that if Ix-yl<2 -k, 

M M 
12/I ~ 2-~'n+t) )lll, j (x)-  lit, j(y)l ~< c ~ 2-~'~+1) ~ }2tl }x-yl2 k-i 

1:l(/)=2 -k j=0  j=0  I:/(/)=2 -k, dist (x, I)<~21 +j-k 

<~ C~k(X ) 2*lx--y I. (4.28) 

If O<~j~M and if Ol,j(x)4:0, then by (4.13)' and (3.12), 

{gk_l(x)- gk_l(xt)l ~< CC4.12~("+ I)ek_l(x) 2 k-' IX--Xlt 

for these x and I. So, by (4.11)' and (4.26), 

I V(gk_ ,(x)/R). V(fb,j(x) /II~,j(x)l)l < cc, ,  2Mr 

for these j,  x and I. 
Set 

and 

h(x)= 
M 

~d "~' ~d2--J(n+ l) ~l,J (x) 
I: 1(/)=2 -k j---O 

k(x) = gk- l(x) + h(x). 

(4.29) 
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By (4.27)-(4.28), 

Ih(x)l ~ C~k(X), 

Ih (x ) -  h(y)l -- < C'7 , (x)  2 k Ix - Y l 

if Ix-y[<2 -k. Thus by (4.13)' 

Ik(x)-k(y)] ~< Igk_l(x)-gk_ ~(y)l + Ih(x)-hfY)l 

~< {C4.1 2-1ek_l(x)+Crlk(x)) 2klx-yl 

~< (3/4) C4A ek(X) 2klx-yl 

if Ix-yl<~2 -k and if (74.1 is large enough. By (4.30) and (3.10), 

I Ik(x)l-RI ~ C. 

Since {2,}i in (3.8) are real, by (4.27) and (4.29), 

I Ik(x)l-RI <~ CR-'  {l']k(X)+C4.1 2M("+Z)ek_,(X) ) r/k(x) 

~< CC4.1 2M("+2)R-l ek(X) rlk(X ). 

Set 

(4.30) 

(4.31) 

(4.32) 

(4.33) 

(4.34) 

~k(X)--~k(y) = Ik(x)l-l(lk(x)l-R)(k(x)-k(y))+k(y)R([k(x)l-[k(y)l)/[k(x){'lk(Y)l 

=(4.35)+(4.36). 

Then 

(4.34). 
Let 

Ix-y[ <~ 2 -k. 

gk(x) = Rk(x)/Ik(x)l. 

Then (4.1 I) is clear. If R is large enough, then by (4.32)-(4.33), 

[gk(x)--gk(y)[ <~ (4/3)Ik(x)-k(y)l <~ C4A ek(X)2klx-yl 

provided lx-y[~<2 -k. Thus (4.13) holds. 

Set 

~k(x) = k ( x ) - g k ( x ) .  

Then (4.12) is clear. (4.8) follows from (4.3). (4.7) follows from I~(x)l=l Ik(x)l-RI and. 
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By (4.32)-(4,33), 

1(4.35)1 ~< CR-~ C4. ~ 2 k Ix-yl. 

On the other hand, 

I(4.36)1 ~< 211k(x)l-lk(y) I I 
<~ 211gk_~(x)+h(x)l--lgk_~(y)+h(x) l l + 21lgk_m(Y)+h(x)l--lgk_~(Y)+h(Y) l l 

=(4.37)+(4.38). 

By (4.13)' and (4.30) 

1(4.37)1 ~< Ih(x)l c c ,  , 2 k-' I x - f i R  -~ <<. CC4~ R -~ 2klx--Yl. 

By the same reason as the estimate of (4.29) 

IV((gk-l(Y)+h(Y))/lgk-l(Y)+h(Y)l) ~ V(([~t,j(x)-f~t,j(Y))/I[II,j(x)-f$1,j(Y)I)I <~ CC4.12M(n+2)R -1 

(4.39) 

if fJl,j(x)-[ll, j(y)*O and if O<~j<.M. Since {'~I}I in (3.8) are real, 

1(4.38)I ~< C{IV(h(x)-h(y)) .  V((gk_~(y)+h(y))/Igk_l(y) + h(y)l) I + [h(x)-h(y)lE/R} 

<~ CC4.12M("+2)R -l 2klx-yl 

by (4.28), (4.31) and (4.39). Thus (4.9) holds if C4.1 is large enough, and the induction is 
completed. 

Proof  o f  (4.23). Since 

By (4.1) and (3.8), (4.23) is clear. 

Proof of (4.24). 

Ii II 11(4.21)11BUO ~< ~ 2 -g(n+') ~ ,  21f1,, j <~C 
j=M+1 II t(~) ~<2'~ �9 

by (3.5) and Lemma 3.4. 

2-; 
j=M+I 
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Proof of (4.25). By (4.7) and (3.13), for any cube I, (not necessarily dyadic), 

Ill-'f, t k>~ -,og2 ,(0 r dx<'~ C2l C42(M'R)lll-l fl k>>.-log 2E l(/) ek(X) t]k(X)dx 

<~ CC2! c4 .2(M,  R ) .  (4.40) 

By (4.9), ifx, yEI, then 

E I%(x)-%(Y)[ ~ CC~.~ c4.2(M, R). (4.41) 
k~ < -log 2 I(/) 

Thus, (4.25) follows from (4.40)-(4.41). 

Proof of Remark 1.3. By (4.10),g_M_l(x) is Rm-valued. Assume that g~_l(x) is R m- 

valued. Since f(x) is real-valued, {;tt} ! and {bl(X)} I a r e  real-valued. Then by Remark 

3.3, for each I wi th / ( / )=2-  k, we can get R m -valued {[$jj(x)}f= 0 that satisfy (4.5)-(4.6) 

and (4.26). Then, from its construction, we see that gk(x) is also R"-valued. 

5. Proof of Theorem 1 

Take R>CI.4(01 . . . . .  Om) such that cl s(O l ..... Om, R)<l/lO. Let 

IIfllnMo ~< 1 

and let suppfbe  compact. Then by the Main lemma there exists gl(x) such that 

I [ f - l t .  glllBMo ~< 1/5, 

IIg I IILo = R 

and such that supp(gl-(R,  0 . . . . .  0)) is compact. 

Since 

limx~,| K-(g~-(R, 0, ..., 0)) (x) -- 0, 

limx_~ I(-g(x) exists. Therefore, there exists fl(x) E BMO (R") such that 

[if_i~. gl--fJlIBMO ~< (1/4)" (1/5) = 1/20 

and such that supp fl  is compact. Then 

I lfdlBMo ~< 1/5 + 1/20 = 1/4. 



A CONSTRUCTIVE PROOF OF THE FEFFERMAN-STEIN DECOMPOSITION OF BMO (R") 

By applying the above argument to 4fi, we get g2(x) such that 

Ilf~-I~g2llBMo < (1/5). (1/4) = 1/20, 

[Ig2liL~ = R / 4 ,  

and such that supp (g2-(R/4, 0, ..,, 0)) is compact. Then, 

Ill-K" (gl +g2)IIBMo < [be-K �9 g'-ftllBMo+ lift -I~" g21IBMo 

~< 1/20+ 1/20 = 1/10. 

By repeating this argument, we get {gk(x)};= 1 such that 

Do 

f =  I~- E gk (modulo constants), 
k=l 

and 

• Ilg*llL| ~< R+R/4+R/8+R/16+... = 3R/2. 
k=l 
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6. Proof of Corollary 1 

Since 01(~) . . . . .  Om(~) satisfy (1.1), 01(~) . . . . .  dm(~) also satisfy (I.1). Set 

K*f(x) = (~(~)/(~))v (x). 

By Theorem 1, for any f (x )EBMO(R n) with compact support, there exist 

g l (X)  . . . . .  gm(X) E L~~ n) such that 

m 

j = l  

and 

For h(x) E 6eo(Rn), set 

(modulo constants), (6.1) 

u(h)= sup fh(x)f(x)dx[ 
IVIhiMo ~l 

m 

IlgjllL| < c , . , (~,  . . . . .  6.,) IlflIBMo. (6.2) 
j = l  
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and 

where 

Then, 

m 

o(h) = E IlgjhllL,, 
j = l  

5Co(R") = {h(x) fi 5~ = 0 near 0). 

sup If Ilf[IaMO~< l , fE L | suppf: compact 

= C s u p  h(x) g * • ( x )  (by (6.1)) 
f .i=l 

=Csupf f E K~h(x)gj(x)dx 

<<-C.v(h) (by (6.2)). 

On the other hand, 

o(h)= <sup f~K,h(x)uj(x)dx 
[lujllL~l (/=1 ..... m) j = l  " 

<~ Cu(h), 

since/s is a bounded operator from L ~ to BMO. Thus,  we get 

u(h)= v(h) (6.3) 

for any h E 5eo(Rn). In particular, we get 

v(h) >i CIIhtlL~. 

Following the argument of [14] pp. 230-231, we can show that the Banach space 

B={h(x)ELI(Rn): v(h)<+~}  equipped with the norm v, is the completion of b~ n) 

with respect to the norm v. If we substitute m=n+ 1, Kj=Rj ( j= l  . . . . .  n) and K,§ 

then B=HI(Rn). On the other hand, (6.3) tells us that if 01 .. . . .  Om satisfy (1.1), then the 
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B a n a c h  space  B is i ndependen t  o f  the cho ice  o f  01 . . . . .  0 m .  Consequen t ly ,  if (1.1) holds ,  

then  

B = H I ( R  n) 

and 

for  a ny  h E B. 

v(h) ~- IIhlIH'(R~) 
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