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In [13], R.M. Kashaev defined a family of complex-valued link invariants indexed
by integers N>2 using the quantum dilogarithm. Later he calculated the asymptotic
behavior of his invariant, and observed that for the three simplest hyperbolic knots it
grows as exp(Vol(K)N/27) when N goes to infinity, where Vol(K) is the hyperbolic
volume of the complement of a knot K [14]. This amazing result and his conjecture that
the same also holds for any hyperbolic knot have been almost ignored by mathematicians
since his definition of the invariant is too complicated (though it uses only elementary
tools).

The aim of this paper is to reveal his mysterious definition and to show that his in-
variant is nothing but a specialization of the colored Jones polynomial. The colored Jones
polynomial is defined for colored links (each component is decorated with an irreducible
representation of the Lie algebra sl(2, C)). The original Jones polynomial corresponds to
the case that all the colors are identical to the 2-dimensional fundamental representation.
We show that Kashaev’s invariant with parameter N coincides with the colored Jones
polynomial in a certain normalization with every color the N-dimensional representation,
evaluated at the primitive Nth root of unity. (We have to normalize the colored Jones
polynomial so that the value for the trivial knot is one, for otherwise it always vanishes.)

On the other hand, there are other colored polynomial invariants, such as the gen-
eralized multivariable Alexander polynomial defined by Y. Akutsu, T. Deguchi and
T. Ohtsuki [1]. They used the same Lie algebra sl(2, C) but a different hierarchy of
representations. Their invariants are parameterized by ¢+1 parameters: an integer N
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and complex numbers p; (i=1, 2, ..., ¢) decorating the components, where c¢ is the number
of components of the link. In the case where N=2, their invariant coincides with the
multivariable Alexander polynomial, and their definition is the same as that of the second
author {22]. Using the Akutsu-Deguchi-Ohtsuki invariants we have another coincidence.
We will show that if all the colors are %(N —1) then the generalized Alexander poly-
nomial is the same as Kashaev’s invariant since it coincides with the specialization of the
colored Jones polynomial as stated above. Therefore the set of colored Jones polynomials
and the set of generalized Alexander polynomials of Akutsu-Deguchi—Ohtsuki intersect
at Kashaev’s invariants.

The paper is organized as follows. In the first section we recall the definition of
the link invariant defined by Yang-Baxter operators. In §2 we show that the Akutsu-
Deguchi—Ohtsuki invariant coincides with the colored Jones polynomial when the colors
are all %(N —1) by showing that their representation becomes the usual representation
corresponding to the irreducible N-dimensional representation of sl(2,C). In §3 we
show that if we transform the R-matrix used in the colored Jones polynomial by a
Vandermonde matrix then it has a form very similar to Kashaev’s R-matrix. In fact, it
is proved in §4 that these two R-matrices differ only by a constant. We also confirm the
well-definedness of Kashaev’s invariant by using this fact.

In the final section we propose our “drém i Djursholm”. We use M. Gromov’s simpli-
cial volume for a knot to generalize Kashaev’s conjecture. Observing that the simplicial
volume is additive and unchanged by mutation, we conjecture that Kashaev’s invari-
ants (= specializations of the colored Jones polynomial = specializations of the Akutsu—
Deguchi-Ohtsuki invariant) determine the simplicial volume. If our dream comes true,
then we can show that a knot is trivial if and only if all of its Vassiliev invariants are

trivial.
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1. Preliminaries

In this section we recall the definitions of Yang—Baxter operators and associated link in-
variants. If an invertible linear map R: CYQ CN = CN®CV satisfies the following Yang—
Baxter equation, it is called a Yang-Baxter operator:

(R®id)(id®R)(R®id) = (id®R)(R®id)(id®R),

where id: CN—CV is the identity. If there exists a homomorphism p: CN—C¥Y and
scalars «, § satisfying the following two equations, the quadruple S=(R, u, &, 3) is called
an enhanced Yang-Baxter operator [27]:

(h®p)R=R(p®p),
Spo(R*!(idop)) = a*'Bid,

where Spy: End(C®*)—»End(C®*~1) is the operator trace defined as

N-1

J1:520 1 Fk—1,F
Sp(f) (03, @v,®..®uy )= Y. NI n) 9u,0..00;, ),
Ju,d2,- o Jr—1,j=0
where
N-1 ) ]
fu®v,®..Quy) = > eI, @u,8..Qv;,)
J1,325--Jk=0

for a basis {vg,v1,...,un_1} of CV.

For an enhanced Yang-Baxter operator one can define a link invariant as follows [27].
First we represent a given link L as the closure of a braid £ with n strings. Consider the n-
fold tensor product (C¥)®" and associate the homomorphism bg(B): (CV)®" —(CN)®™

by replacing crjtl (the usual ith generator of the braid group) in £ with
id®..®id®RF'Rid®...0id .
N———— N——
i—1 n—i—1

Then taking the operator trace n times we define

Ts(€) = a8 "Spy(Spa( ... (Spn(br(§) u®™)))),
where w(§) is the sum of the exponents. Then Ts(€) defines a link invariant, and we
denote it by Ts(L).
To define the (generalized) Alexander polynomial from an enhanced Yang-Baxter

operator we have to be more careful, since Ts always vanishes in this case. If the homo-
morphism

Ts.1(6) = a OB Spy(Sps( ... (Spn(bs(€)(id@u®™Y))))) € End(CN)
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is a scalar multiple of id and

Sp1(p)Ts,1(8) =Ts (&)

for any £, then the scalar defined by T’s 1(€) becomes a link invariant (even if Sp;(u)=0)
and is denoted by Ts1(L). Note that this invariant can be regarded as an invariant of
(1,1)-tangles, where a (1,1)-tangle is a link minus an open interval.

2. The intersection of the generalized Alexander
polynomials and the colored Jones polynomials

In [1] Akutsu, Degﬁchi and Ohtsuki defined a generalization of the multivariable Alexan-
der polynomial for colored links. First we will briefly describe their construction only for
the case where all the colors are the same according to [6].
Fix an integer N>2 and a complex number p. Put s:exp(ﬂ'\/ -1/N ) and [k]=
(s*~s7%)/(s—s~') for a complex number k. Note that [N]=0 and [N —k]=[k].
Let Uy(sl(2, C)) be the quantum group generated by X, Y, K with the relations
K2 _K—2
KX=sXK, KY=s5'YK, XY-YX= Py
Let F(p) be the N-dimensional vector space over C with basis {fo, f1,..., fn_1}. We
give an action of Uy(sl(2,C)) on F(p) by

X(f:) =+ [2p—i+1][i] fi-1,
Y(fi) =+ [2p~i{i+1] fita,
K(f)=s"""f;.

Using Drinfel’d’s universal R-matrix given in [7], we can define a set of enhanced Yang—
Baxter operators Sa(p) with complex parameter p. Then Akutsu—Deguchi—Ohtsuki’s
generalized Alexander polynomial is defined to be Ts,(p),1 by using the notation in the
previous section. We denote it by ® (L, p) for a link L. Note that if N=2 the invariant
®3(L,p) is the same as the multivariable Alexander polynomial [22].

Next we review the colored Jones polynomial at the Nth root of unity. There is
another N-dimensional representation of U,(sl(2,C)), corresponding to the usual N-
dimensional irreducible representation of sl(2, C). Let E be the N-dimensional complex
vector space with basis {eg, e1,...,en_1}, and define the action of Uy(sl(2, C)) by

X(e;) =[i+1]eit,
Y(e;) = [iei-1,
K(e)=s"N"1/2,,
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(See for example [18, (2.8)].) By using Drinfel’d’s universal R-matrix again we have
another enhanced Yang-Baxter operator S;. Then the invariant Ts, ; coincides with
the colored Jones polynomial of a link each of whose component is decorated by the N-
dimensional irreducible representation evaluated at t=32=exp(27r\/—_1 /N ) It is clear
from the actions of X and Y that the representation remains irreducible after the eval-
uation. Note that before evaluating at s2, we have to normalize the colored Jones poly-
nomial so that its value of the trivial knot is one, for otherwise the invariant would
be identically zero. This is well-defined since the colored Jones polynomial defines a
well-defined (1, 1)-tangle invariant ([18, Lemma (3.9)]). We will denote T, 1 by Jn.

Now we put pzé(N —1) in the Akutsu—Deguchi-Ohtsuki invariant. Then since
[N —k]=l[k], we have

X(fi)=[ilfi-n,
Y(fi) = [i4+1] fit1,
K(f;)=sN"D/2=if,

-1
=1

and so the two representations F(3(N—1)) and E are quite similar. In fact, if we ex-
change X and Y, and replace K with K1, then these two coincide. (This automorphism
is known as the Cartan automorphism [16, Lemma V1.1.2].) Therefore they determine the
same Yang-Baxter operator and the same link invariant, that is, we have the following
theorem.

THEOREM 2.1. The Akutsu—Deguchi—-Ohtsuki invariant with all the colors p=
%(N —1) coincides with the colored Jones polynomial corresponding to the N-dimensional
trreducible representation evaluated at exp(27r\/—1 /N ) More precisely, we have

<I>N(L, %(N—l)) =Jn(L)
for every link L.

Remark 2.2. After finishing this work we were informed by Deguchi that it was
already observed in [5] that the R-matrices given by F(3(N—1)) and E coincide.

3. R-matrix for the colored Jones polynomial at the Nth root of unity

Let R; be the R-matrix shown in [18, Corollary (2.32)], which is the (N?x N?)-matrix
with ((4, 7), (k,1))th entry

min(N—1—1,5)

(RD%= Y. Suinbkjn

n=0

(s—s~1)" [i+n]! [N—1+n—j]!
[n]! [ [N-1-4]

X 32(i-(N—1)/2)(j—(N*1)/2)—n(i—j)—n(n+1)/2,
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where [k]!=[k][k—1]...[2][1]. Note that our matrix R; corresponds to R in [18, Defini-
tion (2.35)]. This matrix is used to define an enhanced Yang-Baxter operator and the
link invariant Jy described in the previous section.

The aim of this section is to transform it to a matrix similar to Kashaev’s R-matrix.

Since R; corresponds to the intersection of two link invariants, the colored Jones
polynomials and the generalized Alexander polynomials, the authors have been looking
for its special property. On the other hand, Kashaev’s R-matrix and R; have the same
Jordan canonical form for N=2 and 3. So we expected that in fact they are congruent
for any N after several calculations using Maple V.

Let W and D be the (NxN)-matrices with (i,7)th entries Wi=s%7 and Dj=
0. ; s(N=1)i regpectively, where d; ; is Kronecker’s delta. We will calculate the product
R;=(WeW)(id®D)R,(id®D~1)(W~1@W~1), with id the identity (N xN)-matrix,
and show the following proposition.

ProprosITION 3.1.
[d—c—1)'[N=1+c-a]!

[ olab,e d) () == dzboaze,
o(a,b,c,d)(~1)*+e [b_i__g]!![fz_':ff]!_““ if b>a>c>d,
(éJ)zz - o(a, b, c,d)(—1)b+d [N—[cl_-i—;]'—[bdl'ic_—ﬁ'— 1 if c2d>2b>aq,
o(a,b,c,d)(—1)c+d [N _[clj—db]!—[z]—![c?!_b]! ifazczd>b,

0 otherwise,

where o(a, b, c,d)=s~N/2H1/2etd=2bt(e=d)(e=b) [N _1]1 (s —5~1)2N-1)/N2,

We will prepare a lemma to prove the proposition.
For integers a and 8 with 0<a<< N —1 and a+ 3 even, put

S@p=3 ],

. 7
=0

=

Note that the summation in S(«, 3) is essentially from 0 to N—1—a. Then we have

where

LEMMA 3.2.

(N—1— _ _ CI\N-1-n IN=1—a+res((a—B8)/2)]!
S a, =g (N—-1-a)(N—a+2res((a—p)/2))/2 S—s8 IWN-1-a [ ,
(.0 (=570 res{(a—B)/N!
where res(z)€{0,1,2, ..., N1} is the residue modulo N.
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Proof. We will show

-——

S(a,B)= H _gPmam) = (1 gBay(] _Pamty (1 gPram2N+2)

Then the required formula follows immediately.
We use the quantized Pascal relation

[a-.l—zl _ o [oz—'f-i—l} +si[a+?—1}
) i—1 )

Then since

2

-1

S(,)=s" 3 o [0‘“*] 2 (641 [a+z ]

1

Il
o

(putting k=i—1 in the first term)

N2 a+k
=57 3" s’“[ k }+s(a—1,ﬂ+1)=sﬁ‘“5(a,5)+5(a—175+1)’
k=-1

we have the recursive formula

S(a—1,8+1)=(1-5°"2)5(a, B).

Now the required formula follows since S(N —1,v)=1 for any integer ~. O

Proof of Proposition 3.1. Since (WQW )] = s2ac+2bf (iId®D)k: =5, 185,18V,
(ideD~ 1) P = 8g.i0n, 5~ W-Di (W-lgW~ Ded =520 2"”‘/N2 we have

N-1 min(N—1-4,7)

2/ \cd
N (RJ)ab= Z E 5e,k6f,lég,i5h,j5l,i+n5k,j—n
i,7,k,l.e,f,9,h=0 n=0

20e+2bf—2eg—2dh+(N—1)(1—7) (58~ )" [i+n]! [N—1+n—j]!
L U L ik

w §2(—(N-1)/2)(j—(N-1)/2)-n(i—j)—n(n+1)/2

X8

N—1 min(N—1-14,j)
_ Z Z S(N—1)2/28(2b—2a+N)n-—n2/2—3n/2+(2a—2d+n+2)j+(2b—2c+2j—n)i

1,j=0

X (s—s~1) [N—1+n—j]! [n-l—z}

[N—1-7]! | i
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(N—1— N-1-
Since the summation Y1 =0 me “7) is the same as ¥, Z w Sisg W

have

N-1N-1

N2(EJ)2<; _ S(N—1)2/2 Z z s(2b—2a+N)n—n2/2—3n/2+(2a—2d+n+2)j(S_S—l)n
n=0 j=n
(N -14+n—j]!

X——WS(R ,2(b—c+j)—n)

with

S(a, B) =Nf sﬁi[aﬂ.

=0

Replacing j—n with k, the summation turns out to be k 0 Zf 01 ¥, and we have

N2(Rj)e = sN-D72 NZI 2t DR N —1— k]! X (k),
k=0
where
X~ 3 (caprs-ammninnyz (=T gy
oo [N-1—k-n]! "

From Lemma 3.2, we have

X(k) —_ (8_8—1)N—1S—N(N—1)/2—res(c—b—k)(N-1)

NIk [N—1-n+res(c—b—k)]!

(2b—2d+k+res(c—b—k))n
% 7;] s [N—=1~k-n]![res(c—b—k)]!

Putting =N —1—k—n we have
X(k)= (S_s—l)N—1S—N(N—l)/2+2(b—d)(N—1)—k2—kres(c—b—k)+(N—1—2b+2d)k
[k+res(c—b—k)]|!

[res(c—b—k)]!

—1)N—18—N(N—1)/2+2(b—d)(N—1)—k2-kres(c—b—k)+(N—1—2b+2d)k

S(k+res(c—b—k),2d—2b—k—res(c—b—k))

=(5—s
[k+res(c—b—k)]!
[res(c—b—k)]!
—(N—1—k~res(c—b—k))(N—k—-res(c—b—k)+2res(k+b—d+res(c—b~k})))/2

x (s_s—l)N—l—k—res(c—b—k)

[N—1-k—res(c—b—k)+res(k—d+b+res(c—b—k))]!
[res(k—d+b+res(c—b—k))]!
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Therefore X (k) vanishes unless res(c—b—k)+k=res(c—b), and in this case
X(k‘) — (8_8—1)2(N—1)—res(c—b)(_1)res(c—b)+res(c-—d)+l
x 8—N2——2b+2d+(res(c—b)+l)(—res(c—b)+2res(c—d))/2
y [N —1—res(c—b)+res(c—d)]!
[res(c—d)]!

Ob—res(c—b)— -
_ 1)k g(2d—2b—res(c—b)—1)k [res(c
(1) [res(c—b)—k]V

noting that res(z+res(y))=res(z+y) for any = and y.

Then we have
res(c—b)
NZ(ﬁJ)Z% — S(N_1)2/2 Z SZ(a—d+l)k [N— 1 —k]'
k=0
x (8_8—1)2(N—1)—res(c—b) (_l)res(c—b)+res(c—d)+1

x S—N2 —2b+2d+{res(c—b)+1}{—res(c—b)+2res(c—d)}/2

5 [N —1-res(c—b)+res(c—d)]!
[res(c—d)]!
~ (_1)k8{2d—2b—res(c—b)—1}k [res(c——b)]!
[res(c—b)—k]!
(_l)res(c—b)+res(c—d)

~ S—N2/2+1/2—2b+2d+{res(c—-b)+1}{—res(c—b)+2 res(c—d)}/2

% (8_8—1)2(N—1)—res(c—b) [N——l_res(c_b)_'}_res(c_d)]! [N—].]'
[res(c—d)]!
reslel®) | N —1-res(c—b)+k
{2a—2b—res(c—b)+1+ N}k - -
X S
2 ¢

— (_1)l‘es(c—b)+res(c—d)
X S—N2/2+1/2~2b+2d+{res(c—b)+1}{—res(c_b)+2 res(c—d)}/2

N —1—res(c—b)+res(c—d)]!
[res(c—d)]!
XS(N—1-res(c—b), N+1+2a—2b—res(c—b))

— (_ 1)res(c—b)+res(c—d)

><(S_8—1)2(N—1)—1"es(c—b) [ [N—l]'

% 8—N2/2+1/2—2b+2d+res(c-d){res(c—b)+1}—res(c—b){res(c—b)+res(b—a—1)+1}
x (s—s 1)2N-DN 1)1

y [res(c—b)+res(b—a—1)]! [N —1~res(c—b)+res(c—d)]!
[res(c—d)]! [res(b—a—1)]! '
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Now suppose that ¢2b. In this case res(c—b)=c—b, and so

N2(RJ);% — (_1)c——b+res(c—d)
g(a7 b? c7 d)

x 8—c+d—(a—d)(c—b)+res(c—d)(c—b+1)-(c—b){c—b+res(b—-a—1)+1}

[c=b+res(b—a—1)]! [N —1—c+b+res(c—d)]!
X [res(c—d)]! [res(b—a—1)]! '

If c-d<0 then [N —1—c+b+res(c—d)]! vanishes, and so we will assume c>d. Then

1y} le=b+res(b—a—D]' [N —1+b—d]!
[c—d]![res(b—a—1)]! ’

NZ(RJ)Z% — (__1)b+ds(c—b){b—a—l—res(b—a—
g(a’ b7 c7 d)

and the conclusion follows immediately in this case noting that this vanishes unless d>b.
Next we assume that b>c¢. In this case res(c—b)=N+c—b, and so

NZ(RJ)% - (_1)N+c—b+res(c—d)
ela,b,c,d)
x 8—c+d—(a—d)(c—b)+res(c~d)(N+c—b+1)—(N+c—b){N+c—b+res(b—a—1)+1}

[N+c—b+res(b—a—1)]1[-1—c+b+res{c—d)]!
% [res(c—d)]! [res(b—a—1)]! '

This vanishes unless b—a—1>0, and so we assume b—a—120. Then

N2(R;)
g(a7 b7 C, d)

(c—a)} [N+c—a—1]![-1—c+b+Tres(c—d)]!

— (_1\atc (c—b+1){d—c+res
(=)™ res(c—d)] [—a—1]!

Then the conclusion follows immediately noting that this vanishes unless a>c.
This completes the proof. O

4. Kashaev’s B-matrix and his invariant

In this section we will calculate Kashaev’s R-matrix given in [13], and prove that it
coincides with the matrix R J up to a constant given in the previous section.

We prepare notations following [13]. Fix an integer N >2. Put (z),=[]]_,(1—z%)
for n>0. Define 6: Z—{0,1} by

1 if N>n>0,
0(n)=

0 otherwise.

For an integer z, we denote by res(z)€{0,1,2,..., N—1} the residue modulo N.
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Now Kashaev’s R-matrix Ry is given by

L4c—bt(a—d)(c—b) O(res(b—a—1)+res(c—d))b(res(a—c)+res(d—b))
(q)res(b—a—l) (q_l)res(a—c) (Q)res(c—d)(q_l)res(d—b)

(Rx)ey=Ngq

with g=s2. Note that we are using PoR with R defined in [13, 2.12] rather than R itself,
where P is the homomorphism from CV@CV to C¥®CY sending z®vy to y®z.
We will show the following proposition.

PROPOSITION 4.1.
[d—c—1]![N—14+c—a]!

Ma, b,y ¢, d)(—1)a+b+1 b a1 if dzb>a>c,
Aa, b, ¢, d)(—1)@+e [b_i__g]!!{f;r__;jf]!_“” if b>a>c>d,

(Br)e =1 g, b, e, d)(—1)+¢ Y _[clf;]?[ﬁf]_!ff__f}? U esdsbsa,
Ma, by ¢, d)(—1)c+ [N_[clj;]!‘[z]_!g!"b]! ifazezd>b,
0 otherwise,

where A(a,b, ¢, d)=sN"/2=N/2+2+etd=2b+(a=d)(e=b) (s _ g=1)I=NN/([N —1]1)2.

Proof. From the definitions of § and res, there are 16 cases to be considered according
to the signs of b—a—1, c—d, a—c and d—b:

(A0) b—a—12>0, (Al) 0>b—a-1,
(BO) c—d >0, (B1) 0>c—d,
(C0) a—c=0, (C1) 0>a-—c¢,
(DO) d—b>0,  (D1) 0>d—b

For the case (Ai) & (Bj) & (Ck) & (D), we see that
res(b—a—1)+res(c—d)+res(a—c)+res(d—b) = (i +j+k+I)N—1.

Therefore if i+j+k~+1>2, then (Rk)¢ vanishes since if two integers z and y satisfies
z+y>2N —1, then one of them is bigger than N. The case (A0) & (B0) & (C0) & (DO0) is
empty, since we have b>a>c>d from (A0), (B0) and (C0), which contradicts (D0).

Therefore we see that (RK)Z'; vanishes except for the following four cases, which
have already appeared in Proposition 3.1: (i) d=zb>a>c¢, (ii) b>a>c2d, (ili) c2d=b>a
and (iv) a=c=d>b.
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We will only prove the first case because the other cases are similar. Noting that

(@)= (=1)"s" /2 (557 ]t

(q—l)n - S_n("+1)/2(8—8_1)n[n]!,
we have

(RK)ZZ _ (_1)a+b+1N32+c—2b+d+(a—d)(c—b)+N2/2—N/2(s_S—l)—N+1

1
d-b'[b—a—1)!'[N+c—d]![a—c]!

T

since res(b—a—1)=b—a—1, res(a—c)=a—-c, res(c—d)=N+c—d and res(d—b)=d-b.
Now since [N —n|=[n|, we see that

1 _ 1 [d—c—1'[N+c—a—1]!
[d=b]'lb—a—1]![N+c—d]t[a—c]! T ([N-1])2 (b—a—1]'{d—b)!
Therefore y V-1 \
(RK)ZZ :}\(a,b’ C,d)(—l)a+b+1 [ _[Cd—_gl.![[b:aj”lc]!—a].
as required. O

Therefore Ry and R; are equal up to a constant depending only on N. More
precisely we have

PROPOSITION 4.2. Let Ry and Ry be the R-matrices defined as above. Then we
have
Ry = s~ WHDW=3/2(W oW )(id®D) R, (ide D~ 1) (W oW 1)

for any N>2.

Proof. From Propositions 3.1 and 4.1, we only have to check that

o(a,b,c,d) :S(I;l+1)(N—3)/2
Ma, b, e, d) '

We have

Q((I,b,C,d) :(——1)N5(N_3)/2 (S—S_I)N”‘l[N‘—l]! 3
Aa, b, ¢,d) N ’
but this coincides with s(V+D(V=3)/2 35 shown below.
We have
N-1

N-1
(s—s OV N1t = [T 2V =Tsintkn/N)) =v=1" ' [] @sin(kn/N)).

k=1 k=1
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On the other hand, from [9, 1.392-1, p. 33|, we have
N-1
sin(Nz) =21 H sin(z+kn/N).

k=0

Dividing by sin x and taking the limit x—0, we have
N-1

N= H (2sin(kn/N)).
k=1

Therefore we have

—I\N— 3
(—1)N3<N—3)/2<(8_5 1)N1[N‘1]!) — (—1)N sV -3)/2 /7 AN D

- SN2+(N—3)/2+3(N—1)N/2
— g(N+DH(V=3)/2,
completing the proof. O

We will show that the matrix Ry also satisfies the Yang—Baxter equation. To do
that we prepare a lemma.

LEMMA 4.3. The matrices D and D! can go through R in pair, that is, the
following equality holds:

(id®D)R;(id®D™!) = (D '®id) R;(D®id).

Proof. 1t is sufficient to show that (D®D)R;=R;(D®D). Since D}=6; ;5N -7,

((D®D)RJ Z5ak5bzs (N=1)k o(N— l)l(R ) 4_S(N_1)(k+l)(RJ);‘cjl
a,b

and

(Ry(DODY) =" 848,58V~ -Di(R )1 = sV -D+I)(R )7
a,b

But these two coincide since (R;)} vanishes unless k+l=i+j (the charge conservation
law), completing the proof. O

Using Lemma 4.3 we can give another proof of
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PROPOSITION 4.4 (Kashaev). Kashaev’s R-matriz Ry satisfies the Yang-Baxzter

equation, that is,

(Rk®id)(id®Rk) (R ®id) = (ildQRk ) ( Rk ®id)(id® Rk ).

Proof. From Proposition 4.2, we have

FWNHVN=-3/2( B, 2id)(ild®Rk ) (Rk ®id)

= (WeW®id)(ild® D®id)(R,;®id)(id®D~'®id)(W oW ~'®id)
X (Id@WeW)(id®id®D)(id®R,)(id®id®D ™) (ideW oW ')
x (WeW®id)(id® D®id)(R,;®id)(ild@ D~ @id)(W'@W ~'®id)

=(WeWeW)(id® D®D)(R,;®id)
x (iId@D™'®id)(id®R;)(id® D®id)
x (Ry;®id)(ilde D @D ) (W leW - lgWw™1)

= (WWaW )(ideD®D)(R,;®id)(idRid®D)(id®R ;) (id®id®D ™)
x (Ry®id)(ide D '@D ) (W™ lgW lgWw™1)

= (WeWeW)(ide Do D?)(R;®id)(ild®R;)(R;®id)
x({d@D'@D ) (W leW oW 1).

Similar calculations show

sSSNTDN=3/2de Ry ) (Rk ®1d)(id®Rk ) = (W@WeW ) (id® D®D?)
X (id®RJ)(RJ®id) (id®RJ)
x({deD @D ) (W leW oW 1)

From the Yang-Baxter equation for R; these two coincide, completing the proof. |

To show that Ry and Ry define the same link invariant, we will construct enhanced
Yang-Baxter operators by using R; and Rg.

Let gy be the (N x N)-matrix with (i, j)-entry (p):=6; ;5% N*1. Then the qua-
druple S;=(Ry,us,s™°~D/2 1) is an enhanced Yang-Baxter operator since the follow-
ing lemma holds.

LEMMA 4.5.

(pa®ups)Rr=Ri(pns®uns),
N

[ay

((RJ):tl(id®/iJ))ijj = (S(N2—1)/2)i161',k-
0

~
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Proof. The proof for the first equality is similar to that of Lemma 4.3.
For the second equality we first note that R; defines an invariant of (1,1)-tangles.
Therefore the right-hand side equals a scalar times §; &, and it suffices to show

N—
> (R d@ps) o1 = (s -D/2)*

Jj=0

,_.

The equality for R; follows from
(Ry(id®us))n 1" —Z(RJ N0, 18y, 8PN

N-— 1, 2j—N+1 N=1)%/2 2j—N+1 N2-1)/2
=(Rs)N_ 3 g2i—N+ 5j7N713( )¥/242j-N+ ( ES

1j =0;N-18

To show the equality for R;l we use the explicit formula
min{N—1—j3,%)

(RIDE= > GtinOkjin
n=0

(s—s~H)™ [+n]! [N=1+n—i]!
[n]! Gt [N—1-1]!

« (__1)ns—2(i—(N—1)/2)(j—(N—1)/2)—n(i—j)+n(n+1)/2’

which can be checked by direct calculation. A similar calculation shows
(R7'(1d®us))y) = 8508~ D72,

and the proof is complete. O

Next we will give a Yang—Baxter operator using Ri. Let pug be the (N x N )-matrix
with (4, j)-entry (ux)i=—s0; j+1. Then we have

LEMMA 4.6.
WDuyD7IW ™ = pg.
Proof. Since W2=52, Db=§, , stV"10 (p;)e=0p 052N T (D71)d=4, g5~ V1)1
and (W1, =s724/N, we have

N-1
(WDus DT WY = < (—3) 3 07000 =~ 11,
a=0

completing the proof. O

Combining Lemmas 4.5 and 4.6, we show that Sx={Rg,pux,—s,1) is also an en-
hanced Yang-Baxter operator.
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LEMMA 4.7.

(bx®uk)Rr = Rx(x Ok ),
N-1 )
(Rr)* (id@px); = (=5) 10
0

.,

Proof. Noting that p; and D commute since they are diagonal, the first equality
follows immediately from that in Lemma 4.5.
The second equality follows from

(Rx)* (id®uk)
= sFNHDIN=3/2(W o W) (id®D)(Ry)* (id@us)(id@ D~ (W oW 1),

completing the proof.
Note that the lemma can also be proved by using [13, (2.8) and (2.17)]. a

Now we see that S; and Sk define the same link invariant by using

LEMMA 4.8. Let £ be an n-braid. Then

bRy (€) = s~ WOWFDIN=3)/2((y &)1 DR D?®...9 D"~ 1) bg, (€)
x (id@D™ @D~ %®.. D~ D)(W—1)8n),

Proof. First note that
R;'=(D*®D*)R3{(D~*@D7*)
since
R;(D®D) = (D®id)(D~'®id) R;(D®id)(id®D)
= (D®id)(id®D) R, (id®D~')(id®D) = (D®D) R,

from Lemma 4.3.
Therefore

RE = sTWHDIN-9/2(ow ) (ide D) RE' (ide D~ ) (W oW 1)
— s:F(N+1)(N—3)/2(W®W)(Dz’—1®Di ) Rfl(D_i_H@D_i)(W_l@W_l),

and the required formula follows immediately since bg, (0:F!) can be written as

sTNHDIN=-3)/2(p®n) (1@ Do D*®... D™ )bg, (0X")
x(i[d®D~'®D?®...@D~ (" )(WH)®M). O
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Since we know that Jy=Ts, 1 is well-defined as described in §1, from the previous
lemma Ty, 1(L) is also a link invariant, which we denote by (L)n. Note that it is
implicitly stated in [13] that the invariant can be regarded as an invariant for (1,1)-
tangles. Note also that though the invariant was defined only up to a multiple of s
in [13], we can now define it without ambiguity.

Since

brk (&) ([d@ux®"~D) = (W) (D@ D*®...@ D* )by, (€)
x (id@u,® " D) (D@D Fq.. oD ) (W1)®")

from Lemma 4.8, we conclude that S; and Sk define the same link invariant.

THEOREM 4.9. For any link L and any integer N >2, {L)n and Jn(L) coincide.

5. Relation between the simplicial volume
and the colored Jones polynomials

Let K be one of the three simplest hyperbolic knots 44, 52 and 6;. Kashaev found in [14]
that the hyperbolic volume of S\ K, denoted by Vol(K), coincides numerically with the
growth rate of the absolute value of (K')y with respect to N. More precisely,
Vol(K)=2x lim M.
N—oo

We would like to modify his conjecture taking Gromov’s simplicial volume (or the
Gromov norm) [10] into account. Let us consider the torus decomposition of the comple-
ment of a knot K [11], [12]. Then the simplicial volume of K, denoted by || K|, is equal to
the sum of the hyperbolic volumes of the hyperbolic pieces of the decomposition divided
by vs, the volume of the ideal regular tetrahedron in H?, the 3-dimensional hyperbolic
space. Recall that it is additive under the connect sum [26],

K1 Kol = | Ky [+ 1| K2,

and that it does not alter by mutation [25, Theorem 1.5].
Noting that Jy is multiplicative under connect sum, that is,

IN(K1Ks) = Jn(K) In(K?2),

and that it does not alter by mutation [25, Corollary 6.2.5], we propose the following
conjecture.
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CONJECTURE 5.1 (volume conjecture). For any knot K,

K| = 2m lim 10g|JN(K)|.

5.1
V3 N—oo N ( )

Remark 5.2. First note that if Kashaev’s conjecture is true then our conjecture holds
for hyperbolic knots and their connect sums. It is also true for torus knots since Kashaev
and O. Tirkkonen [15] showed that the right-hand side of (5.1) vanishes in this case by
using H. Morton’s formula [20] (see also [23]).

Remark 5.3. Note however that the volume conjecture does not hold for links since
Jn of the split union of two links vanishes.

As a consequence of the volume conjecture, we can deduce

CONJECTURE 5.4. The union of all the colored Jones polynomials is an unknot
detector.

We show that the volume conjecture implies Conjecture 5.4 by using the following
two lemmas.

LEMMA 5.5 (|8, Corollary 4.2]). If | K||=0 then K is obtained from the trivial knot
by applying a finite number (possibly zero) of the two operations:
(1) making a connect sum,

(2) making a cable.

LEMMA 5.6. If ||K||=0 then the Alexander polynomial A(K;t) of K is trivial if
and only if K is the trivial knot.

Proof. This lemma comes from Lemma 5.5 and the following three facts [3, §2] (see
also [4, Proposition 8.23]):

(i) The Alexander polynomial of a non-trivial torus knot is not trivial.

(ii) The Alexander polynomial is multiplicative under connect sum. Therefore if
A(K;;t) and A(K»;t) are non-trivial, then A(K;}§K>;t) is also non-trivial.

(iii) If K’ is a knot obtained from K by a cabling operation, then A(K';t) is
A(K;t™) f(t) with some Laurent polynomial f(t), where n is a non-zero integer. Hence
if A(K;t) is non-trivial, so is A(K';¢t). O

Proof that the volume conjecture implies Conjecture 5.4. Suppose that a knot K
has trivial colored Jones polynomial for every color. Then A(K;t) is also trivial since
the Alexander polynomial can be determined by the colored Jones polynomials from
the Melvin—-Morton-Rozansky conjecture [19], [24] proved by Bar-Natan and S. Garoufa-
lidis [2].



THE COLORED JONES POLYNOMIALS AND THE SIMPLICIAL VOLUME OF A KNOT 103

Therefore from Lemma, 5.6 we conclude that K is trivial since the volume conjecture
implies || K| =0. d

Remark 5.7. The above argument using the Melvin—-Morton—-Rozansky conjecture
was due to Bar-INatan and Vaintrob. Our original conjecture was a weaker one; see below.

We also anticipate the following simplest case of V. Vassiliev’s conjecture [28, Stabi-
lization Conjecture 6.1] (see also [17, Chapter 1, Part V(L), Conjecture]), which follows
from Conjecture 5.4 since every coefficient of the colored Jones polynomial as a power
series in h=logt is a Vassiliev invariant.

CONJECTURE 5.8 (Vassiliev). Assume that every Vassiliev (finite-type) invariant
of a knot is identical to that of the trivial knot. Then it is unknotied.

References

[1] AkuTsu, Y., DEGUCHI, T. & OHTSUKI, T., Invariants of colored links. J. Knot Theory
Ramifications, 1 (1992), 161-184.
12] BAR-NATAN, D. & GAROUFALIDIS, S., On the Melvin—Morton-Rozansky conjecture. In-
vent. Math., 125 (1996), 103-133.
[3] Burau, W., Kennzeichnung der Schlanchknoten. Abh. Math. Sem. Univ. Hamburg, 9
{1932), 125-133.
{4] BURDE, G. & ZIESCHANG, H., Knots. de Gruyter Stud. Math., 5. de Gruyter, Berlin, 1985.
[5] DEGucHI, T., On the new hierarchy of the colored braid matrices. J. Phys. Soc. Japan,
60 (1991), 3978-3979.
(6] — Multivariable invariants of colored links generalizing the Alexander polynomial, in Pro-
ceedings of the Conference on Quantum Topology (Manhattan, KS, 1993), pp. 67-85.
World Sci. Publishing, River Edge, NJ, 1994.
[7] DRINFEL'D, V. G., Quantum groups, in Proceedings of the International Congress of Mathe-
maticians, Vols. 1, 2 (Berkeley, CA, 1986), pp. 798-820. Amer. Math. Soc., Providence,
RI, 1987.
[8] GorDON, C.MCA., Dehn surgery and satellite knots. Trans. Amer. Math. Soc., 275 (1983),
687-708.
[9] GRADSHTEYN, 1.S. & RyzHIK, I. M., Table of Integrals, Series, and Products. Corrected
and enlarged edition edited by Alan Jeffrey. Incorporating the 4th edition edited by
Yu. V. Geronimus and M. Yu. Tseytlin. Translated from the Russian. Academic Press,
New York, 1980.
[10] GrOMOV, M., Volume and bounded cohomology. Inst. Hautes Etudes Sci. Publ. Math., 56
(1982), 5-99.
(11} Jaco, W.H. & SHALEN, P. B., Seifert Fibered Spaces in 3-manifolds. Mem. Amer. Math.
Soc., 21 (220). Amer. Math. Soc., Providence, RI, 1979.
[12] JonanNsoN, K., Homotopy Equivalences of 3-manifolds with Boundaries. Lecture Notes
in Math., 761. Springer-Verlag, Berlin, 1979.
(13] KASHAEV, R. M., A link invariant from quantum dilogarithm. Modern Phys. Lett. A, 10
(1995), 1409-1418.
[14] — The hyperbolic volume of knots from the quantum dilogarithm. Lett. Math. Phys., 39
(1997), 269-275.



104 H. MURAKAMI AND J. MURAKAMI

{15] KasHAEV, R.M. & TIRKKONEN, O., Proof of the volume conjecture for torus kmnots.
math.GT/9912210.

[16] KASSEL, C., Quantum Groups. Graduate Texts in Math., 155. Springer-Verlag, New York,
1995.

(17] KirBY, R., Problems in low-dimensional topology, in Geometric Topology (Athens, GA,
1993), pp. 35-473. Amer. Math. Soc., Providence, RI, 1997.

[18] KirBY, R. & MELVIN, P., The 3-manifold invariants of Witten and Reshetikhin-Turaev
for sl(2, C). Invent. Math., 105 (1991), 473-545.

[19] MELVIN, P. M. & MoORTON, H. R., The coloured Jones function. Comm. Math. Phys., 169
(1995), 501-520.

[20] MorTON, H.R., The coloured Jones function and Alexander polynomial for torus knots.
Math. Proc. Cambridge Philos. Soc., 117 (1995), 129-135.

[21] MurakaAMI, J., The parallel version of polynomial invariants of links. Osaka J. Math., 26
(1989), 1-55.

[22] — A state model for the multivariable Alexander polynomial. Pacific J. Math., 157 (1993),
109-135.

[23] Rosso, M. & JONES, V., On the invariants of torus knots derived from quantum groups.
J. Knot Theory Ramifications, 2 (1993), 97-112.

[24] ROZANSKY, L., A contribution of the trivial connection to the Jones polynomial and Wit-
ten’s invariant of 3d manifolds, I; II. Comm. Math. Phys., 175 (1996), 275-296; 297-318.

[25] RUBERMAN, D., Mutation and volumes of knots in S3. Invent. Math., 90 (1987), 189-215.

[26] Soma, T., The Gromov invariant of links. Invent. Math., 64 (1981), 445-454.

[27] TURAEV, V.G., The Yang-Baxter equation and invariants of links. Invent. Math., 92
{1988), 527-553.

[28] VassILIEV, V. A., Cohomology of knot spaces, in Theory of Singularities and Its Applica-
tions, pp. 23—69. Adv. Soviet Math., 1. Amer. Math. Soc., Providence, RI, 1990.

HiTosHI MURAKAMI JUN MURAKAMI
Department of Mathematics Department of Mathematics
Tokyo Institute of Technology Graduate School of Science
Oh-okayama, Osaka University

Meguro Machikaneyama-cho 1-1
Tokyo 152-8551 Toyonaka

Japan Osaka 560-0043
starshea@tky3.3web.ne.jp Japan

jun@math.sci.osaka-u.ac.jp

Received May 26, 1999



