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Introduction

In 1955 H. Hopf [13] discovered that the complexification of the traceless part of the
second fundamental form hyx; of an immersed surface $2 with constant mean curvature H
in Euclidean 3-space is a holomorphic quadratic differential Q on $2. This observation
has been the key to his well-known theorem that any immersed constant mean curvature
(cmc) sphere S?%R3 is in fact a standard distance sphere with radius 1/H.

Hopf’s result has been extended to immersed cmc spheres S? in the sphere S% or
in hyperbolic space H3. In other words, the result has been extended to immersed cmc
spheres S29» M3 in space forms with arbitrary curvature s. Furthermore, W.-T. and
W.-Y. Hsiang have conjectured [14, Remark (i) on p. 51] that immersed cmc spheres in
the product space H2 xR should be embedded, rotationally invariant vertical bigraphs.

The holomorphic quadratic differential Q itself has other important applications: it
guarantees the existence of conformal curvature line coordinates on cmc tori in space
forms, and thus it has played a significant role in the discovery of the Wente tori [25] and
in the subsequent development of a general theory of cmc tori in R? (see [1], [21], [6],
[12] and [7]). For cmc surfaces X2 of genus g>1 the holomorphic quadratic differential
still provides a link between the genus of the surface and the number and index of its
umbilics, a link that has been very useful in investigating the geometric properties of
such cme surfaces (see [8], [11] and [22]).

The first named author would like to thank the Institut de Mathématiques de Jussieu and the
CNRS for their hospitality and support during a visit to Paris in the fall of 2003. The basic ideas for
the results in this paper have been developed during that visit.
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1. Main results

Our main goal is to introduce a generalized quadratic differential @ for immersed surfaces
¥2 in the product spaces S? xR and H? x R, and to extend Hopf’s result to cmc spheres in
these target spaces; we shall prove that such immersed spheres are surfaces of revolution.
In order to treat the two cases simultaneously, we write the target space as M2 xR,
where M2 stands for the complete simply-connected surface with constant curvature .

A lot of information about the product structure of these target spaces is encoded
in the properties of the height function &: M2 x R—R, that is induced by the standard
coordinate function on the real axis. We note in particular that £ has a parallel gradient
field of norm 1, and that the fibers of ¢ are the leaves M2x{&}. In addition to the
function £ we only need the second fundamental form hs(X,Y)=(X, AY), the mean
curvature H=1tr A, and the induced (almost) complex structure J in order to define
the quadratic differential Q for immersed surfaces ¥2 in product spaces M2 xR. We set

q(X,Y)=2Hhs(X,Y) -3 d§{(X)d{(Y) (1)
and

QX,Y):= }a(X,Y) ~q(JX, JY)) - §i(g(JX, ¥) +¢(X, JY)). (2)

Clearly, Q(JX,Y)=Q(X,JY)=iQ(X,Y). In dimension 2, traceless symmetric endo-
morphisms anticommute with the almost complex structure J, whereas multiples of the
identity commute with J. Thus the quadratic differential @ defined in (2) depends only
on the traceless part go of the symmetric bilinear form ¢ introduced in (1), and, con-

versely, it is the traceless part gy that can be recovered as the real part of Q.

THEOREM 1. Let X2M2 xR be an immersed cmc surface in a product space.
Then its quadratic differential Q as introduced in (2) is holomorphic with respect to the
induced complex structure J on the surface ¥2.

The proof of this theorem is a straightforward computation based on the Codazzi
equations for surfaces %295 M2 x R, which differ from the more familiar Codazzi equa-
tions for surfaces in space forms M?2 by an additional curvature term. The details will
be given in §3.

Following H. Hopf, we want to determine the geometry of immersed cmc spheres in
product spaces M2 xR using Theorem 1. In these target spaces one has the embedded
cmc spheres 5% studied by W.-Y. Hsiang [14] and R. Pedrosa and M. Ritoré [20] that
are invariant under an isometric SO(2)-action, rotation about a vertical geodesic. From
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now on we shall refer to them as the embedded rotationally invariant cmc spheres S% C
M2xR.

Their geometry will be described in Proposition 2.5 (i) in the next section. In con-
trast to cme spheres in space forms, they are not totally umbilical unless »=0 or >0
and H=0. The traceless part g of the symmetric bilinear form introduced in (1), how-
ever, vanishes on all of them. For us, this observation has been the major clue when
guessing the proper expression for the quadratic differential @ for cmec surfaces in such
product spaces.

THEOREM 2. Any immersed cmc sphere SZ%M,% xR in a product space is actually
one of the embedded rotationally invariant cmc spheres S, C M2 xR.

This theorem in particular establishes Hsiang’s conjecture from [14, remark (i) on
p. 51] about immersed cmc spheres in H? xR.

It is a well-known fact that any holomorphic quadratic differential on the 2-sphere
vanishes identically. Thus Theorem 1 implies that the quadratic differential Q of an
immersed cmc sphere $29» M2 xR vanishes. Hence Theorem 2 follows directly from the
following classification result:

THEOREM 3. There are four distinct classes of complete, possibly immersed, cmc
surfaces 2% M2 xR with vanishing quadratic differential Q.

Three of these classes are comprised of embedded rotationally invariant surfaces; they
are the cmc spheres S4 C M2 xR of Hsiang and Pedrosa, their non-compact cousins D?,,
and the surfaces C% of catenoidal type. The fourth class is comprised of certain orbits
PZ of 2-dimensional solvable groups of isometries of M2 xR..

The geometry of the rotationally invariant embedded cme surfaces of type S%, D%
and C% will be described in detail in Propositions 2.5 and 2.9. The fact that they all
have Q=0 will be verified in §2, too. The remaining family PZ, where the parabolic
symmetries are prevalent, will only be introduced in Proposition 4.9 in §4. Explicit
formulas for the meridians of all these surfaces will be provided in the appendix; for
some pictures thereof, see Figures 1-4.

Remark 4. If 520, then only the spheres S% C M2 xR occur, whereas for 5 <0 all
four cases do actually occur.

The fact that there are no other cme surfaces with Q=0 will be established in §4.
A systematic approach to this classification problem is to study a suitable overdetermined
system of ordinary differential equations for the unit normal field of the surfaces to be
classified. In doing so, the surfaces PZ in fact show up quite naturally.
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In a sense the preceding theorems amount to saying that, when studying surfaces
¥? in product spaces M2 xR rather than in space forms, the role of umbilics is taken
over by the points where £2 approximates one of the embedded cmc surfaces S%, D%,
C3%; and PZ up to second order.

Theorem 2 provides substantial information even when studying the geometry of em-
bedded cmc spheres S?CS? x R. Moving planes arguments along the lines of A.D. Alex-
androv [3] only prove that a closed embedded cmc surface ¥2CS? xR is a vertical bi-
graph. In contrast to target spaces with non-positive sectional curvature, moving planes
arguments do not imply that such a surface ¥2CS2 xR is rotationally invariant. The
latter claim would only follow if we assumed that X2 were contained in the product of
a hemisphere with the real axis. Such an assumption, however, is by far too strong. It
does not even hold for the embedded rotationally invariant cmc spheres 5% CM2ZxR
if 0<4H?<s. This particular aspect of their geometry is explained in more detail in
Remark 2.8 in §2.4.

Furthermore-—unlike in Euclidean space R3®—there even exists a family of embedded
eme tori in S2 xR, most of them not being rotationally invariant. They rather look
approximately like “undoloids” around some great circle in a leaf 82, x {£,} €S2 xR, and
are thus not contained in the product of a hemisphere with the real axis either. They
have been constructed by J. de Lira [17] by a bifurcation argument along the lines of the
work done by R. Mazzeo and F. Pacard [18]. Presumably one could also obtain these
surfaces using a singular perturbation argument similar to the one that N. Kapouleas’
work is based on [16].

Finally, we observe that the holomorphic quadratic differential @@ of Theorem 1 is
likely to open the doors for investigating the geometry of cme tori in product spaces
M2 xR, and—as in the case of space forms—there might be interesting connections to
the theory of integrable systems. A somewhat more subtle question is whether all the

above can be generalized to cmc surfaces $2 in homogeneous 3-manifolds.

2. The rotationally invariant cmc spheres S, CM2 xR

In this section we shall describe the embedded rotationally invariant cmc spheres S% C
M2 xR of Hsiang and Pedrosa. Our main goal is to compute the symmetric bilinear
form ¢ introduced in (1) for these cmec spheres, and thus verify that their quadratic
differential @) vanishes. This goal will be accomplished in Proposition 2.7.

The work of both authors, Hsiang and Pedrosa, has been somewhat more general
than what we need here. They have studied rotationally invariant cmc spheres S% in
product spaces including H® xR [14] or in S xR [20], respectively. For our purposes
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we are only interested in properties of the surfaces S%, and, specializing our summary
accordingly, we thus work on product manifolds M3:=M2 xR that are equipped with
an isometric SO(2)-action.

2.1. Isometric SO(2)-actions on the product spaces M2 xR

Such an action necessarily operates trivially on the second factor. In other words, the
group SO(2) CIsomg (M2 xR) can be considered as the isotropy group consisting of those
rotations that preserve some fixed axis lo:={Z} xR. If 5<0, the fixed-point set of this
SO(2)-action is precisely the axis lg itself; however, if >0, it encompasses the antipodal
line [p={—20} xR as well.

In order to understand this action better, it is useful to pick a normal geodesic
v:R—M2 with 4(0)=2¢. The product map yxid:R2—M2 xR is a totally geodesic
isometric immersion. Its image intersects all SO(2)-orbits orthogonally. The existence of

such a slice means that the group action under consideration is polar.

The subset I,, x RCR?, where I,, denotes the half-axis (0,00) if »#<0 and the in-
terval (0,7!'/\/1_{) if >0, is a fundamental domain whose image under the immersion
vxid intersects each principal SO(2)-orbit in M2 xR precisely once. Its closure I, xR
represents the entire orbit space SO(2)\(M2 xR). The canonical projection p onto this
orbit space lifts to a map

pMiIxR—I,xR

such that the composition po(yxid) is the identity on I,,xR. This lift is given by
plx)y=(r(z),&(z)), where r(z):=dist(z, ly) and where £ is the height function introduced
above. The restriction of p to the union of all principal orbits is clearly a Riemannian
submersion.

A conceptually nice way of thinking about the slice im(vy xid) is to extend the SO(2)-
action to some larger subgroup of Isom(M2 xR). The natural candidate is the group
0(2) consisting of all isometries of M2 x R that fix the axis l. The cosets of SO(2)CO(2)
are represented by the subgroup consisting of the identity and of the reflection g at the
slice. The extended action has the same orbits as the SO(2)-action that we began with.
However, the principal isotropy group of the extended action is Zy={p) rather than the
trivial group.

The slice im(-y xid) can be recovered as the fixed-point set of the reflection o. More-
over, g preserves the height function £ and thus also its gradient. In particular, grad§
is tangential to the slice everywhere.
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2.2. Connected SO(2)-invariant surfaces 2+ M2 xR

As explained above, the given action extends to an isometric O(2)-action on M2 xR with
precisely the same orbits. Hence any rotationally invariant cme surface 2% M 2xR is
also invariant under the full O(2)-action. The additional symmetry tells a lot about the

geometry of the surfaces in question:

PROPOSITION 2.1. Any rotationally invariant surface $23 M2 xR intersects the
slice im(y xid) orthogonally in a set of reqular curves ¢ that are simultaneously geodesics
and curvature lines on 2.

If the surface £2 is connected, then so is its image under the projection p from
M2 xR onto the orbit space. Therefore this image can be described by a single regular
curve ¢ in I, xR that may start and/or end at the boundary and that can meet the
boundary only orthogonally. The surface ¥29+ M2 xR can be recovered from ¢ by letting
SO(2) act on its image c:=(yxid)o& in M2xR. Moreover, any regular curve s—¢&(s)€
L. xR with the proper behavior at the boundary of I,, xR is the generating curve for
some connected, smooth, rotationally invariant surface £2% M2 xR.

The unit normal field v of the surface is best described in terms of its angle function
s+6(s) along the generating curve s—é&(s)=(r(s),£(s)), a function that is defined by
the equation

V]((yxid)od)(s) = (7 xid)|5(s)- (co8 8(s),sin 6(s)).

We assume that the generating curve ¢ is parametrized by arc length and that its tangent
vector is &'(s)=(—sinf(s),cosf(s)). Our convention is to work with “exterior” unit
normal vectors and write the Weingarten equation with a “+”-sign, i.e. to write A=Duv.
In particular, the principal curvature of £2 in the direction of the meridian c=(y xid)~¢
is given by (86/9s)(s).

Using the formula of Meusnier to determine the other principal curvature, it is
straightforward to compute the second fundamental form hy and the tensor field de?|s
along the meridian ¢ on £2 with respect to the orthonormal basis consisting of the vectors
¢'(s) and Jc'(s):

h = (80{)88 cos(())(izt,,(r)) and  defls = <00320 g) ' ®

Here ct,, stands for the generalized cotangent function;(*) the value ct,(r) is the curva-
ture of the circle of radius >0 in the surface M2 of constant curvature .

(*) Recall that the generalized cotangent function ct, is by definition the logarithmic derivative of
the generalized sine function sn,:, which in turn is defined to be the solution of the differential equation
y"”+3cy=0 with initial data y(0)=0 and y’(0)=1.
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2.3. Differential equations for SO(2)-invariant cmc surfaces X2

The mean curvature H of a rotationally invariant surface Y29+ M2 xR is given by the
identity 2H =tr A=try(hy). Thus the preceding considerations yield the following system
of ordinary differential equations for the generating curve s—é&(s)=(r(s), &(s)):

or )

% = — Sin 9,

o€

= = 4
s cos @, (4)
o6

5= 2H —cos(0) ct (7).

The key to solving this system of ordinary differential equations is the observation that
its right-hand side depends neither explicitly on s nor on £. The latter property is a
direct consequence of the fact that the Euclidean factor in the product spaces M2 xR
is 1-dimensional. It follows that the system (4) of ordinary differential equations has a
first integral. In fact, W.-Y. Hsiang already found that

L :=cos(f)sn, (r)—2H /Orsn,,(t) dt =cos(8) sn,.(r)—4H sn,, (%r)2 (5)

is constant along any solution of (4).

Remark 2.2. The value of L can be used to characterize the special solutions of (4)
that correspond to particularly simple cmc surfaces in M2 xR:

(i) If H=0, there are the totally geodesic leaves M2 x {&}. These leaves correspond
to solutions with £=§; and 9=:l:%7r, and thus they can be characterized by the condi-
tion L=0.

(ii) If H=1ct,(ro) for some ro€L,, there is the cylinder of radius ro around the
axis lp. This surface corresponds to solutions with r=ry and #=0, and thus it can be
characterized by the condition L=ct,(370)~'=(2H +\/M)_l.

If 5 is positive, the vertical cylinders with radius m/2,/ have mean curvature
H=0, too. Moreover, there exist vertical undoloids with H =0 that oscillate around
these cylinders. These undoloids are discussed from different points of view in [20] and
in [23, §§1 and 3]. Together, all these examples give a good indication of how rich the
class of rotationally invariant minimal surfaces in M2 xR is.

Furthermore, there is a 2-parameter family of minimal annuli whose level curves are
geodesic circles which are not rotationally invariant. We expect the quadratic differential
Q to play a key role in studying these examples.



148 U. ABRESCH AND H. ROSENBERG

PROPOSITION 2.3. A connected, rotationally invariant, immersed cmc surface
Y29 M2 xR is diffeomorphic to a torus or an annulus, unless the first integral L for its
generating curve ¢ vanishes, or, unless #>0 and L=—4H /3.

Proof. The orbit structure described in §2.1 implies that any connected, SO(2)-
invariant surface X229 M2 xR is topologically the product of its generating curve & in
I, xR and a circle, provided that the generating curve stays in the interior of I, xR. If
¢ has an end point on the boundary of I,, xR, a disk must be glued to the corresponding
boundary component of the remaining part of %2.

Inspecting the expression in (5), it is evident that L must vanish if ¢ touches the
component of the boundary of I,. x R where r=0. If 5<0, this component is already the
entire boundary of the fundamental domain I,. x R. However, if 5>0, the boundary of
I,. xR has one further component where r=m/,/3. Clearly, ¢ can only reach the latter
component if L=—4H /5. g

Remark 2.4. The components of the boundary of I,, xR correspond to the compo-
nents of the fixed-point set of the SO(2)-action. In particular, interchanging the axes {g
and [y induces a symmetry of (4) that interchanges the cases L=0 and L=—4H/ as

well.

2.4. SO(2)-invariant cmc surfaces 2% M2 xR with L=0

In this subsection we shall see that a rotationally invariant cmc surface with L=0 does
indeed intersect the axis Iy. Thus, by the argument used in the proof of Proposition 2.3
the surface 2 must be either a sphere S% or a disk D%.

Since sn,(37) >0 for any re€l,, it is possible to rewrite the condition that the first
integral L introduced in (5) vanishes as follows:

cos(0) et (37) =2H. (6)

This equation has a number of important consequences.

It shows in particular that cosé converges to 0 as r—0. This property essentially
reflects the regular singular nature of the system of ordinary differential equations in (4);
it implies that the generating curve & can only meet the boundary of I, x R orthogonally.
Hence the cmc surface ¥.2 is automatically smooth at all the points where it intersects
the axis [p.

PROPOSITION 2.5. Let Y295 M2 xR be a connected, SO(2)-invariant cmc surface

with mean curvature H#0 that intersects the axis lo. Then either
(i) 4H%+3>0, and %2 is an embedded sphere S5 C M2 xR, or
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Fig. 1. The meridians of the spheres S?_I for 3>0.

(ii) 4H?+x<0, and X? is a convex rotationally invariant graph D% over the hor-
izontal leaves M2 x{&}, which is asymptotically conical whenever the inequality for
4H?Y 3¢ is strict. There are two possibilities for the range of the normal angle 6; the
image of sinf is one of the two half-open intervals [—1,—sinfy) and (sinfy,1], where

o:=arcsin 1/1+4H?/ 3.

The surfaces described in this proposition are the embedded rotationally invariant
cme spheres S, CM2 xR of Hsiang and Pedrosa and their non-compact cousins D%.
The meridians generating these cmc surfaces are shown in Figures 1 and 2 for positive
and negative values of s, respectively. As indicated in these figures, the surfaces converge
on compact subsets of M2 xR towards the SO(2)-invariant minimal surfaces described
in Remark 2.2 (i), provided their mean curvature H approaches 0. Thus it is sometimes
convenient to denote the leaves M2 x{&} as S2 and D2, respectively.

Proof. The idea is to evaluate the condition L=0 at all points of the generating curve
s—&(s)=(r(s),£&(s)) that lie in the interior of I,, x R. Using the monotonicity properties
of the functions r»—)ct,,(%r) defined on the open intervals I,,, it is easy to determine their
range, too. Thus one finds that the pair of inequalities H cos #>0 and 4H?+ 5 cos?6>0
is a necessary and sufficient condition in order to solve equation (6) for r, and, moreover,
that this solution is always unique.

In particular, identity (6) can be used to eliminate the factor ct,(r) from the last
equation in (4); one finds that

08 1

£=E(4H2+%C0820)' (7
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Fig. 2. The meridians of the spheres S?, and the disk-like surfaces D%_I for s<0.

The right-hand side of this differential equation is uniformly bounded, and thus its solu-
tions are defined on the entire real axis. As explained above, H cos 8(s)>0 for all points
¢(s) on the generating curve that lie in the interior of I, xR. By equation (6), the curve
&(s) approaches the boundary component of I,, x R corresponding to the axis [y whenever
cos f(s) converges to 0, and the points on ¢ that lie in the interior of I, x R correspond
to a maximal interval (s;, s2) CR such that H cos8(s)>0 for all s&(sy, s2).

The discussion gets much more intuitive when observing that the angle function 6
can be used as a regular parameter on ¢. In order to see this, we recall that by our
analysis of equation (6) we have 4H2+ 3 cos?6>0. Thus by equation (7) the principal
curvature 9/0s has always the same sign as the mean curvature H. In particular, § is
a strictly monotonic function of s. The same holds for the function sinf. It remains
to analyze whether the image of (s;,s2) under sin# is the entire interval (—1,1) or just
some subinterval thereof.

If 4H?+ >0, equation (7) implies that 86/9s is bounded away from zero. Hence
the range of sin# is the entire interval [—1, 1], and the generating curve ¢ is an embedded
arc that begins and ends at the boundary component of I, xR corresponding to the
axis ly. Thus by the argument in the proof of Proposition 2.3, the surface must be a
sphere.
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If 4H2+#<0, the condition 4H2+ s cos?6>0 implies that sinf does not vanish
anywhere along & In fact, sin §¢ [— sin 6, sin 6y}, where 6y:=arcsin \/m/_%, and the
function 8(s) is asymptotic to one of the stationary solutions 6y and —6y of equation (7).
This explains the claim about the range of the normal angle 8, and again, reasoning as
in the proof of Proposition 2.3, the surface must be homeomorphic to a disk.

Moreover, if 4H%+43<0, the asymptotic normal angle 6 is different from 0. In
other words, sin #(s) is bounded away from 0, and thus the radius function r is a regular
parameter for the generating curve ¢ as well; the range of this parameter is the entire
half-axis I,,=[0,0). Finally, equation (7) implies that

% (0(s)18y) = % (sin 8y —sin #(s))(sin B +sin (s)).

Hence 6(s) converges exponentially to 8y and —6p, respectively. Thus the generating
curve ¢ has real asymptotes rather than merely some asymptotic slope, and the generated
surface is asymptotically conical as claimed.

On the other hand, if 4H?+3=0, we find that 6,=0, and 6(s) decays only like
O(1/s). In particular, the integral fsoosin 0(o) do does not converge; hence in this case
there do not exist any asymptotes. Yet, the radius function r is still a regular parameter
along &, and its range is still the entire half-axis I,,=[0, o0). U

Remark 2.6. W.-Y. Hsiang has already computed both the area and the enclosed
volume of the embedded cmc spheres S5 CH? xR. In [20] Pedrosa has extended these
computations to embedded cmc spheres S% CS? xR, and has then used this information
to determine candidates for the isoperimetric profiles of the product spaces M2 x R.

PROPOSITION 2.7. Let 23+ M2 xR be a connected, rotationally invariant cmce sur-
face that intersects the axis ly. Then the traceless part of the tensor field q introduced
in (1) vanishes identically, and so does the quadratic differential Q of £2. More pre-
cisely,

q=2th—zd£2|g:(2H2—%%c0520)g, (8)

where g denotes the induced Riemannian metric on the surface ¥°.

As pointed out in the introduction, it is this simple proposition that has been the
key to finding the proper expression for the quadratic differential of cme surfaces in the
product spaces M2 xR.

Proof. If H=0, we consider some point &(s) on the generating curve where the
surface intersects the axis ly. At such a point sn,.{r(s))=0, and thus L=0. It follows
from (6) that cosf(s)=0, and therefore £ must be one of the totally geodesic leaves
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M2 x{&} described in Remark 2.2 (i). For these surfaces equation (8) holds, as both its
sides evidently vanish identically.

If H+#0, we may simplify the expression for the second fundamental form Ay from (3)
using equations (4) and (7):

hZ:(H+(x/4H)c0520 0 ) ©)

0 H—(5/4AH ) cos?6

Combining this formula with the expression for d¢2|s from (3), we again arrive at equa-
tion (8). a

Remark 2.8. The rotationally invariant cmc spheres S% C M2 xR of Pedrosa are not
conver if 0<4H?<s. In fact, the principal curvatures computed in (9) have opposite
signs at all points on S%4 CM2Z xR that are closer to the antipodal axis Ip than to lo
itself.

2.5. SO(2)-invariant cmc surfaces £?% M2 xR of catenoidal type

In this subsection we are going to describe another family of rotationally invariant cmc
surfaces with vanishing quadratic differential Q. For this purpose we study the solutions
of (4) with first integral L=—4H/x.

In case >0, the surfaces corresponding to solutions with L=—4H /3 are precisely
the surfaces that intersect the antipodal axis Iy rather than ly. As explained in Re-
mark 2.4, they are congruent to the spheres that correspond to the solutions with L=0
and that have been studied by Pedrosa.

In case »#<0, however, the surfaces obtained from the solutions of the system (4) of
ordinary differential equations with L=-—4H/s are obviously not congruent to the cmc
spheres of Hsiang, anymore. Yet, it is conceivable that they still have Q@=0. We shall
establish this property in Proposition 2.10. Using the expression for the first integral
from (5), the condition L=—4H/ reads

0=ccos(f) sn,.(r)+4H |1 —zsn,,(%r)z].

In particular, we find that the radius r is bounded away from 0, and hence we may
rewrite this equation in a form similar to (6):

—»cos§=2Hct,(37). (Bcat)

In fact, there is an extremely close relationship between the equations (6) and (6cat)-
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H=0.033y/—»

H=0.121v/—x

H=0.275v/—-x

Fig. 3. The meridians of the surfaces C?_I of catenoidal type.
For instance,(?) either one of them implies that
1 —1 —1 b4
cto(r) =3 (ctsc(37) —sect,(37r) ) =Hcos™ 16— 17 6.

Inserting this expression into the third equation in (4), we obtain of course the same
differential equation for # as in the proof of Proposition 2.5:

oo 1
P m(4H2+ZCOS2 ). (Tcat)
Thus it should not be surprising that most arguments in the proof of Proposition 2.5 can
be carried over to this situation. As explained above, we are only interested in studying

the case »<0.

PROPOSITION 2.9. Let %<0, and let £2% M2 xR be a connected, SO(2)-invariant
cmc surface whose generating curve can be described as a solution of (4) with first inte-
gral L=—4H/». Then the surface is an embedded annulus C?{ with two asymptotically
conical ends. It is generated by rotating a strictly concave curve with asymptotic slopes
dr/dé=F tan by, where 0y:=arccos(2H/+/—x). Moreover, the range of 0 is the inter-
val (—6p,6p).

(?) Another consequence of either one of equations (6) and (6¢a¢) is that the Pfaffian
(4H?% 4 3¢ cos?0) dr + 4H sin(6) d

vanishes along the corresponding solutions of (4). This in effect explains how to recover (6) and (6cat)
and thus eventually the system (4) of ordinary differential equations from the differential equations (23)
when doing the classification in §4.
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The name C% has been picked for this family of surfaces, since their shapes resemble
the shape of a catenoid or rather the shapes of the analogous surfaces in hyperbolic 3-
space. We shall refer to them as the rotationally invariant cmc surfaces of catenoidal type.
When H approaches zero, they converge to the double covering of some leaf M2 x {&}
with a singularity at the origin. This collapse is indicated in Figure 3; it is pretty similar
to the collapse of the minimal catenoids described in [23, §6] and [19].

Proof. Since T€l,, by construction and since »#<0 by hypothesis, equation (6¢at)
implies that Hcos#>0 and 4H?+ 3 cos?§<0. Hence the maximal existence interval for
the solutions of the differential equation (7.5) is the entire real axis. The range of the
function s—#6(s) is as claimed, and—because of the first two equations in (4)—all the
other assertions are straightforward consequences hereof. O

PROPOSITION 2.10. Let <0, and let £29> M2 xR be a connected, SO(2)-invariant
eme surface whose generating curve can be described as a solution of (4) with first inte-
gral L=—4H /3. Then the traceless part of the tensor field g introduced in (1) vanishes
identically, and so does the quadratic differential Q of X?. More precisely,

2Hhy — 5 d€?|s = (2H* - 1 cos?6) g.

Proof. The proof of Proposition 2.7 only uses equations (3), (4) and (7). The first
two of these sets of formulas are clearly valid in the present context as well. Moreover,
the differential equation for 8 obtained in (7..;) happens to coincide with (7), as has been
observed beforehand. Thus the proof of Proposition 2.7 carries over verbatim. O

3. J-operators, quadratic differentials and Codazzi equations

The purpose of this section is to prove Theorem 1. In other words, we want to compute
the O-derivative of the quadratic differential Q defined in formula (2) in §1 and verify
that OQ indeed vanishes identically. The key ingredients for this computation are, firstly,
a formula that expresses the d-operator in terms of covariant derivatives and, secondly,
the Codazzi equations for surfaces 2 in the product spaces M2 x R. These are somewhat
more complicated than the Codazzi equations for surfaces in space forms. Yet, all this
is still essentially standard material, and so we shall summarize the necessary details in
Lemmas 3.1 and 3.4 as we go along.

3.1. Geometry and complex analysis on Riemann surfaces

In this subsection we recall the basic facts about the complex analytic structure on
the surface (X2, g). In particular, we explain how the d-operator that comes with this
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complex structure is related to covariant differentiation. Passing to a 2-fold covering
if necessary, we may assume that %2 is oriented. Thus there exists a unique almost
complex structure J€C®(End T£2) that is compatible with the Riemannian metric g
and the given orientation.

A celebrated theorem first stated by C.F. Gauss [10] guarantees the existence of
isothermal coordinates. In such a coordinate chart v: UC £2—C=R? the almost complex
structure J is given as multiplication by ¢, and the metric g is of the form e?*gy for some
C*°-function A\: U —R; here we have used gg to denote the standard Euclidean metric
on R2. The transition functions between such charts are clearly orientation-preserving
conformal maps, and are thus holomorphic. In other words, the existence of isothermal
coordinates turns the surface (X2,J) into a complez 1-dimensional manifold . Its
complex tangent bundle TY, its cotangent bundle K:=T*% and all its tensor powers
K®™ are thus holomorphic line bundles. In other words, these are complex vector bundles
that come with a natural d-operator.

By construction, the quadratic differential Q of an immersed cmc surface £29-
M2 xR is a section in a subbundle of the bundle of complex-valued symmetric bilinear
2-forms on the real tangent bundle of X2, a subbundle that can be canonically identified
with K®2. As mentioned above, we want to express the d-operator in terms of the Levi—
Clivita connection V associated to the Riemannian metric g. The basic link between
the real and the complex picture is the fact that on Riemann surfaces V.J vanishes(®)
identically.

LEMMA 3.1. Let neC®(K®™), meZ, be a section in the m-th power of the canon-
ical bundle on a Riemann surface (£2,g,J). Then 9n can be computed in terms of
Riemannian covariant differentiation as follows:

(On)(X)=2(Vxn+iVsxn) for all XeC®(TZ?). (10)

The lemma is an immediate consequence of a couple of basic facts. Firstly, whenever
a holomorphic vector bundle E over some complex manifold is equipped with a Hermitian
inner product g, there exists a unique metrical connection ¥V such that (7)(X)= 3 (Vxn—+
iVix 7n). This connection is known as the Hermitian connection of (F,g). On the tangent
bundle of a Kdhler manifold the Hermitian connection V coincides with the Levi-Civita
connection (see [24]). The extension of this identity to arbitrary tensor powers is then
done using the standard product rules for V and v.

(3) In the higher-dimensional case this fact does not hold anymore for an arbitrary complex manifold
with a Hermitian inner product on the tangent bundle. In fact, the condition VJ=0 is one way of saying
that (M™, g, J) is Kéhlerian.
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By definition the d-operator depends only on the almost complez structure J, i.e. on
the conformal structure and the orientation, whereas V depends also on the choice of
the metric g representing the conformal class. Clearly, this dependence must cancel
when taking the particular linear combination of covariant derivatives appearing on the
right-hand side of (10). This observation can be used to verify the lemma directly.

Elementary proof. By the very definition of the J-operator, formula (10) holds in
isothermal coordinates provided that covariant differentiation is replaced by Euclidean
differentiation d with respect to that particular isothermal chart. In such a coordinate
system the metric is by definition conformal to the Euclidean metric go, i.e. g=e*go,
and the Christoffel formula specializes to

VxY—dxY =dxA-Y+dyA-X —go(X,Y ) grad, A.

Because of the product rules for 8 and V it is sufficient to handle the case m=1. For this
purpose we consider a C-valued 1-form 7 of type (1,0). This means that n(JY)=in(Y),
i.e. that 1 represents a section of the complex cotangent bundle K=T*X. Thus a straight-
forward computation based on the Christoffel formula shows that

2(0n)(X;Y)—(VxnY+iVyxn-Y) = (dxn—Vxn)Y +i(dsxn—Vyxn)-Y
=n(VxY —dxY)+in(VsxY —dsxY)
= (dx A+idyx A)-n(Y)+dy A-(n(X) +in(J X))
—(g0(X,Y ) +igo(JX,Y))n(grady A)
= go(X, grad, A)n(Y)+g0(J X, grad, A)n(JY)
—g0(X,Y)n(grad, A\)—go(JX,Y)n(J gradg A).

In order to explain the third equality sign, we simply observe that the coefficient of the
factor dy A vanishes, as 7 is of type (1,0). Picking an orthonormal basis e;, e2=Je; such
that Y is a multiple of e;, we find that

9o(X, Y )n(grad, A) = go(X, e1) go(er, gradg A)n(Y)
+90(X, e1) go(ez, grady A)n(JY),

gO(JX7 Y) n(Jgra'ng >‘) = gO(JX7 61)90(817 gra’dgo)‘)n(‘]y)
~go(JX, e1) go(ez, gradg A)n(Y).

These identities reveal that the last line in the preceding display does indeed vanish. O
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3.2. Surface theory in the product spaces M2 xR

There are two aspects in which the surface theory in the product spaces M2 xR differs
significantly from the surface theory in space forms. Firstly, there is the global parallel
vector field grad £, and secondly the Codazzi equations are more involved. Except for
some inevitable changes caused by these differences, the computation of the d-derivative
dQ of the quadratic differential introduced in formulas (1) and (2) follows the same basic

pattern as the corresponding computation in the case of space forms. Clearly,

Q¥:,Ys) = H((Y:, AY)— (JY:, ATY))
—iH((JY1, AY) +(Y1, ATY3))
— Loe(dE(Y1) dE(Ya) —dE(TY7) dE(T Y2))
+Lise(dE(TY:) dE(Ya) +dE (Y1) dE(TY2))-

(11)

Remark 3.2. Since the quadratic differential is a field of type (2,0), its d-derivative
0Q is a field of type (2,1), i.e. HQ is a section of the bundle K®2® K. This means in
particular that

0Q(JX;Y1,Ys) = —idQ(X; Y1, Ya).

In other words, AQ is invariant under some T3-action, and we are going to arrange the

terms in the subsequent computations accordingly.

The differential d£ of the height function is clearly a parallel 1-form with respect to
the Levi-Civita connection D of the target manifold M2 x R. However, its restriction is
not parallel with respect to the induced Levi-Civita connection V on the surface; one
rather has the following result:

LEMMA 3.3. The covariant derivative of the restriction of d¢ to any surface L2
M2 xR can be expressed in terms of the gradient of the height function £, the unit normal
field v of the surface, and its Weingarten map A=Dv as follows:(*)
Vi (de)-Y = —(v, grad €)(X, AY).

For intuition, we think of the term d§(v)=(v,grad {) as the sine of some angle 6.

(*) The symmetric endomorphism A=Duv is sometimes also called the shape operator, and the
associated bilinear form is the second fundamental form hy.
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Proof. Extending Y to a tangential vector field, a straightforward computation shows
that

Vx (d€)-Y =dx(d€-Y)—d{(VxY)
= Dx(d€) Y+d{(DxY —VxY)
= Dx (d§)-Y +d§(v)(v, DxY)
= Dx(d€)-Y —(v,grad &)(X, AY).

The lemma follows when taking into account that the vector field grad & is globally
parallel, i.e. that Dy (grad€) and Dx(d£) vanish. O

Differentiating formula (11) using Lemmas 3.1 and 3.3, we find that
5Q(X, Y1, Yz) =HT) (X, Y1, Y2)+X<I/, grad §> TQ(X; Yi, Yz), (12)
where

Ti(X;Y1,Y2) :=[(Y1,Vx A-Y2)—(JY1,Vx A-JY3)
+(JY1, Vix A-Ys)+ (Y1, Vix A-JY2)]
—Li[(JY1, Vx A-Ya) +(Y1, Vx A-JYz)
— (Y1, Vyx A-Y3)+(JY1,Vix A-JY2)),
To(X; Y1, Yz) = ;1 [(V1, AX) dE(Y2) +dE(Y1)(AX, Ya)
—(JY1, AX) dE(JY2) —d§(JY1)(AX, JY2)
+(JY1, AJX) dE(Y2)+dE(T Y, ) (AT X, Ya)
+(V1, AJX) dg(JY2)+dE(Y1)(AJX, JY2)]
—§il(JV, AX) dE(Y2) +dE(TY1)(AX, Ya)
+(Y1, AX) d{(JY2)+dE(Y1)(AX, JY2)
— (Y1, AJX) d¢(Ya) —dé(Y1){AT X, Yz)
+(JYy, AJX)dE(TYa) +dE(TY)(ATX, TYz)].

Clearly, T; is just four times the (2, 1)-part of VA. It is the same expression that appears
when proving that the standard Hopf differential for cmc surfaces in space forms M3 is
holomorphie. It will be evaluated in Lemma 3.5 using the Codazzi equations.

The other term, however, is new. Since in dimension 2 the traceless part Ap of
the Weingarten map anticommutes with the almost complex structure J, it follows that
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the tensor T, depends only on the mean curvature H but not on the traceless part
Ag:=A— H-id of the Weingarten map A. Thus

To(X; Y1, Ye) = HT3 (X3 11, Ya), (13)
where
T3°4(X; Y1, Ya) = (Y1, X) dE(Ya) +dE(Y1)( X, Yz)
—(JY1, X ) d§(JYz) —dE(TY1)(X, TY2)]
—3i[(JY1, X) d€(Ya) +dE(JY1)(X, Ya)
+(Y1, X ) dE(TY2)+dE(Y1)(X, JY?)].

The expression on the right-hand side in this formula is actually the simplest tensor of
type (2,1) that can be constructed from (- ,-)d¢ and that is symmetric with respect to
interchanging Y; and Y5.

(14)

LEMMA 3.4. The Codazzi equations for surfaces X229 M2 xR are

(VxAY-VyA-X,Z)=(RP(X,Y)v, Z)
= x(v,grad ) ((Y, Z) d§(X) — (X, Z) d§(Y)).

Here R denotes the Riemannian curvature tensor of the product space M. 2xR,
and, with our sign conventions, the Weingarten equation is A=Dv, and the sectional
curvature K of a 2-dimensional subspace in T(M2 xR) is given by K(span{X,Y})=
| XAY||~2(RP(X,Y)Y, X).

Proof. In principle the first half of the claimed formula is well known. However, in
order to make sure that the sign of the curvature term is correct, it is easiest to include
the short computation. Working locally, we may assume that ¥2 is embedded, and thus
we may extend X, Y and v as smooth vector fields onto a neighborhood of the surface:

(VxAY-VyA-X,Z)

It

Vx(AY)-Vy(AX)-A[X,Y], Z)
Dx(AY)-Dy(AX)-A[X,Y],Z)
Dx(Dyv)—Dy(Dxv)—Dix,y v, Z)
RP(X,Y)v,Z).

Il

(
{
{
{

The second equality sign in the claimed formula is obtained upon computing the
curvature tensor RP for the product manifolds M 2 xR. Indeed, the bilinear form g—d¢?
represents the metric on the leaves M2 x {£y}; hence

RP = x(g—d&*) o (9—d&®) = #(gng—29BdE?).
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Like in the case of space forms, the tensor g@g vanishes on the relevant combinations of

arguments, and therefore

(RP(X, YW, Z) = —2xgpde*(X,Y:v, Z)
=—x((X, Z)d¢(Y)dé(v)— (Y, Z) d&(X) d€(v)
—(X,v)d{(Y) d&(Z)+(Y, v) d§(X) d¢(2))]
= (v, grad &) ((V, Z) d¢(X) — (X, Z) d&(Y)). O

LEMMA 3.5. For cmc surfaces 23> MZ xR the tensor field T introduced in the
context of formula (12) can be evaluated as

Ti(X; Y1, Ys) = —s(v,grad £) T54(X; Y1, Ya),

where T34 is the field introduced in (14).

Proof. On cmc surfaces it is evident that the tensor V,, A is traceless and therefore
anticommutes with the almost complex structure J for any vector weT%2. We conclude
that the real part of T} can be rewritten as

ReT1(X;Y1,Y2) = (Y1, VxA-Ya)+(JY, Vyx A-Y2),

and that the sum (Y1, Vy, A- X )+(JY1, Vy, A-JX ) vanishes for all vectors X, Y; and Y>.
Subtracting this sum from the expression for Re7), we may use the Codazzi equa-
tions from Lemma 3.4 in order to evaluate the differences (Y}, Vx A Y2—Vy, A-X) and
(JY1,VixA-Y2—Vy, A-JX). Hence we find that

ReTy(X;Y1,Y2) = (v, grad {)[(Y1, Y2) d€(X) +(JY1, Y2) dE(JX) —2(X, Y1) dE(Y2))].

By construction, T} is a tensor field of type (2, 1). Firstly, this implies that T} (X; Y1, Ys)=
-T1(X; JY1,JY3), and thus

ReTl(X;Yl,Yz) = %[ReTl(X;Yl,Yg)—ReTl(X; JY1,JY§)]
= (v, grad §)[(X, JY1) d§(JY2) — (X, Y1) d£(Y2)]-

Moreover, the field T} is clearly symmetrical with respect to the permutation of Y7
and Y2, and thus we may symmetrize the right-hand side accordingly. We conclude that
ReTi=—s(v,grad ) Re T5*9, as claimed. Referring to the invariance properties of type
(2, 1)-tensors one more time, we can deduce that the imaginary parts are equal, too. O
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Proof of Theorem 1. Combining equations (12) and (13), one obtains
5@ = H[Tl +z<ya grad£> T2md]7

and by Lemma 3.5 the expression on the right-hand side of this equation vanishes. O

Remark 3.6. The proof of Theorem 1 is much more robust than it might appear at
first: The tensors T4, T» and T3¢ are the (2, 1)-parts of basic geometric objects like VA or
the trilinear form (-,-)d¢. When applying the Codazzi equations to 77, we evidently ob-
tain a tensor of type (2, 1) that is a sum of terms of the form s (v, grad £){-,-)d¢. The up-
shot of such structural considerations is that dQ must be a multiple of sH (v, grad £) T5e?
with some factor that is a universal constant.

There is also an independent argument that this constant factor must indeed be zero.
One simply considers the rotationally invariant cmc spheres S% C M2 xR of Hsiang and
Pedrosa, and observes that their quadratic differential @) vanishes identically. Therefore
0Q=0, too. On the other hand, however, neither the function »H (v, grad £) nor the field
T5ed vanish on any set of positive measure in S%, C M2 xR.

4. Cmc surfaces with vanishing quadratic differential Q

Our goal is to classify the cme surfaces 24> M2 xR with vanishing quadratic differen-
tial @, unless H and s vanish simultaneously. By the very definition of the quadratic
differential @ in equations (1) and (2) we shall in effect classify complete surfaces in
M?2 xR such that

2Hhs — 2 dE@de]s = (2H? — L d€]s ) g. (15)

At this point it gets very clear why we have to exclude the case when H and s vanish
simultaneously; the preceding condition holds trivially despite the fact that there is an
ample supply of interesting minimal surfaces in Euclidean 3-space.

The remainder of the minimal surface case on the other hand is easy: if H=0
and s #£0, it follows directly from equation (15) that dé ®d€|s=0, and thus d€|s; vanishes
identically. Therefore 32 must be a totally geodesic leaf M2 x {€;}. These considerations
tie in nicely with the fact that by general theory the height function £ has to be harmonic,
provided that ¥? is compact.

From now on we shall concentrate on the case H#0. In this case equation (15) can
be solved for the second fundamental form hs. Clearly, for any surface %29 M2 xR,
the vector fields (grad £)**":=grad £ — (v, grad £)v and J-(grad £)**" are principal direc-
tions. This implies that (v, grad £) and [|(grad £)*»||12=1—{(v, grad £)? are constant along

horizontal sections, and that, moreover, these level curves have constant curvature.
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The proper way to formalize the treatment of equation (15) is to prolong the system
once and interpret (15) as a problem about integral surfaces of a suitable distribution Eg
in the unit tangent bundle of M2 xR. This prolongation will be defined in §4.1. In §4.2
we reap the easy consequences that are implied by the still fairly large isometry groups
of the product spaces M2xR in the presence of the rotationally invariant examples
described in §2. The properties of the distribution Ey will then be analyzed in full detail
in §4.3 based on the simple observations described in the preceding paragraph. The
argument culminates in the proof of Theorem 3 at the end of this section.

4.1. The Gauss section of cmc surfaces with Q=0

In order to handle equation (15) in the non-minimal case in a conceptually nice way, we
find it better not to work with the immersion F:£29% M2 x R itself, but to think of the
unit normal field v as the primary unknown. It will be easiest to consider the Gauss
section v simply as an immersion of X2 into the total space N°:=T,M? of the unit tan-
gent bundle of the manifold M?3:=M2 xR. Clearly, F=mov, where m: N>=T, M3 M3
denotes the standard projection map. Thus the immersion F' can be recovered, once its
lift v: 324> N is known.

It is well known that any affine connection on a manifold M can be understood
as a vector bundle isomorphism TTM —n*(TM®&TM) which identifies the bitangent
bundle TTM with a more familiar vector bundle over TM. In particular, the Levi-
Civita connection D on M*=M2 xR induces an injective bundle map

®p: TN — 7" (TM3®TM?3) (16)

2 527) = (55 (o). =0

for any smooth curve s—v(s)€ N°. The image of this map is the 5-dimensional subbundle

such that

given by
®p(TyN°) = {(w1, w2) € Ty (y) M3 T (1) M3 | (v, w2) = 0}.

With these preparations it is now possible to translate the classification problem
for cmc surfaces in M3:=M2 xR with mean curvature H#0 and vanishing quadratic
differential @) into the classification problem for integral surfaces of some 2-dimensional
distribution Ey CTNS.

PROPOSITION 4.1. Let $2M3=M2 xR be a cmc surface with H#0 and vanish-
ing quadratic differential Q. Then its Gauss section v:%%2—N>:=TyM? is necessarily
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an integral surface of the 2-dimensional distribution Exg CTN® given by
CI)D((EH)U) = {(w’ Avw) | w EUJ'},

where

Ay wi= o (w, (grad €)'*) (grad €)'+ [H— 2 (1= (v, grad ©)%) | (w— (v, w)v)
for all weT,,yM3, and where (grad £)***:=grad £ — (v, grad {)v.

Conversely, for any number H#0 an integral surface of the distribution Ey neces-
sarily projects onto a surface 2% M2 xR with constant mean curvature equal to H and

with vanishing quadratic differential Q.

In this proposition we do not claim yet that any of the distributions Egy with H#0
are integrable.

Proof. Each unit vector v clearly lies in the kernel of the corresponding symmetric
endomorphism A, introduced in the proposition. Moreover, the restriction of 4, to v+
is precisely the tensor that one obtains when solving equation (15) for the Weingarten
map of the surface 29+ M2 xR, provided that v is chosen to be the unit normal vector
v at the point under consideration.

Thus the proposition immediately follows when reading this expression with the
Weingarten equation A=Dv and with the definition of the isomorphism ®p in mind. O

4.2. Symmetries of the distributions FEg

In many cases the integral surfaces of the distribution Ex CTN® can be determined quite
easily using the invariance properties of Eg, and the symmetry properties themselves
can be established without much effort, too.

In fact, there is an induced action Gx N®— N® of the 4-dimensional Lie group G:=
Isomg(M2xR) on the unit tangent bundle N°:=Ty(M2xR). Since the vector field
grad £ is even invariant under all isometries of M2 xR that preserve the orientation of
the second factor, it is clear that the function

e:N° — [—im, 37,
(17)
v+— arcsin(v, grad £)

is invariant under the action of G on N®. Since the isotropy group G, at any point
T€M2 xR acts on T,(M2 xR) as the group of rotations preserving (grad £)|,, it follows
that the function © separates the G-orbits in N°. The fibers over —%w and %7‘(‘ correspond
to 3-dimensional singular orbits with isotropy group isomorphic to SO(2), whereas all
other fibers of © correspond to regular orbits; the principal isotropy group of the G-
action on N? is trivial.
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LEMMA 4.2. For any H#0 the distribution E;y CTN® introduced in Proposition 4.1
is invariant under the action of G=Isomo(M2xR).

Proof. We may think of v as a G-invariant section of 7*TM?3, where 7 denotes
the canonical projection N°=T; M3— M3=M2xR. From this point of view, the fields
(grad £)** and A, are G-invariant sections of 7*TM? and 7* End(TM3), respectively. O

PROPOSITION 4.3. Suppose that 4H?+x>0 and H#0. Then the distribution
Ey CTN? introduced in Proposition 4.1 is integrable, and all its integral surfaces are

congruent to Gauss sections of the embedded rotationally invariant cmc spheres S%C
M2 xR.

This proposition actually proves the part of Theorem 3 about the classification in
the case that 4H? 4 >0.

Proof. Let vp€ N® be arbitrary. The monotonicity properties established in the
proof of Proposition 2.5 (i) show that there exists some point ¢(sg) on the generating
curve of the sphere S4 C M2 xR such that ©(vg)=60(s0)=6(v(s0)). Thus there exists an
isometry yeG=Isomo(M2 xR) that maps the point &(sp) to the foot point (o), and
v(sp) to g itself.

By Proposition 2.7 the quadratic differential @ of the sphere S% vanishes. Thus
Proposition 4.1 implies that the Gauss sections of S% and of all its isometric images are
integral surfaces of the distribution Ex, and the Gauss section of 1(S5%) is an integral
surface through the given point vy N°. O

PROPOSITION 4.4. Suppose that 4H%2+x<0 and H#0. Then the distribution
Ey CTN?® introduced in Proposition 4.1 has complete non-compact integral surfaces
through any point vo€ N® such that 4H?+3cos?O(vg)#0. These integral surfaces are
congruent to the Gauss sections of

(i) one of the non-compact cousins D% C M2 xR of the rotationally invariant cme
spheres S3, C M2 xR, or

(ii) one of the embedded, rotationally invariant cme surfaces C4 CM2ZxR of cate-
noidal type.

The first case occurs if and only if 4H?+ 3 cos?O(vg)>0, whereas the second case
occurs if and only if 4H?+ 3 cos?O(vy) <0.

Proof. The argument is essentially the same as in the proof of the preceding propo-
sition. Note that by hypothesis, 4H2+ s cos? ©(vg) is non-zero.

Looking at the ranges of the angle function s+—#6(s) that have been determined in
Propositions 2.5 (ii) and 2.9, we see that there exists a point &(sg) on either the generating
curve of D%, or the generating curve of C% such that ©(vg)=60(so)=0(v(sp)). Thus
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there exists an isometry ¥ €G=Isomo(M2 xR) that maps the point &(sp) to the foot
point 7(vp), and v(sg) to vy itself.

By Propositions 2.7 and 2.10 the quadratic differentials of both kinds of surfaces
vanish identically, and so we have identified the integral surface through vg as the Gauss
section of D? and C%, respectively. O

The preceding proposition, however, does not finish the proof of Theorem 3. This
is so despite the fact that we have identified the integral surfaces of the distribution Ex
through an open dense set of points ve N°.

It remains to study the distribution Ex on the hypersurface in N° given by the
equation 4H?2+ 5 cos?©=0. As we shall see in the next subsection, the integral surfaces
of Ey that are contained in this hypersurface are not congruent to the Gauss section of

any rotationally invariant cmec surface in M2 xR.

4.3. Integral surfaces of Eg

In this subsection we shall determine all integral surfaces of the 2-dimensional distri-
bution Ey in the unit tangent bundles N® of the product spaces M3=M2 xR in a
systematic way.

The idea is to compute the integral curves of some distinguished vertical and hori-
zontal vector fields é; and é;. The properties of these integral curves will then be used in
Proposition 4.8 to verify that Fy is integrable and that each of its integral surfaces is in-
variant under some 1-parameter group of isometries. This will give us a unified approach
to the classification result stated in Theorem 3.

The union of the regular orbits under the action of G=Isomo(M2 xR) is the open
dense subset Nj:=n"'((—4m,37)). The vector fields v and grad{ are linearly inde-
pendent at all points in N§. Applying the Gram—Schmidt process, we thus obtain two
adapted orthonormal bases of n*TM3| ~g that are compatible with the given orientation
of M3=M2 xR and that depend smoothly on the foot point v. The first one is of the
form grad ¢, e, e3=Joed, where Jy denotes the (almost) complex structure of the leaf
M2c M2 xR and where

1

e? = p—a (v—{v,grad &) grad £) (18)

denotes the horizontal unit vector in the plane spanned by v and grad £ that has positive
inner product with ». The other adapted frame is of the form v, ey, eg; it is given by
1 1
= deyter = — dé— d ,
e1i= — (Erad " = — (grad €~ (v, grad )v)

(19)
ey:=vXey.
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It follows directly from the definition of the distribution Eg in Proposition 4.1 that the
vector fields é; and é; defined by
®p(é1)=(e1,Ap-€1)= (61, (H+i COSQ@)61)7
4H (20)

®p(és) =(e2,A,-€2)= (62, (H_:l% cosze>eg)

are a smooth basis for Ey|y;s.

Our plan is to compute the integral curves of these two vector fields and then use
this information to recover the integral surfaces of Ey. For these computations it will
be useful to note that

v =sin(0) grad £ +cos(0)e?,
e1 =cos(O) grad £ —sin(6)e?, (21)
ep = —€l.

LEMMA 4.5. (The meridians.) Let H#0, and let vy be a point in the regular set N§.
Moreover, let r—~y(r) denote the unit speed geodesic in the horizontal leaf M2 such
that m(vo)=(70(0),&) for some & ER and such that v)(0)=€l|,,.- Then the integral
curve s—vi(s) of the field é; through vy and its projection mov; onto M3=M2ZxR
satisfy :
movi(s) = (Yo(r(s)),€(5)),

v1(s) = (cos(8(s)) ¥4 (r(s)), sin 6(s)),

where the triple of functions (r(s),£(s),0(s)) is obtained as the solution of the system of

(22)

ordinary differential equations

% =—siné,

% =cos b, (23)
Os

00 » 2

F H+ 10T cos“4,

with initial data (r(0),£(0),0(0))=(0, &, O(vo)).

Here the domain for the independent variable s is not the full existence interval
for the differential equation. It is restricted by the condition that cos(s) must remain
strictly positive, as the integral curve must not leave the regular set N§. In short, what
matters are the solutions of the third equation in (23).

Moreover, we observe that the lemma is consistent with Propositions 4.3 and 4.4.
The third equation in (23) is actually identical to the differential equations for 8 obtained
in (7) and (7.a), respectively.
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Remark 4.6. If 4H?+ <0, the system of ordinary differential equations in (23) has
one class of particularly simple solutions that do not correspond to any of the surfaces
5%, D?% and C% discussed in §2. They are given by

r(s):=ro—ssinfy, &(s):=& +scosfy and 6(s):=by,

where 6:=+arcsin \/1+4H?/, and where r¢ and &, are arbitrary constants of inte-
gration. In fact, all the other solutions of (23) can be determined explicitly, too. The
corresponding formulas will be given in the appendix.

Proof of Lemma 4.5. Using equations (21)-(23), it is easy to verify that

% (mov1(s)) = (—sin(8(s)) o(r(s)), cos 6(s)) = €1lu, (s),

D 0

El/l (s)= gﬁ(s) (—sin(6(s)) v (r(s)), cos B(s)) = (H+ & cos? 0(8)) €1l (s)-

By the first line in (20) the preceding equations can be identified as the two components
of (8/0s)v1(s)=€1l, (s)- Thus we have verified that equations (22) and (23) in the lemma
indeed define an integral curve of é;. a

The next step is to understand the horizontal curves on the immersed surface
1:5%29M3=M2xR. Observe that their lifts to N°CTM?3 are precisely the integral
curves of the vector field é;. We want to use this information in order to recognize the

horizontal curves themselves as circles of latitude on some surface of revolution.

LEMMA 4.7. (The horizontal curves.) Let vy be a point in the reqular set N3. Then
the integral curve tr—>vo(t) of the vector field éx through vy projects to a curve of constant

curvature
_ x
k(vo) := Hcos 1O (vp) - 15 ¢ O(vg)

in the leaf M2 x{&} through the foot point m(vo).

Proof. Since by construction the gradient of the height function £ is always per-
pendicular to the field ey, it is clear that the projection wov, remains inside the totally
geodesic leaf M2 x{&}CM?3 through 7(vg). A straightforward computation based on
the second equation in (20) shows that

0

55@(1/2(15)) =%(V2(t),grad§) = <3%V2(t),grad§>

= [H— % cos? e(y2(t))] (€2u, (), grad £) =0.
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In other words, © is constant along any integral curve of é;. By construction €? is
the (exterior) normal along the curve t—mova(t)€ M2 x {£o}. With the help of the first
equation in (21) and the second equation in (20), we thus find that

— : _ 1 2
5o = —5 5 () —sin(®) grad §) = —5 (H— cos e) e2lua(t)- O]

cos O 4H

PROPOSITION 4.8. Let H#0 be some constant. Then, for any regular point vo€ N,
the 2-dimensional distribution Ey is integrable in some neighborhood of vo. Moreover, all
these local integral surfaces are invariant under the action of some 1-parameter subgroup
t— ¢y xidelsomo(M2 xR).

Proof. An abstract verification that Ey is integrable is not of much use when we
want to determine the invariance properties of the local integral surfaces. Thus it seems
better to construct some ezplicit candidates for these integral surfaces from the very
beginning. We determine the integral curve s—u(s) of the vector field é; through the
given point vo€ N§ as explained in Lemma 4.5. Consider the orbit of this curve under
the flow of é;. In other words, we consider the map (s, )~ v(s,t)€ N§ such that

%V(S,t)=é2|u(s,t) and v(s,0)=w4(s).

Firstly, we claim that the maps t—mov(s,t) yield a family of parallel curves of
constant curvature in the surface M2. In fact, by construction each of these maps
describes a curve in the first factor of M3=M2 xR that emanates perpendicularly from
the unit speed geodesic o at the point vo(r(s)), and by Lemma 4.5 this curve has
constant geodesic curvature

kq(s) :=Hcos_10(s)—4—zﬁ cos 6(s). (24)

It is well known that the geodesic curvature kof a family of parallel curves of constant
curvature emanating perpendicularly from - satisfies the Riccati equation
Ok it s=0. (25)
or
The converse is not hard to prove either: if the geodesic curvature kofa family of curves
of constant curvature that emanate perpendicularly from v, satisfies this differential
equation, then the family is in fact a family of parallel curves.

Thus we only need to show that the geodesic curvatures kq(s) of the curves t—sv(s,t)
can be written as k,(s)=Fk(r(s)) for some function k satisfying (25). Using equations (23)
and (24), we find that '

%kg(s) =sin(6(s)) (Hcos‘20(s) + 21%) %9(3) =sin(6(s)) (kq(s)*+3). (26)
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Since (9/0s)r(s)=—sin6(s), the preceding differential equation indeed asserts that the
function s—kgy(s) factors over some function r—k(r) solving (25), thereby establishing
the claim from the beginning of the preceding paragraph.

Parallel curves of constant curvature in the 2-dimensional space forms M2 are known
to be the orbits of a suitable 1-parameter group t— ¢, of isometries. This in turn means
that

mou(s, a(s)t) = (¢; xid)(mor1 (s)),

By construction, the tangent vectors to the s- and ¢-parameter lines are linearly inde-

where

I3

peovo(r(s))
t=0

pendent as long as v(s,t) is contained in the regular set N. Passing to the 1-jet, we
therefore obtain

v(s,a(s)t) = (¢ xid). (11(3)). (27)

Since the vector field é; on N§ is by construction invariant under isometries of M3=
M2 xR, we conclude that the image of v, under each of the maps (¢;xid). is again an
integral curve of é;. Hence the map v is indeed an integral surface of Ey. By construction
it passes through the given point vg, and by formula (26) it is invariant under the induced
action of the 1-parameter group t— ¢; x id €Isomg (M2 x R) of isometries. O

PROPOSITION 4.9. Suppose that 4H? 4 <0, and let ¥29> M2 xR be one of the cmc
surfaces with Q=0 that corresponds to the special solutions of (23) from Remark 4.6.

Then X2 is embedded; it is an orbit under some 2-dimensional solvable subgroup AxNC
Isomgy (M2 xR).

If 4H? + 3 <0, the solvable group Ax N in the proposition is closely related to the Iwa-
sawa decomposition Isomg(M2)=S0"(2,1)=KAN. However, if 4H?+ =0, the group N
is still the nilpotent factor from the Iwasawa decomposition, whereas A degenerates into
the group of vertical translations, and the semi-direct product turns into a direct product.

We consider the parabolic nature of the elements in the subgroup N as the character-
istic property, and so we call this family of embedded cmc surfaces Pfl. The surfaces PIZJ
can be viewed as pointed limits of sequences of disk-like cmc surfaces D%, or of sequences
of cmc surfaces C% of catenoidal type. In either case, the axis of the rotational symmetry
disappears to infinity in the limit as indicated in Figure 4.

Proof. The formulas in Remark 4.6 directly imply that the expression

V4

2, - -1
kg(s)*+x = [Hcos 0(s)+4H

coS 0(3)]2
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Fig. 4. The meridian of a parabolic surface Pfl comes as a limit of the meridians of the
corresponding disk-like surfaces D";{ and surfaces CIQ-I of catenoidal type, as the axis is moved
further and further out.

vanishes identically. Thus the horizontal curves t—v(s,t) yield a family of parallel horo-
cycles in M2. This means that the isometries ¢; constructed in the proof of the preceding
proposition must be parabolic elements in Isomo(M2). In other words, the image of the
homomorphism R—Isomg(M?2), t— ¢y, constructed in the proof of the preceding propo-
sition is a nilpotent subgroup NCIsomg(M32).

The meridians s—v(s,t) project to geodesics in M2 x R. Each of them is the orbit
under some 1-parameter subgroup A;CIsomg(M2 xR) consisting of transvections. The
action of A, clearly maps the horizontal horocycles that intersect the given geodesic
s—mov(s,t) perpendicularly to horocycles of the same kind. Hence the group A; maps the
surface X2=im(wov) into itself. The various groups A; associated to distinct meridians
are mutually conjugate, and thus the semi-direct product A;xN does not depend on ¢.
It acts isometrically and simply transitively on £2C M2 xR. O

Proof of Theorem 3. It is a property of the Riccati equation (26) for the geodesic
curvatures kq(s) of the horizontal curves t—mov(s,t) that the sign of the expression
k4(s)?+ is independent of s. In fact, it follows directly from formula (24) that

2
ky(s)?+x = [Hcos_1 6(s)+ 4—};? cos 9(3)] >0.

Hence there are just two possibilities: the expression ky(s)?+3 may either be strictly
positive for all s, or it may vanish identically. In the latter case the term in the square
brackets itself must vanish, and so we are in the case analyzed in the preceding proposi-
tion.
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In the other case, kg +3¢>0 everywhere, and so the horizontal curves are geodesic cir-
cles, and the image of the homomorphism R—Isomq(M2 xR), t—¢; xid, is isomorphic
to SO(2). Hence the integral surfaces must be congruent to the Gauss sections of the
rotationally invariant cmc surfaces 29 M2 xR described in §2. By Propositions 4.3
and 4.4 we know that we are only seeing the surfaces S%, D% and C% described in
Propositions 2.5 and 2.9. O

Appendix. Explicit formulas for the meridians

It is not hard to see that the system (23) of differential equations in Lemma 4.5 is actually
integrable. Its flow vector field lies in the kernel of the following set of Pfaffian 1-forms:

Mo 1= cos(8) dr+sin(f) d¢,
M = (4H%+ 5 cos? ) dr+4Hsin() db, (28)
Na 1= (4H?+ 3 cos? 0) dé —4H cos(8) db.

In order to compute explicit first integrals from n; and 7, it is necessary to integrate
Riccati equations for u;:=cos @ and us:=sin 6, respectively. Substituting u:=tané into
the third equation in (23), we find that the relation between the angle # and the arc
length parameter s is given by a differential equation of Riccati type, too.

PROPOSITION A.1. The meridian curves of the cmc surfaces £2% M2 xR with
vanishing quadratic differential Q@ and non-zero mean curvature H can be described as
zero sets of suitable elementary functions:

(1) If 4H?+x>0, then X% is necessarily one of the rotationally invariant spheres
S% of Hsiang and Pedrosa, and up to vertical translations the meridian is the smooth
variety

1 x 1
2 2 2 2
1=4H"sn x(2§ 1+ 3 >+(4H +z)snx(2r>. (29S)

(ii) If 4H?+5=0, then £2? must be either one of the disk-like surfaces D%, or ¥2
is a cylinder over a horocycle, which is a borderline case of a surface of type P%. Up to

vertical translations, their meridians are the smooth varieties

H¢=+cosh Hr, (30D)
r=rg, (30P)

respectively.
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(iii) If 4H?4 %<0, then—depending on the slope of the meridian—the surface 2
must be either a disk-like surface D%, or a parabolic surface P%, or a surface C% of
catenoidal type. Up to vertical translations, their meridians are the smooth varieties

. 1 ” » 1
sinh? 55,/}{(14717{—2) = _(1+Zj{—§) cosh? Er\/—z, (31D)

vV —(4H2+4 ) ¢ =+2HT, (31P)

1 » > . 1
cosh? 56”}{(1—*—11-{_2—):_(14-@5) 31nh2§r\/—z, (31C)

respectively. The asymptotes to the meridians of D% and C% intersect the azis at a
point with £+/3(1+/AH?)=+log(—1—3/4H?).
Some pictures of these meridians have been provided in Figures 1-3 in §2, and in

Figure 4 in §4. In fact, the graphs shown there have been plotted using the explicit
formulas from this proposition.

Remark A.2. If =0, equation (29S) is just a somewhat involved way to write the
standard equation 1=H?¢2+ H?r? for a circle with radius 1/H in Euclidean 3-space. If
» is non-zero, (29S) turns out to be a shorthand for one of the following two formulas:

1 1
s =4H?sinh® 5{, /z(1+4—;2)+(4H2+x) sin? 57’\/}—{,

1 b4 1
—AH%n2 2 12
—x=4H*sin 55 —z(1+4H2)+(4H +¢) sinh 57‘\/——%.

Remark A.3. In order to make it very clear that the surfaces C% really resemble
catenoids, it is best to consider the following scaling limits: We pick some constant
A>0 and a sequence ()32, of negative numbers that converges to 0. Moreover, we set
Hj:=5;/4)\. Thus 4H?+ ;<0 for j sufficiently large, and so we are indeed dealing with
a sequence of surfaces of catenoidal type. Passing to the limit in equation (31C) we find
that the meridians of these surfaces converge to the zero set of the equation

Ar =+ cosh A¢,

which is obviously the equation for the meridian of a standard catenoid in Euclidean

3-space.

Proof of Proposition A.1. As suggested above the proof starts out integrating the
Riccati equations corresponding to the Pfaffians 1, and n2. It follows directly from
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Remark 4.6 and Proposition 4.9 that neither cos 6 can be independent of r, nor can sin
be independent of £, unless £? is a horizontal leaf or a surface of the parabolic type PZ.
An explicit equation describing the meridians of the latter surfaces has already been
given in Proposition 4.9.

It remains to compute the equations for the meridians of the surfaces S%, D%
and C%. From the discussion of the qualitative properties of these surfaces we already
know that cos® must be an odd function of r. For the surfaces of type S% and D%,
this function must vanish at =0, whereas the radius function r must be bounded away
from O for the surfaces of catenoidal type. In short, when integrating 7, we recover
equations (6) and (6¢at)-

Clearly, when integrating the Pfaffian 7, the solution only matters up to translation
in the &-variable. We can normalize the solutions so that sin is an odd function of £.
For the surfaces S% and C%, we thus want sin# to vanish at £=0, whereas we want
sin§ to be bounded away from 0 for the disk-like surfaces D%. Hence the first integrals

obtained from 7 are

4H? 4 5 = 2HSIn(0) ¢t _ o1 4 sc/am2)(5€), (32)

ssinf =2H ct_,e(145e/4m2)(56)- (32aisk)

We merely need to insert these expressions for cosf and sin @ into the standard identity

cos?0+sin®#=1 in order to obtain the claimed equations for the meridians. O
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