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This paper contains a generalization of the S-duality theorem proved independently
by Atiyah, Bott and A. Shapiro, [1]. The S-duality theorem may be stated as follows:
Let X be o compact differentiable manifold and let &, &, be vector bundles over X such that
T X)DE DE, is J-equivalent to a trivial vector bundle. Then the Thom spaces of &, and &,
are S-duals in the sense of Spanier and Whitehead. Our generalization goes in two direc-
tions. First we drop the differentiability condition on X and allow &;, £, to be microbundles
(7(X) now meaning the tangent microbundle). Secondly we drop the compactness condition
on X and compensate this by working with relativized Thom spaces over compact pairs.
More precisely we show that if (4, B) is any compact pair in X, sufficiently nicely em-
bedded, and (U, V) is a sufficiently nice open neighbourhood of (4, B), then

OXTe(4, BINTe (X —V, X ~T))
has a spherical class with which slant product defines an (ungraded) isomorphism
A (Te (X —V, X -U)~H*Te(4, B)).

In fact this isomorphism is nothing but the Alexander—Spanier duality in the base mani-
fold lifted by Thom isomorphisms, i.¢. we have a commutative diagram
AT (X~ V, X~ U))~HXT, (4, B)
A I ~
H(X-V,X-U) =~ H*A4,B)
(with the proper coefficients). This gives the generalized S-duality theorem.

An expression for the Thom class of a composite microbundle is important in the proof

of the generalized duality theorem. In section 2 we deduce this expression from a cup
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product formula of Thom classes. Another application of the formula is given to the Gysin

sequences of a Whitney sum of microbundles.

I take this opportunity to send my thanks to Professor E. H. Spanier for his gen-

erous help and encouragement during the preparation of this work.

1. Preliminaries

We keep the notation and terminology in [7] with one exception; all microbundles
are assumed to have closed zero sections. This implies no serious loss of generality since
any microbundle is isomorphic to an R%bundle, and in an R%bundle the zero section is
auntomatically closed. (Notice that bundles and microbundles by definition always have
trivializing partitions of unity, [7], sec. 1. By [7], Lemma 1.1 they always admit locally
finite closed trivializing covers of the base. For a bundle this implies immediately that
the zero section is closed.) Otherwise our general sources of reference in topology will be
[2] and [12]. In accordance with [2], “normal”, “‘compact”, “locally compact”’, “‘para-
compact” implies ‘“Hausdorff”.

Given a topological space X a subset A is called a nondegenerate subset of X if it is
closed and the inelusion A< X is a cofibration. It will be convenient to have listed a
few bagic properties of nondegenerate subsets. Proofs of the following lemmas can be
found in [6] or [13].

1.1. LemMa. Let A be a subset of a space X. A is nondegenerate if and only if there is
a function ¢: X~ 1 such that A=¢-1{0} and a deformation D: X x I~X relative to A such
that D(¢~1[0,1) x 1) 4.

1.2. LEMMA. Let A be a nondegenerate subset of a space X and let p: E— B be a fibration.
Let G:X xI—>B be a homotopy and h:X xO0U A x I+ E a partial lLifting of Q. There is a
lifting H:X x I>E of G which ts an extension of h, and any two such are homotopic rel
Xx0UAxlI.

1.3. LEMMA. Let A be a nondegenerate subset of a space X. Any local system on A s
extendable to a local system on some neighbourhood of A, and any two extensions are isomor-
phic on some common subneighbourhood by an isomorphism which is the identity over A.

If § is a local system on some neighbourhood of A, then ljﬁn H(U; §|U)y~H(4; §|4)
and li_xp HYU; §|U)~H*(4; S| A), the limits taken over all sufficiently small neighbour-
hoods U. Similarly, if S is defined on all of X, then lim H(X, U; S)~H(X, A; §) and
lim HY(X, U; §)~ H¥(X, 4; §). B
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In this paper (co-)homology means singular (co-)homology, with coefficients in a
fixed principal ideal domain R if not otherwise indicated. A local system on a space X
means a local system of E-modules on X, ie. a contravariant functor from the funda-
mental groupoid of X to the category of R-modules ([12] p. 46). In the sequel we shall
briefly write H(4; §), H*U; §), ... for H(4; §|A), HXU; $|U), ...

From Lemma 1.3 follows easily that collapsing a nondegenerate subset of a space
X induces an isomorphism H(X, 4)~H(X/A), cf. [6]. In fact the proofs hold under slightly

more general conditions:

14. LeMMA. Let A be a subset of a space X. Assume there is a function ¢: X — I such
that A=¢=1{0} and a deformation D:(X, Ayx I—-(X, A) such that D($1[0,1) x1)= 4.
Then the collapsing k: (X, A)—~>(X/A, %) induces an isomorphism k*: H(X, A)~H(X/]A).

A space X is an absolute neighbourhood retract if any map from a closed subset of a

metrizable space into X can be extended to a neighbourhood of the subset.

1.5. LeMmaA. Let A be a closed subset of a metrizable space X. Assume that X and A

are absolute neighbourhood retracts. Then A is nondegenerate.
Following are some examples of nondegenerate subsets.

1.6. By a theorem of O. Hanner a (topological) manifold is an absclute neighbourhood
retract, [5]. Therefore a closed submanifold of a manifold is nondegenerate.

1.7. If (X, A4) is a relative CW complex, then A4 is nondegenerate in X, [12] p. 402.

1.8. If £:X > E2 X is an Re%bundle and &, is the associated S%bundle ([7] p. 29),
then s, X is nondegenerate in E,. In fact if W< X is trivializing for & it is easy to con-
struct a map K| W—I which is 0 exactly on s, W and 1 exactly on sW. Gluing together
such maps by a partition of unity pulled up from the base give a map ¢": E,~ I which
is 0 exactly on s, X and 1 exactly on sX. Finally s, X is a strong fibre deformation retract
of E,—sX by a deformation D’ ([7] thm. 3.6). From ¢’ and D’ one easily construct ¢
and D as in Lemma 1.1.

Let u: X->E> X be an Ré%microbundle. We shall write E° for E—sX. Consider a
bundle neighbourhood V of sX in E. There is a contravariant functor from the funda-
mental groupoid of X to the homotépy category of pairs which to z€ X assigns (V |z, V°|z)

and to a path class [w] from «’ to " assigns the homotopy class

Kw]€[V|a', VO|a’; V]a", VO|2"]
(cf. [12] p. 101). Define a local system O=0(u) on X as follows. For z€X let O,=
HYE|z, B°|x)~HYV |, V°|z), and for a path class [w] from 2’ to 2" let Opy: Qs> Oy

be the map induced from Alw]~* composed with excision isomorphisms. One easily verifies
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that 0 is constant over each trivializing subset in X but in general not constant over X.
Similarly there is a local system 0*=0*(u) with OF =H(E|z, E°|z) and OF, the (homo-
logy) map induced from A[w] composed with excision isomorphisms. We call O and O*
the orientation systems of u. They are functorial, e.g. f*O(u) = O(f*u) for any map f into X,
and invariant under isomorphisms of microbundles. Finally each is naturally isomorphic
to the dual of the other, and their tensor products O® O* and O*® O are naturally iso-
morphic to the standard constant local system R on X. It is also possible (but more la-
borous) to define the orientation systems directly without using the result that micro-
bundles contain bundles.

If X is a manifold, the orientation systems of the tangent microbundle 7(X) will be
written O(X) and O*(X). If X > E2 X is an R%microbundle over an n-manifold then B
is a ¢ +n-manifold near the zero sections. More precisely there is a bundle neighbourhood
V of sX in E which is a ¢ +n-manifold. Therefore we may consider the orientation systems
of V. It follows that there is a local system on X which assigns to z the R-module
H%"(E, E—xz) and to a path class [w] the map O;(V) composed with excision isomor-
phisms. This local system is obviously independent of the choice of ¥V and will be denoted
s*O(E) (by a slight abuse of notation). There is a similarly defined local system s*O0*(E), and
one is naturally dual to the other, and their tensor product is naturally isomorphic to R.

1.9. LEMMA. Let u: X > E> X be a microbundle over a manifold X. There is a canonical

ssomorphism of local systems

s*O(E) ~ O(u)® O(X).

Proof. We may as well assume u to be a bundle. Let U be a neighbourhood of z in
X trivializing for u, and let ®: (E|U, E°|U)~U x (R? R*—0) be a trivialization. Then

we have a composition of isomorphisms

H"*Y(E, E—s(x)) ~H"*YE|U, E|U —s(x)) gH"*”(U xRe, U xR?—(z, 0))
~HYU, U -2} H(RY, R —0)~ HMX, X —2)@ HYR?, R -—-0)
o, !
~ H"X,X-z)@HYE|x, E%|x).
The composite map is independent of @ and determines an isomorphism of local systems
s*O(E)~0(X)®O(u). The claim then follows.
Note that because of the natural isomorphism O(X)® O*(X)~ R the correspondence
of Lemma 1.9 also takes the form
s*O(E)® 0*(X) ~ O(p).

There are similar formulas for the dual local systems.
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Let § and J be local systems' on spaces X and Y respectively. The local system
priS®priT on X x Y will be denoted §xJ. Then (§xJ)* is naturally isomorphic to
§* x J*, where * denotes the dual local system, e.g. S*%Hom (S, R). If ‘u and v are micro-
bundles on X and Y respectively, then O(u x») is naturally isomorphic to O(u) x O(»),
and if X = Y, then O(u@v) is naturally isomorphic‘ to O(u)® O(»).

An acyclic model argument shows that there are natural equivalences
AX; 8) ®’A(Y ; 9’)—>A(X X Y;VS x ) and that any two such are naturally chain homo-
topic. In particular there are induced natural chain maps A(X, 4; S)RA(Y, B; I~
(X, 4) x (Y, B); § x ), unique up to natural homotopy. Let 7 be such a map.

Since A*((X, 4) x(Y, B); §* x J*)~Hom (A((X, 4) x (Y, B); § xJ), R), there is a
slant product pairing

AY(X, 4)x (Y, B); $*x T)QA(Y, B; 7)~>A"(X, 4; §*)

which maps ¢'®c to 1*(c")/c (cf. [12] p. 286). This operation is compatible with. boundary-
and coboundary operators, and defines a slant product

HY(X, A)x(Y, B); $*xTYVQHL(Y, B; )>-H" (X, A; §*), 1i,n€Z.

We write u/z for the image of u®z in H" ¥X, A; §*). The standard properties of slant
products with constant coefficients carry automatically over to the operation defined
above under reasonable excisiveness conditions, cf, [12] p. 287, properties 1-6. In sections
2 and 4 we will use properties of slant products and cap- and cup products without further

reference.

1.10. LeMMA. Let X be an n-manifold and S a local system on X which is free and
finitely generated. For any pair (4, B) of compact nondegenerate subsets of X there is an
isomorphism.

H(X-B,X—4; ~H"4, B; O"X)®S), i€,
given by slant product with the Thom class of X. The isomorphism is functorial with respect
to tnclusions (A', B')<=(A, B).

Proof. The Thom class Uy of X lies in HYX x X, X x X —AX; 0*(X) x R). (Its defi-
nition is given in section 2.) Assume. §=E. Then the slant product map

2+>Uklz, Ux=Ug|(4, Byx(X —B, X —4)

is well defined in accordance with the outline above. The -argument in [12] Ch. 6 sec. 2

then carries over almost verbally to show that for B=0 this map gives an isomorphism
18 — 672906 Acta mathematica. 118. Imprimé lo 21 juin 1967.
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H(X, X - A; Ry~ H"'(4; 0*(X)),

where H* ' A; O*(X))=lim H**(U; 0*(X)), U running through a cofinal collection of
compact neighbourhoods_(;f A. Since A4 is non-degenerate, however, H*(4; 0*(X)) is na-
turally isomorphic to H*(4; 0*(X)) (Lemma 1.3). Naturality and the five lemma extends
this result to pairs (4, B) where B is nonempty.

If § is not constant slant product with Uy is not defined for elements in

H(X-B,X-4;Y9).

‘We show how to extend the definition in the case where § is free with one generator,
which suffices for our applications. In this case §® $* is naturally isomorphic to R which
gives the isomorphism 0*(X) x R~0*(X) x (§® §*). On a sufficiently small neighbourhood
of AXcX x X, O%X) x(S® §*) is canonically isomorphic to (0*(X)® §) x §*, and this
isomorphism is natural with respect to inclusion maps. Therefore excision gives a canon-

ical isomorphism
H¥ X xX, Xx X ~AX; O"(X)@ R)~ H*(X x X, X x X —AX; (O*(X)® §) x §%)
under which Uy corresponds to a class Uy. Define z/U% to equal z/Uk for
2€H(X-B,X—A4;8S).

“The proof of the duality theorem now goes as before.

Let (Y,, Y1) and (Y,, Y3) be open pairs of a topological space and let § be a local
system on Y,U Y, There is a Mayer—Vietoris exact sequence connecting the groups
H(Y,NY, Yin Yy S), H(Y, Y5 S), H(Y, Y5 $) and H(Y,UY, Y{U¥5;$) and a

similar Mayer—Vietoris cohomology sequence.

1.11. Lemma. Let yu: X->E2 X be an Remicrobundle. For any local system § on X

H(E, E% p*S) = H'(E, E® p*$§*) =0
for 1<q.

Proof. If u is the standard trivial R%bundle, the result follows from the Kiinneth
‘theorem. Thus it is true for u| W where W is a trivializing open set in X. Applying the
Mayer-Vietoris homology sequence to the pairs (E| W,, E°| W,) and (E|W,, E°| W) where
W, W, are open trivializing sets, extends the result to microbundles u|W,U W, By
‘induction it must be true for u|V where V is any finite union of trivializing open sets.
Since H(E, E°% p*S)~lim H(E|V, E°|V; p*S), the homology part follows. To get the
«cohomology part assume § to be free. Since A*(E, E% p*$*)~Hom (A(E, EY% p*S), R) and
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since A(E, B p*S) is free, the usual universal coefficient theorem applies and shows
that HY(E, E° p*$*)~Hom (H/(E, E° p*S), R) for i<q.

If § is arbitrary, less elementary methods seem necessary. By [8] or [10] there is a
convergent spectral sequence whose first term is E3*=lim ?HYE|W, E°|W; p*S$*) which
ends up in H*(E, E° p*S$*), li‘ril” being the pth derived functor of 1311, li}_n taken over the
ordered collection of trivializing open sets W. Since HY(E|W, E°| W; p*$*)=0 for i<g,
the result now follows. We shall not use the general cohomology case and content ourselves
with this sketch.

Finally the following two results from point set topology will be useful.

1.12. LeMMA. Let f: P> X and g: @— Y be quotient maps, and assume Q and X (or P
and Y) locally compact. Then fxg: Px@Q—~X xY is a quotient map.

1.13. LemmA. Let f: P—~X and g: QY be quotient maps, and assume P and X com-
pact. Then fxg: Px@Q—>X x Y is a quotient map.
For proofs see [4], theorems 1.5 and 1.6.

2. Thom Classes

Given an R%microbundle u: X~ E%X a Thom class for u is a cohomology class
U € HYE, E% p*O*) whose restriction to any

HYE|z, E°|%; p*(0O*|2)) ~Hom (H(E|x, E°|z), H(E|x, E°|z))

maps U to the generator corresponding to the identity automorphism on H (E |z, E0|x).

We give an elementary proof of the existence and uniqueness of Thom classes.

2.1. THEEOREM. Any microbundle admits a unique Thom class.

Proof. Since the orientation system of the standard trivial microbundle &?: X x2

XxRZX is naturally isomorphic to the constant local system H¢R?, R?—0), a Thom

class of ¢ may be considered an element U of
HYX x(R? R?—0); H,(R?, R*—0)) ~ HYX)® Hom (H,(R? R?—0), H (R R?—0)).

Obviously the class U,, corresponding under the Kiinneth isomorphism to 1 ;®ida,®?, r?—0)
is a Thom class for % and the only one. From this follows easily thatif u: X >E> X isa

trivial R%-bundle, then y has exactly one Thom class U,, which is the one corresponding
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to U, under any trivialization y~¢? By the excision property of singular theory this
is still true if u is a trivial microbundle. Assume next that u is a general R%-microbundle
and let W,, W, be trivializing open sets in the base. Write. E,=E|W,, E,=E|W, and
EY=E°|W,, E3=E°|W;. Then

(E N By, BN Eg)=(E’ EO)I(WI N W,) and (E, VU E,, ElU B))=(E, EO)I WU W)

Let U,, U, be the (unique) Thom classes of u| W,, u| W,. By Lemma 1.11 the exact Mayer—

Vietoris cohomology sequence starts in dimension g.

0-HY(E, VU E,, B3V E3; p*(O*| W, U W) & HY(E,, EY; p*(0*| W)@ HY(E,, BS; p*(O*|W2))
S HYE, N By, B30 EY; p*(OF| Wy 0 W) % HH(E, U Ey, BSU ES; p*(O*|W1U Wy)) ...

From this we get that «*(U,, U,)=4ifU, —is U, =0 since clearly iU, =i U,=the Thom

class of u| Wy 0 W,. Therefore there is an element Uy, in
HYE, U E,, E? U E,; P*(O*l WU Wy))

such that j*(U,,) = (U,, U,), and since j* is monic there is only one such element. Obviously
this is a Thom class for u| W, U W,, and obviously it is the only one. By induction it
follows that for every V< X which is a finite union of trivializing open sets there is a
unique Thom class U, €HYE|V, E°|V; p*(0*|V)) for x| V. By the universal coefficient
theorem applied to Hom (A(E, E® p*(0), R)~A*(E, E° p*(0*)

HY(E, E° p*0*) ~Hom (H,(E, B% p*0), R) ~Hom (lim H,(E|V, E°| V; p*0), B)

~lim Hom (H/(E|V, E°|V; p*0O), R) =lim HYE|V, E°|V; p*O*),

the limits taken over all V. Therefore there is a cohomology class U,€HE, E° p*O*)
corresponding under these isomorphisms to lim U,. It is obvious that U, has the properties
of a Thom class for x4 and that it is the only element of HYE, E° p*(0*) with these pro-

perties.

Remark 1. Clearly the Thom class of 4 corresponds under excision maps to the Thom
class of any R%bundle contained in u. Such exist according to the representation theorem
(cf. [7]). Thus Thom classes of microbundles can be obtained from ‘“‘ordinary” Thom
classes of bundles. The proof of Theorem 2.1, however, also works if 4 is a microbundle
in the sense of Milnor, i.e. not necessarily with a trivializing partition of unity. More

generally the Thom classes of microbundles over a given base space; correspond under
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isomorphisms (i.e. isogerms, cf. [7] p. 11). Again this follows immediately from the excision
property of singular theory. Finally note that the correspondense u+>U), is functorial
if f is a map into the base X of u, then U, =f*U,,.

Remark 2. If O*(u) is isomorphic to the constant local system R on X, then p*0*
is isomorphic to the constant local system B on K. Therefore any is'omorphism' O*~R
defines an isomorphism HYE, E° p*0*)~HY(E, E° R). In this case W is orientable over R,
and a class U € HY(E, E°% R) corresponding to U, is called an ortentation class of u (over R).
Notice, however, that the orientation class depends on the isomorphism O*~ R and that
an orientable microbundle may well have infinitely many orientation classes. Therefore,
even in the case of an orientable microbundle it may be preferable to work with the canon-
ical Thom class rather than with some arbitrarily chosen orientation class.

It will be convenient to have a short notation for the modules H (R? R?—0) and
HYR?, R?—0). We agree that single symbols H, and HY respectively, shall mean these
modules. Following are two examples.

2.2, Let X be a topological manifold (without boundary). The Thom class of its
tangent microbundle 7(X): X A X x XX is written Uy and is called the Thom class of
X. If dim X =¢q, Uglies in H{X x X, X x X —-AX; O%X) x R).

2.3. Let X be a closed submanifold of & manifold ¥, dim X=g¢, dim ¥ =r. There
is an integer k>0, an open neighbourhood Y’ of X in ¥ and a retraction p: ¥’ x RF—
X x0~X which together with s: X~ X x0< Y’ xR* defines an R~ ?**.microbundle
»: XY’ x R*E X, The orientation system O*(»)may beidentified with s*0*(Y' x R9)® O(X)
by Lemma 1.9. Then the Thom class U, lies in

H-0 k(Y x RY, Y’ x RF— X x 0; p*s*O%( Y’ x R) @ p*O(X))
~HOE(Y, ¥ - X) x (B, RE—0); (0%(Y) @p0(X)) x H,)
~HUY' Y - X; 04Y)@ps0(X) @ Hom (Hy, Hy), py=p| ¥’ x0.

Under these isomorphisms the Thom class U, corresponds to an element Uy x®id H,
The groups H'~4(Y’, Y' - X; O Y")®psO(X)) form a direct system over the neighbour-
hoods Y’. Write the limit gro_up‘H'“"(Y, Y —X; O*(Y)®psO(X)). (This is clearly a harm-
less abuse of notation.) Since under inclusions Y"< ¥’, Uyx is mapped onto Uy.y, the

cohomology classes {Uy x} define an element
Uyx€H™(Y, Y- X; O4Y)®p50(X))

called the normal class of X in Y. It depends on the way X is embedded in Y. It also
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depends on the germ of p, but not essentially so. In fact for any two retractions p,, py
of neighbourhoods ¥, ¥, of X to X there is a canonical isomorphism

D, 5.: PEO(X)| ¥y 0 Y, ~mptOX)| Yo ¥,

which is the identity over X such that always @, , o®, ,,=®,,,,. The correponding

canonical isomorphisms of limit groups map normal class to normal class.

24. THEOREM. Let y: X EZ X be an Remicrobundle over a space X and let S be o
local system on X. There are natural isomorphisms of graded modules of degrees —q and g

O, HE, B% p*S)~H(X; O"w)®S), i HYX; O(w)® §) ~ H*(E, E°% p*$),

defined by
Qu(z) =p*(U,N2), Di(v) =p*() VT,

Proof. Suppose u is the standard trivial R%bundle. Then it follows from standard
properties of the cap product that

D,: H(X x (R, R*—0); pri §)~H(X; H/R%, R*—0)® §)

is an isomorphism. In the case of a general microbundle y it then follows that @,y is an
isomorphism for any trivializing open set W< X. By the Mayer—Victoris’ gluing technique
and the five lemma the conclusion extends to any @, where V is the union of two tri-
vializing open sets, hence (by induction) to the case where V is a finite union of trivializing

open sets. The conclusion for ®, now follows from the fact that ®,=lim @ ,y.

To get the cohomology part notice that @, is in fact induced from a chain map
7, A(E, B% p*$§)~A(X; 0*®S), namely t,(c)=A(p)(u,Nc), where u, is some chosen
cocycle representing U,. From the general identity Hom (A(Y, B; J), B)~A*(Y, B; J*)
it follows that the dual z; is a map of cochain complexes 7j: A*(X; O® $*)—>A*(E, E°; p*$*)
inducing @j. If § is free, the cochain complexes are free and fit into universal coefficient
short exact sequences. The maps @, and @} being induced from a chain map define a map
from the short exact sequence of A(X; 0*® §)

0-Ext(H(X; 0*® S), B)—~H%X; 0® $*)~Hom (X; 0*® S), B)—~0

to that of A(E, E° p*S$*). The five lemma then applies to show that @} is an isomorphism
HYX; O® $*)~H*(E, E; p*$*). If in addition S is finitely generated, then $* can be
replaced with §.

If § is arbitrary, a spectral sequence argument is necessary. There is a spectral se-
quence for the covering {W} of X, W trivializing for u, ending in H*(X; 0® §) whose
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first term is E3" =lim”H"(W; O® §) (cf. proof of Lemma 1.11). Similarly there is a spectral
sequence for the covering {(E|W, E°| W)} of (E, E°) ending in H**%(E, E% p*S) whose
first term is Ef" =lim? H"*¢(E|W, E°| W; p*S). Then @} defines a map from the first
spectral sequence to the second which is an isomorphism on first terms. It follows that
@} is an isomorphism.

If 4 is microbundle and & is a bundle contained in yx then the Thom classes (and
Thom isomorphisms) of u, & and &, are turned into each other by excision isomorphisms.
The sphere bundle &, is used in defining the Thom space of y. Let & be given by &: X LELX.
The oo-gection im s, = E, is a strong deformation retract of Ego by a fibre preserving
deformation ([7] p. 27). Therefore the inclusion (E, im s,)<(E, E%) induces an iso-
morphism H*(E, EY; p% S)~H*(E, im s,; p% §) for any local system § on X (since a
local system p, § is necessarily constant along the fibres). In section 4 we shall need the
following easy consequence of Theorem 2.4.

2.5. COROLLARY. Let &: X>E> X be an Rebundle and A a closed subset of X. Let
$ be a local system on X. Then there are Thom isomorphisms

O, (X, A): H(E, im 5,,U B, | 4; p5. S)~H(X, 4; 0*® §)
O (X, 4): HYX, 4; OR® §) ~ H*(E,, im 5,,U B | 4; 3, S).
Proof. When A is empty this results from theorem 2.4 by the remarks above. The

general case follows from the special once we observe that the excision map (E, |4, s,4)<

(im s, U B, | 4, im s,,) induce an isomorphism
H(E,|A4, 5,4; 0% 8) ~H(im s, U B |4, im s,; p%, §)

(and a similar isomorphism in cohomology). In fact then we get a map (of degree —gq)
from the exact homology sequence of the triple (&, im s, U E |4, im s,) to the exact
homology sequence of the pair (X, 4) (coefficients p¥ § and §, respectively)

v H(im s, U B |4, im 8,) > H (B, im 5,0) > H (B, im s, U B, | 4)—...

~ 4
H{(Eo | A, 500 A) ~ | O(X,2) V (X, 4)
~ | ®4, D)
> H _ (4) > Hi_X) - Hi (X, 4) —...

Thus, by the five lemma (X, 4) is an isomorphism.
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To establish the excision isomorphism note that s, A4 is nondegenerate in E,|A4
(cf. example 1.8) and that im s,, is nondegenerate in im s, U B, |A. Also observe that
there is a bijective correspondence between neighbourhoods V of im s, in im 8, U B, |4
and neighbourhoods V,=V N E,|4 of s,4 in E,|4. We get a commutative diagram

(coefficients in p¥, )
H(E,|4, s,4)>H(E,| 4, V,)

' I~
H(im s, U B |4, im s,) > H(im s, U E| 4, V).

The right vertical map is an isomorphism by the excision property. Passing to limits over
V make the horizontal maps isomorphisms (Lemma 1.3), hence also the left vertical map.

For later applications it is important to compute the Thom class of & composite micro-
bundle in terms of the Thom classes of the composing microbundles. By Corollary 3.7
in [7] this is equivalent to computing the Thom class of a Whitney sum. Thus, let

. 8 h . 8 Py
pX =SB =X, XS E,

be two microbundles over X and let
u:X LEEX

be their Whitney sum. Let n,: E->E,; and n,: E—E, be the canonical projections and
61: B\~ H, 0;: E;—~ E their corresponding sections. The projections x,, 77, define maps of
pairs

7y (B, E—0,By)~(E,, BY),  7:(E, E~0,E)~(E,, E3)

which induce isomorphisms in homology. Given a pairing of local systems on X, 9: §,® §,—~ §

there is a natural pairing
H*(E,, EY; pt $)@ H*(Ey, E3; pi S,)~H(E, E% p*$)

defined to the composite
H*(E,, BY; p{ $)®@ H*(E,, E,; 2% $s)
A O |
H*(E, E —0, Ey; 7l pi S))QH(E, E—o,E;; A3 05 Ss)
i
H*E, E° 7ot 51®ﬁ;1’2* S2)

™

HY(E, B% p*S).
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The map < is the ordinary cup product, and 7, is the homomorphism induced from the
composite

T Pl $1@F P Sy = P*$,@p* Sy~ (5, ® $)7=p*s.
This pairing is invariant under isomorphism of microbundles, but in general dependent
on- the germs of p; and s;, i=1, 2. The image of an element «®v will (by a slight abuse

of notation) be written &} u w7 v. It follows that there is always a pairing induced from
the Kiinneth formula pairing Of ® O3~ O*.

2.6. THEOREM. If u, u,, s are microbundles with Thom classes U, Uy, U, and pu=
@ s, then U =7 (U,) s (Uy).

Proof. Since the cohomology class 7} U7 U, belongs to H®@(E, E° p*Q*), with
dim u, =q,, dim u,=g,, it suffices to show that it has the restriction properties charac-
teristic for the Thom class U. Let (F,, F7), (F,, F3) and (F, F?) be the fibre pairs of u,, u,
and x4 over some point z in X and consider the following commutative diagram

(E, E—0,E,)>(F, FO)<(E, E—oy, E,)
ﬁl/ 7=tl/ \ﬁ-2 \Lﬁg

(Ey, BY)> (Fy, F‘l’) (7, Fg) < (&, Eg)-
We have

(@ Uz Un)|(F, F°) = (35 U |(F, FO)o (@3 Uy|(F, FO))
=T(UL|(Fy, P\ (U, |(Fy, FR)) = Uy |(Fy, FY) x Up|(Fy, F2)
since (F, F°)=(F,, F?3) x (Fy, F3). But U,|(F,, F,) is the canonical generator of
H%(Fy, F); Ho(F, FY)),

andso U, |(F,, F{) x Uy|(F,, F3)is the canonical generator of H**4(F, F% H,, . (F, FO)~
HO(Fy, FY; Ho(Fy, F)@H®(Fy, FS Ho (F,, FY)).

For microbundles u,» whose composite x=go» is defined there is a natural cup
product pairing H*(E(u), E(u)%; p; $)@ H*(E(v), E(»)®; py T)—~H*(E(x), E(x)% p% U) associ-
ated to each pairing pj S® T—p;; U of local systems §, U on the base of u, T on the base of
. These pairings are equivalent to those introduced above. The one type is turned into the
other by the isomorphism x~u®siy, uavp0pfpy. If pu: X>E2 X and »: EXE %R, let
G (E', B' —q s X)—~(E, E® be the map defined by ¢. Then we have

2.7. CoroLLARY. If x,u,v are microbundles with Thom classes U,, U,, U,, and
x=pov, then Uy,=7*U,U,.
19 — 672906 Acte mathematica. 118. Tmprimé lo 21 juin 1967.
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If 4 is an R%microbundle over a space X, the restriction of the Thom class U, to the
zero-section defines an element Q,€ H(X; O*) called the characteristic class of u.

Chern and Lashof have given relations between the Gysin sequences of a Whitney
sum of vector bundles and those of the components (orientable vector bundles over a
compact manifold, actually). These relations drop easily out of Theorem 2.6.

2.7. THEOREM. Let &;,1=1, 2 be R%-bundles and & their Whitney sum. The canonical
embeddings o,:&,—~& induce maps between the Gysin homology sequences of &, and &

o> Hy(EY; p* )~ Hy(X; §)~>H,_(X; Of ® §)~>...
0?‘ { id ¥ Yi i
o> H (B p™S) > H (X; S)>H,_(X; O*®8§)—~...

where the maps p, are given by
P1(2) = (—1)"2Qyz, ¥a(2) =z,

Similarly, in the diagrams of the Gysin cohomology sequences corresponding maps
yi are given by
Pi) = (=1)"%0uQ,,  yi(r) =oQy
Proof. Let 6;: (E,, E))~>(E, E% and o?: E?—>E° be the maps defined by o E,~E,
1=1, 2, Also keep the notation of theorem 2.6. Then we have maps

q)a'i‘q)l_l : Hn—q‘(X; Oi*®s)_)Hn—a(X,0*® s)

and p.oppi': Hy(X; §)—~H,(X; §) between the Gysin sequences of &; and &, commuting
with ofs, =1, 2. It is clear that p,o,sp;* is the identity map. To determine @&, ®; ! note
that p*Q,=p*e{5; U, =n}jfU,, where j;: E,<(E,, E?). Also writing k,: EC(E, E —0, E,),
ky: E<(E, E—o,E,) we have #;k,=—j,n;. Thus for z,€ H,(E,, EY; piS) we get .

D042y = Pu(UNG1az)) = Paor (GHAET Uiz Uy)zy)
= P (UwaikBaz Uz = pre((Upooiiiziz Us)zy)
= pre((Upwalp*Qe) 2y = (= 1) psa(pi Qe (U 2y))
= (=122 pe(U 7).

With z,=®;'2, we have z, =p,s(U;%,), and so ®F,e ;2 =(—1)2%Q,~z,. The corre-
sponding cohomology formula is gotten by duality or is deduced from an even simpler
computation. The case ¢ =2 is the same (except for a possible shift in sign).

We conclude this section with two illustrations of the use of Theorem 2.5.
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2.8. Let X, Y, Z be manifolds of dimension g, 7, s respectively, X a closet submani-
fold of ¥ and Y a closed submanifold of Z. Then X is a closed submanifold of Z and we

have normal classes ]
Upx€H (Y, Y - X; O%(Y)®@ps0(X)),

Uyy€H'(Z,Z—Y; ONZ)®pi0(Y)),
Uy € H%(Z, Z—X; 0%(2)@p*0(X)),

where p,, p; and p are neighbourhood retractions such that germ pjogerm p, =germ p
(cf. ex. 2.3). Let ¥ be a neighbourhood of Y in Z. Then we have a cup product map

HYV,V~-Y; O*(V)opiO(Y)@H*V, Y - X; pt0%(Y)®p*0(X))
vy
HY(V, V-X; O%(V)®p*O(X)).
By the excision property
H*(V,V-Y; O%V)®pi0(Y)) is isomorphic to H*Z,Z - Y; O*Z)®pi0(Y))

and
HYV, V-X; O%V)®p*O(X)) is isomorphic to H%Z, Z — X; O"Z)@p*O(X)).

Passing to limits with respect to V therefore defines a cup product
HYZ,Z-Y; ON2)®pi0(Y)®HXY, Y - X; 0%(Y)®p; 0(X))

v

H%Z,Z - X; 042)®p*0(X))
since lim H*(V, ¥ ~ X; p}0*(¥)@p*0(X)) = H*(Y, ¥ — X; 0 Y)®p0(X)). (This follows

from the five lemma and the fact that ¥ is taut in Z with respect to any local system.)
By corollary 2.6 we have the relation

Uzx = UZYV ny~

2.9. If the coefficient ring. B equals Z, then for any space X there are natural iso-
morphisms of O{u) and O*(u) to the constant local system Z, for microbundles y over X.
Consider an R?microbundle 4 and its Thom class U,€H*E(u), E(u)’; Z,). Define the-
Stiefel-Whitney classes w,(u) € H{(B(u); Z,), 1 >0, by

QL wi(u) = 8q'U,.

An immediate consequence of theorem 2.5 and the Cartan formula for Steenrod squares.

is the Whitney duality theorem

w(u@u’) = ZSkw,(,u)uw,(,u'), k=0.

+i
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If X is a closed submanifold of ¥ as in 2.3, X has a stable normal bundle, and there
is an associated Thom isomorphism in cohomology. By the Kiinneth theorem the stable
part splits off and defines a modified relative Thom isomorphism

Yo H(X, X —A; Z,)~H Y, Y —A; Zy)
for any closed subset 4 in X. This is given by
(I)’;;x”7 =D ny, k

where the cup product is taken in the sense of 2.8. Take 4 =X and define the normal
Stiefel-Whitney classes &, € H{(X; Z,), i >0, of X in ¥ by

O yx, =8¢ Uyx.
Then Theorem 2.5 and the Cartan formula give the Whitney duality theorem

wl(Y)| X= O wpow(X), k>0.
f+i=k

Our main application of Theorem 2.5 (or its corollary) will be to the §-duality theo-
rem. We first make a digression on proper fibre homotopy equivalence.

3. Proper fibre homotopy type

In this section we are concerned with R%bundles (of different dimensions) and their
associated sphere bundles. As usual & bundle map §—&' is required to respect zero sec-
tions although this particular aspect is not important here, i.e. the definitions work without
that restriction and give equivalent results. The following is easily verified.

3.1. LEMMA. Let f: &' be a bundle map between Ré-bundles. Then | extends to a bundle
MaAP fo: Eo—>Eee sending im s, into im s, if and only if f is fibrewise proper.

Consider a homotopy H: E x I+ F, where E is the total space of the R%bundle §.
Ii H is fibre preserving and respects zero-sections, it defines a bundle homotopy H: & x I +£.
Since (§ X I)=E&,x I, by Lemma 3.1 H extends to a bundle homotopy H: &, x I+&,
sending im s, x I to im s, if and only if H is fibrewise proper. In other words H extends
to a fibre preserving homotopy H,: E,, x I E,, which is the identity over im s, if and
only if H,: E— E is fibrewise proper for every t€ 1.

Now, define two R%bundles &,, &; over a common base X to be properly fibre homotopy

equivalent if there exist fibrewise proper bundle maps f,: & —&,, f,: £—>&, (covering the
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identity) and fibrewise proper bundle homotopies H,: & x I—>&,, H,: &, x I+, (covering
the projection) from fyof; to idg, and from f,of, to ide,, respectively. Note that if &, &,
are properly fibre homotopy equivalent, then so are &,| 4, &,| A4 for any subset 4 in the
base. (In particular the fibres of £, and &, over any point # in X must have the same proper
fibre homotopy type. Hence it is impossible to extend the definition to bundles of different
dimengions.)

Next we discuss the S-type of Thom spaces, following Atiyah [1]. Recall that the
Thom space T'¢(4, B), where (4, B) is a pair of subsets in the base of £: X LELX, Ean
Re-bundle, is defined to be the pointed space

TA, B) =px'A[sw AU p B.
We write T’ for T(X, @).

3.2. LEMMA. Let & & be R, R¥-bundles over X, X', respectively, and let (A, B),
(4’, B') be closed pairs in X, X'. There is a natural relative homeomorphism of pointed spaces

Teup((4, B)x (4', B'))~> T4, B) A Te(4', B).

If A and A’ are locally compact or if A or A’ is compact this correspondence is a homeo-
morphism.

Proof. Without loss of generality we may suppose 4 =X and A’ =X’. Clearly there is
a natural continuous bijection

(BXE')oo/im (s % 8 )oo>E s X Bi/(Boo x 1M 85,) U (in 8o X E2)

induced from the inclusion E x B’ < E,, x E.,. Similarly the quotient maps E, > E,/im s,
and E,,—~ E.[ims,, define the natural map

B X Boo— (Boo|im 850) X (B0 im 85,) > (Eoo [ im 850) A (B im 85,)

sending F. x im ¢, Uim s, X B, to the base point, Therefore we also have a natural
continuous bijection

B X Boo[(Boo X im 850) U (I 860X Bl) > (B o] im 800) A (Eoo [ im s5,).

Composing the two bijections give the desired map T'g.p—T; A T in the absolute case,
Obviously this is a homeomorphism outside the base points. That this map is not in
general a homeomorphism stems from the fact that a product of quotient topologies

need not be a quotient topology. It follows from Lemmas 1.12 and 1.13, however, that
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if X, X’ are locally compact or at least one space is compact, then the natural bijections
are in fact homeomorphisms. The relative case now follows from the general identity
T(X, B)=T¢|T¢ 5.

Under the conditions above on A and A’ we agree to identify T';...((4, B) x(4’, B'))
with T¢(4, B)A Ty.(4', B').

3.3. CorOLLARY. Let & be an R%bundle. Then Tyen(A, B)=8"T (A4, B) for any
closed pair (A, B) in the base.

Proof. There is a natural isomorphism §@e"(X)~£ xe™(pt). In particular, if B X
then £ @e"(X)| B=¢| B x £"(pt). Thus Tgo (X, B) = T¢(X, B) A Tencpry by 3.2. But T'eapyy = 8"
therefore T';o+(X, B)=8"T (X, B).

3.4. LEmMA. Let &, & be R%-bundles over a space X, and suppose §, & are properly
fibre homotopy equivalent. Then T¢(A, B) and T;(A, B) are homotopy equivalent for any
closed pair (4, B) in X.

This follows easily from the definition of proper fibre homotopy equivalence together
with Lemma 3.1.

Finally define an R and an R?-bundle with common base to be stably fibre homotopy
equivalent or J-equivalent if for some integers n,n’ >0 £@¢" and & @ are properly
fibre homotopy equivalent. Then, from 3.3 and 3.4 we have

3.5. LEMMA. Let &, &' be stably fibre homotopy equivalent. Then T¢(4, B) and Ty.(4, B)
are of the same S-type for any closed pair (4, B) in the base X.

It is perhaps not immediately clear that the above definition of J-equivalence restricts
to the classical one over the category of ortogonal bundles. However, the equivalence

follows from the Hirsch-Mazur theorem, cf. [7]:

3.6. LEMMA. & and & are stably fibre homotopy equivalent if and only if for some integers
n, 0’ the enveloping disk bundles of E@e™*!, & ®&™'*! have fibre homotopy equivalent boundary
bundles.

Proof. If &, & are stably fibre homotopy equivalent, then for some positive integers
n, 0, (E@e™), and (&' @e™),, are fibre homotopy equivalent. But by the Hirsch-Mazur
theorem (£@&"),, and (£ ®&™),, are the boundaries of disk bundles whose interiors are
£pe*t! and £ @Y, respectively. Thus & and &' are J-equivalent in the classical sense.
n+l

Conversely, any fibre homotopy equivalence of the bounding sphere bundles of £@¢
and &' @e""! extends radially to a fibre homotopy equivalence of (£@®&")yc and (& @™ )
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Collapsing fibre boundaries gives a fibre homotopy equivalence of (@ "), and (&' ®&" 1)
respecting oo-sections, and therefore a proper fibre homotopy equivalence of £®&"*! and
& ®e"*!. Thus & and &' are stably fibre homotopy equivalent.

We have defined the Thom spaces T;(4, B) for an R%bundle &. If B is nicely imbedded

in A4, then T¢(4, B) reflects the homology properties of the bundle pair (£| 4, §| B).

3.7. LEMMA. Let £: X E2 X be an Re-bundle and A a nondegenerate subset of X.
The collapsing (B, im s, U E| A)—~(T¢(X, A), %) induces isomorphisms in homology
(constant coefficients).

Proof. If A is empty the claim follows from Lemma 1.4 since im s, is nondegenerate
in E,. Assume that 4 is nonempty and write im s, =X, 8,4 =4,. Then 4, is non-
degenerate in X, and so there is a map ¢: X — I which is 0 exactly on 4 and a deforma.-
tion D: (X, Ay,) %X I>(X, Ay) relative to 4, such that D(¢{0,1)x1)=4,. Since
spop: B ,—~X, is a bundle, by the homotopy lifting property there is a deformation

D' (Bop, Bop| A) x I>(E, Eo| A)

covering D. Thus if ¢": B~ I is the map ¢08,0p, then D'(¢'-1[0, 1) x 1)< E | A. More-
over, since X, is nondegenerate in E_,, D’ can be chosen so as to be an extension of D,
ie. so that D'(X, x I)< X([13], Theorem 4).

Also there is a fibre deformation

D" (B, Xp) X I>(E o, X o)
relative to X, and a map ¢": H,—~I which is zero exactly on X, such that
D"(¢™10, 1) x 1)< X,.
Let p=¢'-¢". Then {0} =X U E, |4 and y-1[0, 1)=¢"-1[0, 1) U¢'-1[0, 1). Let
F: (B, XoU By|A) x I> (B, XU E | 4)

be the deformation F(e,t)=D'(D"(e,t),t). Then F(yp-1[0,1)x1)cX_ U E,|4. Thus F
and v would make X, U E,|A4 nondegenerate in E,, except that F is not constant on
XU E,|A. Nevertheless, by Lemma 1.4 the collapsing

(B XpoU By | A)> (B | X o U B | 4, %)
induce an isomorphism in homology.

Note that although we have not proved XU E,|A4 nondegenerate in E, (which
is probably true), the proof shows that after collapsing XU E,|4 the base point x is
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nondegenerate in /X, U E|A. In other words if 4 is nondegenerate in X, then T;(X, 4)
is a space with nondegenerate base point.

We close this section by defining dual pairs. Let X be a topological space and con-
sider the collection of closed pairs (4, B) in X such that B is nondegenerate in 4 and
A|B is compact. Call two such pairs (4, B) and (4, B’) duals if the conditions

ANB =0

The inclusions A=X —~B', B'<X—A are homotopy equivalences

as well as the dual conditions (where the priming of 4 and B is interchanged) are satis-
fied. Even if the conditions make sense for broader classes of pairs we will not extend
the definition, i.e. the term “‘duals” will imply that the pairs concerned are of the re-
stricted type. In the end we restrict our interest to the even smaller class of pairs (4, B)
which in addition have homotopy of relative CW-complexes.

Following are some examples

3.8. If X is a compact space, then X (i.e. (X, D)) is self dual.
3.9. Let (X, 4, B) be a polyhedral triple with 4 (hence B) compact. Let
(K|, L], | #|)~ (X, 4, B)

be a triangulation. Let L’ be the subcomplex of sd®K consisting of simplices with no faces
in sd2L and M’ the subcomplex of simplices with no faces in sd2M. Let 4’ be the image
of | M’| and B’ the image of |L’| under the given triangulation. Then (4, B) and (4’, B’)
are duals.

3.10. Let X be a manifold with (possibly empty) boundary X. Assume that X is
compact. By the collaring theorem (cf. [3]) there is a relatively compact open collaring
Vof X in X. (If X =0, take V=@.) Then X and (X, X — V) are duals. If X is compact,
then (X, X) and X — V are also duals.

3.11. Let X be a compact manifold with boundary X, and let DX be its double.
Then DX is a compact manifold without boundary containing X and a copy X_ of X,
such that DX=XUX_and X=XnX_. Let V be an open collaring of X in DX. Then
(DX, X_) and X —V are duals. Similarly (X, X) and (DX —V, X_—V) are duals.

Let X,, X, be compact pointed spaces with nondegenerate base points. Then X; A X,
is a space of the same type. Similarly the suspensions SX,=X,A S, i=1, 2, are spaces
with nondegenerate base points. Note that there is a natural homeomorphism

SHX, A Xy) & Xy ASEX,
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for any k>0 by which we identify the two spaces. An n-duality map (or briefly a duality
map) for X,, X,, »>0, is a map

¢t X, A S X, Ge+n

for some k>0 such that for some (hence for any) generator s* in H*+*(§%*") slant produet
with the spherical class ¢*s* € H**™(X, A 8*X,)~H™ X, A X,) defines an isomorphism

H(X,)~H"YX,), i€Z.

When X, X, have S-type of finite CW-complexes, the existence of an n-duality map
for X,, X, implies that X, and X, are n-duals in the sense of S-theory ([11] p. 360, (123
p. 462).

Before stating the S-duality theorem for microbundles observe that the definitions
and properties of R%bundles in this section carry automatically over to microbundles

(with some care about the naturality properties) by the microbundle representation theorem.

4. The S-duality Theorem

The aim of this section is to prove the following

4.1, 8-Dvarity TEEOREM. Let X be a topological manifold and let p,, uy be micro-
bundles over X such that T(X)®u,®u, is stably fibre homotopy equivalent to the trivial
R -bundle over X. Let (A, B) and (4’, B’) be dual pairs in X, one of which is compact. Then
there is a duolity map ,

é: T.(A, ByAS¥-°T, (A’, B')~>89,
where @ =dim X +dim g, +dim p,.

4.2. CorROLLARY. Under the condition of Theorem 4.1 if (A, B) and (A', B’) are rela-
tive CW-complexes, then T,,(A, B) and T,,(4’, B') are Q-duals in the sense of S-theory.

4.3. COROLLARY. Let X be a compact manifold with boundary X and let —7 be a
stable inverse to 1(X). Then there is a duality map
é: T_AX/X >89,
where Q@ =dim 7(X) +dim —1z.
This follows easily from 4.1 and examples 3.10 or 3.11. If X is empty, X/X means X*,
i.e. X with an isolated base point adjoined. In general A/B means A* if B is empty.
In a g-dimensional sphere a subpolyhedron and its complement (deformed to a com-

pact polyhedron) are g-duals in the sense of S-theory. This situation has the following
generalization
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4.4. CoroLLARY. Let X be a q-dimensional n-manifold, and let (4, B) and (4', B')
be non-empty dual pairs in X, one of which is compact. Then there is a duality map

$: A|B A SY-9(4’|B')~>89.

Here a zz-manifold means a topological manifold with trivial stable tangent microbundle.

To simplify the presentation of the proof of Theorem 4.1 first recall that the Thom
space of a microbundle is defined by a representing bundle. Therefore we may without
loss of generality assume that u,, u, are actually bundles; say u, is an R®-bundle and u,
an R“-bundle. Also we may as well assume that 7(X) @y, @y, is properly fibre homotopy
trivial since additional trivial bundles can be absorbed in y, without changing its Thom
spaces except for suspensions (Corollary 3.3). Finally, to obtain maximum clarity we
carry through the proof in detail in the absolute case (4, B)=X, @) and then make the
necessary additional remarks for the relative case. Of course, in the absolute case we must
assume X compact.

Thus, let X be a compact g-dimensional manifold, and let u,, #, be an R?-, respectively
an R%bundle. Assume that the (microbundle) Whitney sum t(X)®u,@u, is properly
fibre homotopy trivial. Consider the composite microbundle g =7(X)o (u, x i),

u: X>E, xE,2X
with s=(s, x83)0A, p=pr,o(p, X p,). By Corollary 3.7 in [7], 4 is isomorphic to
UX)DA*(py X o) = T(X) D pta D o

hence y is properly fibre homotopy trivial. Therefore there is a bundle neighbourhood
W of sX in E, x E, and a fibrewise proper bundle map

W—-XxR% Q=q+0+¢ (1)
which is a fibre homotopy equivalence by proper fibre homotopies. By Lemma 3.3 this
extends uniquely to a bundle map

(W o, im 855) > X x (89, o) (2)
which is fibre homotopy equivalence of pairs. Observe also that this map sends W° into
X x(R% R°—0) and in fact defines a fibre homotopy equivalence of pairs

(W, Wo)—X x (RS, R?—0). 3)

Since u; Xy, is a bundle, (B, x E,),, and (s; X 85), is well defined, and (1) defines a con-

tinuous map
(By % Bg)py—> X x 89 (4)
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which equals (1) on W and maps (£, X B,), — W onto X xco. Since im (s X s5), i8 certainly

outside W, (4) can be considered a map of pairs
(B % Ep) ey, 1M (84 X 8)0) > X X (89, 00). (8)
Composing with the projection map gives
&' (B % Ey) e, Im (81 X 83)e) > (89, 00), (6)
and collapsing im (s, X 8,),, defines
b: (Tyxpsr %) (8%, 00). (M)
In the same way one gets a map
"t (Byoor M 815) X (B oo, im 8550} > (89, 00) (8)
which is an extension of (1) and such that if k is the canonical bundle map
k: (B im 81.) X (Hae, IM 8500) = {(H X Eg)eo, M (8 X 85)00)

then ¢"ok=¢'. (The continuity of % is a local question and so follows easily from Lemma
1.12.) Moreover, by Lemma 3.2 and 3.7 the so indicated maps in the diagram below are

isomorphisms, and therefore k, is an isomorphism
H((B1 0, im 8100) X (Bage, IM 8500)) 5> H((By X By)ep, 1M (85 X 85)c0)

| ~ {

ﬁ( Tlll /\ TF‘) (2] H( Tlllxlh)
(Note that this works equally well in the relative case.) We claim that the map
¢: Ty AT~ 8°

obtained from (7) by identifying 7', x ,, with 7', A T,., is a duality map.

To see this let s*€H?(S9 H,(8?)) be the canonical generator corresponding under
the Kiinneth isomorphism to the identity operator on Hy(S9). In accordance with our
previous conventions let us write H, for H4(8%). We will show that slanting with ¢*s*
defines isomorphisms

‘ B(T,)~HYYT,; B,), i€Z.
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To do so it is convenient to replace the Thom spaces T, T, and T',,,, with their asso-
ciated pairs of total spaces (B, im 8;5), (Fay, i 85,,) and ((E; x Ey)q, im(8; X 85)c0)-
According to Lemma 3.7 this does not change the homology groups. By our remarks
above we may also replace the last pair with the product (E,,, im 8,,) X (Hgep, im 85,)
without changing the homology. In this new context we have to show that slanting with

$"*s* (coefficients H,) defines isomorphisms
H (B, im 83,) & HY (B, im 8,05 Hy), ©€Z.

First notice that since y is properly fibre homotopy trivial its orientation system (O*(u)
is isomorphic to the constant local system H,. In fact the map (3) defines an explicit
isomorphism O*(u)~H,. Identify O*(u) with H, by this isomorphism. Then U, lies in
HO(E, x E,, B, x E,—sX; Hy). Since (E,, E?) x (E,, E9) is contained in

(B, x E,, E,x E—sX),

U, restricts to a class U, in H((E,, E?) x (E,, E3); H®). Let U}, be the image of U, under

the canonical isomorphism
H*((El’ E?) X (E2> Eg)’ HQ) NH*((Elcos im 8100) X (Ezw, im 8200); ﬁQ)

By Lemma 4.6 below this element is the spherical class ¢"*s*. Similarly the Thom class
Uy of 7(X) restricts to an element Uy in H%X x X; 0*(X) x R). The absolute case of
Theorem 4.1 now follows from

4.5. LEMMA. The diagram
Uy
H{(ng, im 8200) - HQ-i(Elw’ im 'sloo); HQ)
Ux/
H o(X;0%) ~ H** (X 0*(X)®05)

is commutative up to sign for all 1€Z.

Proof. Notice first that the Thom isomorphism @}, maps from coefficients
O0"(X)® 0" (us)

to coefficients p*(0*(u;) ® O*(X)® O*(uz)). This local system, however, is canonically
isomorphic to p*Q*(u) which we have identified with H,. Similarly @7 =®;

100 10APS tO

coefficients H,. Now by Corollary 2.7 Uj = (P10 X Paco)* U (U,

100 X Unige, ) SiNCE clearly
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U,

Hloo

Uy

subscripts oo and writing U, for U,,, )

Loo XMoo = X Uyy,- Therefore, for Z,€ H,(E,y, im s,,) we have (suppressing all
1 (Ux[@y2)= U1VPT(U31/Q25) = Uyopt(Ux/pes (U Z)).
But pI(Ux/par(Uy2)) = (PrxP)*Ux/ Uy iy = (9, X P)*Ux (1 x Uy))/2. Thus
O (Ux[®y2,) = Ulv(((p;xpz)* Uk (1 % Uy))/z,)
= (U x Dy (X pa)* Uz o (1 x Uy))Zy= & ((p1 X Po)* U (U x Up)) 2= L U, [2.

In the proof of 4.1 we anticipated the following result

4.6. LEMMA. Under the isomorphism.
H*(Tﬂn A Tll:; HQ) NH((EIOD’ im 8100) X (Ezom im 8200); EQ)
the spherical class ¢"*s* corresponds to the restricted Thom class U,.

Proof. The image of the spherical class in HO((E,, EY) x (E,, E3); Hy) is by construc-

tion the image of the canonical generator by the composite map

!‘*
HO(R®, RO— 0; Ho)—% H(X x (R, R® — 0); Ho)
B HO(W W p*0* (u)) =~ HO(Ey % By, By x By~ sX; p* O*(u))
2 HO((By, BY) x (B, E3); p* O ().

But this image is clearly U

The extension of the proofs above to the relative case requires little new. We show
how to modify the map ¢. Note that the assumptions are as before (except that X need
not be compact) so that we still have the maps (1)-(8). In particular we get from (6) by

restriction a map
((Byx Bg)g| A x A, (8 X 83) 0 4 x A') (89, o0). 9

Secondly we note that the zero section sX of x4 and nothing else is mapped by (6) to 0
in 89 (the antipodal poinﬁ of co). In particular the subset (B, x Ez)w]A xB'UBxA4’'is
mapped to a closet subset of §° bounded away from 0. (Recall that one of the pairs (4, B),
(4', B') is compact). Let D be a disk around co in 89 containing this closed set. Collapsing
D gives a new sphere which we also denotes S°. Composing (9) with the collapsing map
gives a map of (E, x ), to 89 which sends both (s; X 85)ee4 x A" and
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(Byx By)y| Ax B UBXxA" toco.
Therefore there is a quotient map
(Twxm((4, B) x (4", B')), %)—>(8%, o).

Identifying the Thom space with the smash product T',,(4, B)A T,,(A’, B') finally defines

the duality map
¢ T,(4, B)IAT, (4, B")>8°.

The rest of the proof now proceeds approximately as before. Lemma 4.5 is replaced by
its relativized version, with relative Thom isomorphisms and the Alexander duality
(Lemma 1.6)

U

X
H, o(4’,B'; 03)~H"* (4, B; 0% X)®0%),

where Uy =Ujx|(4, Byx(4’, B') (since we can replace H, ,(X—B, X —4;03) with
H, ,(A4’, B’; 0?)). Similarly, the spherical class defined by ¢ may be identified with the
restriction of U, to (Eyy|A4, 81004 U Ey| B) X (Eos| 4', 83004" U Eps| B'). The computa-
tion in the proof of Lemma 4.5 remains the same. This completes the proof of the S-duality

theorem.
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