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Introduction.

0.1. In order to state, in their simplest form, the type of problems to be dis-
cussed, we suppose, first, that

(0.1.1) ]‘(z)=§ak o~

is regular for |2|<1; and that ¥(z) is regular for |z| <1, except for a finite number
of poles B; with |B;]<1. Then '

0.12) 10=5= [ rorea

12i=1

is the sum of the residues of f(2) t(z) at the points 8;. If, for instance, f(z)= é cpz *HD
then J(]‘)=Zchak; if Ez)=n! (z—B)""D, |B] <1, then J(f)=" ().

In these and similar cases it is a natural and important problem to determine,
for a given ‘kernel’ f(z), the precise sup [J(f)| when the functions f(z) vary inside
a suitably given class: for instance, the class of all f with [f|<1 in [z]<]1.

0.2. In a previous paper [M-R]2 A. J. Macintyre and one of the present authors
studied such extremum problems: for the following classes H,: Let 1<p<oco. If

p<oco then H, denotes the class of all functions f(z) regular in |z|<1 for which the
mean values

1 Dr. SEAPIRO’S contribution represents work done on a doctorate thesis at M.IL T. under an
A.E.C. predoctoral fellowship.

2 MaciNTYRE and ROGOSINSKI, quoted as [M-R] throughout. Compare the list of references at
the end of this paper.
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(0.2.1) M, 0= f3= f nlf(re“)r’dt}”p

remain bounded for 0<r<1. If p= oo, the class H, is the class of all f(z) regular-

and bounded in |z|<1; that is,

(0.2.2) Moo (f, r) = max | f(re'")]

remains bounded for 0<r<1.
As for the given kernel ¥(z) we assumed that it was regular in [z|<1 except

for a finite number of poles B, and that the mean values M, (f, ) remained bounded
for all sufficiently large r<1. Here 11)+ 3; =1, so that to p=1 corresponds ¢= oo

and vice versa; to p=2 corresponds g=2.

It is well known that under these assumptions the radial boundary values

(0.2.3) f(¢t)y= lim f(ré'"), f(*)= lim ¥(re?)

r—>1-0 r—>1-0
exist p.p. (that is, for almost all ¢), and that f(¢'*) e L? and f(¢'*)€ L% Here L?, for
1<p< oo, i1s the class of all complex valued functions ¢ (¢), measurable in <0, 27>,
for which |@(t)|” is L-integrable; L* is the class of all essentially bounded measur-
able @ (). Also M,(f,r)-~M,({,1) as r—1—o0, where M, (f, 1) is. the corresponding
mean value for the boundary function when p<oo. M (f,1) is the ess. sup |f(¢')].

Again, the integral {0.1.2), taken with these boundary values, is the sum of the
residues of f(z) ¥(z) at the .

In [M-R] the problem was to determine, for a given kernel of the described
‘meromorphic’ type, the sup |J(f)| with respect to all fe H, for which the mean
value M, {f, 1) is prescribed. A complete theory of these extremum problems was
obtained. It should, however, be understood that this theory was mainly obtained
by joining together, and extending to general p, the various methods and results found
scattered through an extensive earlier literature! dealing, as a rule, with the important
special cases p=1, p=2, and p= co. Moreover, we freely adopted or quoted the
heterogeneous and sometimes difficult arguments of algebraic, variational, and even
topological character as we found them in thi.s literature. The main interest in [M-R]
was in the various applications of the theory, and of these we gave a systematic

account.

1 Compare the list of references in [M-R].
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03. In the present paper we propose both to extend the theory of extremum
problems in H, to full generality and, at the same time, to give a self-contained
and uniform account of it, replacing thereby the previous heterogeneous arguments.
In fact, it is by going to the natural limits of generality that also the natural approach
to these problems becomes evident. '

We rewrite (0.1.2) in the form

2n

(03.1) 1= [ 1oc@ia= L [ so=0a,
where! e ’
(032 PO=HEY), xO=d" 1.

Next, H” denotes the class of all (radial) boundary values ¢ (t) = f(¢'‘) where f(z)=H,.
Thus H” is a subeclass of L7 : H < L. Let

033 Th-10)= 5 [ s =0

0
where @ e H? and x€L°. It should be noted that we have dropped the assumption,
essential in [M-R), that x(t) should be obtained, through (0.3.2), from a meromorphic
kernel function ¥(z).

We also write, when 9 < co,
} 1 am 1/p
(0.3.4 10,000 = [ [ lpopar
0

while M., (f, 1)= M (¢) = ess. sup |p(t)].

Our extremum problem is then as follows:

Maximum problem in H”: To determine, for given x € L°, the sup |I (<pr).| for all
@ € H® with given M, (p).

In general, of course, I(p) will no longer have a simple interpretation as sum
of residues or so. There exist, however, quite apart from the intrinsic interest of the
general problem, many interesting extremum problems not covered by the ‘mero-
morphic’ case. Thus we have, when f(z) € H,,

(0.3.5) [ H=z)dz= —iff(e“) étdt,

1 = denotes equality p. p.



290 W. W. Rogosinski and H. S. Shapiro.

by Cauchy’s theorem. Here x(t)= —2mie'’ for 0<t<m, and »(f)=0 for x<t<2am.

The corresponding maximum problem in H, was discussed by Fe)ér and F. Riesz.!
0.4. Applying Hélder’s inequality to I(p) we obtain, first,

(0.4.1) |1 (@) < M, () Mo ().

Next, we shall say that a ‘kernel’ »*(f) € LY is equivalent? (in L?) to another kernel
%(t) € L% and we then write x| x, if
2n 2n

0.4.2) | @) x*(2) dt=0f @) % (t)de

(1]

for all ¢ € H?. We can then replace (0.4.1) by

(0.4.3) |1@) <M, (9)- inf Mo ("),

The crucial question of the whole theory is then whether this estimate is best pos-
sible; that is, whether,

(0.4.4) sup | 1(p)| = My () inf Mo ()

We shall see that the answer is affirmative in all cases. At the same time, this will

show that our maximum problem in H” is equivalent to the fdllowing ‘conjugate’
problem :

Minimum problem in L7: Given x(t) € L%, to delermine the inf M, (x*) for all
* || .

If we write »*=x—1, then 1€ L? is characterized by
2n
(0.4.5) [o@® Ay dt=0
0

for all ¢ € H®. The minimum problem then appears as a problem of best approxima-
tion of a given x by the A.

0.5. A function @ e H” with M,(®)=1 is said to be an extremal function (for
I(p) m H?) if

(0.5.1) 1(®) = max | (g)|

1 Feitr and Riesz.
2 Equivalent kernels were first used by E.LANDAU in his familiar determination of

suplao+al+"' +an|
for all f(z) regular in Izl <1 with lf(z)l <1 [subclass of He]; LaNpavU.
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for all p € H” with M,(p)=1. Note that we have normalized @, first by normalizing
the M, (p), and secondly by requiring I (®) to be positive.r Clearly, |I(e ®)|=1(D)
if |e]=1.

Similarly, we say that K(f) € L is an extremal kernel (for »(t) in L?%) if K ||
and if

0.5.2) Mo (K) = min M, (x*).

x*||x
We then have two more conjugate problems:

Extremum problem in H”: Does an exiremal function @ € H® exist and, tf so,
s it unique?

Extremum problem in L?: Does an extremal kernel K || € L? exist and, if so,
s it unique?

Our main result concerning all these extremum problems is as follows:

Theorem A. Let 1<p< co.

The dentity (0.4.4) holds in any case.

If 1<p<oo (1<q<co), then both the extremal function @ € H® and the extremal
kernel K || x € L? ewist uniquely.

If p=1(g=oo), then at least one extremal kermel K| x € L™ exists, but there may
be an infinity of such extremal kernels. An extremal function @ € H' need not exist,

and there may be an infinity of such extremal funciions.

It should be emphazised, once more, that the main difficulty in all previous
treatments of extremum problems of our type lay in establishing the identity (0.4.4).
It is, we think, an interesting example of the power of certain results in modern
‘abstract’ analysis that we shall obtain, at least when 1<p < co, both (0.4.4) and the
existence of an extremal kernel in a few lines from the familiar Hahn-Banach exten-
sion theorem for bounded linear functionals on normed vector épaces." This is pos-
sible since (0.3.3) is the general form of a bounded linear functional on the Banach
space L?, if 1 <p<oo. For p= oo this is no longer true. Nevertheless, the extension

theorem leads to the same conclusion, though in a rather more delicate way.

0.6. In any concrete extremum problem of our type it will be desirable to de-
termine either an extremal function @ or an extremal kernel K. This, of course, is

! We exclude, throughout, the trivial case when I (¢)=0 for all ¢ € H?,

? The unique existence of K was first proved by Doos who studied the Minimum problem in L7,

8 BANACH, p. 55. We require this theorem for complex valued functionals (BoENENBLUST and
SoBczYK); compare HILLE, p. 20.

19— 533806. Acta mathematica. 90. Imprimé le 3 décembre 1953,
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usually impossible. One would then wish to have at least some indication as regards
the possible forms of @ or K. In certain cases such indication can be obtained from

the following remark.
By (0.4.4), and since M, (®)=1, we shall have I (®)= M, (K). On the other hand

2n 27
1 1
(061) I(¢)=ﬂf@KdtSé;Jvld}KldtSMq(K)
0 1]

A simple discussion of the two signs of equality here shows that we must have
(0.6.2) arg (d) HK (t)) =0, ‘q; (t)‘lm =4 | K (t) ll/p.

Now @(t) is the boundary function of a certain associated function F(z)€ H,.
If also x(f) is the boundary function of an associated function % (2), regular and with
bounded M, (k, ) in some annulus p<|z|<1, then K (¢) will have corresponding pro-
perties. In this case it is possible to employ the Schwarz principle of inversion and
to continue the function F(z) K (2) across |z|=1. This method was used in the mero-
morphic case treated in [M-R]. It followed then that F(z) K(z) was a rational fune-
tion. From this we were able to determine the possible forms of F(z) and K (z)
themselves; @ and K always exist in this case even when p=1. However, we had
again to use heterogeneous results and arguments to obtain these forms. In the present
paper we shall regain all this by a self-contained uniform method.

1. The classes Hp, and HP.

1.1. Throughout this paper we have 1<p<co. The classes L” and H,, and
the mean values therein, have been defined in the introduction. We require the

following known properties of the functions f(z) € H,:
(i) The radial boundary values

(LL1) P ()= ()= lim f(ré")

exist p.p.! o

(i)' If r—~1—o, then f(re'')5 ¢(f). By this we mean

(1.1.2) J'n|/(re”)—<p(t)|"dt—>0

! Compare ZYGMUND, p. 162—164. If p < oo, then p-convergence is ‘strong’ convergence of
order p. If p= oo, this is not the case since strong convergence then means uniform convergence p. p.



On certain Extremum Problems for Analytic Functions. 293

when p<oco. If p=oco, we mean bounded convergence p.p. It follows, in both cases,
that ¢ (1) € L” and that

(1.1.3) M (f,r)=> M, (p)
as r—~>1-—o.

i) If fz)eH, and if p(t)=0 in a set of positive measure, then f(z)=0. This
theorem is classical! in the case p= oo, and it also holds? for functions f(z), regular
i |z|<1 and with bounded characteristic

2n
) = 1 + it
(1.1.4) T (r)= 27Zflog [f(reh)|de.
)
Now, if f(z) e H,, then
(1.1.5) T (r) < log My (f*, r) < log (1-+ M, (f, n)) < log (1 + M, (f, 7)),

where f*=max (|f|,1), since the geometrical mean of |f*| is not greater than its

arithmetical one.

1.2, If ¢(t)eL” we write its formal Laurent expansion

(1.2.1) p(t)~ > cpé*t
where
X 1 2n
—_— —ikt
(1.2.2) k= 5 f(p(t)e dt.
0

Let H” denote the class of boundary functions ¢(¢) = f(e'') where f(z) e H,. By
§ 1.1 (i), H” < L”.

The following theorem is certainly not new. We are, however, unable to quote
it and hence add its simple proof.

Theorem 1. The class H” 1is the class of all fumctions ¢(t) € L? with formal
Laurent-Taylor expansion

(1.2.3) o(t)~ § ox 6™,

1 F. and M. Riesz; see also ZveMUND, p. 145.
2 R. NEVANLINNA, p. 197—198.
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Proot. (i) Let f(z)=> cv2* € H,. Then, for r<1,
0

2n
1 ity ikt 7, _ | Ck kZO_
{a) 2nff(re ye " dt {O fork<0
0

Hence (1.2.3) follows from f(re'*) 3 ¢ (t). Also ¢ (t) € L” (§ 1.1).

(i) Let (p(t)~%:ck e* e L?, so that

2n
_1__ ikt _ Cr kZO.
(b) 2nf¢p(t)e dt= {O for E<0
1}
Hence, for k>1,
2n . 2n
(c) ck=71—tf<p(t)cosktdt= —%f«p(t)sinktdt.
o 0

Writing g=u—1v, cx=a,—1b,, we see that v €L?, veL”; that u has Fourier
coefficients ai, br and that v is conjugate to u. Next, the function f(z)=§ck 2F is
regular in |2|<1, since ¢, —0. Also, with obvious notations, u (re'*)~wu(t), v (re'*)~>v(f)
p.p., and® u(re'’) 7 u(t), v(re‘) 5 v(t). Hence f(ré‘)~@(t) p.p. and f(ré?) + ().
It follows that M, (f,r)+ M,(p) if r 11, so that f(z) e H,.

We note that f(z) and ¢(f) determine each other uniquely p.p.

2. Equivalent kernels.

2.1. Let x(t)eL® where %}+ (.1; =1. A kernel »*(f) € L® is said to be equivalent

to »(t) (in L°), and we then write »*| x, if
2n 2n

(2.1.1) J.q)(t) w* () dt = f(p(t) x(t) dt

8
for all ¢ € H°. The integrals exist, by Hoélder’s inequality.
Theorem 2. x*(t)|[%(t) (n L% if, and only if,
(2.1.2) w(t)=x(@t)+ely ()

where y (t) € H°.

1 Compare ZYGMUND, p. 87.
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Proof. (i) If x*| %, then »*—x€ L% and hence y(t)=(x*¢)—x(t)) e '* € L% Let
ety (t)~Dcxd*. Putting @(t)=e ™, with k<0, into (2.1.1), we see that cx=0 for
E<0. Hence y € H°, by Theorem 1.

(1) Suppose that »* is of the form (2.1:2). Then, clearly, x* € L?. Now, let
f(zyeH, and g¢(z) € H, be the functions associated, by Theorem 1, with ¢ (f) € H” and
v (t) € H%, respectively. By § 1.1 (ii), it is possible to apply Cauchy’s theorem to the
function f(z) g(z) on the unit circle |{|=1. This gives

2n
(a) [etyy@)yetdt=—i f1f<5)g(c>dc=o,

0 1£1=

which is equivalent to (2.1.1). Hence x*||».

2.2. Let #(t)~ 2 cx € € L% TFor some applications it is of interest to know
Y]
whether », (1) € L%, where »,~ > cx€'*.
(1) 2 ()|l (t) if, and only if, %, (t) € L. This is obvious.
(@)t If 1<gq<oo then x (t)| =)

We sketch the proof the formal details of which are easily verified. If x=u—1v,
then w€L? velL® If 4 and & are the conjugate functions of 4 and v, respectively,
then it is known? that €L 6¢€L% Now, putting ¢o=a—1%p8,, one verifies that
#,=U—1V where

(b) U=3(xg+u+s), V=3(f+v—4a).
Here U €L VelLf so that » € L%

(i) Swuppose that
(221 Q)= Son”

is regular in some annulus ¢ <|z|<1. Then x,(t)| = ().

[1] .
For, k,(2)= 2 c,2" is régular for |z|>p and hence x,(f)=k (¢'*) is bounded, so

that », € L® < L2

1 Compare CARLESON.
2 See ZYGMUND, p. 147.
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2.3. It is convenient to use geometrical language. We consider the equivalence
classes of functions y € L” as ‘points’ in a ‘space’ L”: if y; = y,, then yx; and y, de-
termine the same point in L?. This space becomes a Banach space on introducing

as metric the norm

(23.1) 2l =1lxllo = Mo (2)-

The ‘triangle inequality’, that is ||y + 721l <l 71| + I 221l is here Minkowski’s inequality
(2.3.2) M (g1 + 22) < M (1) + M (x2)-

Convergence in the space L” is ‘strong convergence’ according to the norm: In =%
is || gn —gllo—>0. If 1<p<oo, this is also y» 5 x. If p= oo, however, it is . (£)—> % (t)
uniformly p.p. and not just boundedly p.p., as y» =y denotes.

Theorem 3. The set S, of all »*||» 1s closed and conver in L°.

Proof. From the definition (2.1.1) of equivalence it is clear that x, | and
#p,—>x* imply *||%. Hence S, is closed. Again, by (2.1.1), if || %, .| #, then
A s+ (1= A) %y || ¢ for any complex 4, and, in particular, for 0< A <1. Hence S, is

convex.

24. Let »*|[». By (2.1.2), »*=x—24 where 1€ H°. The A form a linear sub-
space A < H® which is characterised by the property

2n

(2.4.1) [@@)A@)dt=0 for all ¢eH”.

0

We call, therefore, A the annihilator subspace of H® (in H?).

3. Extremal kernels and extremal functions.

3.1. Given %€ L% our integral
2n

1
{3.1.1) I{p)= 9m f(p(t) x(t)dt
0
is a bounded linear functional on the subspace H” of L”. Its norm, on H?, is de-
fined as
(3.1.2) WZll,,=lIll= sup |I(p)|, @eH"
liply=1

Its determination is (after an obvious normalization to M, (¢)=|l@||=1) exactly our
maximum problem in H?,
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We also write, with the notation in § 2.4,

(3.1.3) 0= inf Mo (") = int [|5"[lo = inf[|e—All,

x* || x

so that 4, is the distance of the given kernel x» from the annihilator space A.
By Holder’s inequality
(3.1.4) " HESH
QOur main aim will be to establish equality here.
We shall, usually, exclude the ‘trivial’ case ||I||=0; that is, I(p)=0 for all
@€ H”. In this case e’ x € H% as we see on putting ¢ =¢ *** for k<0. Hence x| 0

and 4,=0. Conversely, 6,=0 implies |[[[|=0, by (3.1.4). Thus, in the trivial case,
we have equality in (3.1.4).

3.2. A kernel K| % is said to be an extremal kernel (associated with x) if
(3:2.1) 1K ]le =4,

so that the inferior in (3.1.3) is a minimum attained at K. In the ‘trivial’ case

6,=0, K=0 1s an extremal kernel.

Theorem 4. The set S¥ of all extremal kernels K| x is either empty, or convex
and closed i L°.

Proof. The sphere | y|l,<9,, with centre 0, is convex (by (2.3.2)) and closed
in L% Hence S¥, the intersection of the convex and closed set S, with this sphere,
is either empty, or convex and closed in L9

We shall later see that, actually, S is not empty.

3.3. A function @ € H? is said to be an extremal function (for I) if ||®||=1 and
(3.3.1) L@o)=(1].

Theorem 5. If ||I||>0, then the set E of all extremal functions ® is either empty,
or closed and convex in H”.

Proof. (i) If ®.eE and D,~P (in L"), then, clearly, ®€H", @12l
and I(P,)—~I(P). Thus ||®||=1, I(P)=|I|, and D €E: E is closed.

(ii) Let @, ¢E, ®,¢E, and
(a) OP=AD,+(1-4)D,, 0<A<]1.



298 W. W. Rogosinski and H. S. Shapiro.

Then @€ H? and

(b) I(®)=AI(D)+(1-A) (B =|I]],
while
(c) l@oll<4] @, |+1-4)|2.=1.

Also || ®|| >0, because otherwise @ =0, I(®D)=|{I||=0. Hence || P||=3 where 0<&#<1.
It follows that 9 '@ e H?, |9 D||=1, and

(d) WZlz11 (3 @)|=97" 1 (@)=o7" | T]I=|| 1],

so that #=1 and @ €E: E is convex.
We note that, in the trivial case ||Z||=0, I(¢)=0 for all p € H?. E is the
sphere |@||=1 which is closed but not convex.

4. Extremum problems in normed linear spaces.

4.1. The situation we are dealing with becomes clearer when we consider it as
an instance of a more general one.’

Let X be a normed linear space over the field of complex numbers. The norm
for any x€X is denoted by | x||; it satisfies, in particular, the triangle inequality
g+ 22l <llsall + 1 22ll- I B is a (bounded) linear functional on X, its norm is
defined as

(4.1.1) | Bl|= sup |B(x)|, xeX.
1§ (t=1

With this norm the B form the ‘conjugate’ normed linear vector space X* of X. In
particular, || B|| satisfies the triangle inequality.

Now let @ be a linear subspace of X, and let I be a linear functional on @.
Its norm, on d5, is

(4.1.2) IZlle= sup |I(p)|, ¢e®.
Hell=1

In particular, a B on X becomes an I on @ by ‘restricting’ it to the ¢ € @. Clearly,
(4.1.3) | Blle <1 B

A functional B*e€X* is said to be equivalent to I if B*(¢)=1(¢p) for all ¢ € D;
we then write B*||1. Clearly, || B*|lo=]|Illo so that, by (4.1.3),

(4.1.4) IZ]lo< int || B*]|.

B*II7
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Theorem I. The set S; of all B*||I vs closed and comvex in X*.

The proof is like that of Theorem 3.

4.2. A functional B¥ ¢ X* is called an extremal functional, associated with I, if
B*||I and

(4.2.1) [ B*{| = min || B*|.

Bs||1
Theorem IL The set SF of all extremal functionals” B¥||1 is convex and closed
n X"

The proof is like that of Theorem 4, (2.3.2) being replaced by the triangle in-
equality in X*. That S} (and hence S; in Theorem I) is not empty, is part of the
following theorem, which expresses a general ‘principle of duality’ connecting a maxi-
mum problem in X with a minimum problem in the conjugate X*.

Theorem IIL. There exists at least one extremal functional B¥||1. Moreover

(4.2.2) 17llo = sup |1(g)| = min || B*||=|| B*||.

lell<1

Proof. By the Hahn-Banach extension theorem for a normed linear space over
the complex field?, every I on @ is the restriction of some B*€X*: B*||I. More-
over, there is at least one such B¥||I, for which || B* ||=||1||s.

We note that, if B is a particular linear functional équivalent to I, then the
B*||I are exactly the linear functionals B*=Bj—L, where L(p)=0 for all ¢ € ®.
The L form a. linear subspace A of X*, the annshilator space of @. We thus have

(4.2.3) || B¥*|| = min || B} — L||= 6.,

LeAd
so that &8; is the distance of any Bj from A. Again, S; is a ‘parallel’ at distance
61, to A

4.3. The space X is said to be ‘strictly convez’ if
(4.3.1) 22+ zall =l 22l + Il e

holds if, and only if, a, x;=a,y, Where a,>0, ay3>0, a,+a,>0.

Theorem IV. If X* is strictly convex, then there exists exactly one extremal func-
tional B | I.

1 Compare HILLE, p. 20. For ‘separable’ spaces, like L?, the proof of the extension theorem
does not require transfinite induction.
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Proof. Let B and B¥ be extremal functionals. Then, by Theorem II,
B¥ =3 (Bf + BY) is also extremal. Hence
|4 (B¥ + BE) =11 Tllo =2 (Il BE || + || BE D
Since X* is strictly convex, it follows that, say, B =1 B¥ where 1>0. But
| BE(=IIBfl=|lI|le so that A=1.
4.4. A point ¢* € P i said to be an emtremal point, for I, if ||@¥*||=1 and if

(4.4.1) I(@*) = max | 1(@)].

We note that, if ||7[|s>0, and if € D, ||@||<1, and I(¢)=||I||s, then ¢ is extremal.
For, certainly, ¢ +6 where O is the zero point of X. Now, if ||@|=4, 0<1<1,
then |2 '@||=1 and thus [I(A7'¢)|<||I||ls. On the other hand, I (A 1g)=A""1(p)=
=AY Ille=|I]lo. Hence A=1 and ||@||=1.

Theorem V. If ||I]|6>0, then the set EF of all extremal points ¢¥* for I is
either empty or convexr n X.

The proof is like that of part (ii) of the proof for Theorem 3.

We also note that, if @ is a closed subspace of X, then E¥ is also closed.

Theorem VI. If X s strictly convex and if ||I|le>0, then there exists at most

one extremal point ™ for I.

The proof is like that of Theorem IV.

4.5. The space X is said to be (locally) weakly compactl, if, given any sequence
{x»} iIn X with [[4.]|<1, there exists a subsequence {),} and a y€X such that

(4.5.1) B (xn,)~>B(x)

for every BeX™,

It follows that ||x||<1. For, |B(ya,)|<||Bll|lx~,lI<||Bll, and hence, by (4.5.1),
|B(y)|<||B|| for all BeX*. Now, if y+0, there exists? a B such that B(y)=1 and
| Bll =[xl Hence ||x]|<1.

Theorem VII. If X is weakly compact, and if @ is a closed subspace of X, then
there exists at least one extremal point @™ for I.

1 Such a space is reflexive, and vice versa; compare HiLrLe, Theorem 2.11.2; BOURBAKI,
EBERLEIN.
2 Compare BaNach, p. 55 and 57.
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Proof. We may assume that ||I||¢>0. Then there exists a sequence of g, € P
such that ||@a]|=1 and I(@s)=B*(ga)~>|I|le for all B*|[I. Since X is weakly
-compaét, there exists a subsequence {g.,} and a y€X with lxl|<1 such that
B(gn,)—~>B(y) for all BeX* and, in particular, for all B*|[I. Hence B*(y)=[I[ls
for all B*|| 1.

On writing B*=B;—L, we see that L(y)=0 for all LeA, where A is the
annihilator space of @. Hence y € @. For, otherwise and since @ is closed, y would
have a positive distance from @, and hence there would exist® an L€ A such that

L(x)+0. Tt now follows, from our remark after (4.4.1), that y is extremal for I.

5. Existence theorems in HP.

5.1. The Banach spaces X=L? have the following properties:

(1) If 1<p< oo, then the general linear functional B on L” has a unique repre-

sentation
2n
1 .
(G11) B3 [10%0d,
0
where % € L? and || B||=||x||,. Hence, if 1 <p< oo, the conjugate space X* of L7 is

the space L% in the sense that X* and L° are isomorphic and isometric under the
mapping B<»x.

(i) f p= oo, the formula (5.1.1) does not represent the most general linear
functional on L*; the form of the latter is rather complicated.

If C is the subspace of the continuous functions ¢(¢), then the general functional

B on C is of the form?
2n

1
{56.1.2) B(c)= S fc(t) dut),
H
where the complex-valued function u(t) is of bounded variation in <0, 27}, and
1 27
(5.1.3) 1Bllo= 5~ [lamtl
0

This representation through u is unique, apart from an additive constant to u.

1 Coxhpare BaNacH, p. 55 and 57.
? Compare BANACH, p. 61—65, for real L?. The generalization to complex L? is easy.
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(i) If 1<p<oo, then L? is (locally) weakly compact!; that is, given any
sequence {y.} in L? with |x.]|<1, there exists a subsequence {y.,} and a y€L?
with ||%]|<1 such that

2n 2n
(5.1.4) [ gnpxdt— [ yxdt
0 0

for every »elL°.
If p=oo, (5.1.4) still holds, but is no longer equivalent to weak compactness
since (5.1.1) is not the form of the general linear functional on L.
If p=1, (5.1.4) does not hold.

5.2. The class H” is a closed linear subspace of L”.
For, let @, €H” and let ¢,—~>y in X; that is, a5 1 if 1<p<eoco, and ga—>y
uniformly p.p. when p= co. Then

2n 2n
(5.2.1) [@ntye ™ de~>[ yt)e ™ dt
(1] 0
for all . On taking r= —1, —2, ..., we see that y€ H".
The integral
2n
(5.2.2) I((p)=—2—1;f(pxdt, peH”, xel’,

we are discussing here, is a restriction to H” of (56.1.1). If 1<p< oo, then, con-
versely, the restriction of every B on L? yields an I.

Our maximum problem is the determination of ||I||y.

5.3. Theorem 6. If 1<p< oo, then there exists at least one extremal function D.

Proof. If 1<p< oo, this follows from Theorem VII.
The following similar argument holds also for p= co:
There exists a sequence {p,} in H” with ||@.]|=1 such that

2n

1
@ Lgn)= g [oandt= 1Tl
0

Hence, by § 5.1. (iii), there exists a subsequence {p.,} and a y € L? with |[x||<1 such
that (5.1.4) holds. In particular, (5.2.1) holds for the ., . It follows that y € H”
and hence that y is extremal, since I(y)=||I||z» by (a) and (5.1.4).

! Compare BanacH, p. 130—131.
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5.4. Theorem 7. If 1<p< oo, then there exists at least one extremal kernel K (E2
Moreover, ‘

(5.4.1) “I”mw= sup |I(‘P) |,= min ”"*”a = “K”a
lelt <1 x*|| %

This is an immediate consequence of Theorem III!, since I is the restriction to H?
of a general linear functional B on L°.

5.5. In the case p= oo, Theorem III is not immediately available. For, it is
not obvious that the extremal functional B¥ of that theorem should be of the special
form (5.1.1).

We shall require the following result due to F. and M. Riesz?:

Suppose that u(t) is of bounded variatior in <0,2x). If

(5.5.1) f"e”“dy(t)=0 (k=0,1,2...),

0
then w(¢) is absolutely continucus.

Theorem 8. If p=co, then there exists at least one extremal kernel K||u satis-
fying (5.4.1).

Proof. (i) Let C be the space of continuous functions c(f), and I' the subspace
of continuous y(t)€ H*. By Theorem III, there exists an extremal B¥* on C, such
that ||B¥||=||I||r and B¥(y)=1I(y) for all yeI. By (5.1.2), B¥ is of the form

2n
. . 1
(5.5.2) B¥(c)= o j c(t) du(t).
0
Now, ¢** eI for all k=0,1,2.... Hence
2n 2n
(a) [e*du)=[ e =@ de,
0 0
or
2n
(b) f ¢ d ({u—m} @) =0,

where p, (¢ f x(7)dr. It follows, from (5.5.1), that p—py is absolutely continuous.

Since p, is absolutely continuous, g itself is so. On putting u’(t) = K(¢), we have
K(¢)eLt and

1 Compare footnote on p. 299.
? Compare ZyGMUND, p. 158.
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2n

(5.5.3) B¥ ()= 51; J c)K(t)dt,

so that K||» in I". ‘Also ||K|l,=]|Z]lr, and hence K is extremal in I
(i) If we put K=#x+4, then A¢€L! and it follows, from (a), that

(c) fne“‘tl(t)dt=0 (k=0,1,2...).

Hence, by Theorem 2, K|» in H* itself. It follows that || I{|ze<|[K|l,=}Ilr.
On the other hand, clearly, ||I||r<|/I|law. Hence ||I|lz==||K]|;, and K is the

required extremal kernel in H™.

6. Uniqueness theorems.

6.1. We assume, from mow on, that |[I||>0.
If 1<p< oo, then L? is ‘strictly convex’. This expresses a familiar fact concerning

the sign of equality in Minkowski’s inequality (2.3.2).

Theorem 9. If 1<p< oo, then there exist exactly one extremal function @ for I,

and exactly one exiremal kernel K ||»%. Moreover
(6.1.1) 1(®)=||K|l.
This follows from Theorems 6 and 7, and from Theorems IV and VI.

Theorem 10. If p=2, and z(t)~_°§::° cx e, then ||I||2=§°|ck [* and
(6.1.2) K (t)~ é ox s B ()= {_z:| cx [2} =" 2 oy,

Proof. First, by § 2.2. (ii), K||». Also any x|/ is of the form »*=K+4*,
where 1*~ i;c;; é* € H2, Hence
@ 1= 3o+ Sl P 3ol =K

so that K is extremal. Clearly, | @||=1 and

1 2n o
Q 1@)-5- [ @R a=(3]eph=] K],
0

so that @ is the extremal function.
This theorem shows that all extremum problems in H? are of elementary nature.t

1 Compare [M-R], p. 297.
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6.2. Theorem 11. If 1<p<co, let D€ H® with || ®|,=1 and let K| » in L,.
Then @ s an extremal function for I, and K is an extremal kernel if, and only

tf, for almost all ¢

(6.2.1) DK ()=0

and

(6.2.2) [K@)['"=4|® @)™,
where

(6.2.3) A=\ 1|

If p=1, then (6.2.2) means

(62.9), IK@I=I11;
if p= oo, then

(6.2.2) |®@)]=1

for almost all those t for which K {t)=0.

Proof. Extremal functions @ and extremal kernels K are characterized by their

satisfying (6.1.1), and this equation can be written as

2n 2n

1 1

@ o [ oxa= L [ 10K [a= @1, I K=K .

0 0
The first equality here is equivalent to (6.2.1), and the second to (6.2.2).

If 1<p<oo, we have |[K(t)|?!=4%| D (t)|” and hence

(a) IZ]°=1K|]*=4] @|}> = 4.

This gives (6.2.3). Similarly, with p=1, ¢= co, we obtain (6.2.2),; one should observe
that, by § 1.1. (i), @ (t)+0 p.p. If p= oo, ¢g=1, we obtain (6.2.2)..

Theorem 12. If 1<p<oo, and if an extremal function D exists, then the extre-

mal kernel K is unigue.

Proof. The theorem is new only for p=1 [see Theorem 9]. We have @ ()==0
p.p., by § 1.1. (iii). Hence (6.2.1) determines arg K (), and (6.2.2) [or (6.2.2),] deter-
mines |K (¢)] p.p.

Theorem 13. If 1 <p < oo, then the extremal function @ ts unique.
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Proof. @ and K both exist, and the theorem is new only for p = oo [Theorem 9].

Now ||K|l¢=]|l]|>0. Hence K (t)+0 in a set E of positive measure. It fol-
lows that (6.2.1) determines arg @ (t), and (6.2.2) [or (6.2.2),] determines | @ ()| p.p.
in E, when some K has been chosen. By § 1.1. (iii), @ (f) is then determined almost
everywhere.

6.3. Theorem 14. If 1<p< oo, and if an extremal function @ exists, then the
extremal kernel K is unique. In particular, if 1 <p<oo, then the extremal kernel is

unIque.

Proof. The theorem is new only for p = co [Theorem 12]. Let K (t)=# () +¢'‘ A (2)
where 4 € H?. Then

(a) DHK@N=D () x(t)+e' D) A(),
where @ AeH! since ®¢eH”. Hence ¢'‘®(t) A(t) are the radial boundary values

G (¢'") of a function G(z)€H, for which G(0)=0. If we put G(2)=U (2)+1 V (2),
then, by (6.2.1),

(b) V()= —J (D1 % ).

Now, since G (0)=0, a classical formula by Schwarz gives, for 0 <r<]1,
L 2+ ¢

(c) G(rz)-—zyn. f V(rC)z_é_dC.

1£1=1

Again, by (1.1.2), YV (#{) T V () as r—1. Hence, by (b) and (c),

-1 [« {+2 ot
(6:3.1) 605 [S@oxmiias, £,
12i=1
so that G (z) is determined, and hence G (¢'*)=¢'* @ (t) A (t) is determined p.p. Since
D(t)+0 p.p., A() and thus K () are also determined p.p. by @.

7. The case p=1.

7.1. We have now proved all the clauses of Theorem A (of the Introduction)
- except those relating to the non-existence of extremal functions @ and the non-
uniqueness of the extremal kernels K, in the case p=1.

Before we turn to these clauses, it is of importance for applications to state a
case in which at least one @ exists. By Theorem 12, the extremal kernel K is
then unique.
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~ % . .
Given a kernel x (t)~ > cx ™, we associate with it, formally, the Laurent-function
—o0

(7.1.1) F@)~ 3 0.

Theorem 15. If p=1, x € L™, and if the associated function k(z) is reqular in
some amnulus p<|z|<1l, then there exists at least one extremal function ®. Also the
extremal kernel K || x is then unique.

-1 =)
Proof. The function k, (2)= D cx2" is regular for |z|>g, and k,(2)= D cx2" is
% 0

-1
regular for |z|<1. Also, as r—1, ky(re'‘)—sx,(t)= > cx€'** uniformly so that », (¢)
o0

is continuous. Hence x, (t)~§ck ¢ e H®, ky(z) € Hy, and ky(re'?) 5 2, (¢). Finally,
(a) k(ré)= = ().
Now let ¢ € H and let f(z) (e H,) be associated with ¢; that is, ¢ (£)=f (). Then

(0 10)=5- [ pOx0ai= = [ feeykeear

holds for p<r<1, since f(2)k(z) is regular in p<|z|<1 and because of (a) and
fre) T 9 (o).
Next, there exists a sequence of functions @. € H, with ||gn|=1, such that

() I (pm)—~> 11

The associated functions fn (2), plainly, are uniformly bounded in every fixed circle
|z|<r (<1), and hence are ‘normal’ in [z|<1. There exists, therefore, a subsequence
{ma} and a function F(z), regular in |z|<1, such that fm, (2)—F (z) uniformly in
every fixed circle |z|<r (<1). It follows that

(d) MI(F,T)zklili (fmk’ ’I‘)Sl,

so that F(z)€H, and ||®@||<1, where & (e H') is the boundary function of F (z).
Now, by (b),

(¢ Lm)= [ In, (69 a> = [ P bre)de=1 (D)
0 0

so that, by (c), I (®)=|1||. Hence @ is extremal.
20 - 533806. Acta mathematica. 90. Imprimé le 3 décembre 1953.
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7.2. In the following example, which was first discussed by L. Fejér and
F. Riesz!, there exists no extremal function @.
Let f(2)€H, with ||@|[=1, where ¢ (€ H') is the boundary function of f. We

consider the integral

(7.2.1) J(f)=_[1f(x)dx.

Since f(ré'') T @ (t), we can apply Cauchy’s theorem and obtain

(7.2.2) J ()= —-iofn(p ) etdt=1I(gp).

Here the given kernel is x(t)=(—2mie'’, 0); that is % (t)= —2mie’ for 0<t<m,

and x%(t)=0 for m<t<2zm An equivalent kernel is K (t)=zx (t)+nie'’; that is
K={(—mie', mie*). It follows that

(7.2.3) |7 ()| <.
It was shown by Fejér and Riesz that this estimate is best possible, so that || I||==

and K is an extremal kernel.
We shall now show that equality in (7.2.3) is impossible. Suppose that @ were
an extremal function, so that I (®)==x. By (6.2.1), we would have

=Ty _T_
arg D (t)= (2 t, 3 .
Since @ ¢ H', we have for all k>0,

2n E ] 2n
(a) 0=—if D)t de= [|Dt)| ™ de— [| D)™ dt.
0 0 7

On taking conjugate complex values, we see that this holds for all k. Thus the two
functions of LY, y,=<|®|, 0> and y,=<0, ®)> would have the same Laurent coef-
ficients. It follows that v, =y, and @=0, which is impossible.

7.3. In our second example the extremal kernel is mot unique By Theorem 12,
again no extremal function can exist.

We consider
n/2 n

1 1

(7.3.1) Ie)=— 11 e)dt—— | @) dt
2 nof 27;"7!

with

1 L. Fesfr and F. Riesz; see references,
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ey 4

<t< =

1 0sis<g

(7.3.2) x(t)={ —1 for g<t5n
0 a<t<2m.

Clearly, ||I]|<1. We shall show that |I||=1, so that %(¢), for which || x|=1, is an

extremal kernel.

S
“i'\%////.//////\R—i

Let R>0, and let f(z) be the function that maps the semi-circle [z]<1, Rz>0
schlicht onto the rectangle with vertices —¢, R—4, R and 0 in such a way that
1<> —1, +<>R, and —¢<>0 [Figures 1 and 2]. The whole circle |z| <1 is then mapped
onto the rectangle with vertices —¢, R—¢, R-+4, 4, and —1<>i. Also there is an

n=é?, 0<0<?—t, such that #<>R—1; and there is an 5" =¢'%, *=n— 9, such that

7*<>R+1.
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Let @ (t)=ilf ({) where {=¢"". Then |@(t)|dt=|f ({)|dt is the element of arc
along the rectangular map of |{|=1, while arg ¢ (¢) determines the direction of the
tangential vector to this map. Hence ¢ (£)>0 for 0<i<d, @ (t)<0 for n—F<t<m,
while ¢ (t) is purely imaginary on the remaining arcs of |{|=1. It follows that

/2
(a) I(‘P)_'_{f fl/(é' |dt +——{f flf(C)ldt}
1 L4 kg

®) |I(‘p)|2§_n{f+f|/(5)|dt:=—

0 n-9
On the other hand,

25
) 2allell=[ |7 ()|de=2R+4,

(1}
the total length of the rectangle. On replacing ¢ by =gl 112, we have ||¢* || =1
and |I(p )|>R_R;2 Hence, on letting R— oo, we find [|I||>1; and thus || I]|=1.

Next, it is easy to verify that the function

2

l—g 1—2

(1.3.3) w=g ()= — | — 222}, emgimit
l1+e 1-2
T+2/

‘where the root has the principal value, maps |z|<1 schlicht onto the circle [w|<1
slit along the real interval —1<w<0, in such a way that 1<> —1, ¢<>0, —1<> —1.

Now, we may add to our extremal kernel » in (7.3.2) the boundary values
£g(¢), t=¢"*, to obtain an equivalent kernel x*. If we can prove that || »"||=
—=Max|x*(t)|=1, then »* is also an extremal kernel; we have then an infinity of
extremal kernels, by Theorem 4. First, |»* (t)|=1 for # <t <2, since |g ({)|=1 and

%=0 there. So we have to prove that |»* ()| <1 for 0<t<z. For reasons of sym-

4
metry, we may assume that 0<¢< -

2
Now, for these ¢,
{d) 1—T—C=—'ta,nt/2 P Vtan
v " ’ 1 + C

80 that

1—Vtan t/2) .

- _ = —h2(),

(e) g{8)= (1 Ve i )
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say; and x* (t)=1—¢'*2%(t). Hence

() | * (&) |P=1—2 cos ¢ h® (¢) + h* (t) = 1 + A% (£) [A® (t) — 2 cos t].
Y

If we put A=Vtan ¢/2, then 0<1<1, cost=i—+j:;, and

. _ 1—/1)2_ 1-2__ PG
(g) B () =2 cos t= (1+1 1+ 48~ 1T+ +AY
where

PAy=Q-AA+2MH-2(1+2)21-21Y

(h)

=—[1-2) B2+ +(1-1%)(1+34)]<0.

Hence |«* (t)|<1, by (f).
74. The following simple example shows! that there may be an infinity of
extremal functions @; by Theorem 12, K will be unique in this case. Consider

2n

(7.4.1) I(¢)=%IJ‘ @ (t)ettdt.

Clearly, || I]|]=1 and & (f)=¢'* is an extremal function. Also x(t)=e*‘ is the extre-
mal kernel.

However, any of the functions
(7.4.2) D, ()={1+|a]?} et | —al? |a]<1,
is also extremal. For, @, (t) € H!, as boundary function of

Fole)={1+]a} " (c—a) (1-a2).
Also

2z
(a) 2LJ‘|e”'—a|2dt=l+|oc|2,
no
so that, clearly, || @,||=1 and I (®P,)=1.

8. Rational kernels.

8.1. In [M-R] integrals of the form

(8.1.1) I0)= 5o ff(C)f(C)dC=2—1;J<P(t)%(t)dt=1_(¢)

181=1

1 Compare [M-R], p. 307.
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were discussed, where feH, with boundary function ¢ € H”. The kernel function
f(z) was supposed to be meromorphic in |z|<1 with a finite number of poles §;
there, each pole counted according to multiplicity. Moreover, M, (f,r) was to remain
bounded for sufficiently large r <1, so that the boundary kernel

(8.1.2) % ()=¢"E(e")

belonged to LA

The function f(z) can be replaced by a rational kernel function f*(z), which is
the sum of the principal parts of ¥ at the ;. For, if »* is associated with f* as in
(8.1.2), then, clearly, x* || .

Our general theory shows that, in this rational case, the following holds:

I. @ always exists. For, in the only problematic case p=1, we may apply
Theorem 15.

However, if p=1, @ need not be unique as the example in § 7.4 shows.

II. K always exists uniquely. For, in the case p=1, we may apply I and
Theorem 12,

8.2. If @ (eH?) is extremal, we write F (2) for the associated extremal function
of H,. Similarly, if K|l » (€ L% is extremal, so that the associated function K (z) is
meromorphic in |z|<1, we put, in view of (8.1.2),

(8.2.1) KR@)=2"K(2)
and speak of the extremal kernel function 8 (z).

The main theoretical result in [M-R] was®:

Theorem 16. Let 1<p< o, and let ¥(z) have n poles B in |z| <1, each counted
according to multiplicity. Then there exist n—1 numbers o with |y | <1, such that

(i) & (2) has a unique representation

- , 2—oy Bt = _\2ie « I—Biz _ _2/q
(8.2.2) K@)=4T] ——1_&121_11-(1 @ 2) ) Dy (1—Biz)%9,
where T1’ is extended over all, some, or mone of the o with |a;|<1.
For no other function of the form (8.2.2) s K| ».
(i) F(2) 4s eatremal if, and only if, My(F,1)=|| =1, J (F)=1(®)>0, and
if it s of the form

1 [M-R], formulae (1.3.5) and (1.3.6), p. 277.
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(8.2.3) F(z)= BII" — H(l—aizz”’l—[(l Biz)"%".

Here T1" s complementary to H’ with respect to the a; with |o]<1.

The powers,. occurring wn both formulae, are principal determinations, having value 1
at z=0, v

We note that, when p>1 (¢< o), then all the o« are determined, through
{8.2.2), by the unique function K (z). Hence F(z), in (8.2.3), is then also fully
determined, in accordance with our general theory. If, however, p=1 (¢ = o), then
only the a; in J[’ are determined by R (z). If their number m is less than n—1,
then n—1—m of the parameters «; in (8.2.3) are arbitrary, and we obtain an in-
finity of extremal functions F (é) {and D).

8.3. If we write
(8.3.1) 1:[ B z(l B2 R (2),

then H (z) is regular in |2|<1 and belongs to H,. Moreover, if & (z) has a pole of
order p; at i, then the values of H (z) and of its first p;—1 derivatives at f§; are
prescribed. For, & (z) has the same principal parts at the f; as has the given kernel
t(z). Formula (8.2.2) now appears as a unique interpolation formulal

(8.3.2) H@E)=4

-1

o

—TT (1 -a2)*
Z71 R

for a function H (z) € H, with n prescribed ‘values’ at the ;. For p=2, ¢=2, this
is exactly the classical interpolation formula of Lagrange. For ¢= oo (p=1), we have

(8.3.2), H()= AII 2o,

—(ZZ

and for ¢g=1 (p= oo) the polynomial interpolation formula
(8.3.2) H@)=AIl'z~au) (1 —a2) [1* (1 —az)?
where []* is complementary to []' with respect to all the n—1 parameters o,
lou|<1.

- The interpolation formula (8.3.2), was first obtained by I. Schur?; and (8.3.2)c
by Kakeyal. ,

By Theorem 16, the solution of the interpolation problem (8.3.2) is equivalent

to the determination of & (z) and F (2), that is, to our original extremal problems.

1 Compare [M-R], p. 278-279.
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8.4. In [M-R], Theorem 16 was obtained, partly by quoting results of previous
writers, partly by generalising their methods of proof, and often only in a sketchy
way.! We now propose to give an independent and complete proof for Theorem 16.

We first require the following

Lemma. If F(z) and K(2) are some extremal function and the extremal kernel
function, respectively, then there exist n—1 numbers oy, with || <1, such that

S
|
-

(Z—‘(Xg) (1 — @ Z)

(8.4.1) L2)=F()K(2)=2F ()R (2)=Cz .
(=) (1—Biz)

S=NH-

Proof. As we remarked in § 8.1., we may assume that the given kernel f(2) is
rational. Also, by Theorem 2 and (8.2.1),

(a) K(z)=z(t(2) + G (2),

where GeH,. Tt follows that K (re'') ¢ K () as r>1—o. Also F(ré't)+ & (), since
FeH, Hence

(b) L) A@t)=D () K (2).
Again, by (6.2.1), for almost all ¢,
(c) A(t)=0.

We can now apply the Schwarz principle of continuation. For, because of (b), the
usual proof for this principle is here available. We ‘conclude that L (z) is a rational
function, satisfying L (z)= L (1/2).

The poles of L(z) in |z|<1 must be amongst the i, and with each such pole
there is also the pole B!, of the same order. Similarly, with every zero o in |z]<1
there occurs also the zero &', of the same order. Moreover, the zeros o; on |2|=1
must be of even order, because of (c). From this follows that L (z) is of the form
(8.4.1). '

Suppose, for example, that all f;+0. Then L (z) has a zero at z=0, and hence
has one, of the same order, at z= co. If this order is k, then exactly k—1 of the
@ are nought; and, in order that there be a zero of order k at z= co, we see that

L (z) must be of the form (8.4.1). The discussion in the general case is similar.

! Compare [M-R], footnote 3 on p. 293.
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8.5. To prove Theorem 16, we proceed in several steps.

(i) Given F(z) and & (z), the function L (z)=2F (2) & (z)=F (2) K (2), and hence
C and all the o; in (8.4.1), are given. By § 8.4. (c),

'i:f' ot — lz
(8.5.1) lA@W|=4@)=2@O)K@®)=|C| f— -
1'11' | elt _‘ﬂi |2
Also, by (6.2.2) and (6.2.3),
(8.5.2) IK@|[=II]" A@ve, (@@=l A@)".

(i) The o in (84.1), for which |a|<1, divide themselves into the zeros of
F(z) and §(z) in |2]<1. Those of &(z) are, because of the uniqueness of this func-
tion, fully determined, even‘ in the case p=1, where there may be several F (z).
Also they do not coincide with any of the fi, since £ (z) must have the same poles
as f(2).

Consider the functions

(&) ﬁ*(z):.ﬁ(z)nll_&izﬁ Z—ﬂl , F*(Z_)=F(Z)H”1—&‘Z,

z—o 1 1-Piz z—oy

where [’ is extended over the zeros of &(z), and J]” over those of F (2), in |z|<1.

These functions have the following properties:

(x). &*(z) and F*(z) are regular, and =+0, in |z|<]1.

(B). K*(2)€H,, F*(2)€H,.

(Y). L*(z)=F"*(2) &* (2) is regular in |2z|<1.

@) |K* @) =" A@Ye, |@* @) |=|I[|"" A ()", where K* and ®* are the
boundary functions of &* and F*, respectively.

(iii) If we can show that any pair of functions &* (z) and F*(2), satisfying

(x)—(3), is determined, apart from constant factors of modulus 1, then our theorem
is proved. For, the functions

(8.5.3) f*(2)=4 ﬁ (1— & 2)% 1":1 (1-pBiz)%e
and

©.5.4) F@-BTla-a* fla-pa,
where

(8.5.5) l4l=T|M [, |Bl=[I{™*|c™,
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satisfy these conditions. This is evident for (a)—(y). As regards (3), we have, by
(8.5.1), '

n—1 1/q
- 1—[ lezt — |2
(b) |K* @) |=[4 |\ =lI"”[C[ele| @™
Il =5
oy .
and
n—1 1/p
H Ieit -0y |2
(C) I@* (t)l___lBl %____ =”I“_l’p|C|”’J|C|'1/p/1(t)m’.
IIlef =6
1

It will then follow that &*(z) and F*(2) are of the forms (8.5.3) and (8.5.4); and
these are equivalent to (8.2.2) and (8.2.3), respectively.

(iv) It suffices to consider &*(z), the proof for the determination of F* (z) being
analogous. Alternatively, once the form (8.2.2) for §(z) has been established, that
for F (z) follows from (8.4.1). Now, by (a), the principal determination of log &* (2)

is regular in |z|<1. Hence, by the formula of Schwarz,
2n it

(8.5.6) log & (rz) = %tf log | &* (ré') |Z”——*_-'—Z dt+1 arg 8 (0),
0

for all 0<r<1. If we can prove that this formula-still holds for r=1, then the
function §*(z) will be determined, apart from a constant factor of modulus 1, since
| &% (¢'*)|=|K*(¢)| is determined by (3). It, clearly, suffices to show that

(8.5.7) log | &* (ré'*)| 77 log | K* (¢) |

(v) We, first, note that

2n 2n
() [log|K* @) ||de= [ |log{[| ZI[" A (®)"2}|dt< oo,
0 0

since, by (8.5.1) and (3), the integrand involves at most logarithmic infinities. Hence
log |K*(2)| € L.

Next, by («) and (y), the function L*(z)=F*(z) 8" (2) is regular in |z]|<1, +0
in |z|<1, and has at most a finite number m, say, of roots y: on |2|=1. Each of

these roots is, by the way, of even order; anyhow, we count them according to

multiplicity. Now the function L** (z)=L* (2) T[ (z — )" is regular and =0 in |z|<1.
1

Hence |L**(2)|>d>0 in |z|<1. It follows that, for |z|<]1,
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1 F*(2) 1:[ (z=p)7! 1., m N
(e) g{*(z) = L**(Z) Sﬁ F (Z)H[z"‘yil ’
and hence, for r<1,
(f) log* —1— < log+1 +log" | F* (ré')| +log* {r ™ ﬁ le'* — |71}
| &* (rety| d i '

since |re't —pi|=r|dt—pirt|=r|dt -y
We now make the points ¢;, where y,=ei % centres of a set I; of intervals of
equal length and total length d<2xz. By the argument, used in (1.1.5).

1 - 1 s
Iy s

Similarly, and on account of (f),

1 +
(h) 5 f log
I

[

S oL i [ 1ad
dtsgnlog d+log{1+2nf|F (ré't) | dt;+
Is

g* (Teit)

+ 1 f]og* {r’"‘ ﬁle”—% l_l} dt
2n1 ) )
5

By (B), F*(re'') 7 @* (1) and ®* (re'’) ¢ e ' K* (). Hence the right hand sides of (g)
and (h) tend with r—>1—o0 to the corresponding expressions for r =1. But then these
expressions, and hence their sum, are small for small §, since @* and K* are inte-
grable. Since, by (d), log |K*| is also integrable, we conclude that, given £>0,

. I L * it _ *
(1) rl_glio2nf|loglﬁ (re'y| —log| K* (t) || dt<e,
15
provided that =4 (c) has been fixed sufficiently small.
Finally, we consider the complement Is of I,, Here we use the elementary
inequality :
la-b]

§) ]Ioga—logblsm,

and note that |L*(ré'*)|=d*>0 on I, for all 0<r<1. Hence, if |f*(re'‘)|=|K*
@], then

[&* (retf)|— | K* (1) ] < | R* (re“)~$?:e“)nd>* ®|.

(k) [log{&* re'’)|—log| K* ()| < &0 7
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and if |K*(t)|>| " (ré't|, then, similarly,

1) [log [&* (re'’) [—log [K* ()| <
It follows that

!ﬁ* ('re”)—-ﬁ* (eit) ”F* (,reit) I.
d*

;—nflloglﬁ* (re'’)|—log|K* (t)||dt<

I,
2n

(m) st flﬁ* (ré!) =& () [{| F* (re) | +] ° (1) [} e
Ellﬁ (re')— 8 (&)l (M, (" 1) + 1| 9° 15}

2 * # * ¢ 1
J'”qj ”p "S\ (76 -8 (€ t) ”a-

Here the right hand side tends to zero as r—1-—o, since &* (re'') 7 &* (¢%).1 The
interval set I5, in (i), can, therefore, be replaced by the whole interval <0,2zx).
Since £>0 was arbitrary, (8.5.7) follows, and Theorem 16 is proved.
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