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1. Introduction

We make a detailed study of certain L-subalgebras of the algebra M(T) of bounded
regular Borel measures on the circle. These algebras constitute perhaps the simplest case in
which one can investigate the interplay between the convolution measure algebra structure
of M(T) and the arithmetic of the underlying group T. Of course there is nothing new in
considering M(T), more generally M(G) for any locally compact abelian group &, as a
Banach algebra and as an L-space, but the study of the blend of these structures (i.e. the
convolution measure algebra approach) has gained considerable impetus in the last few
years. In particular J. L. Taylor has, in a brilliant sequence of papers [19], [20], [21], [22],
[23], [24], [25], located the “‘good’ subalgebras of M (@) (crudely those with group maximal
ideal spaces) in terms of the so called critical points of the maximal ideal space A(G) of
M(@). However, for non-discrete G, the residual structure of A(G) is largely unexplored and
a cardinal objective of work of the present kind is to obtain more information in this area.

The work of Yu. A. Sreider in [17] leads to a description of the elements of A(G) as
generalized characters (see § 2). In particular M(G) can be exhibited as an inductive limit of
certain single generator L-subalgebras, then, by duality A(G) appears as a projective limit
of simpler maximal ideal spaces. Moreover Taylor shows in [19], that, given any convolu-
tion measure algebra N (e.g. a single generator L-subalgebra of M((¥)), there exists a compact
abelian jointly continuous semigroup X(N), the structure semigroup of N, such that N is
embedded as a weak % dense L-subalgebra of the measure algebra M(Z(N)) and the complex
homomorphisms of N are induced by the continuous semicharacters of X(N). So far these
general tools have had little impact on the discussion of the fine arithmetical structure of
A(G), indeed Taylor exclaims in [25] that “generalized characters are clearly impossible
to understand,” thus we believe that the time is appropriate for specific local studies.

Of course there is no difficulty in describing the maximal ideal spaces of the subalgebras
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which we have dubbed “good”. Alongside these good algebras we should consider the
L-subalgebras introduced by R. Arens and I. Singer in [1] because their maxima)l ideal
spaces are straightforward to find (loc. cit.) and a good deal is known about their structure
semigroups (see [19]). Apart from these cases we know of no previous descriptions of struc-
ture semigroups of L-subalgebras and the few successful descriptions of particular general-
ized characters have depended on the study of local behaviour on either (a) measures whose
support set is independent (so that arithmetic is legislated out) or (b) measures with strong
arithemetical properties on special groups (so that the arithmetic is forced to be amenable).
The prototype for all this is another Sreider paper, [18]. Under (a) the basic source is [11] by
E. Hewitt and S. Kakutani. This was extended by A. B. Simon, [16], and his arguments
simplified in [4]. As far as we know that is the only case (additional to the examples men-
tioned above) where the maximal ideal space of an L-subalgebra has already been described.
This paper is firmly under the heading (b) and we follow another Hewitt-Kakutani paper,
{12}, its elaboration by R. Kaufman, [14], and the work of B. E. Johnson in [13].

In fact by a Bernoulli measure algebra we mean an L-subalgebra of M(G) generated by
a probability measure g which is itself an infinite product of discrete probability measures
(U= *% 7210, the limit being in the weak % topology). Some of our techniques remain valid
in that generality (cf. [7]) but in the present paper we restrict severely the class under
discussion. In the first place we impose a strong arithmetical constraint by demanding that
G =T and that each 4, has two point support {0, d,} where d,/d, ., is an integer (which may
vary with n)—in familiar terminology u is generated by a Cantor dissection process with
varying ratio of dissection a reciprocal integer. The constraint that d,/d, ., be integral admits
reformulation for other choices of G, but, in all cases, the absence of such a condition ensures
that many of the questions answered explicitly here become number-theoretic problems of
great difficulty. We impose also the less essential restriction that the mass distribution is
uniform (i.e. §, =16(0) +44(d,)) to define the class B of measures 4 which will be discussed.
Our methods and results admit adaptation to the case where 8, =p 6(0) + (1 —p)d(d,,), with
0<p <1, p+4}, pindependent of n. But in the case where p =p(n) some additional subtleties
arise (cf. [2], [15]).

The second section is devoted to fixing terminology and obtaining preliminary results.
In § 3 we discuss the o(L*®(u), L'(u)) closure of the continuous characters for u in B. Thisis a
prerequisite for the description of the maximal ideal spaces and Silov boundaries of the
Bernoulli measure algebras in §§ 4, 5. Naturally we discuss also the restriction of A(T), and
of M(T) the Silov boundary of M(T), i.e. we discuss the extension problem for the local
algebras involved. The final section is given over to the identification of the structure semi-

groups which arise.



BERNOULLI MEASURE ALGEBRAS 79

We omit the study of the involution closed L-subalgebra generated by a measure u
which belongs to B. Although this can be partly simplified by the observation that, in this

case, ji is a translate of u, an adequate discussion would take too long.

2. Notation and preliminary definitions

T denotes the circle group realised as R/Z and M(T) the algebra of bounded regular
Borel measures on T with convolution multiplication. A subalgebra N of M(T) closed with
respect to the total variation norm is an L-subalgebra if HEN whenever y € M(T), v€N, and
1<y (u is absolutely continuous with respect to ».)

By a generalized character of an L-subalgebra N of M(T) we shall mean an element
%= () pen €I Tyen L (1) which satisfies:

GO() if u<v, then g, =y, (ua.e.),
GO) xpnr(@ +Y) = 2@ 2(y) (1 xvae),
GO(iii) sup {||y]|0: #EN}>O.

The third condition is imposed to exclude the trivial element of [ [ L®(u). Note that condi-
tion (ii) is different from the corresponding condition in Sreider’s original formulation where
he was at pains to pursue the formal analogy with the continuous characters of T. When
the algebra N contains the identity 6(0) of M(T) the supremum in (jii) is equal to 1. In
general the supremum is not greater than 1.

Every generalized character y of N gives rise to a complex homomorphism of N

according to the formula

and in this way the maximal ideal space A(N) of N can be realised as the set of all generalized
characters of N with the topology induced from the ¢(L*” (i), L'(u))-topology on each
factor in the product space.

For any continuous u€M(T), we write N(u) to indicate the L-subalgebra of M(T)
generated by u, and write S(u) for the space

{xu xEANV (1))},

with the o(L® (u), L'(u))-topology. It will also be convenient to denote by N°(u) the result
of adjoining the identity 6(0) to N(u). Then, of course, one has

{0 2 EAWN (1))} = S(w) U {0},
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where 0, the null function in L®(u), arises from that generalized character which is trivial on
{powers of) u but 1 on 4(0). The first step in providing a description of the maximal ideal
space of N(u) is given by the following observation:

(2.1) LocarizatioN LEMMA. The mazimal ideal space A(N®u)) of the convolution
measure algebra N%(u) is homeomorphic to S(u).

Proof. Let y be a generalized character of N°(u). Property (ii) of generalized characters
implies that y, uniquely determines y,» (n=1, 2,3, ...). However every member of N%(u)
is absolutely continuous with respect to 8(0)+ 2% 2~"||u|~"|x|", and x3()(0) =1. Using
GC(i) we see that y, uniquely determines y €A(N(u)). It follows that the restriction map
x> 2 ANu)) - S(u) U {0} is a bijection and that the union on the right hand side is
disjoint. Since the Gelfand topology is induced by the o(L®(»), L!(»))-topology on each factor
of [ Lieawoquy L (#), this map is continuous, hence, by compactness of A(N%u)) it is a ho-
momorphism to S(u) U {0}( = L*(y)). The trivial homomorphism maps to 0 and the result
follows.

Observe that if, say u" and u™ fail to be concentrated on disjoint sets, this imposes a
condition on membership of S(u). Even in the absence of all conditions of this kind the
requirement that e.g. (s+t)F>y,(s)x,(t) is well—defined for almost all s, ¢ in support (u)
and almost all s+¢ in support (4?) is a non-trivial constraint on S(u). This is a point where
arithmetical considerations are crucial.

Where it is possible to restrict attention to constant functions there is, of course, no
such problem of definition and it is easy to work direct from GC (i), (ii). In particular a
necessary and sufficient condition for u to have independent powers is, that S(u) contains
some constant (function) lying strictly between 0 and 1, or equivalently, that all constants
of modulus less than or equal to 1 belong to S(u).

It is clear that the generalized characters of an L-subalgebra N of M(T) form a semi-
group with multiplication defined by

(X-W)v=Xu~'Pv (va.e.) (V"’GN),

where the product on the right hand side of this equation is pointwise multiplication of
L=(v) functions. Of course the homeomorphism between A(N(u)) and S(u) induces a semi-
group isomorphism, where S(u) is regarded as a subsemigroup of L®(y). However it is
important to note that, in general, multiplication in S(x) is not jointly continuous.

We will denote the Silov boundary of an L-subalgebra N by 8(N) and make use of the
following result. (See [4].)
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(2.2) EXTENSION THEOREM. If y€A(N) satisfies |x,| =1 (v a.e.) for all vEN, then
2 €A(N) and hence there exists p € A(M(T)) such that p,=yx, (v a.e.) forallyEN.

In the particular case when N = N(u), it is sufficient to check only that |y ﬂl =1 (ua.e.).

We have already indicated our intention to focus on Bernoulli measure algebras, N(u),
where y belongs to a restricted class B of Bernoulli convolutions. In fact let (a,) be a sequence
of integers greater than one, write p,=]]"; a, for the nth partial product and write also
d,=(p,)'. The countable subgroup D of T generated by {d,:n=1,2,3, ...} will play an

important role in what follows. The class B comprises all measures of the form
= x F00)+8(d)),

where d(z) denotes the probability atom at x. The infinite convolution product converges
in consequence of Kolmogorov’s Three Series Theorem, {10], and all such measures are con-
tinous.

It will soon become apparent that the measures g in B should be classified into two
types. If sup, a, = oo, we shall say that the measure is fine. In the contrary case we shall
say that the measure is coarse. These epithets are suggested by the measure of thinness of a
set provided by Hausdorff dimension. In fact the support of a coarse measure has positive
Hausdorff dimension, whereas the support of a fine measure has zero Hausdorff dimension.

Of course the support of u belonging to B is given explicitly as

{ Elendn: g,=0orl1l (n=1,2,3 )}

Observe that this set will have zero Lebesgue measure provided infinitely many a,,’s are
not equal to 2. In this case, of course, u is a singular measure. On the other hand, if all but
finitely many of the a,’s equal 2, then u is a finite sum of translates of restrictions of Lebes-
gue measure to subintervals of T. In this latter case the Bernoulli measure algebra, N (u), is
precisely L(T) whose Gelfand space is well understood. For this reason we shall usually
concentrate on the class B’ comprising the singular measures in B.

A glance at the definition of g indicates that we should also study the L-subalgebra
Ap) generéted by N(u) and the atoms at points of D. We write 4.(u) for the L-ideal of
continuous measures in A(u) and A4(u) for the L-subalgebra of discrete measures in A(u).

Thus
Aluy=A4. () Ad(y)-

We close this section with some obvious statements about the mass distribution of u

in B, the objective being to establish some useful notation.
6 — 742908 Acta mathematica 132. Imprimé le 18 Mars 1974
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We write, for m, L€EN,

k
.um.k= "=2§+1% (6(0) + 6(dn)),

n= % 3(5(0)+ (),

n=m+1
m

and D,= { > edig=0o0r 1}.

i=1
Denote the characteristic function of the interval [z, 2+ d,,) by ¢, (). Then we have

p=2""( 3 d) % un)= 2 cnl(d)-p,
deDm deDm

and, for each d€D,, (m=1,2,3,...),

Cm (d) U= 2" (5(d) * :um)
This shows, in particular, that the space L*(u) is spanned by the measures

{8(d) % u,: d€D,; m=1,2,3,...}.

i=n+1

m
We write also D,.,, ={ > &dig=0or 1}

so that L'(u,) is spanned by the measures

{8(d) % t: d€ED, iy m=n+1,n+2,...}.

3. Constants in the closure of the characters

As a preliminary to describing the maximal ideal space of N{(u) we obtain some infor-
mation about those constants which belong to the o(L%(u), L*(u))-closure of (the restric-
tion to L”(u) of) the continuous characters of T. However Theorem (3.2) is of interest in its
own right. In fact Hewitt and Kakutani, [12], proved that, for every u€B satisfying
> 11/a, < oo, the closure of the continuous characters contains the entire unit dise. (Actu-
ally these authors placed the measures on the real line but their proof gives the (formally
stronger) result for the circle.) In (3.2) we obtain the same conclusion under the much
weaker hypothesis that u is fine. This is to be regarded as a generalization of Sreider’s
construction of “an unusual generalized character’” in [18). We note that Kaufman has
extended the Hewitt-Kakutani result in a different direction. In [14] he considers classes
of measures u, = % ;21 (16(0) + £8(¢, b,)), where the only restriction on the b, is that they be

positive rationals such that 252, b, <o and ¢ = (¢,) is a sequence of 0’s and 1’s regarded as
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an element of the Cantor set D(2)=IIZ(2). For a fixed choice of b,’s, u. has the Hewitt-
Kakutani property for all € in a dense G; of D (2). Observe that the auxiliary sequence ¢ is a
device for introducing lacunarity so that the strength of that result lies in the lack of arith-
metical constraint on the b,’s.

Using these ideas we have shown in [12] that the Hewitt-Kakutani property holds for
virtually all Bernoulli convolutions in the sense of Baire category. To be precise it follows
from results in [12] that for all but a first category subset of {b: b,>0, 22, b, <1} < [0, 1]
(the b, are not supposed rational) the ¢(L®(uy), L(u))-closure of the continuous characters
contains all constants in the unit dise, where u, = % ;2.1 1(6(0) +5(b,)).

We make use of a simple but powerful criterion due to Johnson [13]. (It would also be

possible to employ Theorem 3.1 of [12].)

(3.1) LemMmaA. Let u€B. Then z"¥ > in the o(L®(u), L'(u)) —topology if and only if
an(k)) > and 2** - 1 pointwise on D. ({ is the constant function in L™ (u) with value {.)

Proof. The linear span of the c,(d), d€ D, m=1, 2, ... is dense in L'(u) so that z2"*" -

in the o(L®(u), L*(u))—topology if and only if

Zme (d)fcm (0) 2" gy = fc,,, (@)z"®dy —~ chm (d)du= Cfcm (0) du,
for each d€D,,, m=1,2,.... But

fa(n(k)) =d€ZD 2" (d) | ¢, (0) 2"* dp,
so that the result follows.

It is now possible to state and prove.

(3.2) TeEOREM. Let u €B. Every complex constant of modulus not greater than 1 belongs
to the a(L™(u), LY (u))-closure of the continuous characters of T if and only if u is fine.

Proof of necessity. Suppose u is coarse, so that a =sup, a, is finite. For every integer %,

plk)= I:Il(% + 1 exp(2mikd,)),
so that | k)| < |cos (mkd,)|, n=1,2,...

Since the sequence (p,) is monotonic increasing and unbounded, there exists, for large
enough |k|, a positive integer n such that p, ,<|k| <p,_,. Hence (a,a, ;)< |k|d,<

a;'<}. Now |a(k)| <cos (knd,) <cos (7/a2). Thus limy e |ak)| <1



84 GAVIN BROWN AND WILLIAM MORAN

Proof of sufficiency. Having dispensed with the easy implication we give the main proof
in three stages. First we construct an auxiliary measure » on R, then we show that certain
values of the Fourier-Stieltjes transform of ¥ are admissible constants, and finally we check
that enough constants arise in this way. The reader will observe that under the relatively
mild hypothesis that lim inf @, = oo this proof can be drastically shortened. It should there-
fore be useful to bear in mind a “hard” case e.g. where the sequence (a,) comprises long
strings of 2’s interrupted by the subsequence 3, 4, 5, ...

Choose a sequence (n(7)) such that
ﬂ(])/7> j=l,2,3,... (1)

Define v; = *x ;5307 1(8(0) + 8(dn/d,5)), as & measure on R—in fact », is a positive measure
on [0, 2] with ||»,|| = 1. It follows that there exists a subsequence (v,y,) which has a o(M (R),
C(R))-limit », say. Without loss of generality we assume that »;—», and we clearly have
l»]| =1 =%[0, 2]. Also»is certainly not the point measure §(0).

Let 0 be any real number in 0, 4[. In view of (1), it is possible to find a sequence (0,)
of rationals in 10, { such that 6,—6 and

Pnp0; is an integer divisible by p,;_, (2)

(e.g. make the eventual choice p,;0;,=[00,,]Pn;—1, Where [ ] denotes integer part).

It is an easy deduction from (2) that
2P0% 1 pointwise on D, as j— oo. (3)
We now seek to prove that
|9,(0) = 2(pnin )| >0, as j—>oo. (4)

To cut down the formulae let us write w,=0;p,4%n im0 #=1, 2, ..., so that

w, <27"*(j+ 1)1 and the quantity to be estimated becomes

I—[% (1+exp (2miw,)) Z [1—-3(1—exp 2aiw,))| = Z sin mw, < 7/(j + 1).

n=1 n=1

Thus (4) has been established. Now since 6,— 0, exp(2xi0,x) converges uniformly on
[0, 2] to exp(2mi 0x). It follows that
14,(0,) — 5(0)| < |5,(8,) — ,(0)| + |5,(0) — #(6)]|
< sup |exp (27 6,2) — exp {27 0x)| + | 5,(0) — $(0)|,

0<r<2

and this tends to zero as j— co. Combining the last statement with (4), we deduce that
P Pnin@;)— #(0), and using (3) and Lemma (3.1) we see that
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2Pl € (where {=#(0)) in the o(L*(u), L*(u)) —
topology.
The constants in the closure of the continuous characters evidently form a closed sub-
semigroup of the unit disc (under the usual multiplication for C). Let us call it C(u). We

have just shown that #(8) €C(u) for all 0 < <}. Now for any positive real «,
n
Plafn)t= (fexp (2 miazx/n) dv(x))

= (1+ (2aia/n) fxd »(x) + O(n~2))"
=(1+ QmiaE»)/n+ On )"

Since v is a positive measure with compact support in R+, we see that lim, . #(ot/n)" =
exp (2nio K(v)) and that C(u) contains the unit circle. Since v==6(0), there is €10, 4[ with
|#(6)| =r<1. #(0)=1, so by the continuity of # and the rotational invariance already
established, we see that C(u) contains the annulus {{: » < || <1}. Since C(u) is a multiplica-
tive semigroup this implies that C(u) is the whole disc and the proof of the theorem is
complete.

Although Theorem (3.2) gives only negative information for coarse measures it is the
case that O(u) is never trivial for g in B’ and this is important for the discussion of the
maximal ideal spaces in the next section. For that reason we quote the next two results

from [5] with brief proofs.

(3.3) PROPOSITION. For every u in B', C(u) contains a constant with modulus strictly
between 0 and 1. In particular u in B is singular if and only if u belongs fo B'.

Proof. Suppose that u =B’ so that (a,) contains a subsequence (a@,,,) which contains
no 2’s. Then

'ﬂ(Pn(m)—l)I = 08 (72/@(my) €OS (72/2 Qyy) .- €08 (70/27 Apipmy) -

> fi cos(27/3-27) =3V3/4n.

Since z?»— 1 pointwise on D the first assertion follows from (3.1). (In view of (3.2) we need
this only in the coarse case although the above argument is more generally valid). The se-

cond assertion is immediate via the Riemann-Lebesgue lemma.

(3.4) ProPOSITION. Suppose u belongs to B', x belongs to T, and m, n are distinct integers,

then
O(x) % u™ L um
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Proof. Since the o(L®(u), L*(u))-topology is consistent with the compact Gelfand topo-
logy of A(M(T)), Proposition (3.3) guarantees the existence of a generalized character
% €A(M(T)) such that y, is a non-zero constant with modulus strictly less than one. Now

apply defining property (ii) of generalized characters.

(3.5) Examples. We are unable to make any more general statement concerning C(u)
when y is coarse and singular than that C(u) is a non-trivial proper subsemigroup of the
unit disc. However for any measure ¢ in B and integer m, the argument of ji(m) is congruent
modulo 27 to the sum ma 32 d, =2amE(u). Therefore if E(u) is rational the semigroup
C(u) can have elements on only a finite number of radii. (In view of (3.2) this proves E(u)
irrational for fine measures u but naturally this is easy to check directly.) One case in which
E(u) is certainly rational is the constant ratio case i.e. when (a,) is a constant sequence. For
example in the triadic Cantor case with a,=3, every element of C(u) lies on the lines 0 =0,
7/2, nt, 3n[2. More generally E(u) is rational when (a,) is formed according to a simple
repetitive pattern e.g. for a,,_, =p, a,, =g then E(u)=(q+1)/2(pg-1).

1t is not hard to make explicit construction of coarse measures u for which E(u) is
irrational, but it is even easier to demonstrate the existence of such measures. For example
consider the family of measures obtained by choosing each a, from {p, ¢} (where for defi-
niteness p>¢:>2). Suppose that u, corresponds to (ay’) and u, corresponds to (ai?) and
that these sequences differ first at the mth term, where a$y = q, a2 = p. Then

m=1
2B(uy)> 2 d,+d (g g o g L)
T

1

]

m

2E(us) <

I

1
d+d,(pt+p g +p g2+,
1

)

so that 29, (B(w,) — E(us)) = (plg(p— 1)) — (g/p(g— 1))
=(p—qp ¢ Q- (p—-1)"g—-1)")>0.

Accordingly there are uncountably many distinct sequences leading to uncountably many

distinet values E(u), and therefore for some measure in this family, E(u) is irrational.

4. Maximal ideal spaces of N(w.), A(p)

We propose to describe the maximal ideal spaces of the various convolution measure
algebras introduced in § 2. Since this description is necessarily complicated it would be

natural to restrict attention in this section to the simplest case, N(u). It soon becomes
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clear, however, that there is a close relationship between the complex homomorphisms of
N(u) and those of A(u) so that we will consider both cases. A further restriction we shall
make here is that we consider only B’ (the singular measures in B). This is justified by Pro-
position 3.3 which shows that we are ruling out only the case of a finite sum of disjoint

translates of Lebesgue measure where the corresponding results are easy to obtain.

(4.1) Recall that A(u) is obtained from N(u) by adding discrete measures supported on
D. In fact we have a direct sum decomposition A(u) = A4.(u) @ 4,(u), where A (u) is an ideal
and A,(u) is a subalgebra isomorphic with L!'(D). Using the properties of generalized
characters one sees also that every non-zero complex homomorphism of A4.(ux) induces a
non-zero complex homomorphism of N(u), hence there is a restriction map py from A(4.(u))
to A(N(x)).

Much more important is the existence of a cononical extension mapA: A(N{(u)) = A(4(u)).
Tt is reasonably clear that, given A and A(N(u)) (equivalently S(u)), A(A(u)) is determined. It
turns out that the first step in finding both A and S(u) amounts to the definition of a suitable
map y: S(u)~>D".

The definition of y is ensured by (4.2) and this leads to the definition of A in (4.3). At
this stage we have A(N(u))~ S(u) and A(4(u))~ S(u) U D. It remains to give an explicit
description of S(u)—indeed, since y is in general neither injective nor surjective, we must
give an explicit description of the image I'(x) of y and describe the fibresy—'{¢} for p € D.
This is achieved in (4.5-(4.9) where we make heavy use of the results of § 3. One description
of the topology of S(u) U D is quickly available (viz. S(u) has the o(L®(x), L(u))-topology
D the dual topology and the topology of the union is determined by the direct sum decom-
position of 4(u)) but it is possible to do better than this in (4.10).

(4.2) PROPOSITION. Let y be a complex homomorphism of N(u). Then there is a unique
character y(y,) = ¢ of the discrete group D such that if d€ D, then

1uld+2) =)y, (x)  (u,ae.) (L

Proof. Note first that, in view of the localization lemma, (2.1), y, + 0. We start by show-
ing that there exists a positive integer m, such that, if m >mg, y(u,)+0. Suppose, on the
contrary, that there is a sequence of distinct positive integers (m,) such that y(pm)=0
(¢=1,2,...). If d€Dy,,

X(8(d) % py)ms = X(8(D,, d) % pPms) = Xt )P = O,

and 80 y(8(d)* um)=0. Since the set of measures {3(d) % um: dED,,,‘, i=1,2,3,...} spans
LX(u), it follows that y, =0 and this gives the required contradiction.
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In fact we can prove that if m, is the first positive integer such that y(um) =0, then
% (4n) =0 for all m >m,. This follows immediately from the observation that um is a linear
combination of measures of the form (d) > u,, with d € D,,. As before if y(u,,) were equal to
zero, x(0(d)* u,,) would equal zero, as would y(u,,).

We define ¢ on D by specifying its values on {d,: m >m,} and verifying the properties

required to ensure extension to a character of D. In fact for m =m,, we define ¢(d,,) by
S (@) (fam) = %((dm) X fhm) (2)
Now suppose that d€ D, (m>=m,) so that we can write d=d'+d,, +dn,+... + dn,
where d’' €D, , and the m,’s are distinet integers not less than m,. Then
X(0() % ) X(fome) X(ms) - -« X pims)
= X((8(d") % 1) % (DA, % phmy)) ¥ ((Bns) ¥ fhmy) % -« % (8(dimg) % m,))
= x(é(dl) * ,um) ‘}S(dm;) x(,umx) ¢(dM2) x(,urm) .e- ¢(dm,) x(ﬂ"u)*

Consequently X(O(d) % py) = X(6(@") * ) $(dn,) dd,) - B(dm,) (3)
For m = k= my, d,/d,, is a positive integer (which, for this proof, we label ¢,) and we
have
‘l’(dm)qu(,um)qk = x(é(dm) * ,um)qk e x(é(dk) * ,um) x(ﬂm)qk_]’
which gives X(3(di) % i) = S X i), ()

Now for = >m,, we deduce from (3) with d=4d,,_,,d =0,

X(0(dm-1) * phm) = $(dm-1) X (i),
while, from (4) with k=m— 1, we obtain

X(0(d 1) % ) = $(dn)*™ X m)-
This pair of equations gives, for m >my,

$(dn)™" = $(dm-1)- ®)
Using (4), with the notational convention dy= 1, we obtain for n > m,,
() = Hd)"™ X (m)

and hence o{d,)m=1. (6)

Equations (5) and (6) guarantee that ¢ has a unique extension (denoted again by &) to
a character of D. Note, in particular, that for k <m, ¢(d,) = $(d,,)%, so that (4) can now be

rewritten as
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X(0(dy) % pam) = $(die) X (). (7)

For d'=d,, +d,,+...d, in D, _,, we have
X 1) % o) X(O(dny) % phrs) + - X(B(dy) % ph) = X(S(A) % om) X(ph)' ™" 8)

(where m = my, and both sides equal X(8(d") % un)).
The combination of (3), (7), and (8) at last gives, for m>m,, d€D,,

1(0(d) % pn) = (@) x(m)- 9)
To obtain (1) we must prove that for all v<u, and d€ D,
2(0(d) %v) =(d) x(») (10)

However, as we noted in § 2, the space L'(u,,) is spanned by the collection of all measu-
res of the form 6(d’) % u,,, where d’ € D, ,, and m >m,. Taking this fact into account we need

prove (10) only for these measures, i.e. we have to show that

2(0(d) % 0(d") % pm) = @(d) 2(0(d) % t,n)

for d’€D, ,,, d€D,, m>n, m>m, But, by (9), both sides of this equation are equal to
$(d+d")x(n,) and so (1) has been established.

To see the uniqueness of ¢, integrate (1) to obtain (9) which, as we have seen, deter-
mines a character of D uniquely.

This completes the proof.

(4.3) CorOLLARY. If y is a non-zero complex homomorphism of N(u), then there exists
a unigue extension y' =Xy) of y to A(u).

Proof. Let @ be the character of D which satisfies (1) of (4.2) (i.e. $ =y(x,)). For every
d€D, define y'(6(d)) =¢(d), and write also

Xo@ysun (@ + @) = $(d) X n () (u" a.e.).

Since every member of 4(u) is a sum of measures absolutely continuous with respect
to measures » for which we have so far defined y,, y; must be defined for all 1€ A(u) using
GC (i). In view of (3.4) and the that ¢ is a character it is easy to check that this definition
of ' is indeed consistent and does lead to a generalized character of A(u).

If 4" is any complex homomorphism of A(u) whose restriction to N(u) is y, then for

sufficiently large positive integers m,

¢(dm)X(‘um) = x”(a(dm) *‘um) = x”(a(dm))X(:um)a



90 GAVIN BROWN AND WILLIAM MORAN

where y(u,,) + 0. It follows that y(y') = y(x") and it is then simple to check, from the point
of view of generalized characters, that 5’ =y". The corollary is proved.
Restriction induces a canonical map p.: MA(N(u))) > A(A4,(x)). It is clear that p.oA is

the inverse of p, which is thus a homeomorphism. In fact we are now able to state
(4.4) THEOREM (i) A(4 (1)), A(N(u)), S(u) are homeomorphic and isomorphic as semi-
groups and homeomorphic as topological spaces.

(i) A(4(p)) ~ S(u) U D, where S(u) has the o(L>(p), L'(u))-topology, D has the topology of
the dual group and f,— ¢ (with f,€S(u), @€D) if and only if f,—~0 o(L®(u), L'(u)) and
Af,)—> in D. Moreover S( i), D have their usual semigroup structure, the group D being the
minimal ideal of S(u) U D according to the linking formula: f-B=v(f)- ¢ (f€S(u), p €D).

Proof. Given the remarks in (4.1) this is now routine verification.

We must now set about calculating S(u). The first step is a modification of an argument

given by Johnson in [13].

(4.5) ProPos1TION. Let f€S(u) and ¢ =A(f). Let f,(¢) be the member of L*(u) defined by
fald)= 2 $(d)c,(d),
deDy

where ¢, (d) is the characteristic function of [d,d+ d,). Then there ig a sequence (a,) of com-
plex numbers (|a,|<1) such that

ll2a fn () = Hll2r = O;

moreover it is possible to choose

an = f ) s ().
T

Proof. Let y€AN be such that f= xu Let X, be the (finite dimensional) subspace of
L2(y) generated by {c,(d): d€ D,} and let P, be the orthogonal projection onto X,. Since
Url1 X, is dense in L¥(u), || Pa(x,) = X ull 2oty = 05 s0 that it suffices to prove that

Pn(x/t) =X(,un) Z ¢(d)cn(d)
deDy
We note that {c,(d): d€D,} is an orthogonal set and
4 2
lew @l = ([en@rdis) =27

so that P, (x,)= 2"% K €n(@)) €4 (d).
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However
@) =27 [ 1,0 40000 % ) (2) = 277 [ria+du o)
which by (4.2) is equal to

27" (d) | X () A, () = 27" $(d) X(p2r),
and the result follows. '

This result also gives information about the image of .

(4.6) COROLLARY. If ¢ is the character of D corresponding to some homomorphism
% of N(w), then [T321 |3(1+ ¢(d,))| converges.

(Note. We adopt the convention that an infinite product [[3%; 2, converges to zero if

there exists a least integer m >1 such that [ [;2,, 2, converges to a non-zero limit.)

Proof. We choose m,, such that y(u,,) +0 for all m >m, (cf. the proof of (4.2)), and note
that, since gy, = (36(0) + 30(dps1)) * sy a0d | (A(%)) (6(dmsr))| =1, the sequence (|x(um)|)
is increasing to, say, a. Furthermore,

n

ffn(¢)dum°=2-"mz s@= 11 30+,

k=my+1

so that T l|%(l-i—<;5(d,c))|= a7 X (un) | +0,
+

k=m,

[

and the result is proved.
In fact, the condition that [ [;2; |4+ 34(d,)| converges is also sufficient to guarantee

the existence of a complex homomorphism y of N(u)such that ¢ =y(x,). Anticipating this
we define

C(p)= {(/) € D:nfjl 1+ é(d,) converges}.

Note that I'(x) is a subgroup of D—for, writing 2na, =arg $(d,), we see that the infinite
product converges according as does the series, 22, log cos za,. Thus ¢ in D belongs to
I'(y) if and only if >4 a2 < oo, and the rest is obvious.

We now give the essential “constructive” step in establishing the converse of (4.6).

(4.7) LEMMA. Let ¢ be a member of T'(u). Then there exists a subsequence of (f.(@)) which
converges (a.e. u) to a member | of L™(u).

Proof. Choose m, such that 1 + ¢(d,,) +0 for all m >mgyand define 8, = 17-n, (} + 36(d,))
for m=m, We define
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Ty =P (),

and claim that (z,,) is a martingale, i.e. that

f X108 =f x,du,
B B

for all Borel sets B in the smallest ¢-algebra B,, which makes z;, ..., z,, measurable. This

o-algebra is clearly generated by {c,(d): d€ D,}, and so it will suffice to prove that

fx,,,“cm (d)du= fx,,, (@) du,

for all d€D,, and m =mgy, my+ 1, my+2, ....

However
f Tns10n(d) dp = Pty f $(d) on1(d) + $(d+ 1) Cmss A+ i) dpa
= Bak1$(d) (1 + $(ds)) | emer(0) dps
=l $(d) 27" = iz f $(d) o (d) du = f T (d) de.

Thus (z,,) is a martingale, and, moreover, the expectation E(|x,|) of |z,| is equal to
§|%n|du=|B.| 2. Since (|8,|) tends to a non-zero limit lim E(|z,|)< oo and hence, by the
martingale convergence theorem (see [10] p. 319) lim z,, =« exists u almost everywhere.

There exists a subsequence (8,,,) of (8,) such that §,,,—~ £, say, where §+0. We now
see that f,,;)(¢) =Pmu)Tmu) converges to fz( =) almost everywhere with respect to u.

(4.8) LEMMA. Let ¢ belong to I'(u). Then any limit point | of the sequence (f,(¢)) (with

respect to pointwise convergence almost everywhere ) belongs to S(u).

Proof. It is possible but a little troublesome to verify directly that f satisfies the appro-

priate consistency condition—viz. for r>1, and x;€ support u,
[1 f(z,) is a well-defined function of > x;(u"a.e.). (1)
i=1 =1

We omit such verification of (1), since an indirect proof of this lemma is a corollary of the
proofs of (5.2) and (5.4). Naturally these proofs have been arranged to be independent of
the present lemma.

The last two results show that ['(u) is the image of y. We show now that the fibres are

simple to describe.
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(4.9) LemmaA. Let ¢ be a character of D corresponding to two homomorphisms y, x' of
N{u). Then there exists a ccmplex number a such that

%, =aX,.

Proof. 1t is obvious that y(X, X u) is the constant character 1. Thus we need only show
that if f€.S(u) and y(f) =1 then f is constant. But in this situation f,(1) is constant and equal
to 1, so the result follows from Proposition (4.5).

The next theorem which summarizes the basic information concerning the maximal
ideal spaces under discussion is to be read in conjunction with (4.4)—in particular S(u) U D
is realized as a topological semigroup according to the topological isomorphism with
A(A(u)) described there. Recall that u,, denotes the tail measure % 5_,41 3(6(0) +8(d,.)).

(4.10) THEOREM. Let =% ;21 $(8(0) +6(d,)) belong to B'. Then there exist continuous
semigroup homomorphisms y: S(y)—>D, ©: S(u) U D~ D such that.

(i) the image of y is the subgroup T(u) of elements ¢ in D such that [T21 3|1+ ¢(dy)]
converges, :

(ii) of p €l (u), Yy~ $) = {af: 0< |a| <1, a €C}, where | is a member of S(u) with constant
unit modulus which is a pointwise limst point of the sequence (2 gep, $(d)cn(d)),

(iii) f,~> f en (the metrizable space) S(u) if and only if Y(f,) >Y(f) and there exists a positive
integer m, such that [rf,(x)du, ()~ frf(@)dum(x) +0,

(iv) T is surjective and t=Y($) =y-HP) U {¢} for $€D.

Proof. Suppose yi° =y, (with y™, x in A(4(u))) then

X" (3 (@)~ 1 (% 0(d)) and 5™ () = (1)

for all d€D,,, so that if m is chosen large enough to make y(u..) +0, Y(x5") (d)~>¥(x,) (@)
proving the continuity of y. (i) follows from (4.6)-(4.8). In view of (4.7), (4.8) and the fact
that |f,(¢)| =1 for all n(¢ ET(u)) there certainly exists f € S(u) such that |f| =1 and y(f) = 4.
Since y has independent powers, for every non-zero complex number a with |a| <1, the
constant a€S(u). (4.9) now guarantees (ii).

For (iii) we consider /™, f€S(u) and write ¢, =y(f™), p =Y(f). Let x'™, 5 denote the
A-images of the elements of AN (u) determined by /'™, f. Suppose that ¢,— ¢ and there exists
m such that g,,(y™)—> fi.(y) +0. Then for any r =>m,

;am (X(n)) 2'!27 (X(n)) H %(1 + ¢n (dlc)) eﬂm(x)

k=m+1

T T

However, [T 3Q+¢.(d)~> [1 3Q+¢(dy)+=0

k=m+1 k=m+1
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and ) =fr(0) 11 30+ (@),
8o that (™) > (%)

Appealing once more to the convergence of ¢,, we see that
(6(d) % )~ (™) > (8(d) % )" (),

for all d€D,, all 7 >m. Since the measures in question span L(u), it follows that y” -y,
in the o(L*(u), L(u))-topology. The converse is immediate so that (iii) is established.

To define <, follow the isomorphism from S(u)U D to A(A(u)) by the canonical map
from AA(u) to D(~ ALY(D)). Surjectivity is immediate. Using the map p. defined before
(4.4) we see that t restricted to S(u) coincides with y. It is now simple to verify (iv) that T is
continuous. This completes the proof.

(4.10) has been formulated to correspond to a convenient visualization of A(N(u)),
A(A(u)) where we think of D as a base space. In the case of A(A(u)), at each point of I'(u)
a unit disc is attached by its centre, while at points of D\ I'(u) trivial discs are attached.
Convergence in A(A(u)) corresponds to convergence in the base space together with con-
vergence in the appropriate position along the corresponding discs. A(N(u)) is obtained by
identifying all the centres of the discs to the point at infinity which is then removed, but

the convergence respects the original indexing.

5. N°(p.), A(p) as subalgebras of M(T)

In this section we obtain further information on the maximal ideal spaces discussed
in § 4 with particular emphasis on the question of restriction from A(M(T)). From this point
of view it is more convenient to adjoin the identity 4(0) to N(u) obtaining N°u). The only
difference this makes to the maximal ideal space is, of course, that S(u) is replaced by
8%u) =8S(u) U {0}, the one-point compactification of S(u), where O respresents the trivial
homomorphism which takes the value one on §(0) and zero on N(u). We note at the outset
that, while the close relationship which exists between A(A(u)) and A(N°u)) will often
assist us to make statements concerning 8%u), we feel that no particular interest attaches
to the exercise of reformulating for 4(u) each property of N°u). Once more we restrict atten-
tion to 4 €B’ but now the subdivision of B’ into coarse and fine measures becomes crucial.

We start by showing that, when u is coarse, I'(u) takes a particularly simple form.

(5.1) PROPOSITION. Suppose that n€B’ is coarse. Then I'(u) conststs of all restriction to
D of continuous characters of T.
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Proof. Let ¢ belong to I'(u) and write 2, =arg $(d,). Let a =sup a, and choose m

such that
|ot,| <@~ for all n=m. (1)

Since D,, generates a finite subgroup of T, there is some continuous character y of T
such that y|p, = é|p,.. Suppose that v is induced by the integer k. Since y(d,) evidently
determines the value of y on D,,, we can (by adding or subtracting multiples of d;) suppose
that «, =kd,.

Now suppose that «, =kd, for some n>m. Then, since ¢(d,) = ¢(d,,,)*!, we must have
ny10n11 = kdu (mOd 1) . (2)
Using (1), | Ctns1@nis —kd,| <al+a-2<1,

so that the congruence (2) can be replaced by the equality «,,, =kd,.,, and it follows, by
induction, that a, =kd, for all n>m. This, in turn, proves that ¢ =y on D. The converse is
straightforward. For if tpE'i‘ then f,(y) +0 for some » and the definition of u,, as a weak x
limit gives the stronger assertion that []i2,.. (3 + }v(d,)) converges, and completes the
proof.

Note that the last paragraph of the preceding proof applies equally well to fine measu-
res, showing that I'(4) contains a copy of Z.

(5.2) CorOLLARY. For coarse u€B’, S%u)={af:|a| <1, f is the restriction to support u
of a continuous character of T}.

Proof. Let ¢ €I'(u) then there is ¢ €T with yp=¢ on D. Hence (Duep, $(d)c,(d)) converges
uniformly on support u to y. This establishes Lemma (4.8) for coarse measures. The rest of
the present assertion follows from the appropriate part of Theorem (4.10), provided we
note the convention that e.g. O-p =0 denotes the trivial non-zero homomorphism of N%u).

We are now in a position to give a substantial amount of information concerning the
u-coordinates of generalized characters of M(T) when u is coarse. It is convenient to adopt
the notation that if X is a subset of the maximal ideal space of any L-subalgebra containing
u then X, ={y, y€X}, (for example S(u)=A(N(u)),). We write also €(u)={a: a €C(u)}
i.e. C(u) is the semigroup of constant functions in S(u).

(6.3) THEOREM. Let y be a coarse measure in B’. Then

(i) (c1 Z),=C(u) - Z ,, where Z denotes the continuous characters of T canonically embedded
in A(M(T)).
(i) 6(M(T))ﬂ=8(N°(‘u))ﬂ, and both coincide with the circled hull of C(u)- Z,



96 GAVIN BROWN AND WILLIAM MORAN

(i) A(M(T)) . = A(N*(u)), and both coincide with the set {ay: a€C, |a| <1, p€L,}.
(iv) (el Z)FC a(M(T))ﬂC A(M(T))ﬂ.

~ Proof. Suppose f€(cl Z),. Then there is a sequence (y,) of elements of Z, such that
Ym~>f in 8%u). Thus, by (5.2), f=ay with a€C, |a| <1 and y€Z,. Hence y,p—a, whichis
now seen to belong to C(u). This proves (i).

Let us write H for the circled hull of (cl Z),. We check first that H<= O(N®w)). This is,
in fact, an application of the extension theorem (2.1), because any element of H is a limit
of a sequence of elements of the form (ay,) with a fixed, |a| =1, and v, €Z,, and thus
| (@yn),| =1 (v a.e.) for every v € N°(u).

Since the inclusion 8(N°(u)) £« S 0(M(T)), holds, it will suffice to prove thato(M(T)), < H.
Note first that 0 €€(u) (e.g. use Proposition (3.3) although the present assertion is of more
general validity) so that O € H. In conjunction with (5.2) this shows that if y € A(M(T)) and
|%,]2= |x,| then y,€H. But Taylor showed in [19] that the Silov boundary of any convolu-
tion measure algebra is contained in the closure of the generalized characters with idempo-

tent modulus. It follows that

Hoo(Nw),co(M(T)), <clH =H,
and (ii) is established.

In view of (5.2) and the obvious inclusion A(M(T)),< A(N%u)),, (iii) is reduced to an
extension problem. For this we use another observation by Taylor [19]—given a non-
negative generalized character y of a convolution measure algebra and z€C with Re(z) >0,
then y® is also a generalized character of the algebra. For our present purposes we note, by
Proposition (3.3), that there exists 0 <b <1 with b €C(u) < (cl Z),. Hence there is y € A(M(T))
with y,=h. Now consider |y|? for varying z to obtain the required constant functions in
A(M(T))

‘Recall from the first part of the proof of Theorem 3.2 that 1 is the only constant
function with unit modulus in C(x). This shows that the first inclusion in (iv) is proper.
The fact that the second inclusion is proper also follows from the fact that the Fourier-
Stieltjes transform of 4 has range inside a proper subdisc of the unit disc together with the
isolated point 1.

Theorem (5.3) must obviously be compared with Johnson’s results in [13] for u,=
¥zt (26(0) + 16(27™). While that example does not fit into our scheme of things and our
results for coarse measures go much further than what was derived concerning u, in [13],
it should be noted that Johnson was concerned only with obtaining the inclusion 3(M(T)), ;
S AM(T)) u; and that several of the methods we have used are based on ideas to be found

in [13].
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The next project is to obtain the analogue for fine measures. The results are collected
in Theorem (5.5), the meat is in the next proposition.

(6.4) PROPOSITION. Let u be a fine measure in B. Suppose that ¢ belongs to I'(u) and
that | is a (pointwise) limit point of the sequence (f,($)). Then f€(cl Z),.

Proof. We make a preliminary observation which will save some computation. (cl Z),
is a semigroup which, as we have already proved (in Theorem (3.2)), contains all constant
functions with modulus not greater than one. Accordingly it will suffice to show that
yf€(cl Z),, where y is some constant of unit modulus.

To fix notation we suppose that the subsequence (f,)(¢)) converges to f and we choose
mg such that 8, =] [i—m+1 3(1 + ¢(dy)) is never zero for n>m,. It follows from Lemma (4.7)
that (87 'f.(4)) converges and hence that 8, converges to a non-zero limit which we call §.

(A cautionary remark is in order at this point. It is always possible to find ¢ €I'(x) and
subsequences (n(z)), (m(t)) such that f,;)(d)=>gES(u), fuw{d)>hES(u), but g==h.)

Until further notice we fix the integer n >m,. Note that for d€D,, m >n,

() (@+0)=d(d)fuld) (1) (uaa.e),

hence passing to the limit along the subsequence (n(z)),
Hd+10) =¢@) () (una.e.) (L)

We now set about choosing the approximating sequence of continuous characters. In
fact choose a sequence (m(j)) of positive integers such that a,;,,— o as j— co. (This is
possible since u is fine.) For each j, choose ¢, €Z, such that ¢, coincides with ¢ on the
finite subgroup generated by D,,,,, noting that the integer defining ¢,,;, is to have modu-
lus less than p,,,.

Now we apply (1), for d€ D, m(j)>n, to show

fﬁ/;mmd(é(d) * fhn) = $(d) Gy (d)ff(t) Bt (1) ity (8) = f F(8) Gmen (£) gt (1) (2)

Also for n(z) >m(j) >n,

n(i)

ffn(x) (6) (&) By (1) A (8) = { [ 31+ ¢(d) dmn (dk))} f‘;m(;)(’f) Bniy (8).

k=m({+1
Since gnu) — 6(0) in the o(M(T), O(T)) — topology, we deduce that

n(i)

ff(t)q_sm(n(t)d/tn(t)élim IT 31+ $(dy) $rip (). (3)

i—»o k=m(H+1
7—742908 Acta mathematica 132. Imprimé le 18 Mars 1974
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In order to estimate-the expression on the right-hand side of (3) we make use of an

elementary lemma given by Hewitt and Kakutani in [12], viz.

k- K ,
<2 Izi—z{l’
= =1 .

X4
24
1,

k
H 2
i=1

for 2,21 €C, ||, 2| <1, then

i

Appropriate substitution leads to

n()

< Z)“%‘l = Emin ()]

() n{)

II 30+9@)dnp@)~ I1 31+ 4(d)

k=mH+1

0
< Zosm (27" angy 1) < 7O 41
=

Combining this with (3), we deduce that

< ﬂ/am(;)ﬂ- (4)

' f}‘(t) B (1) At (8} = (BlBrmin)

Now |Bmh]| = |B] as j— oo, so by passing to a further subsequence which we may as well

denote (m(j)), we can (and do) suppose that
BlBmn—7, for somey€C, |y| =1. ()

Taking (2), (4) and (5), we now find
i [y d3(0) % ) =5. ®)

Now free n to obtain a spanning set of measures §:d) * u, for L'(u) and deduce from (6)
that )

mipnf =7 o(L™(u), L ().
Since f has constant modulus one, it follows that ¢,,;, —yf as required.

(6.5) THEOREM. Let y be a fine measure in B. Then

(el Z), = o(N°(n)),, =2(M(T)), = AM(T), = AN"()) ..

Proof. The sets in question are totally ordered from left to right by inclusion. The only
containment which requires comment is the first, which follows from (2.1). It suffices there-
fore to prove that A(N%u)) xS (el Z),. This is immediate from (3.2), (4.10), (5.4). (5.6)
At first glance it would appear that the situation is tidier for fine measures. However there
appears to be no reasonable analogue of (5.2) for fine measures and one should interpret
Theorem 5.5 as demonstrating that (cl Z), is extraordinarily complicated when y is fine
(rather than as showing that A(M(T)), takes a simple form in this case).
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In fact it is possible to show by direct construction that, for every fine measure 4 in B,
there exists y € A(M(T)) such that y, is not a constant multiple of an element of Z,; more-

over y, may be chosen continuous or discontinuous as desired.

6. Structure semigroups

In this section we find the structure semigroups of the L-subalgebras which we have
already discussed. So far as we are aware this is the first explicit determination of structure
semigroups apart from the cases mentioned by Taylor in the final section of his original
paper [19]. As a corollary of the description we find a non-trivial example of an infinite
family of non-isomorphic convolution measure algebras with the same structure semigroup.
Such results suggest tentatively that, although Sreider’s theory of generalized characters for
an L-subalgebra N of M(G) does not lead readily to the existence of the structure semi-
group, it seems doubtful whether a consideration of the structure semigroup adds materi-

ally to one’s knowledge of the structure of N. We start by recalling some definitions:

(6.1) Terminology. Naturally we follow Taylor [19], who introduced the concept of
structure semigroup in the context of an abstract convolution measure algebra (CM-
algebra). Since all the algebras we discuss are measure algebras in an obvious concrete way
we have no need to recall the definition of a CM-algebra, but we shall call a map§:N—> N’

between measure algebras N, N’ a CM-morphism if 6 is an algebra homomorphism which

‘satisfies also. .

() €N, p=0=06u>0, ||0u]| = |l
(il) uEN, w€N', 0<w<Ou=3IvEN such that fy=w.

((i) and (ii) are equivalent to the assertion that 0 is an L-homomorphism.) For any L-subal-
gebra N of M(T) the structure semigroup, X(N), of N is a compact cdmmutative jointly con-
tinuous semigroup uniquely determined by the fact that there exists a CM-morphism,
0: N— M(X(N)), such that

(i) O(N) is o(M(Z(N)), C(Z(N)))—dense in M(Z(N)).
(ii) Z(N)" separates points of Z(N).
(iii) the complex homomorphisms of N are given by ur> ffd6u for /GZ(N

The existence of X(XN) is proved in [19] and, since N is semi-simple, it follows from results

there that 8 is isometric. ‘
For any commutative topological semigroup S we write ap (S) for the almost periodic

-compactification of S (see [8], [9]). In other words given S there exists a compact abelian

semigroup ap(S) and a continuous injection kg: §—ap(8) with the following property:
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given a compact abelian semigroup S’ and a continuous morphism ¢: 8§ 8’ there exists a
continuous morphism ¢: ap(S)— 8’ such that the diagram

4

§———— 8

ks

ap(S)

commutes. In particular, for an LCA group G, ap(G) is the Bohr compactification of G.

We will make essential use of ap(N) where N is the additive semigroup of positive in-
tegers with the discrete topology. Therefore we note that ap(N) can be written in the form
ap(N)=ap(Z) UN where the multiplication and topology are given by the following discus-
sion which is implieit in [9]. The almost periodic functions A(N) on N are the closed linear
hull of the continuous semicharacters N*. N” corresponds to the punctured disc {z€C:
0<|z| <1} according to the formula n+>z"(n€EN) so that decomposition of almost periodic
functions of the form f(n)=>" 02} as g(n)+ h(n), where g(n) = «,;z} for all ¢ such that
|2| <1, leads to a decomposition A(N)=Cy(N)® A(Z), where the first summand is an
ideal and the second a subalgebra. Thus ap(N) can be realized as the maximal ideal space
of Co(N)® A(Z). The homomorphisms which are non-zero on Cy(N) correspond to evaluation
at points of N and the remaining homomorphisms are induced by elements of ap (Z) acting
on A(Z). Accordingly ap(N) is realized as ap(Z) UN with the Gelfand topology, the usual

multiplication on the component sets and the linking formula
n+y=17+y (neEN,y€ap(Z)),

where # is obtained by injecting » in Z and then applying kz. Observe that the copy of N
appearing in the formula for ap(N) is indeed the canonical image of N in its almost periodic
compactification—thus we have already adopted the convenient abuse of notation that
the embedding map N— ap(N) is to be written as n+—n, i.e. kx(r) =n.

The above shows, in particular, that each n €N is an isolated point of ap(N) and makes
possible a quick proof that ap(N x H) is isomorphic to ap(N) x H for every compact abelian
group H. In fact let ¢: N x H— S be a continuous homomorphism for some compaet com-
mutative semigroup S. Let p be the restriction of ¢ toN x {e}, ¢ the induced map : ap (N) x
{e} > 8. Now define ¢ as follows:

d+1,8) =9, e)p(1, 1) (x€apN)) S(1,8) =4(L,?).

Now consider yx €B’, with the associated countable subgroup D of T. Let I'(u) have the
same significance as before. There is an injection a: D—I'(u) of the discrete group D in the
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compact group I'(u) defined by «(d) (¢) =¢(d), for all $ in I'(u) and henee a commutative
diagram
D
kp

N

23]

ap (D)
We are now ready to state and prove

(6.2) THEOREM. Let u be @ member of B’ and let D be the countable subgroup of T gene-
rated by the (d,) appearing in the definition of u. Further let I'(u) be the discrete group compris-
ing those characters ¢ of D for which [T51 3|1 +$(d,)| converges. Then

(i) 2 (N(u)) is the closure in ap (N) x I;'(y)“ of the semigroup

U {(n, eia(d,)):0<8i<n :=1,2,...,m), m=1,2,3 }

n=1 i=1

(i) Z(Ae(u)) =ap (V) x T(u)”

(iii) Z(A(u))=ap (D) U (ap (N) x ['(u)~, where the topology is that of the disjoint union,
and the multiplication is that of the disjoint union together with the linking formula

x+(y, 2) = (y, 2(x) +2) (x€ap(D), y€ap (N), z€T(u)")

Proof. Let G be the set of all elements of A(M(T)), which have absolute value equal to
the constant function 1. Note that G inherits from A(M(T)) a multiplication under which
it becomes a group. Moreover G contains as a subgroup a copy of T, viz. those eonstant
functions of unit absolute value. As a consequenece of (4.10) we have that G/T is isomorphic

with I'(u). In other words we have the exact sequence
0—T-6LD(u) —0.

where ¢ is the map taking a member 0 of T to the constant function with value exp (270).
Since T is divisible the exact sequence splits, i.e. there are homomorphisms 7: G—T and
%: T'(u)— G such that woi and yoy are the identity maps on T and I'(u) respectively. This
leaves considerable freedom in the choice of % and =z, although a choice of either of these
determines the other. It will be possible at a later stage of the argument to indicate how
this choice is to be made, for the moment we assume that y has been fixed. Naturally, there
is now an isomorphism 7: G—T x I'(¢) defined by 7(¢$) =(n(¢), ¥(4)). Now topologize G by
giving T the usual topology, I'(4) the discrete topology and by demanding that 7 is a
homeomorphism. The dual G~ of the LCA group @ has a compact open subgroup isomorphic
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with T'()". In fact the dual homeomorphism 7*: Z@®T'(x)~ G is such that 7*((0) ® I'()")
is the annihilator of T-1(T @ 0)).

It is not difficult to see that the topology of @ is finer than topology induced on ¢ as a
subset of A(M(T)), in the o(L®(u), L (u))-topology. Moreover the results of § 4 allow us to
consider G as a subgroup of the maximal ideals of A(u). Thus any positive measure » in
A(u) gives rise to a continuous positive definite function #|; on G. By Bochner’s theorem,
there is a positive measure 6(») on G~ such that the Fourier-Stieltjes transform of 6(»)
coincides with »~ on G. Since convolution on T and on G~ both coi'respond to pointwise
multiplication of transforms on @ it is possible to extend the map 6 defined in this way to a
positive norm-decreasing algebra homomorphism 6: A(u)—~ M(G"). In fact we have the inter-

mediate result.
(6.3) LEMMA. 0 is an isometric C.M-morphism.

Proof. The fact that every continuous character of T induces a complex homomorphism
x of M(T) with |y,| =1, guarantees an injection &: T” — @. Dualising we have a homomor-
phism &% G~ —T with dense image. Hence, if P=>7a,y,, v,€T", a,€C, is a trigono-
metric polynomial on T, the corresponding polynomial, &(P)=>7-1a,&(y,), on G has
supremum norm [|Po&*||, =||P||.. Now a standard application of Eberlein‘s criterion shows
that 6 is norm-preserving.

It remains only to prove that if w<<0(») then w is in the image of §. An approximation
argument using the linear and isometric properties of § reduces this to checking that
é -0(v) €6(A(u)) whenever ¢ €EG(=G" ") and v € A(u). Recall however that elements of G may
be regarded as belonging to A(A(u)). We may therefore define 1=¢, - ». Then for all y in G,

0(A)" (p) =1" (y) =F(dy) = (O0)" ($y) = (¢ - (B)" (),
and this proves the lemma.

The homemorphism 7* induces a CM-isomorphism between M(G")and M(Z®'(u)"),
and composing this map with 6 we obtain an isometric CM-morphism @: A(u) > M(Z®T'(u)").
We continue the proof of (6.2) by obtaining some properties of . The first of these is
ndependent of the unspecified choice in the definition of 7, but 7 will be defined explicitly

in the course of the proof to give the second.

(6.4) LEMMA (i) For all d in D, ©(6(d)) =6(0, a(d))
(i) Let
A‘,,=c1{(0,t):tel‘<,4),t=ﬁs,(di), 0<g<n (O<i<m)m=l,2,3...}.
. i=1

Then supp Hu")=(n, 0)+ A,
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Proof. (i) The map y: S(u)- D", incorporated in the definition of 7, induces a homo-
morphism f: G- D~ which is continuous when D" is topologized as the dual of the discrete

group D; also #(@) =I'(u). The dual map 8*: D->G" is also given explicitly by

(8, B@) = 8(@)" (),
where ¢ €G and y € A(M(T)) satisfies y, = ¢. Since y maps all constant functions to the iden-
tity character, it is clear that §*(D) is contained in the annihilator of v=}(T® (0)) and a
simple check shows that the map (7*)~*of*: D—Z®T'(u)" is given by d> (0, a(d)).

The equality 6(6(d))=45(8*(d)) is immediate from a consideration of Fourier trans-
forms, so we obtain ©(5(d))= 0(0, «(d)) as required. (ii) Since A4,+A,=4,., and
supp O(u") + supp O(u) = supp O(u"+), it will suffice to prove this part for n =1. In view of
part (i) the measures Ou,,,) are discrete probability measures on (0)®I'(x)” and hence
have a weak % limit point », say, which by compactness of I'(x)" is itself a probability meas-
ure. It is elementary that

supp(v) = 4,.

Fix a net (O(pg,n))) converging to ». We check that (O(Uy, may)) converges for each

positive integer r. Note that O(Uynia) is supported on k

B,#cl{(O,t):tEI‘(y)A,t= > gold), 5,=0,1(r+1<i<m), m=1,2,3,...}
i<+ 1

and that’ , B,=B.;1 U ((0, 2(d,)) + B, 1).
This union is disjoint, for

5*0(‘5*)_1(Br+1)={ E gd;: g,=0, l}

i=r+1
and : - ERo (e H(0, a(d,)) + Byyy) =d, +E*o(v*)7Y(B,,,y),

and these two subsets of the circle are disjoint. Accordingly we can find a continuous fune-
tion f,€C((0) ®T'(4)") such that f, =1 on B,,, and f,=0 on (0, a(d,)) + B,,,.
 Now we can make the inductive assumption that (®(u, .«))) converges to a measure

v, on (0)®I'(u)” for some r=>0. Then (f, - O(ly.m@y)) also converges. However

fr : G)(,ur.m(a)) = %(fr : G(Mr+1.m;a)) + fr : 6(0’ o‘(dr+1)) * @(Hr+1,m(a))) = % ®(‘ur+1.m(a))'

Thus (O(g,41,m@)) converges, and by induction ©(u,. ) converges for all r=0,1,2, ...
This implies that, for all ¢ €['(u),

. mie)

(llr.‘m(a‘)))\(¢).=; [T 3(1+¢(d) converges.

. =r+1
But recall from ‘the proof of (4.7) that, if []"?,, 1(1+ ¢(d;)) converges and dd)+—1
for ¢ >r, then
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fmtar ($) = 2 #(d) Cpyiay (B)

d€Dyyq)

converges to, say, X(¢)€G with y(x(4)) =¢.

Now we can write any €@ as a(y)x(y(y)), where a(y) €T and we define 7(y) = (a(y),
X(¥(®))). The equations f,(¢)f.(¢')=f.(p¢'), valid for n€N, ¢, '€ (1), ensure that y is
a homomorphism. Of course, = and T are now explicitly determined.

We have also, for all ¢ in G,
(8(L, 0) x9)" (z(y)) = aly) »" (X(Y(¥)))

= fa(w) x(y(p) du

= fwdu = (0, )" () = (O(w)" (z(p)),
and this completes the proof.

Observe that modulo the choice of net, the definition of 7 is canonical but one can prove
that different choices of nets give rise to different isomorphisms 7. On the other hand there
is no technical need for introducing 7. It would be possible to start the proof of (6.2) by
defining @ directly on atoms as in (i) of (6.4). After fixing a suitable net, one could extend
the definition of ® to measures of the form lim y, ,, in such a way as to ensure (ii) of 6.4.
The algebra A(u) qua commutative Banach algebra is generated by the measures already
specified, subject to certain obvious relations (e.g. yo.» = (36(0) + 34(d,)) % u,. ). The inde-
pendent power property shows that this is the only sense in which A(u) fails to be “free”
and makes possible a constructive extension of ® to A(u). The remaining steps of the proof
of (6.2), which we now give, are similar in these two approaches.

Let us first verify assertion (ii) of (6.2). Lemma (6.4) proves that, for every measure
v€A (), O(») is supported on N@® I'(u). The canonical injection kx: N— ap (N) induces a CM-
morphism from M(N®T'(x)") to M(ap (N) x ()" ). Composing this map with @ we obtain
a CM-morphism A: 4 (u)—~ M(ap(N) x I'(u)"). Since semicharacters of ap (N) separate points
the same is true of ap (N) x I'(u). Furthermore a(D) is dense in I'(u)”, so that the union of
the supports of the measures A(6(d) % u®) (€D, n=1, 2, ...) is dense in ap (N) x I'(u). Thus
A(A(p)) is weak xdense in M(ap(N) x I'(u)").

To prove (ii), therefore, it remains only to show that the non-zero complex homomor-
phisms of A (u) correspond to evaluation at a semicharacter of ap (N) x I'(u)”. First consider
% €A(A4 (1)) such that |y,] =1. By (4.4), x, belongs to S(u) and hence to G. Thus 7(y,) can
be regarded as a character of Z@® I'(x)”. By restriction toN ® I'( ‘u)A and subsequent transfer-
ence to ap (N) x I'(u)” via ky this yields a semicharacter ¢ of ap(N) x I'(u)”. Previous defini-

tions give
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ft(x'“) dO () = f%,,d@(v) = f%vdv,
for all v€A (u). Thus, for such »,
f¢dA(v) =y~ (%).

Now given arbitrary y €A(4.(u)), we decompose y =y, x5 Where |x| x=1 (pae)and
(%2),=a(u a.e.), where a is a constant satisfying 0 <a <1. We define ¢, corresponding to y,
as above, and define ¢, by first setting

pm,z)=a” (n=1,2,3..;x€l(u)")

and using the semicharacter v of N®T'(u)" to induce ¢, in (ap(N) xI'(u)")". Now set
?5 = ?51 : ¢‘2-

Any measure vE€A (1) can be decomposed as a norm convergent sum, ¥ = .2, v,
where each v, is a sum of translates (by members of D) of measures absolutely continuous

with respect to u”. Since (y,),»=a" (u" a.e.) and s (d) =1 for all d€.D, we have
vR(X)= 2 0" (%)
Now A(»,) is supported on {n} x I'(4)”, so that

f $dA(,) =a” f brdA () = a9, (1),

Since A is an isometric L-homorphism we have
f M) = 3 |$dA(r)= 3 s, (1) =v"(K).

As every semicharacter of ap(N) x ['(u) clearly gives rise to an element of A(4.(u)) this
completes the proof that 2(4,(u)) can be identified with ap(N) x I'(u)".

The proof of (6.2) (i) is analogous. In this case the supports of the measures ®(») for
v€N(u) are contained in the closure of Uy.1(n, 0) + 4, in Z&'(u)”, and this is easily trans-
ferred to a closed subsemigroup of ap(N) x I'(x)”. The rest of the proof of (i) is now obvious.

Let us write 3 =ap (D) U (ap(N) x I'(4#)") with the topology and multiplication descri-
bed in (6.2) (iii). Every v€A(u) can be decomposed in the form ¥ =9’ +3", where »' € 4 (u)
and »” is the discrete part of ». Then A’: A(u)—~> M(X) is defined by

A@)=AW)+O0") (v€EA(n))
where @ is the canonical map from 4,(u) to M,(ap (D)) regarded as a subalgebra of M(Z).

A’ is evidently an isometric L-homomorphism and the extra ingredient in the verification
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that A’ is multiplicative corresponds to the fact that the diagram defining &: ap(D)— '(u)
commutes. It is, therefore, easy to see that A’ is a CM-morphism with weak  dense image.

Any element y of £~ which is non-zero on ap(N) x I'(x)” is of the form (@, ¢) witha €C,
0<|a| <1, $€I(u). Then, for all nEN, x€ap(D), tET(u)",

a"$(a(x) +1) = p(x +(n, 1)) = p(@)p(n, t) =p(*)a"$(),
which gives y(x) =¢-a(x), forallz€ap(D).

It follows from this that fyd®(»")= [edy”, for all » € A(u), and hence that
fzpdA'(v) = fxdv, (vEA(u)),

where y €A(A(u)) is determined by the property that
Xu(8) = ax(4) () (ma.e.s).
Any other €X " is zero on ap(N) x I'(x)” and is induced by some y € D" on ap (D). In

this case, writing y for the generalized character which is zero on 4, (x) and induced by

y on A (u), we have
f ydy = fydv” = ft/)dA'(v), (v€A(u)).

Since the elements of X~ evidently separate points of £ we have indeed found the structure
semigroup of A(u). This completes the proof of the theorem.

Observe that in the case where u is coarse I'(u)~T" and so I'(u)~T. In this case a
canonical decomposition G=T@Z is self-evident. In particular there is no question of
choosing a net in the proof of (6.4) since the sequence (y,,,) already converges. On the
other hand if y is fine then inevitably 8(u,,,) does not converge so that the definition of ¢
genuinely involves choice.

The first part of the next result indicates that in certain cases the structure semigroup
is, indeed, a sharper tool for distinguishing CM-algebras than the maximal ideal space
(even regarded as a topological semigroup.) On the other hand, the second part gives a
perhaps surprising demonstration that the study of generalized characters can be more

effective in this regard.

6.5 COROLLARY. (i) There exist (infinitely many pairs of) L-subalgebras NN’ of M(T)
such that A(N), A(N') are isomorphic as topological semigroups but E(N) and Z(N') are not
tsomorphic as semigroups. (ii) There exists a collection of (infinitely many) L-subalgebras of
M(T), any pair N,N' of which fail to be isomorphic as CM-algebras but are such that Z(N),
2(N’) are isomorphic as topological semigroups.
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Proof. (i) We simply take any coarse uin B’ and let N = N(u), N’ = A (u). The verification
reduces to proving that there is no semigroup isomorphism o: X, - X, where Z, =ap (N) x T,

and X, is the closure in %, of the semigroup
00 m ’ ! )
S=U {(n, > s,-di): 0<g<n (¢=1,2,...,m), m=1,2,3...}= U (n, 0) + supp pu™.
n=1 i=1 n=1

To see this note that supp u is a proper closed subset of T and hence that there exist positive
integers ¢, p with p <q and p/q €supp u. We see then that the equation gz = (g, 0) (where, of
course, gx denotes x+x 4...+x ¢ times) has strictly less than g distinct solutions x in 2
Writing o(1, 0) = (y, t) €ap(N) x T we note that {(y, t+ (r/g)): r=0, 1, ... g—1} are g distinct
solutions of the equation gz =0(g, 0), for z in X,. This contradicts surjectivify of ¢, and gives
the required assertion. ;

(ii) Since X(A4,(u)) ~ ap(N) x T for every coarse 4 in B’, it will suffice to find infinitely
many u’s such that the maximal ideal spaces A(A4,(u)) are non-isomorphic as topological
semigroups. Of course, the maximal ideal spaces will be algebraically isomorphic since
they are all isomomphic to the semigroup of continuous semicharacters of 2(4.(u)). The
difference between two of these maximal ideal spaces will be in their Gelfand topologies.

Note that, by (4.4), A(4.(w)) is isomorphic to S(u) which for a coarse measure can be

visualised as a countable union of punctured discs; formally,
S(u) ={ay:0<|a| <1L;y€T }.
We shall prove in a moment that if S(u) is topologically isomorphic to S(u’), and (y,)<=T"
converges in S(u), then (y,) cannot tend to zero in the o(L>(u'), L} (u")) —topology. Using
this fact it is not difficult to produce infinitely many coarse measures u,(r=0,1, 2, ...) for
which A(4(u,)) are all different (as topological semigroups). The measures u, are defined by
= % H(8(0)+627737™),

n=1

(r=0,1, 2, ...). We make use of (2.1) to prove the convergence of a sequence (y,) of conti-
nuous characters in S(u). To determine whether a sequence (y,) tends to 0 in the o(L*(u),

L'(u)), we apply the following elementary result from [3]:

(6.6) LEMM A. Let y be a positive measure on T, and suppose that g(n; +p)—0 as ¢~ oo for
all peZ. Then exp 2 mint—0, o(L®(u), L (u)).

New consider the sequence (2°3"),. 1t is clear that exp 2 @i2*3"d 1 for all d€ D(u,)
provided r <k. Moreover in this case

|2,(2¢8"| =[] |cos w2 73"| >0

m=1
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for all n > 0. By (2.1), there is, for each » <k, some subsequence of (2¥3") which converges in
S(p,). On the other hand, when r=k +1,

-0 as n—> oo,

| (243" + p) | <

1. »
cos 7t (§+ Y 3,.)

for every integer p. Therefore
exp 2722¥3" -0, o(L®(py,,1), L (14y,1)) a8 n— 0.

Thus the proof of the pairwise non-isomorphism of the topological semigroups A(4,(u,))
(r=0,1,2,...) will be completed when we have checked our earlier assertion on the beha-
viour of sequences of continuous characters in isomorphic S(u) and S(u').

Let 4: S(u)— S(u’) be a topological semigroup isomorphism, and let I(u), I(u’) be the
subgroups of invertible elements in S(u), S(u') respectively. Clearly ¢ induces an isomorphism
(also denoted by ¢) between I(u) and I(u’). It is evident that

I{(u) ={ay: |a| =1, y€T"}

and because p is coarse the proof of (3.2) implies that I(u) with the Gelfand topology is
isomorphic to T x Z. Thus ¢ must map the connected component of I(u) to that of I(u'),
the connected component being, in both cases, the group of constants of absolute value 1.
Now because the only automorphisms of Z (which is isomorphic to I(u) factored by its
connected component), are the identity and n+> —=, it follows easily that either i(y) =
b(y)y where |b(y)] =1 for all y€T" or i(y)=b(y)y! for all y€T. In either case, if (y,)
converges in S(u), then (i(y,)) converges in S(u’), and so some subsequence (y,,) tends to 0
in the o(L®(u), L'(u))-topology. This completes the proof.
It is possible to obtain trivial examples of the phenomenon described in (ii) by consider-
ing the measure algebras L(G) where @ is an LCA group. For these, it is known (see [19])
that A(LY(@))~ G~ with the dual topology, and X(L}(G)) ~ bG—the Bohr compactification
of @. Thus to obtain a version of (ii) it is sufficient to produce infinitely many non-isomor-
phic LCA groups with the same Bohr compactification. Dualising, this is equivalent to
finding infinitely many essentially different locally compact group topologies on a fixed
group. A simple example of this can be described as follows. Let G be the algebraic group
7=-1Z(p,) where (p,) is an enumeration of the primes. For any fixed subset C of N, we
assign a topology 7 to @ by making [],ec Z(p,) a compact open subgroup of (@, 15). It is
not difficult to see that unless €' and ¢’ differ by only finitely many integers, then (@, 7;)

and (@, 7o) are non-isomorphie.
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