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Introduction

This paper concerns a rather concrete phenomenon in abstract operator algebras.
The main examples of the algebras we study are algebras of singular integral operators
(pseudo-differential operators of order zero). As everyone knows, the Fredholm index of a
pseudo-differential operator depends only on its symbol and the Atiyah-Singer Index
Theorem gives an explicit formula for computing the dependence. What we are doing
might be though of analogously. The observation behind this paper is that traces of com-
mutators or appropriate higher commutators depend only on “symbols”; then we compute
the dependence in one and two dimensions. It emerges that these considerations are closely
related to index theory.

The simplest type of operator system which we study is an almost commuting (a.c.)
pair of operators on Hilbert space H; that is, a pair X, ¥ of bounded selfadjoint operators
on H with trace class commutator [X, Y]=XY — YX. The two main examples of almost
commuting pairs are Toeplitz (or Wiener-Hopf) operators with smooth symbol and
singular integral operators on the line. (In fact, the singular integral operators and multi-
plications provide generic examples [14], [17], [19].) In [8] the authors considered an al-
gebra A of operators generated by an almost commuting pair and gave a quite satisfying

formula for the trace of any commutator [4, B] from U in terms of the “symbol” of A

Partially supported by the National Science Foundation.



272 J. W. HELTON AND R. E. HOWE

and of B. The formula which arises easily yields an index formula for operators in .
The object of this paper is to formulate the trace theory in general, namely, for algebras
with more than two generators and for abstract singular integral operators in arbitrary
dimensions. We remark that this paper is reasonably self contained, and highly algebraic,
and that no knowledge of singular integral or pseudo-differential operators is required for
reading § 1-6.

A. Abstract singular integral operators

A selfadjoint algebra of bounded operators which commutes modulo the trace class
will be called almost commuting. Whereas the pseudo-differential operators of order <0
on the circle are an almost commuting algebra, such operators on a higher dimensional
manifold are not. Thus we introduce a broader class of algebras and with this in mind re-
call some standard notions.

Given a ring U let A, denote the commutator ideal of Y, let A, denote the smallest
ideal in ; containing all commutators of elements in Y with elements in [;, and in general
let 9, be the smallest ideal in A containing commutators of elements in Y, with elements in
W,_x_y- The sequence of ideals U, is called the commutator filtration for Y and it satisfies
[, WI<N,,ps1- The complete antisymmetric sum [A,, ..., 4,] for elements 4, ..., 4, in
A is

2, &) sy Ave - Arm)

TESp
where S, is the symmetric group on [1, 2, ..., m] and ¢ is the signum character on 8,,.

The generalizations of ‘‘commutative ring”’ in most common use (cf. Ch. 8 §6 [12]) are
Lie-nilpotent rings and rings with all large enough antisymmetric sums vanishing. Let us
adapt these ideas to our purpose by saying that a selfadjoint operator algebra U is almost
nilpotent (in n-steps) if the nth term, U, of the commutator filtration for U consists of trace
class operators; and by saying that U is almost finitely commutative (of degree n) if the anti-
symmetric sum of any n operators in 9 is a trace class operator. An algebraic identity (Pro-
position 1.1) reveals that if U is almost nilpotent in k steps it is almost finitely commuta-
tive of degree 2k. We now point out that something stronger holds for our chief example.
In the algebra PS(M) of pseudo-differential operators of order <0 on an n-dimensional
Riemannian manifold M, the term U, of the commutator filtration equals the pseudo-dif-
ferential operators of order < —j4, and computations show that %,,., is contained in the trace
class (see § 7). Moreover, the Kohn-Nirenberg class of operators is almost finitely commuta-
tive of degree 2n. In addition to pseudo-differential operators, A,, Venugopalkrishna’s
Toeplitz operators [18] on the (2n —1)-sphere satisfy these conditions and so we feel that
the correct operator theoretic abstraction of an algebra of singular integral operators is:
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Definition 0.1. The selfadjoint algebra U is a cryptoiniegral algebra of dimension n for
n>1 provided that 9 is almost nilpotent in n + 1 steps and that ¥ is almost finitely com-
mutative of degree 2n. For the case n=1 the algebra 9 must be almost commuting.

All work in this paper will be set in a crypto-integral algebra. Frequently we shall
refer to an operator or a family: of operators which lie inside some particular crypto-in-
tegral algebra as crypto-integral operators. As can be easily seen (§ 1) every crypto-integral
algebra commutes modulo the compact operators. Finite commutativity is a more subtle
property and though it is central to our discussion the almost nilpotent algebras might be
an abstraction of the singular integral operators suitable for many purposes. Note that in
the dimension 1 case, finite commutativity implies nilpotency, while in higher dimensions
this will not be true. (There is a parallel anomaly in K-theory distinguishing line bundles
from higher dimensional bundles:) One of the basic properties of cryptointegral algebras
is that they possess a nice functional calculus (in the operator theoretic sense) which pro-

vides an analog of the “full symbol” of a pseudo-differential operator and is useful for
certain purposes (see Theorem 3.3).

B. A trace invariant

We shall loosely refer to an “‘invariant” for a family of operators or an operator algebra
as something which is unchanged by unitary equivalence and by trace class perturbations.
The closure of a crypto-integral algebra 9( is a C*-algebra, denoted C*J, which commutes
modulo the ideal of compact operators QC(H) on H. Thus the basic invariants classically
used in this situation, to wit, the essential spectrum and the index invariant are basic for
the enveloped crypto-integral algebra 9. Let us recall what these invariants are and set
our notation. Via the Gelfand map the commutative C*-algebra C*U/(XC(H) n C*Y) is
isometrically isomorphic to C(ec(C*¥)), the continuous functions on some compact Haus-
dorf space eg(C*¥). The continuous function associated with the operator is called the
symbol of the operator. An operator 4 in C*Y with invertible symbol is called Fredholm
and its Fredholm index, defined by dim kernel 4 —dim cokernel A, depends only on the
symbol of 4. If X,, ..., X, are selfadjoint generators for C*?(, then they induce an embed-
ding of eo(C*¥) into R* as a compact subset ea(X,, ..., X;) called the (joint) essential spec-
trum of X, ..., X,.

This article concerns a new invariant which we now describe. Consider the multilinear
functional

tr[4,, ..., 4,]
on a crypto-integral algebra ¥ of dimension . In examples this is only well defined if
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m>2n and we show (Proposition 1.4) that it is identically zero when m >2n. Thus the
only trace form of interest is the 2x-linear form and we call this the fundamental (irace)
form of A. We will denote it by Z.

Proposition 1.2 says that the fundamental form of an algebra vanishes when applied
to any operator in 9[;, the commutator ideal of 9. This we call the inducing property be-
cause it implies that the fundamental form induces a 2z-linear functional on the commuta-
tive algebra A/2,. The commutative algebra A/, can be thought of as similar to the sym-
bol algebras mentioned earlier. Thus we might think of the fundamental form ¥ as a multi-
linear function ¥ on the symbol algebra for 9.

In the case of the pseudo-differential operators we can compute ¥ explicitly and we
do so at the end of the paper as an illustration of the abstract theory which the paper de-
velops. For PS(M) the essential spectrum is always identified with the cotangent sphere
bundle, S*(M), of the manifold M and the algebra of symbols is C*(S*(M)). If the mani-
fold has dimension #, then the formula (Theorem 7.1) for the fundamental trace form is

trid;, 4,, ..., A5 )=y L.(malda,/\ dagA ... ANday,,

Here the 4, are any operators in PS(M) and the a, are their symbols; d denotes the fa-
miliar exterior differentiation and A denotes the exterior product on differential forms;
and y is a constant. The situation for Toeplitz operators on odd spheres is similar and it
is discussed in § 7.

At this point we mention somewhat tangentially that in the process of studying the
higher dimensional Toeplitz operators as an example of a crypto-integral algebra we est-
ablish a close relationship between them and PS(7™), the pseudo-differential operators on
the n-torus. In fact it turns out that the C*.algebra generated by A, is the same as that
gotten from a natural subalgebra PS(7T"). As a biproduct we obtain that the Toeplitz
operator index theorem due to Venugopalkrishna [18] follows from the Atiyah-Singer
index theorem.

Let us return to the abstract situation and consider how to compute the fundamental
form in an explicit way. If X, ..., X, are selfadjoint generators of a crypto-integral algebra
A of dimension 7, then all polynomials

p(Xl’""Xk)=Zah°“IEX{l'Xé""Xjkk (]..1)
in the X, are operators which lie in % and so may be substituted into the fundamental

trace form. The resulting multilinear functional on polynomials can be extended (see § 3)
continuously to C®(R*) giving rise to a multilinear distribution ¥ on R* with compact
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support. Which order the X; appear in (I.1) does not effect ¥ because of the inducing pro-
perty. We summarize this construction, the main consequence of § 1, 2, and 3 of the paper,

as

TuroreM L. If X, ..., X are selfadjoint generators of a crypto-integral algebra of
dimension n then there exists a unique continuous 2n-linear functional T on C°(RF¥), sup-
ported on the joint essential spectrum of X, ..., X, with the property that for any polynomials
P15 s Pan

TPy, -os Dan) =t [Py( Xy, ooy Xp), ooy Pl Xy s X))y

where py(X,, ..., X)) is any operator gotten by formally substituting the operators X, into the
polynomial p, (in any order whatsoever).

The functional ¥ is clearly an invariant for the family of operators X, ..., X, and it
is the precise generalization of the invariant classified in [8]. We now show how to re-
present ¥ in dimensions one and two in a manner similar to the representation just de-
scribed for pseudo-differential operators. The authors suspect for formal reasons that in
general the higher dimensional representation will be altered considerably. Indeed, the
higher dimensional theory seems like an intriguing open area.

The representations are given in terms of smooth differential forms and we now in-
troduce the necessary notation. Suppose that Q is an open set in R*. We will be using
C>-exterior forms with compact support in Q. We write such a form w as w =X fu...y,
dx,, A ... Adzy; with ¢, <i,<...<4, The f; i are then called the coefficients of w. An ex-
terior form is said to have compact support in Q provided that its coefficients have com-
pact support in Q, that is, they belong to CF(Q). The set AHQ) of k-forms with compact
support is a locally convex linear topological space in the topology acquired from 9=
CP(€), see Chapter 1, § 2 [10]. Let CA¥(Q) denote the closed forms in A/(Q) and EAY(Q)
denote the image under exterior differentiation of A-1(Q). A multilinear functional I, ,)
on CA’(R¥) will be said to have compact support if there exists a compact set M in R* so
that (w,, ..., w,) =0 if the support of any w, does not intersect M. The representation
theorem for T is

TrrorEM II. If X, ..., X;; are selfadjoint generators of a crypto-integral algebra of
dimension & with d=1 or 2 and with essential spectrum E, then there is a continuous linear
functional I on CA2(R¥) which vanishes on EA%(R*— E) so that the trace form satisfies

(1, 9) = Udf A dg)
tn the one dimensional case (6 =1) or in the two dimensional case (6 =2) it salisfies

(f, g, b, ) = Udf Adg A dh A dj).
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The distinctive bebavior of the representing functional ! suggests that there is a rela-
tive homology class A in Hps(R*, E) associated with I. Indeed this is true and a precise
description of the homology group Hys(R*, E) is given in § 6. One would expect that the
homology class, since it is canonically arrived at, has some nice properties. In fact, for the
one dimensional case, the homology class can be used to compute the index of operators
in the algebra generated by X, ..., X;. Thus one obtains quite a strong index theorem
which we now state although for an absolutely precise formulation of the terminology used
in the statement one must see § 6. In connection with the index theorem we shall use
matrices of operators and corresponding matrix symbols. Our conventions are as follows:
If % is an operator algebra, let M, (%) denote the m x m matrices with entries from .
The elements of M () are considered to be operators on HO H® ...® H. Let Z(R*) de-
note the m xm matrix functions on R* with entries in C®(R¥), and if @ is a topological
space, let CM,,(G) denote the continuous m x m matrix values functions on G. The symbol
of an operator U in M, (%) is the matrix function in CM,,(G) whose entries are the sym-
bols of the entries of W.

TraEorEM III. Suppose that X,, ..., X, are selfadjoint operators which commute modulo
the trace class and that A in Hy(R*|E) is the homology class induced by the fundamenial trace
form. If W is the C* algebra generated by X,, ..., X, then the index of an operator F in M (%)
with unitary symbol having an extension to a matriz function f=(f;,)™ in X, (R*) is

index F= 3 A(dfyAdf,).
i,i=1

Connections between this and other work are described extensively in [8] but we re-
view them briefly. The closest antecedent of the work on almost commutating pairs is
dJ. D. Pincus [14], [15]; subsequently he and R. Carey fit the results of [8] into their theory
[6], [16]. More recently they considered almost commuting pairs in a type II, factor.
We remark that the results (besides § 7) of this paper along with proofs hold in a type
II,, factor after simple transliteration of terminology. The only modification required is
a straightforward ome in the proof of Lemma 1.3. Further related work on almost-com-
muting pairs has been done by C. Berger and Shaw, by K. Clancy and by C. R. Putnam.
However, this paper goes in a direction rather different from all the above workers. Per-
haps the most closely related work is that of Brown, Douglas and Fillmore [3], {4]. Theo-
rem II associated with one- or two-dimensional cryptointegral algebras, a first or third
homology class. The theory of Brown, Douglas, and Fillmore, applies also in this situation
and yields an odd homology class. Theorem III says precisely that for dimension one these
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are the same class and the authors conjecture that for dimension two the homology class
coming from Theorem II is the third component of the Brown, Douglas, Fillmore homo-
logy class. This is true in the available examples. Although a full exposition would over-
burden this paper, we remark in passing that (1/(275))d7 ; A df z is the 2-homogeneous com-
ponent of the relativised Chern character of f, considered as an element of K,(X). It is
this fact which in Theorem IIT permits identification of the absolute class in H;(X) cor-
responding to A with (1/(274)) times the index class, in the sense of Brown, Douglas, and
Fillmore [3], [4], for C*IL.

We would like to thank our colleagues L. Brown and R. G. Douglas for interesting
discussions. In particular we thank L. Brown and L. Hérmander for several suggestions
which simplified this presentation. Comments of Professor Hérmanders’ led to consider-
able streamlining of § 2.

§ 1. Crypto-integral operators and the fundamental trace form

In this section we describe some of the basic, easily proven properties of the trace
form. These properties all depend on simple algebraic facts.

If A is an algebra and A>Y, oA, >... is its commutator filtration described in the
Introduction, then the sequence of ideals 9, not only has the property

[A i Aj] e%[i+}+1,
for any 4 ,€Y, or 4,€, it also satisfies

AiA]Eg[H_j,

as we now demonstrate. The proof proceeds by induction and begins with an argument
which establishes U, %, =A,,,. Since U, is the ideal generated by commutators of elements
in Y and since 9, is an ideal in ¥, it suffices to show that a term of the form [4,y, BolA4,is
in W,,,, where A4y, By€Y and 4,€,. The identity [4,, Byd,]— B4y, A;1=[4¢, Byl 4,
implies this. Suppose A,_, A, <A,,; , for all 4. Since U, is generated by elements of the
form [4,_;_;, Ay] for k=0, ..., i —1 it suffices to show that [4, ; , 4,]4,is in A,,, where
again we use the convention 4;€;. The identity used above applies again to give the
result.

A consequence of this is that the commutator ideal of any almost nilpotent algebra
is contained in QC(H). For if 4, B are selfadjoint operators in I, then [4, B] is skew-
selfadjoint and large powers of it are trace class. Thus [4, B] is a compact operator.

Since we shall be working a great deal with antisymmetrizations, we list some pro-
perties of them.
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ProOPOSITION 1.1. Let A, ..., A, be operators in A. Then

(a) [4y, .., 4]
= A4y, ..., A~ A4y, Ay, .., A+ ..+ (=1)14,[4y, 4y, ..y 4,4
= (—1)"Y([dy, ..., A4y + ..+ (—1)-1A,, ..., 4, 14).

(b) If 1 is even

[Al’ ere Al] = 1/2([A1’ [Az, coesy Al]] —[Az’ [Alf bt Al]] T —[Ab [Ap Mt Al—l]])-
(e} If1iseven,then [4,, ..., A[] is a sum of 12-fold products of simple commutators [A, A]].

Proof.
(a) follows by inspection after some slight thought about signs.
(b) is immediate from (a).
(¢) Let S, denote the symmetric group on {1, 2, ..., I} and let N be the subgroup generated
by interchanges of the pairs {2j—1, 2j}. Given any 7 in 8, it is not hard to see that the

sum
Z 8(“)‘4#1(1) ce Aa-r(l)

geN

is equal to the product
&(0)[Azq Avn] - [Aruyy, Az

Let 7 run over a sequence of coset representations for N in 8, and part (¢) of the pro-
position follows.

The radical of an antisymmetric multilinear functional {,> is the set

{A4:<4,4,, .., 4,>=0forall 4,, ..., 4, in A}.
We would like for a trace form
KAy, ooy Apdm 2 tr [y, ...y A,]

to induce a form on ¥/Y,. This is obtained by

Prorosition 1.2. If A is almost nilpotent in k+1 steps and if W is almost finitely
commutative of degree 21 with 1>k, then the commutator ideal U, of W is in the radical of
<’ ’ ’>2l'

Proof. Proposition 1.1, part (b) says that [A4,, ..., 4;,] is a sum, & typical term of
which is Q=[4,, [4,, ..., A5]]. Then parts (a) and (c¢) of Proposition 1.1 imply that
[4y, ..., Al is in A_,. Thus Q is always in A,.. Now if A4, is in ,, then Q is in Ay, and is
consequently trace class or if another 4, is in U, then [4,, ..., 4,] is in U, and so Q is
trace class. The proposition is at this point an immediate consequence of the following

lemma and the fact that Y is a selfadjoint algebra.
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Lemma 1.3. If X is selfadjoint, if C is compact and if [X, C] is trace class, then
tr [X, C]=0.

Proof. Observe that the commutator [X, C+C*] in the basis which diagonalizes
C+C* is an infinite matrix with only zeros on its diagonal. Thus tr [X, C+(*]=0. Like-
wise tr [X, C* —C]1=0 and the lemma is proved.

The most glaring oddity about Proposition 1.2 is that it is false for {, ,>,, unless w is
even. This phenomenon is fundamental and not merely technical. It is a manifestation of
a finite dimensional fact. Suppose that H is finite dimensional; then {, ,», is identically
zero when w is even and not identically zero when w is odd. This proves to be reasonable
from a topologist’s point of view since one comes to suspect that only the even relative
homology classes for K are important anyway.

Next we find that most of the even forms, { »,,; are identically zero.

ProrosiTioN 1.4. Suppose that U is a *-closed algebra which is almost nilpotent in
k-+1 steps. Then if I>k and 1>1, the form <, ,>,, 18 identically zero.

Proof. If 1>k, then the operator [4,, ..., Ay;] which appears in the argument for Pro-
position 1.1, is in ;. Thus Q=[4,, [4,, ..., 45;]] is always trace class and Lemma 1.3
implies that tr Q=0.

Henceforth we shall work only with the 2n-trace form on an n-dimensional crypto-
integral algebra U; recall it is denoted by T and called the fundamental trace form for .
The fundamental trace form is the only interesting trace form on U; the two propositions
show that all higher ones are zero, in examples (§ 7) the lower ones are not well defined,
and the odd ones do not depend solely on the “symbols’ 9/;.

The bulk of the next two sections is devoted to developing analytical properties of
crypto-integral algebras; this is then applied to trace forms in § 3b.

§ 2. Commutator identities

The purpose of this section and the next is to provide a decent functional calculus
for erypto-integral algebras. This goal depends to some extent on certain straightforward
but somewhat involved algebraic identities concerning commutators in an associative
algebra. In this section we formulate the relevant identities.

The main point is to give a more precise description of the commutator filtration.
To fix ideas and give the flavor of the arguments, we will begin with the basic case.

Thus let A be an associative algebra. Then ¥ is implicitly defined over some ring of
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scalars, which the reader may take to, but in fact need not, be C. Let %, ¢=0, 1, 2, ... be
the commutator filtration for 9. Suppose {4,, «€1} is a set of generators for Y. Then we
want to write down, in terms of the A4,, a convenient set of generators for 9.

Let us define some objects with which we will be working. A product

M=A4,A4,,.. 4, = ‘_HIA,‘
is called a monomial in the 4,’s. We call a commutator [4,, 4] a basic commutator in
the 4,’s of weight 1, and inductively, if X is a basic commutator of weight & in the 4,’s,
then [44, X] is a basic commutator of weight £+1 in the 4,’s. If X, ..., X, are basic com-
mutators in the A.’s, and the weight of X, is w;>1 then [ i, X,is a basic commutator
product in the A,’s of weight Xi_, w,.
The first result we will establish, undoubtedly far from the strongest of its nature, is

PrOPOSITION 2.1. The ideal U, is generated by basic commutator products in the 4,’s,
of weights s, with 1<s<2i—1.

This proposition is not at all difficult, but is best approached in gradual steps. We
will state the steps as lemmas, most of them self-evident in context. In the following dis-
cussion we abbreviate ‘“basic commutator (product)”’ by b.c(p), and we often suppress
the phrase ““in the A4,’s.”

LeMMma 2.2. The product of two b.c.p’s of weights s and t is a b.c.p of weight s +1.

LremMaA 2.3. The commutator of two b.c.’s of weights s and t is a sum of b.c.’s of weights
s+i+1.

Proof. The proof will be a repeated application of the Jacobi identity. Let X and Y
be basic commutators in the 4,’s, and suppose X =[A, Z]. Then [X, Y]=[A44 [Y, Z]]+
[Z, [44, Y]). If we write Z=[A,, W], and so forth, the lemma follows.

The next two statements are consequences of the basic identity for commutators in an

associative algebra:

[AB, 0] = A[B, C]+[4, C]B. @2.1)

LeMma 2.5. The commutator of two b.c.p.’s of weights s and t is a sum of b.c.p.’s of
wesght s +1+1.

LEMMA 2.6. The commutator of a b.c.p. of weight s and a monomial is a sum of terms
of the form M, XM,, where M, and M, are monomials, and X is a b.c.p. of weight s+1.
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Now return to consideration of Proposition 2.1. We proceed by induction on <. We
make some preliminary reductions. Observe that if X is a b.c. of weight greater than ¢,
then X may be regarded as a sum of terms, each of the form M; Y M,, where Y is a b.c.
of weight exactly ¢, and the M ; are monomials. Also if X is a b.c.p. of weight greater than
2(¢—1), then either some basic commutator among the factors of X has weight at least ¢,
or all have weight at most (¢ —1). In either case X may be expressed as a sum of terms of
the form M, Y M,, where Y is a b.c.p. of weight j with ¢ <j<2(¢—1), and the M, are mono-
mials. From these observations and the discussion at the beginning of § 1, we see that to
prove Proposition 2.1 we have only to verify the following fact: Consider terms L, XL,
and M, Y M, where the L, and M, are monomials, while X and Y are b.c.p.’s the sum of
whose weights is at least 7+ —1. Then the commutator of these two terms is a sum of other
terms of the form

N,ZN, where the N, are monomials and Z is a b.c.p. of weight at least 7.  (2.2)
We first compute

(Ly XLy, M\ YM,] = Ly X[Ly, M, Y M)+ L[ X, My YM,\ Ly +[Ly, My YM,]| XL,
=L XM, Y[L,, M}-+L M, Y[X, M,)L,+ M, Y[L,, M;] XL,

+L XM [L,, YIMy+ L, M [X, YIM,Lo+ M,[Ly, YIM, XL,

+ Ly X{Lyy M\ YMy+ L[ X, M\ YM,L,+[L,, M|\ YM, XL,

Then from the lemmas above, we see this is a sum of terms of the form N,Z, N,Z,N3Z,N,,
where the N, are monomials, and the Z, are b.c.p.’s the sum of whose weights is at least 4.
Thus what we need to show is how to bring all of the Z,’s together. Consider for example
the product Z, N,Z,. We may write

Z\NyZy = Ny 2y Zy +[Zy, Nl Zs. (2.3)

The first term on the right-hand side is what we want, while the second term is, by Lemma
2.5, a sum of the form N1Z| N;Z,, where Z; has weight one more than Z,. Thus successive
applications of identity (2.3) puts (2.3) into the form (2.2) thereby establishing Proposi-
tion 2.1.

Next we refine Proposition 2.1 slightly to obtain a result suitable for our applications.
We still have our algebra % generated by a set {4,: € I}. As hinted earlier, we have been
suitably vague about the ring A over which 9 was an algebra. We will now go so far as
to assume A contains certain elements {1, « €1, B€J}, where J is another indexing set.
The 4 ,5 may be thought of as indeterminates. We proceed by considering a new ring ',
which has as generators the 4,’s, and also elements (4, —4,4)~*. (To be precise, we adjoin
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to A elements B,, and divide by relations B,s(4,—A,5)=1.) Then, as an extension of

Proposition 2.1, we have

ProrositionN 2.7. The ideals A; are generated by basic commutator products in the
A,’s of weights s, with i <s<2(i—1).

We will not give the details of the proof which proceeds very much as above. We
do, however, give the essential additional identity needed. If 4 is invertible, then

[4-1, B] = —A-1[4, BjA-L. (2.4)
Hence also [(4 —Aq5)~Y, B]= — (4 —Aqp)~1[A, B(4 —Aes)™.

CoroLLARY 2.8. Suppose the number of «'s is finite; order them, and set Rp=
11, (g —2.p) 2. Then any basic commutator product of weight i in the R, may be expressed
as a sum of terms M, XM, where X is a basic commutator product of weight j =1 in the A,
and M, and M, are monomials in the A, and the (A, —Az5)~2.

We want to know a similar fact about the complete antisymmetrization [Ry,, ..., Bg,,].
Using Proposition 1.1 part 3, and successive applications of (2.4) we obtain the following
result.

LeMmA 2.9. The complete antisymmetrization Ry, ..., Rg,] may be written in the form
(Rg, ... Rp,2U+V where U is the complete antisymmetrization of the Rz and V belongs
to %n-

Note that U may be expressed as a sum of complete antisymmetrizations in mono-
mials in the 4,’s, with monomials in the 4,,’s as coefficients. Further manipulation of the
sort that produced Lemma 2.9 shows that the complete antisymmetrization of mono-
mials in the 4,’s may be written modulo A, as a sum of terms of the form MY , where

M is a monomial in the 4,’s and Y is a complete antisymmetrization of the 4,’s.

§ 3. Functional calculus
In this section we will investigate the extent to which one can take functions of crypto-

integral operators. The map (functional calculus) (1.1) on polynomials p—i> » Xy, ..., Xp)
given in the Introduction can be extended by standard methods to functions p whose
Fourier transform is in Z*(R,). However, the range of this extended mapping will in all
probability not lie in any one crypto-integral algebra. So one asks to what extent is it
reasonable that a crypto-integral algebra should be closed under forming functions of its
members? The answer is, one may form differentiable functions. By way of motivation
observe that if X, ..., X,, are nice generators of PS(U), where U is open in R”, then the

range of the map e above is dense in PS(U) because the X, satisfy strong commutation



TRACES OF COMMUTATORS OF INTEGRAL OPERATORS 283

relations. Thus, the functional calculus gives a parametrization of PS(U) by O functions
which is alternative to the usual one given by the “full symbols.”

A major biproduct of the functional calculus is that the trace form ¥ extends from
polynomials to a continuous multilinear functional on C©(R*). This is discussed in Part B
of the section.

A. Functional calculus

According to our definitions, and Proposition 2.1, and the remarks following Lemma
2.9, we have the following criterion for crypto-integrality.

Criterion 3.1. In order for a selfadjoint family Y of operators to generate a crypto-
integral algebra of dimension = it is necessary and sufficient that:

(1) the commutator of any two elements of ¥ be compact;
(2) any b.c.p. of weight m, with n+1<m<2n be trace class; and

(3) the complete antisymmetrization of any 2n elements of Y be trace class.

Of course (1) is redundant, but it seems harmless to emphasize it. The condition (2)
guarantees almost nilpotency in n steps by Proposition 2.1, and (3) then insures almost
finite commutativity by the remarks following Lemma 2.9.

Looking at this criterion, we see that it imposes conditions on only a finite number of
elements of ¥ at a time. Therefore the subsets of Q(H) satisfying Criterion 3.1 form an
inductive family in the sense of Zorn’s lemma and so maximal such sets exist. These
maximal sets will clearly be algebras, for a set of operators is contained in the algebra it
generates,.

Thus let A be a maximal selfadjoint set (algebra) satisfying Criterion 3.1. We will
show ¥ is closed under C® operations on its elements. We will work with the C* comple-
tion of the standard (Dunford) functional calculus. Let us recall the general procedure.
Let T'€Q(H) be any operator, and let o(T)< € be the spectrum of 7', so ¢(7T') is a non-
empty compact set in C. Let By(T)= (T —2)"'(A¢o(T")) be the resolvent of 7. Then R, is
an holomorphic ¥(H)-valued function on € —g(T). Now let f be a complex-valued function
which is holomorphic on some neighborhood U of ¢(T'), and let ¢ be a smooth curve in U,
such that the winding number of p with respect to every element of ¢(7') is 1. Then one
defines

HT) =%t L]‘(A)RA(T)dA.

19 ~752906 Acta mathematica 135, Imprimé le 16 Mars 1976



284 J. W. HELTON AND R. E. HOWE

It can be verified that e;: f—f(T) is an homomorphism from the algebra of (germs of)
holomorphie functions on o(7) to &(H).

In our applications, 7' will be selfadjoint, so that o(T)< R, and e, may be extended
considerably. Now recall some details of this business. We consider a slightly generalized
situation. We fix some interval [a, b))<R, and we assume we have some function S(4),
which is holomorphic on C —[a, b] and takes values in, for example, some Banach space E.
We will moreover assume that S(1) has ‘“polynomial growth near [a,b],” i.e., that
|8(4)]| <min {[1—c|: c€[a, b]}* for some k>0, where | || is the norm in E. Now let y,
for :>0 be a family of curves going around [a, b], such that, as £->0, the curves squeeze
down very smoothly on [a, b]. (For example, the 9, could consist of two parallel lines
with circular caps at distance ¢ from [a, b].) Then if f is a complex-valued function holo-

morphic on a neighborhood of [a, b], the integral
es(f)=| F(A)S(A)dA
”t

is defined and independent of ¢, as long as ¢ is small enough.
A major point about eg is that it may be written as an E-valued distribution acting
on R? test functions and having support in [a, b]. To check this the first step is to select

some point, say a, in [a, b], and write

d k+1 k+1
si=(3) e+ 3 en-a,

where each ¢, is in E and Q() is E-valued and uniformly bounded. To obtain this represen-
tation begin naively by integrating S(1), then to make the indefinite integral a single-
valued function subtract the residue —e,(A—a)-1; having done this integrate again and so
on k more times. Now take the expression just obtained for § and substitute it into the
integral which defines e;. After integrating by parts k+1 times and shrinking the y,’s
down to {a, b] one obtains a distribution Eg on R! with the property es(f) = Es(f;z:) for an
f which is holomorphic near [a, b]. Clearly e can be identified with Eg thereby insuring
that it has a unique continuous extension to C°(R) as an E-valued distribution supported
on [a, b]. We may recover S from Eg by the rule S(1) = E(r(1)) where 7(4) is the function
r(A)E) = (£ —A) in O=(R).

These remarks have rather straightforward extensions to several operators. Thus let
T, ..., T} be selfadjoint operators (denote the family by 7'), each of whose spectra is con-
tained in the interval [a, b], and let y, be as above. Then for any f on C*, holomorphic in

a neighborhood of [a, 1%, we may define
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c\ K
ex(f)= (—*—) FAgy +vos ) Ray(T) .. Ry (To) Ay ... dy. (3.2)
27 (Vt)k

for any ¢ small enough.
We will call this the normal-ordered Dunford functional calculus for the 7';. It ex-
tends in the manner suggested above from holomorphic functions to C°(R¥). We call the

extension the normal-ordered C® functional calculus, and denote it again by ey.

TrerEorEM 3.3. Let A be a mazimal selfadjoint set in X(H) satisfying Criterion 3.1.
Then:
(a) A is an algebra;
(b) 3f {4}y is any collection of selfadjoint elements in U, then U contains the normal
ordered C® functional calculus in the A,; and
(c) if SEM () is any selfadjoint element, then M, (X) contains the C®-functional cal-
culus in S.

Remark. It will become clear from the proof that appropriate analogues of (b) hold for
other sets of elements of 9. In particular, note that we don’t really need the A, to be self-
adjoint for (b). It would suffice that they have real spectra and that their resolvents have
polynomial growth.

Proof. Point (a) is already proved. To prove (b) we must show that adding any ele-
ment of the prospective functional calculus to % preserves the conditions of Criterion 3.1.
We will ignore condition (i), since, as we remarked, it is redundant.

First, we note we may add the resolvents of the 4, to 9. This is immediate from Pro-
position 2.7 and Lemma 2.9. Next put (4,, ..., 4) =4 and write R,(A)=TI%; (4,—21)%,
for 1, ¢[a, b]. Consider any b.c.p. of weight at least n +1, in the R,(A) for various A, or con-
sider the complete antisymmetrization of 2n of the R4(4). Corollary 2.8 and Lemma 2.9
now imply these expressions are holomorphic trace class valued functions of the A’s away
from the singularities of R,, and that they have polynomial growth near the singularities
of R,. Part (b) of the theorem now follows from properties of the functional caleulus al-
ready discussed.

Remark. In fact, we see that each b.c.p. of weight at least n+1, as well as the com-
plete antisymmetrization of 2n operators, define, when composed with ¢4, trace-class valued
multilinear distributions of compact support on R*.

Now we consider (¢). We need an identity analogous to (2.4). Let S be in M (%),
and let S, be the entries of 8. For a given B€J, let B be the element of M,,(%) such that
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B,,=6,, B, where d,, is Kronecker’s 8. Then it is easy to verify that [S, B],,=[S,,, B]. Now
let Rg(1) be the resolvent of S. Then [Rg(A)y, Bl=[Rs(), Bl,;= —(Rs(A)[S, BIRy(A)yy=
— 2.1 Bs(A)3[Sk1, B) Rg(4),,. With this analog of identity (2.4) one may show, for example,
that if B is the algebra generated by U and the Rg(1),, then the ideal B, equals BU, B, in
analogy with Proposition 2.7. Thus one concludes B =3 by maximality of %. An analog
of Corollary 2.8, Lemma 2.9 and basic properties of the functional calculus allow one to
finish part (o).

The next result is complementary to Theorem 3.3 and parallel to results in [8] § 3.
It’s proof involves nothing new, so we omit it. Let N, denote the Schatten p-class of
operators. These are operators with the property that the p-th power of their absolute
value is trace class. Note that 9, , < N, implies A, < N, ,,.

ProrosiTroN 34. The map e, Co(B*)>U defined by (3.2) for any set A=
{4,, ..., A,} =¥ of selfadjoint elemenis has the following properties

(1) eslf)*—es)EN, .  NN,. Here | is the complex conjugate of f. Moreover the map
ea(f)* —ea(f) is an N, -valued distribution of compact support.

(ii) e4(f)es(g) —ea(fg) ENL q NA,, and the corresponding bilinear map is continuous in f
and g to N, ;.

(iii) [e4(f), e4(g)ENpyq NN, and again 18 continuous in | and g.

If n =1, then we can write N, rather than N, in the above.

B. Trace forms

If we compose the fundamental trace form with ¢, we get a 2n-linear functional on
C=(R¥) which we will denote by T ,. This much is evident from the foregoing:

ProrosiTiON 3.5. The 2n-linear functional on C®(R¥) given by T,(fy, ---s foan) =
tr ([ea(fy), ..., ealfsn)]) i3 @ well defined continuous and antisymmetric form.

Now we show that ¥, has support on eo(4,, ..., 4,). We begin by observing the be-
havior of ¥, under coordinate transformations. Let ¢, ..., g,E€C0®(R¥) be real-valued
functions. We may interpret the g, as defining a map 6: R*>R™ by the formula
0(2) =(91(2), ..., gm(®)) for z€R*. Put B,=4(ealgy)+e4(g:)*). Then e,(g,) - B,€Y, by Pro-
position 3.4. Now consider the map ez: C°(R™) > defined by the B, By Propositions
3.4 and 1.2, we see that if {p,};"; are polynomials on R™, then tr [eg(p,), ..., €x(Pen)] =
tr [e,(p,00), ..., e4(P2,00)], 80 by continuity (Proposition 3.5) we deduce

Prorosition 3.6. With notations as above, Ty=T ,00.
Now let E=eg(4,, ..., A,) <R
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ProPosSITION 3.7. The 2n-linear form T, on C°(R¥) is supported on E, in the sense
that T ,(f1s -5 f2n) =0 3f any f, vanishes in a neighborhood of E.

Proof. Tt suffices to prove the result for real-valued f,€CY(R¥). By definition of es-
sential spectrum, if f vanishes on E, the operator e,(f) is compact. Then }{e,(f) +e4()*) =B
is compact selfadjoint, so if g€ C°(R) vanishes in a neighborhood of the origin, the oper-
ator g(B) has finite rank. Therefore, by Proposition 3.6, Proposition 1.1 and Lemma 1.3,
we conclude that T,(gofy, fa, ..., f2n) =0 for any {f;}i% < O°(R*). However, it is not hard
to show that any % € CP(R¥) which vanishes in a neighborhood of E is a linear combination
of functions of the form gof, where f vanishes on F and g € C®(R) vanishes near zero. Thus
the proposition is proved.

§ 4 Generalized Wallach’s lemma

In the preceding sections we have shown that it is natural to associate with a family
of crypto-integral operators a multilinear form on C®(R") which is supported on the joint
essential spectrum of these operators. Now we turn to the problem of classifying the trace
forms.

The point behind classification of the two-form is that tr [R, §]=0 if R and S com-
mute. From ‘this we may conclude easily that for polynomials p, ¢ in P(E®*) we have
Z(p, 9)=0 if p and ¢ are both functions of a third polynomial. This property of ¥ is es-
sential. We call it the collapsing property. In particular the collapsing property implies T
is antisymmetric. This was exploited via Wa}llé,éh’s lemma in [8] to get the representation
theorem in [8]. Our representation scheme which has been successful in dimensions one
and two generalizes this procedure.

The core of this scheme is elegant enough to warrant presenting it for all dimensions
even though our application is to dimensions one and two. That is what we do in this
section. The considerations in this section are almost purely algebraic and they make sense
in a fairly broad algebraic context. We are informed by Larry Brown that the main result
can be derived alternately from the theory of Kahler differentials in algebraic geometry.
We give here a first principles proof. It is self contained and though its relationships with
existing algebraic theories is not explored—surely some exist.

Denote by 8, the p-multilinear map from C®(R") to A?(R") given by the formula
Splfis fas «oos [p) =8fy Adfs A ... Adf,. One sees by Poincare’s lemma that the associated map
of the p-th tensor power of C®(R") to A?(R") is surjective to the closed p-forms. For
if v is a closed (p+1)-form, then p=d& by Poincaré’s lemma, and if we write
E=2ycsi 1104 4y Gpdy, Adzy, A .. Ady,, then we obtain =2 8,,,(g,...tp 24, .., Ty,). An ele-
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mentary computation shows that if f, and f;, with ¢ ==, are both functions of some third
function, then S8 (f;, ..., f,)=0. Thus S, has what we might call the “p-fold collapsing
property”. The elegant fact is that S, is the universal p-linear form with this property.

GENERALIZED WALLACH'S LEMMA: Let ¢ be a (continuous) p-linear functional on
C®(R™ having compact support, and suppose @ has the p-fold collapsing property. Then there
s a continuous linear functional 1 with compact support on the closed p-forms on R™ such that
p=1-8,.

Proof. To prove this, we resort to a string of sublemmas.

We first establish an algebraic form of the lemma, then pass to the O form by con-
tinuity. As before P(R")is the algebra of polynomials on R®. We write PAP(R") for the space
of differential forms with polynomial coefficients. It is not hard to show that the Poincaré
lemma holds algebraically. In fact, it is rather pretty: the closed p-forms with homo-
geneous coefficients of degree m and the co-closed (p —1) forms with degree (m +1) coef-
ficients form isomorphic irreducible G, modules. Therefore S,: ® ?P(R™)—PA?(R") is onto
the closed forms. Let us now consider a p-linear functional ¢ on P(R") with the p-fold col-
lapsing property.

SUBLEMMA 1. Let r(gp) be the set of fEP(R™) such that ¢(f, g, ..., g,) =0 for any choice
of g;, 2<i<p. Then r(p) is a subalgebra of P(R").

Proof. Indeed, suppose f, and f, are in r{g). Then letting g, be arbitrary we have
Pl(ofy +Bf2+ga)s (afy+Bfa+92)% s s 95) =0
by the collapsing property. Expanding this out gives

®(9a, &3 +20Bfy f2+ B3 + 20tf1 9o + 2Bf 295+ 95, G3s s Gp) = O.

This equation holds identically in « and f. Considering the coefficient of «f, we see that
f1f2€r(p), which implies the lemma.

SUBLEMMA 2. Given {f}f-1, with f,€r(p) for =2, then @ is identically zero on the sub-
algebra generated by the f,.

Proof. By Sublemma 1, it suffices to show f, is in the radical of ¢ restricted to this
subalgebra. Consider the equation

b4 14 n
Y =‘P(f1+ iZzaJ., (f1+ g.zatft) »93: 94, ~--:9p) >



TRACES OF COMMUTATORS OF INTEGRAL OPERATORS 289

where the g, are arbitrary. Since f;€r(gp) for ¢ >2, this gives
D n
(P(fh (f1+ _22 “tfi) » 93 ---,gp) =0.

By choosing the constants a; properly and summing, we can achieve in the second place
an arbitrary polynomial in the f;, 1 <i<p. This establishes the sublemma.

SUBLEMMA 3. Suppose @(fy, ..., f,) 48 always zero if fy, ..., fr 18 an arbitrary k-tuple
chosen from x,, &, ..., ,_, (bhe first n—1 standard co-ordinate functions). Then @(f,, ..., f,)
is always zero if f,, ..., fy_y i an arbitrary (k—1)-tuple chosen from z,, %, ..., %,_,.

Proof. Select x,, x,,, ..., %;,_, and consider the (p —k-+1)-linear functional y on P(R")
given by
7/1(91’ a5 «oes p—k+1) =(p(xi1s Liyy oees Lig—1, J15 2> -+ s p—k+1)°
Then y clearly has the (p —k&+1)-fold collapsing property, and by hypothesis, r(y) contains
z; for 1 <i<n-—1. By Sublemma 2 the functional y is trivial, and this implies the desired
result.

Using Sublemma 3 repeatedly, and then appealing to Sublemma 2 again we obtain

SuBLEMMA 4. If for some k>1 we have ¢(fy, fa, .., [,) =0 whenever fy, fo, ..., f, are
chosen among w;, x,, ..., %,_y, then we have x,E€r(p) for i<n—1. Hence @ is trivial.

Now we come to the main step. We will construct inductively a sequence of linear
functionals m;, 0 <<j<n—p, on appropriate subspaces of pA?(R"), which will define func-
tionals. on the closed p-forms by restriction. Each of the P-linear functionals ¢,=¢ —
Zj.om;08, will have the p-fold collapsing property. We will show inductively that
bilf1s s [,) is identically zero whenever f,, ..., f,_, is a (p—1)-tuple of elements chosen
from wy, ..., %p,;_;. Then Sublemma 4 will show ¢,_,, is identically 0, and the algebraic form
of our lemma will be proved.

Suppose, then, that we have defined m, for i <k. We define m,,, as follows. First, let
My4y be zero on any fdxz;, A ... A day, unless i, <iy<...<i,_, =p-+k. (Of course then i,> p + k).
On the other hand, suppose 1,, ..., 4,_, are as just specified. Take f € P(R") and define

pf)= 2 (ﬁ‘) dz, A ... Ndz,,  Ndz, .

>tk 0%y,

The map y depends also on the 4,, but we suppress this in the notation. The y(f) evidently
form a certain linear subspace of PA?. On this subspace define m;,,, by

M s W()) = el T oo Ty, (4.1)
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We should verify this equation is actually a definition. This amounts to showing
that if y(f)=0, then the right side of (4.1) also vanishes. But if y(f) =0 then clearly, f
depends only on z,, ..., %4, 80 by our inductive hypothesis, Sublemma 4 shows that
Pul@ys oo, Xy, f)=0. Thus my, ., is well-defined.

Now let us verify ¢,,.,=¢.—m;,08, bas the desired properties. Choose ;<
tg<..<tp_ <p+k. If i, <p+k, then m, 08, (xy, ..., x,_,, f)=0 by constrﬁction, 80
Pri1(Try ooy Tpny =¢(xy, oo, @4py, f) and this vanishes by induection. If, however
i1 =P +k, then

brir(®ps oo @y, ) = i@y -0 @,y ) =M (dy oo A - ANdy, | A df)

n of
= ¢k(xh7 seey xip_lr,) - /§1m’c+1(3—;,dxh Ao A dx,) .

By our definition of m,,,, the terms in this sum with j<p+% are zero, and the sum
of the terms for j>p-+k is just ¢z, ..., Ty1, ). Thus & (@, ..., 2oy, ) =0 if
1y <ty <...<tp_; <p+k, as desired. This completes our construction

Now we describe how to pass from the algebraic to the C® version of the lemma. On
P(R,) we have

n-p

$=3 mo8,. (4.2)

i=0

The definition of the m, and the fact that the map

—aL) dzy A ... Adzy,

> (
P> ptE=t,_y \OTy,

is an open map from C® onto the p-forms Zj.p. g,d2 A ... Adey,_; Adx, satisfying
89;lox;=og,lox, for i, j>p+k imply that m, extends to a continuous linear functional of
compact support on CAP(R™). Thus (4.2) and the representation theorem hold on CP(R")
or alternatively on C°(R") since g and ! have compact support. This concludes the proof
of generalized Wallach’s theorem.

To close out this section, we give a condition that further reduces the collapsing pro-

perty and which is useful in concrete situations.

ProproSITION 4.2. In order for a p-linear functional ¢ on C°(R") to have the p-fold
collapsing property, it is sufficient that ¢(fy, ..., ;) =0 whenever
(i) any f, is constant; or
(i) fi=f, for any i +4; or
(i) fy=fF for some i and j.

Proof. Clearly it is enough to work with a bilinear functional. Then it will be enough
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to show that if ¢ is antisymmetric and 1 €7(p), and ¢(f, f2) =0 for any f, then ¢(f*, /) =0
for any f and any n, m. Consider the formal sum X «;f. Then the equation (X o,f,
(T o;1)2) =0 is a formal identity in the «;. Put @(f™, f*) =c,, ,. Then we compute the coef-
ficient of o;o ;0 in the above equation to be

20, 4x+206, 14520540 kT FE,
2¢4, 145  Cu, 24 ife=7+k,
1,24 fi=7=EF

Therefore, we see in all cases we have the equations ¢, ;.. + ¢z, 45+ 6;541=0, with the sup-
plementary equations ¢y ;=¢;,=¢;;=¢; ;+¢; ;=0. We consider these equations when
t=1 and § and % are arbitrary. For j+k=n we get the system of equations

0= 2cl.n +Cn1,15
0 =¢y,n+Csn1+Cnss
0 =0¢;,n+C3,n2+Cn 3,4
0=0¢1,nt20nz,u2+1, OF  Cpnt Cn-1y2.(n+3y2s
according as » is odd or even. Note this is a system in ¢, , for ¢ <j since ¢, ;= —c¢; ; if i >7.

The matrices of these systems are

2 -1 2 -1

1 1 —1 1 1 -1

1 0 1 -1 1 0 1 -1

. and .

1 1 -1 1 1 -1
1 2 1

It is easy to establish by elementary row operations beginning at the bottom and working
up, that these matrices have full rank. Thus the only solution to the system is ¢, ;=0 for
all 4, §. This finishes the proposition.

§ 5. Representation of the trace forms

Theorem IT can be proved very quickly by putting together the results that have al-
ready been proved. This section is devoted to doing this.

Proof of theorem. One dimensional case, d=1. As we saw in § 4, the fundamental trace
form ¥ when restricted to polynomials has the collapsing property. By continuity, see
Proposition 3.5, the form T on C°(R¥) also has the collapsing property. Wallach’s lemma
implies the existence of the required continuous linear functional. The fact that ¥ is sup-

20—752906 Acta mathematica 135. Imprimé le 16 Mars 1976
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ported on E, see Proposition 3.7, is equivalent to the statement on support required by

the theorem.

Two dimensional case,  =2. The collapsing property is less apparent, than it was be-
fore. We use Proposition 4.2 to establish it. Conditions (i) and (ii) of this proposition are
obviously satisfied. Condition (iii) depends on an algebraic identity

[A2’ B’ 0’ -D] =A[A’ B, C, D]+[A: B’ 01 D]A+[[A: B]’ [A, [09 D]]]
+([4, C), [4, [D, BlJ]+I[[4, DI(4, [B, C]]], (5.1)

which we verify in the next paragraph. Each of the last three terms in this expression is
clearly in 9; and consequently each is trace class. Thus tr [42, 4, O, D] has the form
tr [[]+tr [,J+tr [,] where each commutator is trace class. Lemma 1.3 implies that
tr [42, A, C, D]=0. This is condition (iii).
Now we verify the crucial identity. First note that
(4%, B, C, D] =[4% BI[C, D]+I[C, D][4%, B]+[4? D][B, C]+[B, C][4? D]
+{4%, C1[D, B]+[D, B][4? C].
The first, third, and fifth terms can be written
A([4, B][C, D]+[4, D][B, C1+[4, C][D, B])+[4, B]A[C, D]
+[4, D1A[B, C}+[4, C14[D, B],
and the first 3 terms of this expression differs from A[A4, B, C, D] by A[(C, D][4, B}+
[B, C1[4, D]1+[D, B][4, C)). This along with similar reasoning applied to the second,
fourth, and sixth terms of the original formula give that
{42, B, C, D1-A[A, B, C, D}j—[A4, C, D, B]A
= [4, BJA[C, D]+ [4, D) A[B, C]+[4, C1A[D, B]—A[C, D[4, B]
— A[B, C][4, D]~ A[D, BI[4, C1+[C, D1A[4, B]+[B, CJA[4, D]
which equals
([4, B], A[C, D]]+[[4, D], A[B, C]]+[[4, C], A[D, B]]
+[[C, D14, [4, B]]+I[B, C14, [4, D]]+[[D, Bl4, 4, C]),

and these six terms combine to give the last three terms of (5.1).

§ 6. The trace form homology class and index theory

The preceding section described how to associate with a family X, ..., X;, of one or

two dimensional crypto-integral operators a linear functional on closed differential forms
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which vanish on boundaries of forms, supported off of the joint essential spectrum of
the family. This suggests that we may associate a relative homology class to the family
X, ... X;. Indeed one can.

Paragraph A of this section discusses the precise topological setting for this con-
struction. The machinery in paragraph A allows one to obtain the relative homology class
immediately from Theorem II and shows that in a reasonable sense this can be identified
with an absolute homology class of E.

As was described in the introduction, this homology class for the one dimensional case
is closely related to index structure. In paragraph B we prove an index theorem.

A. Relative deRham cokomology on R"

The appropriate cohomology for our purposes is sheaf cohomology. It would take us
too far afield to go through the basic definitions of sheaf theory, so we confine our atten-
tion to constructing the sheaves we will use. All the theory we will need can be learned
quite quickly from [9], § 2; a fuller account is found in [7].

If U™ is an open subset of R, then the assignment U~C®(U) defines a presheaf on
R*. The associated sheaf is called the sheaf of germs of smooth functions on R". Itisa
sheaf of rings. We will denote it by °(R"). Then C=(R") is the space of global sections of
C=(R™), and C=(U) is the space of local sections over U of C~(R").

Again for U open in R”, let AP(U) be the smooth exterior forms of degree p on U.

Then A?(U) is a module over C®(U). It ig a free module of rank (;) with basis dx;, Adx;, A

... ANdzy, for any p-tuple of integers 4;, with 1<¢,<n and ¢,<¢,,;. The direct sum A*(U)=
@70 A?(U) is a graded ring over (°(U) with associative multiplication (the standard
wedge product) satisfying fdz,=dz,f for f€C™(U) (we agree that A(U)=C=(U)). As U
varies, the A?(U) fit together to form a presheaf and we denote the associated sheaf by
A"(R"). The A® are sheaves of modules over the sheaf (. The sections of AP(R") over an
open U< R* is just A?(U). The direct sum of the A? forms a sheaf A* of graded algebras
over 0=,

We have the exterior differentiation mappings d,: A?(U)— AP*}(U), which fit together
to give A*(U) the structure of a graded differential complex, and one has the formula
dyanB)=(d,a) A\B+(—1)Pand,B for a€AP(U) and BEAYU). The classical Poincaré
lemma [9] says that the sequence

(6.1)

; d d d
0> € ——» AY(B") —2 s AYRY) s I, AnpYy 0

is exact. In general, we have d,-d,_, =0, so that im d,_,Sker d,; the quotient H*(U)=
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ker d fim d,_; is the p-th deRham cohomology group of U. Thus the Poincaré lemma just
says H?(R")=0.

It is evident that the d,’s behave well with respect to restriction, so that they define
sheaf maps d,; AP AP41. On this level, the Poincaré lemma asserts that

d

.. . d., -
0—>C~>A° dy Al 1, AP>0 (6.2)

is an exact sequence of sheaves. Here €' denotes the constant sheaf with stalk C. Now the
sheaves A” allow partitions of unity so they are what is known as fine or soft sheaves.
Thus, the sequence (6.2) is a resolution of the constant sheaf ¢ by fine sheaves. In particular,
the deRham groups H?(U) are just the sheaf cohomology groups of U with coefficients in
the constant sheaf C.

Now consider a compact set X< R". We let A?(U/X) be the space of smooth p-forms
on U< R™ which vanish in a neighborhood of X, and we let 1~\"(R"/X ) be the associated
sheaf. It is easy to check that the stalks of 1~\"(R"/X) are the same as the stalks of A”(R")
off of X, but that they are zero on X. Also AP(R"/X) is the space of global sections of
]X”(R”/X). We see ]\”(R"/X) is a subsheaf of ./.\”(R"). Let ;X”(X) be the quotient sheaf
A’(R")/AP(R”/X). Then the stalks of A”(X) are zero except on X, so j-\"(X) may be con-
sidered to be a sheaf on X.

The sheaves ]\"(R"/X ) and ;\P(X) are evidently soft sheaves. Moreover, we clearly
have d,(A?(U|X))< A**(U/X), so that d, preserves A*(R"/X)(=@® o A’(R*/X)). Thus
d,, factors to a sheaf map d,: A?(X)- AP*1(X). The Poincaré lemma again applies and says

that
0—»6”—»[\0(1()&—»&(1() L i"—‘l»A"(X)—w (6.3)
is an exact resolution by fine sheaves of the constant sheaf ' on X. Thus this resolution
may be used to compute the sheaf cohomology groups of X with coefficients in (. Of
course, for reasonable X, they are the same as any other cohomology groups of X with
coefficients in C.
The sheaves AP(R"/X ) also give a fine resolution of a certain sheaf ¥ on R"; namely,
Y is the sheaf which is the constant sheaf ¢ on RB"— X and the zero sheaf on X. We denote
the cohomology groups of ¥ by H?(R"/X) and call them the relative (deRham) cohomology
groups of X in B™ Clearly the sequence 0~ ¥ - x~0 is an exact sequence of sheaves.
By definition, the sequence O—>/-\"(R"/X)—>1-Y’(R")—>J-\”(X)->O is also exact for each p.
Moreover, all of these exact sequences are compatible with the resolutions of ¥, € and Cx
constructed by exterior differentiation, so that they fit together to form an exact sequence

of exact fine resolutions of an exact sequence of sheaves. Thus, we obtain in the usual
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manner a long exact sequence of cohomology groups:

%

—~ H?(R") — H*(X) N HP*YR™X)—> H** Y (B") > ... . (6.4)

Since H?(R")=0 for all p>1, we have the canonical ismorphism H?(X) gH"“(R“/X). Let
us be explicit about this isomorphism. If «€H?(X), then we may pick a form ¢ € AP(R™)
which represents o. We write @ =[¢]. By the definition of the differential in AP(X), we see
that d,¢ vanishes in a neighborhood of X. Thus dp€AP+Y(R"/X). Moreover, clearly,
dyi1{dy®) =0, so d,p represents a class [d,@]€H?+(R"X). The formula &;([¢])=[d,¢]
holds. '

It is clear that H?(X) and H?(R"/X) are complex vector spaces. We let H,(X) and
H,(R"|X) denote the dual vector spaces. We refer to these as the (deRham) homology
groups of X or of R" relative to X. Again, they are in reasonable cases canonically identi-
fiable with more classical homology groups. Of course, the adjoint of &; gives an isomor-
phism 8,,: H, (R"/ X))~ H,(X).

B. The index theorem

Theorem IT yields a relative homology class in the sense of the preceding subsection
as we now see. Suppose that X, ..., X, are self adjoint crypto-integral operators of di-
mension § where § is one or two. The representation theorem says precisely that there is
a linear functional I on CA2(R*) which vanishes on dA%-1( R¥/E). Thus the restriction of
I to A%(R*/E) may actually be factored to H2(R*/E). In other words, ! may be used in
this way to define a relative homology class A; in H,;(R*/E). By the boundary isomorphism,
we get a class 94(A;) in Hys_,(H).

Now we turn to the index theory for the one dimensional case. Instead of proving
Theorem II immediately, we look first at an algebra with two generators since every-
thing in this case is extremely graphic and provides good motivation for the general case.
Consider X, and X, self-adjoint operators with trace class commutators. Set 7'=X, +¢X,
and consider € and R? to be identified in the natural way. If U is a partial isometry in the
C* algebra generated by X, and X, whose symbol extends to a smooth function u on E?2,
then since index U =tr (UU*—U*U) a purely formal application of the representation
theorem yields

index U = l(du A dit) = A(du A di). (6.5)

In fact, the first equality was proved in [8]. The fact that ! vanishes on d(AY(R?/E)) says

that [ is a constant multiple k; of Lebesgue measure on each component U, of R*—E. It
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is not hard to use the formula above and evaluate the k;; they are

-1
k,=2§ index (7' —z,1)

where 2, is any point in U,. Now it is folklore that (integration over) the connected com-
ponents of €—E gives an integral basis for Hy(R?/ E). Thus we intuitively associate an
assignment of integers 4, to each component of C— ¥ with a class A in Hy(R?* E). This is
precisely what was done above. So, in summary, we conclude that the homology class 4
canonically associated with the fundamental trace form corresponds to the index informa-
tion contained in 7. The operator T’ was important here because it generates C*(X,, X,).
When n>2 the C*-algebra does not have one generator and the relationship described
here cannot hold. However, the basic phenomenon carries over in a simple and complete
fashion via Theorem ITT which will now be proved.

Proof of Theorem 111: Suppose that X ={X, ..., X,;} is an almost commuting family
of operators, and let A be a maximal selfadjoint set containing the X, such that [R, 8] is
trace class for any R, S in 9. Suppose R={R} and S={8,;} are in M,(}). Then [R, S]
is not necessarily trace class, or even compact. Nevertheless, the formal trace of [R, 8] is
2 RS, —2;8yRy=%, ,[Ry, S;;), and this is trace class, so we may take its trace.
Thus (R, 8)=X, ,;tr [R,, S;;] is a well-defined bilinear form on M,(¥). Moreover, if
[R, 8] happens to be trace class, then (R, 8 =tr [R, S]. In particular, if UEM ) is a
Fredholm partial isometry, we have (U*, Uy = —ind U.

Consider an operator F in the C*-algebra generated by M, (A) whose symbol f mn
CM,(E) is invertible. Write f in polar form f=u|f|, where u is a unitary valued function
in CM,(E) and |f| = Vf*f. Standard approximation arguments allow us to choose a map
@: R*~ M ,(C) such that the entries ¢, of p are smooth functions, ¢ takes on unitary values
in a neighborhood of E, and such that ¢ |z is arbitrarily close to u. Our functional calculus,
Theorem 3.3 part ¢, allows us to associate with ¢ an operator ex(p) in M, (). Since ¢ and
fare in the same homotopy class, the index of F equals the index of ex(¢p).

The representation theorem yields

{ex($), ex($)*> = ) jZ_l/l(dqvud%)

If the operator ex($#) were a partial isometry, then its index would simply equal
{ex(s), ex(¢)*>. Even though it is not a partial isometry, we shall see that it is reasonably
close to one. Namely, let UT denote the polar decomposition of ex(¢). The operator U is a
partial isometry with the same index as e;(¢). Moreover, ex(¢) — U is a compact operator.
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Replacing ex(¢) by its adjoint and taking a trace class perturbation if necessary, we may
assume that ey(¢), and therefore 7', is invertible. Then T2 =ex(d)*ex(¢) is in M, (A) and
invertible. Now Theorem 3.3 implies that 7T, 7-! and hence U belongs to M, (¥). Thus
Lemma 1.3 implies {ex(d), ex($)*> =tr[U, U*], completing the proof of Theorem III.

§ 7. Examples

In this section we shall see how the foregoing theory looks when specialized to some
concrete examples. The first subsection treats pseudo-differential operators of non-positive
order. We prove that they form a crypto-integral algebra of the appropriate dimension,
and that the fundamental trace form just gives the fundamental class on the cotangent
sphere bundle of the manifold. In the second subsection we state analogous results for
Toeplitz operators on the 2n —1 sphere which follow from forthcoming work of the sec-
ond author. We also discuss how Toeplitz operators compare to pseudo-differential
operators and derive the Toeplitz index theorem from the pseudo-differential operator

index theorem.

A. Pseudo-differential operators

We begin with a discussion of pseudo-differential operators. There are quite a few
different classes of such operators. The ones appropriate here are the original ones of
Kohn-Nirenberg [13] or an extended class intermediate between these and the ones of
Hérmander [11]. Now we set conventions. Suppose U is an open set in B”. For any in-
teger m, denote by 8™(U) the set of all smooth funetions p(z, £) on U x R" such that, for
every compact K< U and multi-indices «, 8, we have

‘aﬁ b

aw o P £)|<Ch,px(1+ [Eh" ™. (7.1)

The subclass A(U) of 8% U) which we shall use has the property that for any S°(U) func-
tion p in A(U) there is a smooth function ¢”(p) (z, £) which outside the disk |£] <1 is homo-
geneous of order O in the & variable, and a positive number & such that

p(x, &) —0” (p)(x, §)€8™(T).
For any pin A(U) N 8™(U) the pseudo-differential operator P with total symbol p is the map

from L(U) functions of compact support to locally L? functions defined by extension of
the formula

Pu=(2x)"" fp(x, EYa(E)eddE
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from a dense set of functions. The operator P is said to have order m and the symbol of
P, denoted a(P)(x, 0), is the function on U x {&: |&]| =1} defined by o(P)(z, 6) =a" () (x, 0)
for z in U and |0| =1. The function p will be called the “full symbol” of P.

Let M™=M be a smooth, compact, n-dimensional manifold. Let w be an everywhere
positive smooth density on M. Using w we may define an inner product (,),, on C*(M) by
the formula (f, 9), =Jufgw. Let W, be the corresponding Hilbert space. The pseudodif-
ferential operators behave well under coordinate changes [11] and so one can define a class
PS(M) of bounded operators on ¥, whose localizations are pseudo-differential operators
having full symbol in A(U) as above.

Let T*(M) be the cotangent bundle of M. Let S*(M)< T*(M) be the cotangent sphere
bundle of M, and D*(M)< T*(M) the associated disk bundle. Then D(M) is a manifold of
dimension 2n, with boundary 0D(M)=.S*(M). To pin down S*(M) and D*(M) as actual
physical subsets of T*(M), the reader may assume a Riemannian metric on M has been
specified. Actually S*(M) is more properly and invariantly thought of as the bundle of
rays in T*(M), forming a natural boundary for T*(M); but this doesn’t matter. It is known
that the commutator ideal of PS(M) counsists of compact operators, and that the joint
essential spectrum of PS(M) may be identified with S*(M). Note that the symbol, a(P),
of an operator P in PS(M) is well defined and is a function on S*(M).

TaEOREM 7.1.

(a) Given a compact, smooth, n-dimensional manifold M, the associated algebra PS(M)
18 cryplto-integral of dimension n.

(b) Given operators 4,, ..., Ay, S PS(M), let fy, ..., fon S C(S*(M)) be the symbols of the
A, Then

tr{d,,4,,...,4,,]=y J’ M)f1df2 AdfsA ... Adfy, (7.2)

5%

where y =n!(2mi)-".

Remark. The right hand side of (7.2) is antisymmetric in the f; because of Stoke’s
theorem, or integration by parts. A more balanced formula may be obtained by consider-
ing extensions f; of the f, from S*(M) to D*(M). (One may choose such extensions in a
systematic manner if one wishes.) The Stokes’ theorem again implies

tl'[Al, ...,Az,,] =y fb(u)dflf\ RPN dfgno

Remark. This theorem along with the Atiyah-Singer index theorem gives one an ex-
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plicit formula for the index of any Fredholm operator in M, (PS(M)) in terms of the trace
of an antisymmetrization of operators in PS(M).

Proof. We will first. prove the theorem for pseudo-differential operators having com-
pact support on an open set U. The general case will then follow from the behavior of
PS(M) under localization. The Hilbert space on which these operators act is taken to be
L*(U) where one uses Lebesgue measure. If one instead were to use an equivalent measure,
this would have the effect of conjugating the operators P involved by an invertible operator
A, namely sending P to APA-1, and all considerations involving traces are insensitive to
this.

First observe that if T is a trace class pseudo-differential operator with full symbol
x, £) on U x R"® having compact support in U, then tr 7' is the trace of the integral oper-

ator with kernel
q(x,s)=(2n)'”f t(a, E) et 4dE,
Rr
Thus

trl = (2n)"" f t(z,E)déde.
Ux Rn

It is straightfoward to check that if ¢(z, &) is dominated by (1+ |&|)~**®, then T is trace
class. Also recall that the composition of two operators P, @ with full symbol p, ¢ compactly
supported in U is a pseudo-differential operator whose full symbol equals

g1 o=
% a! %p

@62 4, 8)-

From this it follows that the produet of operators of order m and n yield an operator of
order at most n+m and that the commutator of two such operators is order »+m—1.
These facts immediately guarantee that the order zero pseudo-differential operators are
almost nilpotent in n 41 steps. The fact that the antisymmetrization of 2n operators is
trace elass is more subtle and will emerge from the forthcoming discussion.

The next step in the proof is to show that the total symbol of the operator [4,, ..., 45,]
has the form

T (@, Gy vy ) (2, ) + By, ..., Ga) (@, £), (7.3)

where the a; are full symbols of the 4,, J is the Jacobian matrix of the {a,}}?;, and  has
order —(n+1). In fact Z is a sum of products of derivatives of the a; where each product
contains at least # -1 derivatives in the & directions.

To verify (7.3), we recall from part 3) of Proposition 1.1 that the antisymmetrization
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of 4y, ..., A, is a sum of 2-"n! terms like
[Al’ AR] [Aas Ad] e [Aan—p Azn]'

Clearly the full symbol of this product has order —# and the leading term is

o(32000 tute) (5 ot So s
1k]=1 ox 65 ox 65 o lw|=1 ox 36 ox 6&'

Upon expanding this out, one obtains (2n)" terms, of which »* have the form

o0 00 By B0y By 00
oy, 0Ly, oy, 08" omi, 0&,

where 1<4;<n. The other (2" —1)n" terms are obtained from this last expression by mak-
ing interchanges in ¢ of the pairs (a,,_;,a,;) and multiplying by (—1)". Hence, keeping
Proposition 1.1 in mind, we see there are altogether n!n" terms in the n-th order symbol of
[44, ..., 45,] and these terms are obtained from the standard term above by performing
arbitrary permutations in the ¢, and inserting the appropriate sign. If we fix iy, i, ..., %,
and perform the permutation, we see the result will be identically zero unless ¢, for
k=j. If however we do have i,=1, for k<j, then the ¢, are just 1, 2, ..., » in some order,
and we just obtain 1 copy of i*J(a,, ..., @;,). Summing over all possible permutations z,,
<es iy, We do obtain "nlJ(ay, ..., @,,), as claimed.

The first consequence of (7.3) is that [4,, ..., A,,] is trace class as we shall now de-
monstrate. Since the full symbol of 4, is in A(U) the function e,(z, &) = (a,(z, &) —a(a,)) (z, &)
is of order —¢, for some positive ;. If g,, ..., go,_, are functions of order less then or equal
to zero, then J(g,, ..., gan_y, ¢,) has order —n—e¢,; and so [4,, ..., 4,,] will be trace class if
J(o(ay), ..., o(ay,)) is integrable on U x R*. However, this function vanishes identically out-
side of D(U) since it is the Jacobian of a map which outside of D(U) has rank only
2n—1, by homogeneity of the a,’s. Consequently it is integrable.

The trace of [4,, ..., 45,] is just the integral of i*n!(2x)~"J plus the integral of E. We
wish to show E does not contribute to the trace. Define A% to be the pseudo-differential
operator with symbol a,(z, £/t) which we denote by af. The function af —a, has order —¢
and so if the corresponding operator D appears in a commutator [Di, [4,, ..., 45,]] or
[As, [D, A,, ..., A,,]] the commutator is trace class and has trace zero. Repetition of this
principle and Proposition 1.1, part 2, yield that tr [4}, ..., 4,}] is independent of {. Of
course (y.a» J(ai, ..., a,) is also independent of ¢. However,

| fE’(ai, ey O52) (@, &) dedE

< ’tnLﬂ fIE(al’ ""a‘2n) (x: é/t)ldxdé
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for t>1, so if we make the change of variables 7 =£/t and then take the limit ¢ oo, we
happily find that { B =0. Therefore

.
tI'[Al, A2’ ceey Azn] =" (27‘[)"’ ft}x n J(aly Agy «ees a2n)’

which by Stokes theorem is

nl
W}'ﬂfu fm:raldaz/\ dag A ... ANdag,,

which in turn is
LI ff (4,)do(4,) da(4,,)
—lm [of g A...ANdo(dy,).
(2m8)" 10 J v J 1811 t 2 2

However, this last integral is independent of # for r >1 since the integrand is exact. This
gives the desired trace formula {7.2) for U.

Now we pass to the general case. The point is that PS(M) is pseudo-local in the fol-
lowing sense. Throughout this section M, will denote the operation of multiplication by
the function k. The function space on which it acts will vary but in a way which will al-
ways be clear from context; here this space is C®(M). Suppose f and g are two smooth
functions on M with disjoint supports. Then, for any T €PS(M), the operator M, TM, is
a smooth integral operator, and in particular is trace class. Also, if U< M is any open set,
then the algebra A(U)={M,TM,{,geCP(U), TEPS(M)} depends only on the diffeo-
morphism type of U, not on the embedding of U in M. This is the excision property for
pseudo-differential operators.

If M is any compact manifold let {U} be a finite covering of M by coordinate disks.
For convenience we will assume that given U,, then the union of those U, for which
U;NU,;+¢ is contained in some suitable coordinate disk. It is not hard to see that such
covers exist. Let {#;} be a partition of unity subordinate to the covering {U,}. Then given
any TE€PS(M), we may write T'=X, ; M, T M, In this way, we may replace any basic
commutator product in elements of PS8(M) by a sum of basic commutator products which
either contain only terms of the form AM;, BM,,C where h,; and %, have disjoint support,
or are basic commutator products in operators all belonging to (V) for some suitable
coordinate disk V. The former type are clearly trace class. Whether or not a given type of
expression involving commutators in elements of PS(M) is always trace class is reduced
to the same question asked only of elements of (V) for some standard disk V. In other
words, such a question is a local question. From our investigations on U, we may conclude
that PS(M) is crypto-integral of dimension 7 =dim M for any manifold 3.
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Now we may turn to the fundamental form on PS(M). It is clear that both the right
and left hand sides of (7.2) have the following properties:

(i) They are equal if all 4,, 1 <¢<2n are in Y(V) for some disk V< M. This of course
follows from the computation on R™.

(ii) Suppose for some 7 and j, A;=M, B, My, and A,=M, B, M, where some pair
from g,, g,, k; and k, have disjoint supports. The right hand side of (6.1) is zero
because f, and f,, the symbols of 4, and 4,, have disjoint supports. Secondly, the
product 4,4, ... A,, and any permutation of it is trace class. Consequently the
antisymmetrization of 4,, ..., 4,, can be written as the sum of trace class com-
mutators and so the left hand side of (6.1) is zero.

(iii) Each side is determined by its values on (V) for disks ¥ and by property (ii).
This follows from the partition of unity argument mentioned above.

From (i), (ii) and (iii) above, statement (b) of Theorem 7.1 follows immediately for a
general manifold M, so the proof of that theorem is complete.

Remark. The localization property used here to reduce the computation on a general
manifold to the computation on R" is in fact a general phenomenon in crypto-integral
algebras. Precisely, suppose 9 is a crypto-integral algebra closed under O functional
calculus. Suppose B is a commutative subalgebra. Suppose T', and T,€B and T, and
T, have disjoint supports in the maximal ideal space of C*B. Then T, AT, is trace class
for any 4 €Y for it is not hard to show that there is an S in Y commuting with 7, and T,
such that ST,=7T,, and 8T,=0. Then [§, T, AT, =T, AT,, so T;AT,€ N0 U, (s0

T, AT, is of order — o0) and in particular is trace class.

B. Venugopalkrishna’s Toeplitz operators
Let us briefly recall the definition of these operators [18]. Let D< C" be the unit disk
in complex n-space, and let §2*-1=5D be the unit sphere. Let H2(D) be the subspace of
L?(D) consisting of holomorphic functions in D. Let P be the projection of L? onto H2.
For any continuous function f on D, define the Toeplitz operators 7, on H%(D) by t,=PM,.
The algebra of Toeplitz operators is denoted A, and the symbol of 7, is fs2n-1. One
can perform the same construction for a pseudo-convex domain with smooth boundary.
However, in the case of D, one has a pleasant orthogonal basis for H2, namely
+ | k)12
L [(n kl' ) ] 2, (7.4)
where k is the conventional multi-index with entries in (Z+)". This basis allows one to
identify H*(D) with I2((Z+)") (see [5] for details). If a €Z", then we define translation by a
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to be the operator on [2(Z") whose action on f€13(Z*) is [T, f1(b) =f(b —a). One can compute
that 7, when viewed on 12((Z+)") has the form M/, T, where e, is the standard ith basis
vector in (Z*)" and the function f, is
2, 12
filx)= (EW) . (7.5)
Toeplitz operators and pseudo-differential operators are very closely related. For, if
M is a manifold and U< 8*( M) is a coordinate ball, then the C*-algebra generated by
pseudo-differential operators whose symbols are constant outside U is isomorphic to the
C*-algebra generated by A,. One can see this on general grounds by combining the Atiyah-
Singer Index Theorem [1], the theory of Brown-Douglas-Fillmore [3], and Venugopal-
krishna’s Index Theorem [18]. We take a more concrete point of view instead and write
down explicitly such a correspondence between A, and a natural subalgebra of PS(T"),
the pseudo-differential operators on the n-torus. A benefit of this approach is a demonstra-
tion that Venugopalkrishna’s index theorem follows from the Atiyah-Singer index theorem.
By means of the Fourier transform the pseudo-differential operator PS(T™) can be
conveniently regarded as being an algebra of operators on l,(Z") generated by the follow-
ing two types of operators:
(i) translation operators: if @, b€Z", and f€l,(Z"), then T,(f)(0)=f(b—a) is trans-
lation by a;
(ii) multiplication operators: M, with g the restriction to Z" of a smooth function on
R™ which satisfies

‘Z—Zg(&)’ <C,(1+ |y (7.6)

as well as the obvious analog of the asymptotic condition which characterizes functions in
A(U).

This approach to pseudo-differential operators is workable and the original proof
of Theorem 7.1 was given in this framework. Also treating these operators as weighted
shifts is gratifying to operator theorists who have had a long standing affection for weight-
ed shifts. Now we turn to Toeplitz operators.

The function f; of (7.5) defined on (R*)" has radial asymptotic limits and its deriva-
tives &¥/o2" satisfy the appropriate growth condition (7.6) provided that |z|/z, is bounded.
Thus the generators 7i,=M;T, for the Toeplitz algebra seem something like PS(T™)
operators but they have a “rough symbol” along the hyperplane z,=0. We shall identify
certain Toeplitz operators with operators in PS(7™) whose interesting action is just that
of the Toeplitz operators. Let ¢ denote all polynomials in 7, 73,. Put w=]Ti, ff where f,
is as in (7.5). Note w vanishes on the coordinate planes z,=0. Also the operator M, can
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be written []}; (rz,r:‘) and consequently is in §. Furthermore, any continuous function
f of M, is in the C*-algebra generated by . Pick § to be a one-one O function from R+
to R+ which along with all of its derivatives vanishes at the origin. The salient feature of
B is that S(w) f, is smooth and satisfies (7.6) thereby insuring that the operator (I, )., =
Mpyr; Te,; in the Toeplitz algebra is also in PS(T™).

Let A be the selfadjoint. polynomial algebra generated by the constants and the
operators B(M,)7.. Then if REM,(A) is Fredholm, it is clear that the index of R is the
same whether R is considered as operating on [2((Z*)") or on 1?(Z"). In the latter situation
of course the index of R is computed by the Atiyah-Singer Index Theorem. On the other
hand, A is contained in A, and it is clear that the symbols represented by 4 are uniformly
dense in the functions constant on the zeros of wys2a-1. Thus it is clear from standard argu-
ments that each homotopy class of symbols for M,,(A,) contains a symbol from M, (4).
(One shrinks the zero-locus of w;s2n-1 to a point.) Thus Atiyah and Singer compute the in-
dex homomorphism for A, and this computation is just the content of Venugopalkrishna’s
result.

We also remark that one can construct a subalgebra of PS{7™) which is reduced by
I3((Z*)™), which restricts faithfully to I2((Z+)", and which modulo the compacts are dense
(uniform norm) in A,. There are several constructions one can use to obtain such sub-
algebras, all of which are straightforward and follow after a few moments of thought.

Now we forsake the C*-algebra generated by A, and discuss finer structure. To show
that A, is a cryptointegral algebra it suffices to show that the 7., and their adjoints satisfy
Criterion 3.1. This can be done by getting growth estimates analogous to (7.6} for the f;
with differences f,(x+e,) —f,(x) replacing derivatives §/0x. Although this is the method
which the authors used to verify that A, is crypto-integral, we shall not present it because
it has been outmoded by recent work of the second author which will appear elsewhere.
The new approach springs from a very concrete study of Fourier analysis on the Heisen-
berg group, in which pseudo-differential and Toeplitz operators fit into a common frame-
work. The Kohn-Nirenberg formalism has a natural interpretation in this setup and stand-
ard procedures for pseudo-differential operators apply also to Toeplitz operators. One

can use this to prove the analog of (7.1) for A,:

THEOREM 7.2. (a) A, is a cryplo-integra-algebra of dimension n, (b) If gy, ..., g, are
smooth functions on the 2n-dimensional unit disk D in C", then

1
tl‘[Tg,, coey ngn] = m jD dgl A dgsz e A dgzn.

Remark. vol (D) equals (27i)"/n! with respect to the volume form dz, A dz, A ... AdZ, A dz,.
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