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Wiener regularity for large
solutions of nonlinear equations

Denis A. Labutin

1. Introduction

This paper concerns large solutions to nonlinear elliptic equations in arbitrary
bounded domains QCR™, n>3. These are solutions u€Cg _(Q) to the nonlinear
problem

(L.1) { Au—|u|/ tu=0 inQ,

u(x) — +oo, when z — 0.

For the parameter ¢ we always assume in this paper that
(1.2) g>1

Equation (1.1} is the model equation for a broad class of semilinear elliptic problems
admitting comparison principle. Apart from the importance for partial differential
equations, interest in large solutions in general domains comes from two different
sources: the theory of spatial branching processes and conformal differential ge-
ometry. Of the two basic questions concerning problem (1.1) in arbitrary domains
Q—namely, existence and uniqueness—our main result completely resolves the first.
Theorem 1.1 states that the solubility of (1.1) is equivalent to a Wiener-type test
with respect to a certain capacity. As to the second question, it is well known that
uniqueness for (1.1) fails in general domains [39], [14], [29]. Note that the strong
maximum principle for elliptic equations implies that u from (1.1) satisfies

(1.3) >0, Au—u?=0in Q.

Hence without loss of generality we need to consider only positive solutions of (1.1).
After the ground-breaking papers by Perkins [67], Dynkin [19], and Le Gall [45],
solutions of (1.1) and (1.3) attracted a lot of attention from probabilists. Currently
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this is a very active area of research on the interface between the theory of random
processes, nonlinear partial differential equations, and analysis. We refer to the
ICM reports by Perkins [68] and Le Gall [48] for a survey of the progress in the
field and bibliography, see also [46]. Recent monographs [21], [20], [24], and [49)],
are dedicated to different aspects of the theory. At the moment the probabilistic
methods are limited to the case

(1.4) l<g<2

in (1.1) and {1.3); see [23] on this issue. Our paper was inspired by a result of Dhersin
and Le Gall [17]. They proved that the existence of a solution to problem (1.1) for

(1.5) g=2

is equivalent to a Wiener-type criterion for Q°=R"™\. This result is one of the
milestones of the theory, see [48] and [49]. The crucial idea of Dhersin and Le
Gall was to combine classical potential theory with sharp bounds on the hitting
probability for the super-Brownian motion associated with positive solutions of

(1.6) Au—u? =0.

Further probabilistic treatment of related problems for equation (1.6) and its para-
bolic counterpart can be found in [18], [16] and [15]. An open problem in this area
was to extend the result from (1.5) to the full range (1.2); see, for example, [49].
Relying entirely upon analytic ideas, the present paper proves the Wiener test for
solubility of (1.1) for all g>1. This approach also finds applications in conformal
geometry; see Remark 1.2(i).

Large solutions (1.1) were initially studied by Loewner and Nirenberg [52],
as well as in the earlier papers of Keller [37] and Osserman [66]. Loewner and
Nirenberg considered the case

(1.7) ="

that arises in conformal differential geometry. They proved that in smooth domains
Q problem (1.1) has a unique solution. Later the questions of existence, uniqueness,
and the rate of the boundary blow-up were investigated by many authors. The bib-
liography for the subject is very extensive [76]. For example, Brezis and Véron [11]
proved that singletons are regular boundary points for (1.1) if and only if

(1.8) 1<q<i.
n—2
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Aviles, Bandle, Essén, Finn, Marcus, McOwen, Véron, and others investigated the
questions for domains bounded by nonsmooth hypersurfaces or manifolds of lower
dimensions, as well as for more general semilinear equations. In particular, Marcus
and Véron [54] found sharp asymptotics for solutions of (1.1) near conical and cus-
poidal boundary points. Kondratiev and Nikishkin [39] discovered the nonunique-
ness for (1.1); see also [14] and [29]. We refer to the survey [65] and the mono-
graph [76], for further description and references. Additionally, papers [54], [28],
[58], and [77] contain very recent results. However, up to this point, the analytic
approach has not given necessary and sufficient conditions for existence in (1.1).
The capacity appropriate to problem (1.1) is defined as follows. Fix zp€R",
n>3. Let KCR'™ be a compact subset of the ball B(xo, %) For 1<p<oo define

a9 -t [ 1D e G (B D), ez 1},

Following the axiomatic potential theory approach [10], [12] and [35], we extend Cp
to an outer capacity on the collection of sets FE such that E@B(:ro, %) Capacities
defined with different zq are equivalent; see Section 2 for further explanations.

The capacity C, is essentially the Bessel capacity associated with the Sobolev
space W2P(R™). Such capacities have been carefully investigated in the theory of
nonlinear potentials. The theory originates in early works by Maz'ya and Serrin
in the 1960s, and was later developed during the 1970s and 1980s in papers by
Adams, Fuglede, Havin, Hedberg, Maz'ya, Meyers, and many others. We will use it
extensively. The main references will be the monographs [5], [61], and [80], wherein
the reader can also find a rich bibliography as well as ample historical notes. Now
we state the main result of this paper.

Theorem 1.1. Let QCR™, n>3, be a bounded domain, and let g>1. The
following statements are equivalent:

(i) Problem (1.1) has a solution u€CZ _(§2).

(i) The set Q°=R™\Q is not thin, that is,

1
C,o(Q2°NB
(1.10) /wﬁ:ﬂ)@ for all z €Q°,
O n r
where
1 1
q q

In Remark 1.2(iii) we sketch how (1.10) and well-known properties of the ca-
pacity imply the solubility of (1.1) for specific classes of domains 2.
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For g=2, Theorem 1.1 was proved in [17] using probabilistic methods. More
precisely, Dhersin and Le Gall proved a stronger theorem stating that the existence
of a solution blowing up at a point zy€0Q is equivalent to the Wiener criterion
being satisfied at xo. It is very likely that the proof from [17] can be generalised
to the case (1.4) using ideas from [22] and [23]. All our estimates in the proof
of Theorem 1.1 are local. Thus, in a manner similar to [17], we in fact establish
the stronger statement that the existence of u solving (1.3) and blowing up at a
boundary point is equivalent to the Wiener test (1.10) at that point.

Capacity (1.9) has the following property:

(1.11) Cp({2}) >0 for p> in;

see, for example, [61], Chapter 7, and [5], Chapter 2. Property (1.11) implies that
the integral (1.10) diverges for any domain § provided that g satisfies (1.8). In
Section 2 we will explain that for such ¢, problem (1.1) admits a solution in any .
Therefore, to exclude this trivial case we make the standing assumption that in all
proofs in this paper

g>

n—2"
If 1<g<n/(n—2), uniqueness also holds for (1.1), provided that §2 satisfies
00=0((2)%);

see [77].

Conditions similar to (1.10) are called Wiener criteria. Wiener proved in his
fundamental papers [79] and [78] that a condition of this type containing the classical
electrostatic capacity is necessary and sufficient for solvability of the Dirichlet prob-
lem for harmonic functions. Later, Wiener tests for the solvability of the Dirichlet
problem for more general linear second-order (degenerately) elliptic and parabolic
equations were established in [51], [27], [9], [13], [25], and [26]. Recently the first
complete results were obtained for linear elliptic equations of higher order [63], for
an overview see [64]. The seminal papers [59] and [30] launched research on Wiener
regularity of the Dirichlet problem for quasilinear equations of the second order by
proving the sufficiency of a Wiener-type criterion. A recent paper [38] completed
the investigation of the basic question by proving the necessity; see also an earlier
contribution [50]. Monographs [70], [34] and [53] give a comprehensive exposition of
these results. Trudinger and Wang presented in [73] an alternative, more general,
and more concise approach to quasilinear equations of the second order. In [43],
the Wiener criterion was proved for Hessian equations. Hessian equations [74], [72],
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and [71] are fully nonlinear (i.e. nonlinear in the second derivatives) elliptic equa-
tions. We refer to the surveys [3] and [62] for further description of this area and for
the bibliography. In connection with the present paper, we mention the following
result. Consider the standard (finite data) Dirichlet problem

{ Au—|ulilu=0 inQ,
u=f on 09,

with arbitrary ¢>1. Adams and Heard [4] and [2] proved that it is solvable for all
FeC(9Q) if and only if the classical Wiener test from [79] and [78] holds for €.

Capacity (1.9) has been used in previous works on potential theory for semilin-
ear equations. Baras and Plerre [8] used it to characterise removable singularities
for solutions of (1.3). In [6] and [36] this capacity was used to investigate a differ-
ent class of semilinear equations. We also mention the continuing series of papers
by Marcus and Véron [55], [56], [58], and [57] on Riesz-Herglotz-type effects for
equation (1.3) and its parabolic counterpart, questions that are also under current
active study from the probabilistic point of view by Dynkin, Kuznetsov, Le Gall,
and others [22], [23], [41], [40], and [47].

The crucial fact about solutions of {1.3) that will be used constantly in this
paper is the elliptic comparison principle. As a consequence of this principle, local
regularity estimates hold for solutions of (1.3). In particular, if ueLl (Q) is a

loc
distributional solution of (1.3) in , then, in fact, ueC£2 () and u is the classical

loc
solution. Another consequence of the comparison principle is the existence of a

mazimal solution Uq€C2 () of (1.3) such that the inequality
Uag>u

holds for any u solving (1.3); see Section 2. To illustrate the main phenomenon
behind Theorem 1.1 we now formulate our crucial estimate in the model form. Let
K CB(0,1) be & compact set in R” with n>3, let Q=R"\ K, and let ¢>n/(n—2).
Then

Cq’ (K )

(1.12) Ualw) =< 4.5

for |z| > 2.

Theorems 3.1 and 3.2 provide the sharper versions of estimate (1.12) that will
actually be used in the proof of Theorem 1.1. For ¢=2 estimate (1.12) has a
probabilistic interpretation, see [17].

Remark 1.2. (i) In [44] we apply the techniques from the present paper to the
singular Yamabe problem in the case of negative scalar curvature. The problem
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which arose in the work of Loewner and Nirenberg [52] and of Schoen and Yau [69],
consists of finding a complete metric on an open set Q of, say, the unit sphere in
R"™, n>3, that is conformally equivalent to the standard metric gy and has constant
scalar curvature. Analytically, one seeks a solution of (1.3) with ¢ satisfying (1.7)
such that the metric u* (=2 gq is complete in §. The latter replaces the condition
of pointwise blow-up. A further description and references can be found in the
survey [65]. In [44] we prove that a Wiener test similar to (1.10) characterises the
open sets admitting such complete conformal metrics with negative scalar curvature.

(ii) In the present paper we consider only the model problem (1.1). It is in-
teresting to extend Theorem 1.1 to the more general nonlinearities considered by
Dynkin and Kuznetsov [23] and [42], and to more general linear elliptic operators.
Generalisations to some nonlinear equations admitting the comparison principle are
straightforward. Another open question is to adapt the techniques from the present
paper to the problem

{ Au+ f(u) =0 in €,
u(z) = 4oo, when z— 9Q,

in plane domains QCR? for exponential nonlinearities f, see [75] and [76]. Ca-
pacities suitable for the exponential nonlinearities were recently introduced and
investigated by Grillot and Véron [31].

(iii) We illustrate how Theorem 1.1 implies the solubility of (1.1) for domains
subject to some transparent geometric conditions:

(1) The connection (4.6) between capacity and Lebesgue measure implies at
once that (1.1) is solvable whenever there exist constants C>0 and o satisfying

2

e [ I —
N () Pt

such that for any €9} we have
Q°NB(z,r)| > C|B(z,r)|* forall0<r<l.

Using (4.6) it is also possible to derive an analogous result for g=n/(n—2) in a
logarithmic scale.
(2} We set
(n—2)g—n
d(g) = ————.
(@) 1
Exploiting the well-known relationship between capacity and Hausdorff measure
(e.g. [5], Chapter 5) we deduce that (1.1) is solvable in any domain  such that
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00=I"1Ul'zU..., where I'; for j=1,2,..., is an immersed submanifold of class Ccl,
say, with
Sets with finite Hausdorft d(g)-measure have capacity zero. Consequently, from
(1.10) we also recover the result of Loewner and Nirenberg [52] stating that (1.1) is
not solvable if

Hd(q)(aﬂ) < 400.

(3) The well-known formulae for the capacity of cylinders [1], and [61], Chap-
ter 7, allow us to analyse the solubility of (1.1) for all values of ¢ and n in the case
when Q° is the Lebesgue cusp. For ¢g=2 this was done in [17] and the general case
can be treated in the same way.

Notation. If ECR"™, then E°=R"™\ E is the complement of £ in R", |E| is the
Lebesgue measure of E, and x g is the indicator (characteristic) function of £. For
r€R™ and r>0 we denote by B(x,r) the open Euclidean ball of radius r centered
at x. For j€Z we put r;=1/27. By B; we denote the dyadic ball, B;=B(0,r;). We
denote the Green'’s function and the Poisson’s kernel for the Laplacian in B(0, R) by
Gr and Ppg, respectively. By C, 6’, 14, ..., we denote positive constants depending
only on the dimension n and the parameter ¢>1 from (1.1) and (1.3). The value of
C, 5, C1, ..., may vary even within the same line. We write

A<SB (AZB)
if
A<CB (A>CB)
for some C. We write
A=B
if ASB<A.

Organisation of the paper. In Section 2 we recall some known results about
solutions of (1.3} and the capacity (1.9), and prove preliminary estimates. In Sec-
tion 3 we establish estimates of type (1.12) for the maximal solution of (1.1) or (1.3)
near the boundary. In Section 4 we conclude by proving the main Theorem 1.1,
relying on the estimates from Section 3.
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est. Part of the work was done during my visit to the Newton Institute, University
of Cambridge. I am grateful to Neil Trudinger and John Toland for their invita-
tion. T wish to thank Nina Ivochkina, Vladimir Maz'ya, and Laurent Véron for very
interesting discussions. I also thank the referee for remarks and corrections.
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2. Preliminaries on equation and capacity
In this section we set about proving some preliminary estimates and state some
well-known facts about the solutions of

(2.1) w>0, Au—u?=0,

with ¢>1, and the capacity (1.9). The proofs that we omit can be found in [52],
(1], [76], 5], [61], and [80].

Solutions to (2.1) exhibit the following dilation invariance: for all a>0 and
r>0,

(2.2)  wsolves (2.1) in B(0,r) = a*{ Yy(a-) solves (2.1) in B(0,7/a).
Let u solve (2.1) in a domain €. Then

1

S for all xo € €.
~ Qist(xo, 022/ @D or all xp €

(2.3) (o)

This estimate, first discovered by Keller [37] and Osserman [66], follows from the
comparison principle. It allows us to define large solutions in the following way.

First, let Q be a bounded domain with, say, 9Q€C?. Then, as was discovered
by Loewner and Nirenberg [52], there exists a unique solution to the problem

Au—u?=0 in Q,
(2.4) {

u(z) = +oo, when z— I
Moreover, for £oc0Q and r>0, let u be a solution of (2.1) in Q such that
w(x) — +oo, when x— (0Q)NB(xq, 7).
Then

2(g+1)
{g—=1)2

Now, let £ be an arbitrary domain, not even necessarily bounded. Take a
sequence of bounded smooth domains {§2;}22; such that

1/(q—1}
(2.5)  w(x)dist{x, Q)% D 5 < ) ,  when z = (8Q)NB(zp, 7).

3

QIC...CQJ‘CQJ‘+1C..., Q]:Q.

1

<.
I
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Let u; be the unique solution to (2.4) in Q;. In combination, the comparison prin-
ciple, regularity, and (2.3) imply that the sequence {u;}72; decreases to a function
U=Uq, UaeCZ.(Q), and

(2.6) u; —Ugq in CL (), when j—oco.
Moreover, Ug is the mazimal solution to (2.1) in §2. It means that the inequality
(2.7) u<Uqy in§
holds for any classical solution u to (2.1) in €. From (2.7) it follows at once that
(2.8) Uq, <Uq, in Qg, when 1 D Q.
Let Kq,..., K, be compact sets, let

K=KU..UK,,

and let U, Uy, ..., Uy, be the maximal solutions of (2.1) in K¢, K%,..., K¢, respec-
tively. Then on the one hand
' Up+..+U,

is a supersolution of (2.1) in K¢, but on the other hand Holder inequality ensures

that )

is a subsolution of (2.1) in K°. Hence, smooth approximation of K and application
of the comparison principle imply that

1 m ™m ) .
(2.9) mgUigngUi in K¢
Suppose now that

1<q< -2
7 n—2"

Then simple calculations show that the function

o(x) = (M>l/(q—l> .

B (g—1)? |z]2/ta=D)

solves (2.1) in R™\{0}. Let Q be an arbitrary domain. Take any xo€0Q. From
(2.7) we conclude that
Ua(z) > o(x—xp),
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and therefore that Ug solves (2.4). From now on we always assume that

n
n—2

(2.10) =

Our next goal in this section is to discuss the properties of the capacity C,,
1<p<oo, defined in (1.9). Later when dealing with {1.10) we will take p=¢q’. Thus
according to (2.10) we can restrict consideration to the case

1
IT<p<gn.

Fix zo€R". Take a compact set K CB(zp,3). Then

@(K)xinf{ | (D2ep+ 1Dl +iei) s e 3o (R
(2.11) R
and | =1 for some open set O D K}

Following the standard scheme of axiomatic potential theory, we define C,(F) as
the corresponding outer capacity for any set E@B(xo, %) The function C, defined
in this way is a capacity in the sense of Choquet. The equivalence (2.11) implies
that, by fixing a different point Zo, K CB(Zo, 3), we obtain an equivalent capacity
5p, i.e.

Cp(K) = Cp(K)

for compact subsets of B(zq,3)NB (&g, 2). Hence conditions of type (1.10) do not
depend on the choice of xy.

In this paper, we will need the following (partially known) result concerning
the behaviour of the capacity with respect to the dilation scaling.

Lemma 2.1. Let E be o Borel set with ECB(0,3), and let 1<p<in. Then

(2.12) Cp(tE) <t"~2PC,(F) for 0<t< 2,

LIS + ! for 0<t<?2
Cry2(tE) " Cppa(E) * Coy2(B(0,1)) 5

(2.13)

Proof. (1) The proof of (2.12) is a straightforward application of (2.11) and
is well known. The proof of (2.13) is not available in the literature except for the
particular case n=4 [17], when the linear theory can be applied. In what follows
we prove (2.13).
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(2) For a Radon measure ;>0 we define the function F,:(0,4+o00)—R! by
writing

Fan= [ / "Bl gy, 50

r

After approximation, we can assume that in (2.13),
E=K,

where K is a compact set that is the disjoint union of finitely many closed domains
with smooth boundaries. For such K a basic result in nonlinear potential theory,
combined with the Wolff inequality [5], Chapters 2 and 4, implies that

(2.14)
1

C—Wm =<inf{F,(1):suppp C K, ||p||=1 and p is absolutely continuous}.
n/2

We claim that
1
(215) "E?(T)X; for TZI,

for any absolutely continuous Radon measure ;1>0 such that supp ¢ C K and ||p||=1.
Indeed, applying the dominated convergence theorem we discover that

PO =3 [ ulBla ) duo)

u
Now the condition ||u||=1 implies at once that

dr, 1
ol <.
dr (r)s T
To establish the lower bound for F, [L we cover the set K by the fixed number of balls

B(aj, %), j=1,...,N(n). Clearly there exists a number ¢, 1<i<N(n), such that

For 7>1 we infer that

F
Uy 1 / w(B(z, 1) ™2 du(z)
dr B(a:,1/2)

-

1 n— 1
[ B ) ) 2 7
B(ai,1/2) T

v

T

This finishes the proof of (2.15).
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(3) We claim that

1 < 1
Cryo(tK)2/ (=2 ™ C, o (K)2/(n=2)

1
(2.16) +log¥ for 0 <t < 1.

In fact, utilising (2.14), we can find an absolutely continuous Radon measure p>0
such that

1
llz]| =1, supppC K, and W F(l)

For t>0 we define T;: R*—R™ by x++tx, and consider the corresponding push-
forward of L,

(Tu(B) = 17 B) = (T )

for ECR™ with supp(Ty.p) CtK. Then we deduce from (2.14) that

1 1 T r /(” 2) d?” 1
CoA TR (1) //0 M(B<t,t>> Ly ( )NFM(t)

Hence, inveking (2.15), we discover that

1 1/t 1 1
— < F, (1 F’ < tlog —.
ke S E [ Bl dr S o e Tlog

This establishes (2.16).

(4) We claim that

1

1
2.17 >
( ) Cn/g(tK)Q/ n—2) ~~ C /2(K)2/(n_2)

1
—Hog; for 0<t<1.

In fact, we can find a Radon measure in (2.14) such that

1

— = 1).
e iy ~ el

Consider the push-forward T;-1,pt, T3 (Ty—1,0)=p. Arguing as in the previous step,
we deduce that

L 1
[ — _ +
Cpo o (LK )2/ D) 2 Fr. o,y m(1) —FTt_l*#<t>

:FTt—l*H(1)+ F/

1
> 1 -
T  Crpa(K) (2 e
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(5) For the capacity of a ball we have the estimates [5], Chapter 5:
(2.18) Cp(B(0,7)) < r" 2P, 0<r<,
(2-n)/2
(2.19) Cry2(B(0,7)) < (log ;) , O<r< 3.

Combining (2.19) with (2.16) and (2.17), we arrive at (2.13). O
Next we derive a preliminary a priori estimate for solutions of (2.1).

Lemma 2.2, Let KCB(O7 %) be a compact set, and let u be a solution to (2.1)
in K¢. Then there exists a function o€ C§°(B(0,2)) satisfying 0<p<1 in B(0,2)
and =1 in an open neighbourhood of K such that

(220) [ seq )
B(0,2)
and such that n=(1—¢)%7 satisfies

(2.21) [ uDnl 180D 50 (),

Proof. (1) The open set K¢ can be approximated from the interior by domains
with smooth boundaries. Consequently, by standard continuity properties of ca-
pacity, we can assume in the proof that K is a disjoint union of a finite number
of closed domains with smooth boundaries. Take any £>0. Appealing to (2.3), we
choose R>4 such that

u<e on 0B(0,R).

Set B=B(0, R). Let v solve the problem

Av—v?=0 in B\K,
v(x) =400, when z— K,
v=0 on 0B.

Then
A(v+e)—(v+€)?<0 in B\K.

Hence by (2.5) and the comparison principle

(2.22) u<wv+e in B\K.
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(2) We set B=B(0,2) and note that BEB. We claim that there exists a
function ¢eCg° (§) with 0<¢<1 in B and @=1 in an open neighbourhood of K
such that (2.20) holds. To prove this, we first recall a well-known result in nonlinear
potential theory [33] (see also [5], Chapter 2, and [61], Chapter 9) that states that

~

there exists a function g€ C§°(B) such that
Pzt [ D2 <Cp(K), and [Pl py S
Next, take a function HeC>(R') such that
H(t)=0fort<3, and H(t)=1for¢>1.

Now we take ¢ to be the smooth truncation of @, ¢=H($). Then
Lol s [ @ ioaee+ [ @ 0%
B B

To obtain (2.20), we just apply the Gagliardo-Nirenberg interpolation inequality
[61], Chapter 9, to the first term: if 1<r<oco, then

(2.23) 1DF vy SIDP I M2 ) for any f € G3¥(B).

We remark that arguments of this type first appeared in [60] and [7] (see also [61],
Chapter 9, and [5}, Chapter 3).

(3) Let 9p=1—¢. We claim that
(2.24) / viY™ < C(m,n,q)Cy(K) for m>2q".
B

In fact, by Green’s formula

[own= [@aom= [ oawn+ [ (wg—ﬁg_’")

where v is the outer normal on dB. Since ¥|(,.|,>2) =1 we conclude that

o 1/) m

o =0 on JdB.

By the comparison principle, v{g\ x >0. Hence

v
m__ ().
an 51/_0
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Using the Hdlder inequality, we compute

< [ viawm)
(2.25) gm/B me_llAme(m—l)/Bm/)m*2|D1/J|2

1/q 1/q’
q.,/m XA q
<l fonon) (2]
1/q 1/q'
-1 q,1,m Yip 2q’> ’
o f ) ([

X=m—¢q, and Y=m-2¢.

where

We can assume that the left-hand side in (2.24) is positive. From (2.25) it then
follows that

/B VY™ < /ﬁuwxq/ﬂwzq’y

Applying the inequality (2.23), we obtain

/ W™ < Clm, ) / Dl
B B

and (2.24) follows from (2.20).
(4) Define n—=¢?7. We claim that

(2.26) /B o(|Aq|+|Dal) < Cyr (K).

In fact, for s=2¢' we have by the same calculations as in (2.25),

1/q ANV
(2.27) /vmmgs(/ qu“)q) (/JA@[‘I)
B B B
1/q AL/
ests=n) ([ omptemn) ([ 1)
B B
1/q A/
(2.28) /v|Dn|§s</ vqw(s‘l)q) ([ |D<p|q> .
B B B
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For s=2¢" we have
(s—2)g=2¢, and (s—1)¢=2q¢ +q.

Thus we can use (2.24) to estimate the integrals containing v7 in (2.27) and (2.28).
Applying the interpolation inequality (2.23) to the last term in (2.27), we conclude
on the basis of (2.20) that

vlAn| SCp (B)Ye( [ (D%l " SCy (K).
B B

Similarly, applying the Poincaré inequality to the last integral in (2.28) gives

| viDal s pt).
B

We conclude that (2.26) indeed holds.
(5) From (2.22) and (2.26) we obtain
[ wtinl+ian = [ u(Dal+1anh $Cy(K)+< [ (1Dnl+]5)
To establish (2.21) we let e—0 both in (2.22) and in the last inequality. U

Finally, for later use we record the following elementary inequality, (see for
example [5] or [61]). Let JE€Z, and let the function ¢: (0,7,) —~R* be either nonde-
creasing or nonincreasing. Then for any »€R,

o0

(229 > ot s [ ot LY sty

j=J+1 j=J

3. Capacitary estimates
Let K CR™ be a compact set. In this section we establish estimates from above
and below of type (1.12) for solutions of
(3.1) >0, Au—u?=0in K°.

The lower bound will be used in Section 4 to prove the sufficiency of (1.10) for the
solubility of (1.1), whereas the estimate from above will be used in the proof of the
necessity. The following theorem provides a lower bound.
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Theorem 3.1. Let K C{x:p<|z|<1} be a compact set, where 0<p<1, and let

UeC (K*®) be the mazimal solution of (3.1). Then
> Cy(KNB;)

(:2) vz w0,
J;J e

We emphasize that the implicit constant in inequality (3.2) is independent of g.

Proof. (1) First utilising (2.6) we approximate K and will assume further that
K in (3.2) is the closure of a finite number of domains with smooth boundaries,
KcCB(0,1)\B(0, 0).

The Bessel kernel J>€Cyx

ocC

(R™\{0}) is defined via the formula
(A=A) 'f=Toxf foral fesS.

It satisfies the estimates (see, for instance, [5], Chapter 1)

T2 ()= = for z € B(0,1),
(3.3)
for z € B(0,1)".

For jeZ define
Sj={x:r;<l|z|<r;_1}.

Fix a positive integer J such that 277 <p. Consider the sets KNS;, j=1,...,J. A
basic theorem in nonlinear potential theory (see [5], Chapter 2) states that for any
j there exists a nonnegative Radon measure u; such that

SUpp 5 C KﬁS]—
and

Cq/(KﬁSj)xuj(KﬁSj)x/ (jg*/,tj)q.

7

Consequently, after a suitable regularisation of p; and an additional smooth ap-
proximation of K, we obtain J functions g; cC5°(R"), g; >0, j=1, ..., J, such that

(3.4) supp g; C KNSj,
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(2) We set B=DB(0,2). Take £>0 and let the functions gi1,...,gs be as in the
previous step. Consider the Dirichlet problem
J
Ay=—¢ Z gj+u? in B,
j=1
u=0 on JB.

2 (B)NC(B) such that u>0 [52], [54], and
[76]. Of course, uniqueness here is a straightforward consequence of the comparison
principle. Our goal will be to show that there exists e=(n, ¢) >0 such that

The problem has a unique solution weC?

J N
(3.6) w0) 2 %ﬁ.
7=0 J

Thus
u(0)=—¢ BGQ(O,x);g](J:) dw+/B G2(0, z)ui(x) dz
J
> B|G2(O,$)[Zgj(x) dx
J q
—=t [ 1Ga0.01( [ Gty Sy ) o
(3.7 =el—e]]1.

To obtain (3.6) we will estimate I from below and I7T from above.

(3) By a simple estimate for the Green’s function and an application of (3.4)
and (3.5),

We rewrite this estimate in terms of the balls B; rather than the shells S;. From
the inequality
Cy(KNB;j_1) <Cy(KNS;)+Coy (KNBy)
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we deduce that

Izi Cy(KDS)) Z(%/(KﬁBj_l) cq,(KmBj)>

59) ST SHEU e
' J J
><1 L )ZC‘I/(KQB])> CQI(KQB])
~ -2 n—2 ~ n—
2 3=0 J j= Tj

(4) To obtain an upper estimate for IT in (3.7} we first apply (3.3) and write

(3.9) H</ |2~ "(jz*zgg> deZ

J 1 J q
3 / (Jz*z 9k> (z)dz
=17 5; k=1

If we set gj10=g74+1=go=g—1=0, then (3.9) can be continued:

zfgirn]LQ/SJ((Z ji Jf)jg*gk )qu

k=—1 k=j—1 k=j+2

(3.10) SZT;Q /S j( Jil (Jz*gk)(x)jl dz

=1 k=j—1
- j—2 qg J J42
+Zr§-< > I aulieis, ) I D D LA )
j=1  “k=—1 j=1  Nk=ji2
=X+Y+Z.

In this calculation we have used the simple inequality

/O(f1+-~~+fN)q HO(frF A )l e oy S 1O fillLos 0y +oF 1 v e (0))?

valid for measurable functions f;>0, j=1,...,N. Thus in order to estimate I7 in
(3.7) we must estimate X, Y, and Z in (3.10).

(5) In light of (3.5) it is clear at once that

J F+1 J J
1 Cy(KNB;)
311) X< s > / (J2xg)" 5§ SE s 2 .
j=1"7 k=j—1 j=1 §=0 J

(6) Next, we deduce from (3.3) that

1

Ja(x—y) S = forallzcS;, yeSy, k<j—2.

n
T
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Recalling (3.4) and (3.5), we derive the estimate

j—2 q J 7 q
1 C /(KﬂSk)
2 2
YS er ( n—2 A gk) S) er < Z . ,,,,TL—Q
k=—1 k j

(3.12) J=1 T =1 Nk=—1 k
) J J
Co (KNBy) Y
2
SNHOIE== =L
§=0 k=0 k
(7) We assert next that
T, (Cy(KENB;)
(3.13) ZSZQQ(—?;LT)
J=0 J

To prove this we conclude with the help of (3.3) that

1 .
Jo(z—y) S —— forallzesl;, yeSy, k>j+2.
T,

7

Consequently,
JH42 J 1 J q
2
2527}‘( Z o 2/ gk) Sz—m< Z Cq/(KﬁBk)>.
Ji=1 k=jt2J =175 k=j+2

To estimate the last sum we introduce the function W: (0,1)—R* by writing
U(r)=Cy(KNB(0,7)), 0<r<l

Bringing (2.29) into play, we continue the estimate for Z,

1 1 dt
< -
ZN/O e (/O 0 t) dr.

(n—2)g—1>1 whenn>3and ¢> m_ni

Note that

Hence we can apply the Hardy inequality [32], Chapter 9, to discover that

1 q 1
1 dt 1
- - < q____—
[, o ([ v 5) ars [ w00 s

Applying (2.29) to the last integral we confirm (3.13).
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(8) We claim that
(K ﬂB
(3.14) Y+2Z< Z

Indeed, we combine (3.12) and (3.13) and find that
(3.15) Vaz< ir <Z —K—HB—’“)>
. =0 k=0 o .
Next we introduce the function ®: (0,1)—R! by writing
®(r) :/1 C———q’%gi(o’t)) %, 0<r<l1.

The function @ is nonincreasing. Consequently, we can employ (2.29) to rewrite
(3.15) as

1
(3.16) Y+Z§/ r®(r)? dr.
0

We estimate the integral in (3.16). The function ® is absolutely continuous. There-
fore, integrating by parts and noting that
lim ®(r)=0,

r—+1—0

we compute
1 1
/ ré(r)? dr:—g/ r2®(r) ' (r) dr.
0 2 /o
From (2.18) and (2.19) we deduce that

120 di 1
d(r) f,/r s 1 N =D when 0 <7 <1,

whence

1 1 g—1
1
1 dr < 20~ — <
/0 rd(r) drfv/o " <7~2/(q—1>) (=@(r)dr < lim &(r).

According to (2.29)

In view of (3.16) claim (3.14) is established.
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(9) Combining (3.11), (3.14), and (3.10), we now estimate IT in (3.7),

In conjunction with (3.8) we obtain from this estimate and (3.7),

J _
u(0) 2 (<1 (n, ) =<4 Co(m, ) S LB
j=0 J

Choosing e=¢(n,q)>0 small enough, we obtain (3.6).
(10) From (2.7) we deduce that

U>wu on 0(B\K).

Hence (3.4) and (2.7) allow us to apply the comparison principle to U and » in
B\ K. We conclude that
U(0) > u(0).

Now (3.2) follows directly from (3.6) because the terms with j>.J in (3.2) vanish. O
Next we derive an upper bound for solutions of (3.1).

Theorem 3.2. Let K C{x:9<|z|<1} be a compact set, where 0< p<1, and let

UeCE (K*¢) be the mazimal solution of (3.1). Then

= Cy(KNB;) n

< S Sl e -

(3.17) U(O)NZ =2 for g> _—t

=0 J

o Cry2((KNBj)/rj) n
(3.18) U< ZO = for q=——.

j= ;

First we prove the following lemma.

Lemma 3.3. Let KCB; be a compact set, and let ucC?

o (K©) satisfy (3.1).
Then

(3.19) w(x) SCy(K)  when |x| > 3.

Proof. Take ¢>0. Using (2.3), we choose N€Z with N <—2 such that

u<e on JBy.
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We then set B=By and R=ry. We next fix a function 7 as in Lemma 2.2 with
N {z:||>23 =1, and consider x satisfying |2|>3. Using the properties of the Green’s
function and the Poisson’s kernel, we obtain

u(z) = /B Gl ) Alun)) dy+ | Paa Oun)(©) do(6)

< / G (s y) (AUt uliy+2DuDr)(y) dy+e / Pr(x€) do(€)
B aB

(3.20) < /B Gr(z,y)(uAn+2DuDn)(y) dy+e
- /B G (2, y)(uln)(y) dy—2 /B D, G r(x,y)Dn(y)uly) dy-+e

St [ (i (D)

To obtain (3.19) we apply the estimate (2.21) from Lemma 2.2 to the second term
n (3.20) and let e—0. O

With the aid of the scaled estimate (3.19), we now prove Theorem 3.2.
Proof of Theorem 3.2. (1) For j€Z we define the shells

Sj={z:rj<lz|<rja}.

Fix j>1. Cover S; by N N( ) number of closed balls B(ak, 0;), k=1,..., N(n),
where a; €5; and p;=1557;. For k=1,..., N, let Vx=V}; be the maximal solution
to (3.1) with K replaced by KﬂB(ak, gj). Let U; be the maximal solution to (3.1)
with K replaced by KNS;.

(2) Fix ¢>n/(n—2). Utilising (2.2}, we scale estimate (3.19) in Lemma 3.3 to

discover that
Co (KNBj_1)/rj-1)

<
Vk(o) ~ ¢2/(‘771)
=1
Consequently by (2.9),
N
C KNB; 1)/’/" 1)
Uj(O)SZVk(O)S (( 2/(; i) =

k=1 ]

Choose an integer J such that 277 <p. We employ (2.9) and the previous estimate
on U;(0) to see that

J

Cy ((KNBj)/rj)

UO=<>.0; Z——q AT
=1
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The estimate (3.18) is thereby proved. Moreover, (3.17) also follows immediately
by scaling (2.12). O

4. Proof of the Wiener criterion

In this section we prove our main result, namely Theorem 1.1. We use the
capacity estimates from Section 3.

Proof of Theorem 1.1. (ii) = (i) Assume that (1.10} holds. Let U be the
maximal solution to (1.3) in Q, UeCZ (Q). Fix z0€Q. To prove the solubility of
(1.1) we will demonstrate that

4.1 i = .
(4.1) glglerg Ulx) =400
T—>To
In proving this, we may assume that 25=0. Take any M >0. By (1.10) there exists
0>0 such that
1 c
/ Cr@NBO.) dr
3 r

n—2
0 r

Let U, be the maximal solution to (1.3) in QUB(0,3p). By monotonicity (2.8), we
have
U>U, in L

To estimate U, from below fix any zq€B(0,0). Then apply both estimate (3.2)
from Theorem 3.1 and (2.29),

1 c 1 [
Ug(ZO)Z/ Cy (2 O?Q(ZOW)) @ Z/ Cq (Q°NB(0, 1)) ﬁ > M.
20—|z0| T r 3

0 P2 r
Consequently

Uz M in B(0,0)NQ,
and (4.1) follows.

(i) = (ii) (1) Assume that (1.1) has a solution u. Take any x€d. We need
to prove that (1.10) holds. We again assume to economise on notation that z=0.
We set

K=0°

2

and define the dyadic shells

Sj:{.I‘ITj+1 <£E’<T’j},

gj :{$2Tj+2 Sxﬁ?"j_l}.
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Let Uy, U2,~ Us, and Uy be the maximal solutions to (1.3) for the exteriors of KN
Bjio, KNS;, (KNB1)\Bj_1, and K\ By, respectively. Of course, these functions
also depend on j. From (2.9) and (2.7) we learn that

U§U1+U2+U3+U4 in Sj
Consequently,

(4.2) infu < |Uill e (sy) +1Usl pow s,y 1 Uall oo sy +inf Us.
7 7

The definition of u ensures that

(4.3) infu—+oo, when j— oco.

7

The crux of the proof lies in obtaining an upper capacity estimate for u in 5.
Estimates (3.17) and (3.18) from Theorem 3.2 provide the necessary upper bounds
for the first three terms in (4.2). We now proceed to estimate the infimum of Us in
S; from above.

(2) Denote E=KNS;. Let w be the maximal solution to (1.3) in £°. In other
words, denote Us for j=1 by w. Fix functions ¢ and n as in Lemma 2.2, where K
is replaced by the compact set E. We claim that

(4.4) | unsc(®).
B(0,2)

To prove this we set B=15(0,4), and take 6 C§°(B) such that >0 and 6| g(o,3)=1-
For x€ B we use an argument similar to the one that proved (3.20) to show that

(wnf) (z) < — /B Galz, ) (wA(16))(y) dy—2 /B Dy(Ga(z,4)) D) (y)w(y) dy.

Hence by Fubini’s theorem

(4.5) /B wnsmax(/B <|G4<x,y>|+|DyG4<x,y>|>da:)/B W(ID(8) [+ A()]).

(0,2) yEB

The definitions of n and 8 ensure that

supp(D*n)Nsupp(DPO) =0 for |al,|8] > 1.
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As a result,

[A(n0)| =[(An)0+nAd| S |AN|+XB\B(0,3)
|D(no)| =(Dn)0+nDO} < |Vnl+X5\5B(0.3)-

Returning to (4.5) we compute

(/ wnsnwuquvxmaygf w(| Dl +1An]).
B(0,2) B(0,2)

We apply estimate (3.19) from Lemma 3.3 to the first term, and estimate (2.21)
from Lemma 2.2 to the second term. This concludes the proof of (4.4).

(3) We recall the well-known connection between capacity and Lebesgue meas-
ure, see [5], Chapter 5, or [61], Chapter 7. There exists a constant C'>0 such that
the following holds: if >0 and 1<p< %n and if the function h is defined by

tn/ (n=2p) when 1 <p< %n,
exp(—Ct~2/("=2) when p=1in,

o) =it =
then for any FFCR"™ with FCB(xO, %) we have
(4.6) |FI S h(Cp(F),p).

Now we claim that for any €>0,

(4.7) Co(EY<e = [{zesSiin@) <} Shled).

Indeed, denote the set in the right-hand side of (4.7) by Ey. Then

p(x)
B = ) gL
! {g”esl 1100~ © }

where s=2¢'. By definition (1.9} with zo=0, we find, in view of (2.20), that

1Y ,
qu(E1>§/1:{ (m) ‘D2§0’q ch/(E)

We then infer (4.7) from (4.6).
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(4) We assert that there exists small enough £>0, e=2(n, q), such that
(4.8) Cy(E)<e = iglfwﬁcq/(E).
To prove this, we choose €0, e=£(n, q), in (4.7) so small that
[{z €S1:n(@) < 135 }| < 75151

Then for the set
Ey={ze S n()> 3}
we have
|Ea| > J151].

Hence by (4.4),

1
Cq’(E)z/ wnZ/ wn 2, —— w 2 inf w,
B(0,2) s 2| JE, 51

and (4.8) is proved.
(5) Let g>n/(n—2). We prove (1.10) in this case.
In fact, take any large €N, say, 1>10. On the basis of the definitions we can
state that
(KNS;)/r; 1 C 8.

Thus we can scale estimate (4.8) using (2.2) and (2.12), and determine that there
exists >0, e=e(n, ¢), such that

Co(KNB;_ Cy(KNB;_
Tj_zq S j—2

First assume that there exists J€N, J>100, such that

," <g forall j>.J.

Then for j>J we estimate the first and second terms in (4.2) by invoking (3.17).
The third term in (4.2) is estimated by (2.3). We estimate the last term in (4.2} by
appealing to (4.9). In summary

. _CKNB:)) <~ Cy(KNB C.(KNB._ I ¢ (KNB
1nfu< Q(n72 ])+Z q (Tn72 k)+1+ q(rn72] 2) SZ q( k)
" :

~

23 J k=J
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Because of (4.3), this estimate and (2.29) yield (1.10).
Next assume, alternatively, that

Cy (KNBy)
P2
J

>

for infinitely many j. Then for any such j

Cq/(KﬂBj) g
n=2 = p2/(a-1) -t
7 §

oo, when j— 0.

7

In this case (1.10) follows at once from (2.29).
(6) Let g=n/(n—2). We prove (1.10) in this case.
First by scaling (2.13) we find a constant C'>0 such that for all 7>1,

1 ~ 1 1
<G + >
Crny2(KNBj 1) (Cn/z((KﬁBj~1)/7“j-1) Cry2(Bj-1)

We can assume that

1
Crnj2(KNB;) < %Cn/g(Bj) for all j large.

Otherwise, we could infer from (2.19) that, for infinitely many 7,

Cry2(KNBj) S Cn 2(By) N

n—2 ~ n—2 ~
J Ty

2j n—2
(1—) — 400, when j— 400,
j?

and (1.10) would follow at once from (2.29). Thus, without loss of generality, we
may assume that there exists J&N such that for all j>J,

< écn/Q(KQBj*l)Cn/Q(ijl)
T Cpy2(Bj—1)—CCpya(KNS;)

(410)  Cpp2((KNBj-1)/rj-1) SChy2(KNBj1).

Next fix any j€N, say j2>.J+10. From the definition, we have
(Kﬁgj)/T‘j_1 C §1.
Hence we can scale estimate (4.8) using (2.2). Then taking (4.10) into account, we
discover that there exists £>0 such that
Cn/Q(KOBj_Q)

7 j—2
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Since
Cny2(KNB;)—0, when j— o0,

we can take advantage of the last implication and conclude, after possibly increasing
J, that

Cn/Q(R’mBj_Q)
n—2
Tj-2

(4.11) igf Us S for all j > J.

Now for j>J we estimate the first and second terms in (4.2) using (3.18)
and (4.10). The third term in (4.2) is estimated by (2.3). We obtain a bound on
the last term in (4.2) from (4.11). In summary

C, sz c, KﬂB Cosa(KOB;_
infu < 2! ) Z /2 £ A(Q,J)+1+—/2—(n—2—2)
Si J Ti—2

< Z Wz(K”B’“) A, ),

where A(,J) is a positive constant. This estimate and (2.29) give (1.10) due
o (4.3). O
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