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Introduction

In [22] Morgan and Shalen construct a compactification of the space X(C)
of C-rational points of an algebraic variety X defined over a subfield k£ of the field
C of complex numbers. The motivation for this construction goes back to the work
of Thurston on Teichmiiller spaces ([33]). A special feature of the construction of
Morgan and Shalen is the use of the valuation theory of the function field £ (X)
of the k-variety X. Brumfiel ([5]; [6]) noted that, if k is contained in the field R of
real numbers and if one wants to compactify the space X(R) of R-rational points,
the real spectrum ([1]; [2]; [8]; [18]; [21]) of the coordinate ring A=k[X] is closely
related to the construction in [22]. The space of closed points in the real spectrum
Sper (4) of 4 is a compactification of X(R). Brumfiel realized that in the real setting
this compactification can be mapped onto the one of Morgan and Shalen. Taking
into account that Morgan and Shalen describe the additional points of their com-
pactification in terms of valuations to me it seems that the connection with the real
spectrum compactification stems from the fact that in ordered fields valuation rings
appear naturally as convex subrings ([23]; [25]).

This observation is the starting point for the investigations in this paper. In
chapter I a functor *“valuation spectrum” from the category of rings to the category
of spectral spaces ([14]) is defined. The valuation spectrum Spev (4) of a ring 4
is-closely connected with the valuations of the residue fields of A4 at its prime ideals.
The notion of valuations used here comprises not- only Krull valvuations but also
archimedean valuations or absolute values ([13], Chapter 6; [34], Chapter 1). This
notion of a valuation makes it possible to embed X(R) into Spev (4) if 4 is the
coordinate ring of an affine R-variety X. In fact, Spev(4) contains an isomorphic
copy of the real spectrum Sper (4) of A4, and therefore X(R) may be considered
as a subspace of Spev(4). So Spev(4) contains the real spectrum compactifica-
tion of X(R). There is another compactification of X (R) inside Spev (4). Its addi-
tional points are associated with certain Krull valuations of residue fields Quot (4/P)
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of 4 into R”, the multiplicative group of positive real numbers. There is a natural
map from the real spectrum compactification onto this one. Brumfiel’s map from
the real spectrum compactification to the Morgan—Shalen compactification factors
through this new compactification.

The approach using the real spectrum of the coordinate ring of the variety X
is, of course, limited to the real setting. To compactify the space of C-rational points
some additional ideas are required. Brumfiel suggests the use of some kind of com-
plex spectrum of a ring ([5]; see also [26]). The basic idea is that C* may be identified
with the real affine space R*. Under this identification the C-rational points
X(©)cC" of an affine C-variety are the R-rational points of an affine R-variety.
This real algebraic set can be treated by methods of real algebraic geometry. Huber
([15]) has defined and systematically investigated the notion of a complex spectrum
of a ring (independently of Brumfiel’s suggestions). In chapter II of the present
paper another notion of a complex spectrum is defined. The complex spectrum is a
functor from the category of rings to the category of spectral spaces ([14]). The
complex spectrum Spec x(A4) of the ring A4 is a subspace of Spev(4) by defini-
tion. The complex spectrum has many properties in common with the real spectrum.
For example, the specializations of a point form a chain with respect to specializa-
tion. Consequently the space of closed points in a complex spectrum is compact.
Returning to the original setting this can be used to compactify varieties: Let kcC
be a subfield containing ;. The inclusion defines a canonical absolute value
»€Spec x(k). If A is the coordinate ring of the affine k-variety X then Spec x;(4)
denotes the fibre of the functional map Spec x(4)—~Specx(k) over x». For x€X(C)
the evaluation x*: A—~C: g—a(x) defines a point e(x)cSpecx;(4). The map
e: X(C)>Specx,(4) defined in this way maps X(C) homeomorphically onto a
dense open subspace of the space of closed points of Specx,(4). In particular,
the space of closed points of Spec x,(4) compactifies X(C). This compactification,
which is called the complex spectrum compactification, is completely analogous to
the real spectrum compactification in the real setting.

In chapter III the complex spectrum is used to define yet another compactifica-
tion of X(C) inside Spev(4) which is very close to the Morgan—Shalen com-
pactification. This new compactification is the image of the complex spectrum com-
pactification (in a natural way) and can be mapped onto the Morgan—Shalen
compactification. In fact, in some cases the map onto the Morgan—Shalen com-
pactification is a homeomorphism. So in these cases the valuation spectrum allows
an alternative construction of the Morgan—Shalen compactification. Therefore the
valuation spectrum may help understanding the constructions of Morgan and
Shalen.

In this paper several closely related compactifications of X(C) are exhibited.
Going back to the original motivation for all these compactifications (Thurston’s
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work on Teichmiiller spaces, see [33]) one should of course ask if these new con-
structions do in any way contribute to a better understanding of the compactifica-
tions of Teichmiiller spaces. A discussion of these questions is deferred to future
investigations.

Comparing the valuation spectrum and the complex spectrum with the real
spectrum one may ask if these new spectra have geometric applications similar to
the real spectrum (cf. [13; [2]; [8]; [13]; [29]; [30]). This is another question which is
not investigated in this paper. Conceivably an investigation of the geometry of
these spectra may lead to new aspects causing slight modifications in the notions of
the valuation spectrum and the complex spectrum. Huber’s seminar notes ([16])
contain some hints in this direction.

I. The valuation spectrum

For an affine algebraic variety X defined over some subfield k—C, Morgan
and Shalen constructed a compactification of X(C), the space of C-valued points
of X ([22]). In the compactification there are two essentially different kinds of points:

In the first place there are the C-rational points. These may be considered as
absolute values K—~C with K a residue field of the affine coordinate ring A=k[X]
of X at some prime ideal pc A.

The points used to compactify X{(C) can be obtained from Krull valuations
K*->R> (multiplicative group of positive real numbers) with K a residue field of
A again.

These two kinds of points are put together in a rather complicated way ([22],
p. 413-—418) to produce the compactification.

In number theory there is a notion of valuations K—~R= (K a field, R® the
nonnegative real numbers) comprising both absolute values and Krull valuations
({131, chapter 6; [34], chapter 1). The idea behind our construction of a com-
pactification is that a common generalization of absolute values and Krull valua-
tions should allow the definition of one space containing both C-rational points
and points coming from Krull valuations, avoiding the problem of putting two
different spaces together. To construct this desired space, a spectrum will be as-
sociated with the ring 4=k[X] such that the compactification is contained in
the space of closed points of the spectrum. The first step in the construction of this
spectrum is the definition of the valuation spectrum of a ring.

For all facts about general valuation theory we refer to {3]; [11]; [27].

1. The spectral space Spev (A). One way to associate a valuation spectrum
with a ring A4 is to consider all homomorphisms 4K, where K is a field equipped
with a valuation (in the sense of [13], chapter 6 or [34], chapter 1). Quasi-compact-
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ness of spectral spaces ([14]) obtained in this say can be proved sometimes by use
of the compactness theorem of model theory ([7], p. 67; [24], p. 68). But the use of
model theory makes it impossible to restrict our attention to the archimedean value
group R™. For the property of being an archimedean totally ordered group cannot
be axiomatized in first order logic ([7], p. 67). So we will have to work with not
necessarily archimedean value groups. To have a definition which contains both
Krull valuations and absolute values we use the multiplicative groups of positive
elements in arbitrary real closed fields as value groups.

Let 2(=) be the language of ordered fields, Th(rc) the theory of real closed
fields. If A is a ring then £,(=) is obtained from 2(=) by adding a new con-
stant ¢, for every ac 4. The extension Th,(rc) of Th(rc) is given by the following
axioms:

(a) For every acAd: ¢,=0

B) =0; c;=c_;=1; (;=2) v (c:=1])

(©) Forall a,b€A: cpp=c,¢h; Carp=c,+tCp; c;=0=c,=Coys
(&) Forall a,bed: (c,=1)=[(c,0p=c,) V (Carp=cp)]

By Spev®(4) we denote the class of all models of Th,(rc). We think of the ele-
ments of Spev®(4) as mappings f: A—~R= (with R™ the multiplicative group
of positive elements in the real closed field R, R==R”U{0}) having the following
properties:

) fO)=0; fD)=1=f(—1); fQ)=2v/))=1
(©) flab)=f(@f(©®); fla+b)=f(@+f(b); fl@)=0=fla+b)=f(b)
@) fQ=1=(fla+b)=f(a) vfla+b)=f(b)

To get a spectral space out of the class Spev® (4) of models of Th,(rc) some of
the models have to be identified via an equivalence relation. Then the equivalence
classes are the points of the space. There are different identifications possible, and
for different purposes different identifications may be appropriate. The following
is one possible approach for the purposes of this paper. (From the seminar notes
([16]) of Huber I know that there are several other ways which would also work.)

Let Z be the set {0, 1, o=}. With every (f: 4—~R%)€Spev® (4) we associate a
map o;: AXA~Z by defining:

0 if f@=0 or f(b)=0
a;(a, b) =11 if 0<f(a)=f(b)
o if 0<f(b) <f(a).
The set
Spev (4) = {o,€Z4*4| fc Spev° (4)}

is the valuation spectrum of A.
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The meaning of the different elements of Z and of this definition will be ex-
plained shortly. But first it is useful to note the following:

Proposition 1. I/’ a€Spev (4) then the set {a€ Ala(a, 1)=0} is a prime ideal
of A, called the support of «, denoted by supp ().

Proof. Let f: A—~R= be a model of Th,(rc) with a=o,. Then supp (x)=
S71(0). From the definition of Th,(rc) it is immediately clear that this is a prime
ideal of 4. O

Example 2. Let A bearing, PCA a prime ideal, K=Quot (4/P) the quotient
field of A/P. Let v: K*—~I be a Krull valuation. If I’ is the divisible hull of I’
then I can be embedded into R~, R=R((F)), the power series field with coeffi-
cients from R and exponents from I". This is a real closed field ([25], p. 55, Satz 13).
Thus v may be considered as a valuation K-—R* (mapping 0 to 0). Altogether
this gives a map

Jf: AZ- K2 R=

which is a model of Th,(rc) as one checks. With f we associate o €Z*4*# according
to the definition. Then we have

as(a, b)=0 if and only if a€P or beP,
«;(a, b)=1 if and only if a,b¢P and v(n(a))=v(n (b)),
ay(a, b)=oo if and only if a, b¢ P, v(n(a))>v(n(b)).

This example also helps explain the term “valuation spectrum’. The connec-
tions with valuations are explained more fully in section 2.

So far the valuation spectrum is nothing but a set. This set is endowed with
some structure via the following structures on Z:

(D) Total order on Z: 0<1<co.
(ii) Constructible topology on Z=discrete topology on Z. Notation: Z,.
(i) Weak topology on Z: ¢, {=}, {1, =}, Z. Notation: Z,,.

If I is any set and McZ' is a subset then the topologies induced on M by Z!
and ZI are also called the constructible topology and the weak topology. In par-
ticnlar, Spev(4) has a constructible and a weak topology.

A subset KcSpev (d4) is said to be constructible if K belongs to the Boolean
algebra of subsets of Spev(A) generated by all sets {«€Spev (4)|e(a, b)=z} with
a,beA, z€Z.

A key result about the constructible topology of Spev (A4) is

Theorem 3. If KcSpev(A) is constructible and K=\J;c1 K; is a cover by
constructible subsets then there is a finite subcover.
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Proof. Every constructible subset Cc<Spev(4A) can be described by a for-
mula of the language £,(=). That means, there is a formula ¢ of the language
£,(=) such that

{(f: 4~ RZ)eSpev® (AD|(f: A~ R®) = ¢}

is the class C° of those models of Th,(rc) for which a, ¢C.

To prove this it suffices to consider constructible sets generating the Boolean
algebra of constructible sets. For example, let C={«a€Spev (4)a(a, b)=1} and
let C? be the class of (f: A—~R=)cSpev® (4) with a,€C. If ¢ is the following
formula:

(c. = 0)A(c, #= QYA (e, = ),

then C? is the class of models of Th,(rc)u{¢}.

Now suppose that K and K, i€l, are constructible subsets of Spev (4),
K=;¢c; K;. We choose formulas ¢, ¢;, i€ I, defining these constructible subsets. The
constructible set K\ X; is defined by the formula ¢ A —1¢;. Since [);cr (KNK)=0,
the set {¢ A —1¢,]icI} of formulas does not have a model, i.e., it is inconsistent
(completeness theorem of model theory — see [7], chapter 2.1; [24], chapter 1.5).
By the compactness theorem of model theory ([7], loc. cit.; [24], loc. cit.), there
is a finite subset JCI such that {A¢ — ¢,|}i€J} is inconsistent. By the completeness
Theorem this means that there is no model for the (roN\{¢P— diliss}
L e, NGy (K/IK)=¢. Thus K=;3,K; as claimed. O

This result has the following immediate consequences:
Coarollary 4. Spev (A) with the constructible topology is a Boolean space.

Corollary 5. A4 subset CcSpev (A) is constructible if and only if C is open and
closed in the constructible topology.

Corollary 6. Let Z carry an arbitrary topology and consider Spev(A) as a
subspace of Z*** with the product topology. Then a subset KCSpev (B) is open
and constructible if and only if it is open and quasi=compact. The open quasi-compact
subsets are closed under finite intersections. They form a basis of the topology of
Spev (B).

Using [14], proposition 7 we conclude:

Corollary 7. Let Z carry an arbitrary Ty-topology (e.g., the weak topology).
Then Spev (A) with the restriction of the product topology of Z**4 is a spectral
space in the sense of Hochster ([14]).

From now on we will consider Spev (4) only with the constructible topology
or the weak topology. If nothing is said about the topology then we always mean
the weak topology.
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There are many different Tj-topologies on the set Z. It may happen that in
some context one of these topologies should be used and that for other purposes
another topology is more appropriate. It turns out that the weak topology is well
suited for the purposes of this paper. However, this choice of topology is not only
justified by its success in this paper but also by our geometric intuition. This will be
discussed in some more detail at the end of section 2.

Concerning the choice of topology, there is a similar situation in semi-algebraic
geometry. In the abstract setting the real spectrum of a ring ([8}; [2], Chapter VII)
is used as the basic topological space ([29]; [30]). The real spectrum of the ring 4
can be considered as a subspace of {0, 1}*. On {0, 1} there are three T;-topologies,
namely the discrete topology, the weak topology {¢, {1}, {0,1}} and the inverse
topology {¢, {0}, {0,1}}. The weak topology is very well suited for working with
locally semi-algebraic spaces ([29]; [30]; [10]). Recently it turned out that the inverse
topology should be used in the abstract discussion of weakly semi-algebraic spaces
(119; 1311; [32)

So far the spectral space Spev(A4) has been associated with the ring A. This
construction can be extended to give a functor from the category of rings to the
category of spectral spaces:

Proposition 8. Ler ¢: A—~B be a homomorphism of rings. ¢ induces a map
Zox0. ZBXB_.ZA*A swhich restricts to ¢*: Spev (B)—~Spev (4). ¢* is a morphism
of spectral spaces.

Proof. The definition of Z?*” 1is obvious. Let (f: B—~R®) be a model of
Thy(rc). Then (fo: A—R%)€Spev®(4) and Z°*?(a)=0a,,. This defines the map
¢*: Spev (B) — Spev (A). Since Z? “ is clearly continuous in both the construc-
tible topology and the weak topology the same is true for o*. O

2. Connections with valuations. We saw in example 2 that at least some points
of the valuation spectrum Spev (4) of the ring 4 arise from Krull valuations of
the residue fields of 4. The next example shows that absolute values also define
points of the valuation spectrum:

Example 9. Let R be a real closed field with algebraic closure C. Then there is
the absolute value

|.l: C -~ R=: a+ib—>Va2+b*.
If ¢: A~C is a ring homomorphism then
Jr A~ R=:a—|e(a)

belongs to Spev® (4) and, hence, defines a point of the valuation spectrum. In
this case we have f(2)=2.
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We will see that the examples exhibited in example2 and example 9 show
fairly typical points of valuation spectra. To start with we show that every point
of Spev (4) is of the form ¢*(x) with ¢: A—~K a homomorphism into a field X,
a€ Spev (K).

Proposition 10. Let A be a ring, PC A a prime ideal, i: A—~Ap the canonical
homomorphism. Then i*: Spev (A4p)-—~Spev (4A) is a homeomorphism onto

{x€Spev (A)|supp (x) < P}.
Proof. If BeSpev(4p) then
supp (*()) = i~* (supp (B)) < i"*(Bp) = P.

Pick a€Spev (4) with supp (@) P and let (f: 4—RZ)ESpev® (4) be such that
a=a, We define g: 4p—~R= by g (%] =%. This is well-defined since supp (¢) C P.
An easy computation shows that géeSpev®(4p). Moreover, a=i*(x,), and the
image of i* is as claimed.

i* is injective: Let i*(B)=a=i*(y) and pick representatives g, h€Spev® (4p)
a a b d_,
of f,v. Then B [F’ %] =1 isequivalent to O<g (3] =g (—2—] Because of T TEAP

ad be
this is the same as 0<g [—1-) =gi(ad)=g (——1—-) =gi(bc). Since a=ay,; this is equiv-

a c
alent to af(ad, bc)=1. Similarly, this is also equivalent to y [E’ E]:L The same

computations with 0 and < in place of 1 show that f=y.
Since 7* is a morphism of spectral spaces it remains to prove that i*: Spev (4p)—

a c
im(i*) is open. If suffices to show that, given —, -JEAP, UcZ, open, the image

b
ﬁ(i C]EU} is open in im(i*). It is clear that ﬂ(i -C—]GU
b d op ' b’ d

d b
if and only if i*(8)(ad, bc)=p (fll— Tc

of V———{BE Spev (4,)

]E U. Thus,

(V) = im(i*)n{acSpev (4) | a(ad, be)e U}
is open. [J
Propesition 11. Let Pc A be a prime ideal, n: A—~AJP the canonical homo-

morphism. Then =*: Spev (A4/P)—~Spev(4) is a homeomorphism onto the set
{a€Spev (4)|Pcsupp ()}.
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Proof. 1t is obvious that im(n*)  {«c Spev (4A)|P<supp («)}. On the other hand,
pick « in this set and let (f: 4—~R®)cSpev® (4) be a representative of «. Then
Pcsupp (a)=f"1(0), and the definition of Spev® (A) shows that f factors through
n: A>A[P to give g: A/P--R=. One readily checks that g¢Spev® (4/P). Since
a=n"(x,) the image is as claimed. Surjectivity of = implies injectivity of =*. So,
#* is a bijection onto the image.

Since ©* is continuous it remains to prove that =*: Spev (4/P)—~im(n*) is
open. So, let n(a), n(b)€4/P and pick some open subset UcZ,. Define
V={BeSpev (4/P)|B(n(a), n(d))cU}. Since =*(B)(a, b)=P(n(a), (b)) it fol-
lows that

(V') = im(z*)~{acSpev (4) | a(a, b)c U},

proving that #*(V) is open in im(n*). O
As a consequence of proposition 10 and proposition 11 we record

Corollary 12. Let Pc A be a prime ideal, A(P) the residue field of A at P,
@: A~A(P) the canonical homomorphism. Then ¢* maps Spev(A(P)) homeo-
morphically onto {a€Spev (4)|supp (x)=P}.

As consequence of these results we may restrict our attention to fields when
studying individual elements of valuation spectra.

Let X be a field, acSpev(K) with representative (f: K—R=)eSpev® (K).
Then f(K*)cR™ is a totally ordered subgroup. We will see now that this totally
ordered group depends solely on a, not on the representative chosen: To see.this let

U= {XEK*l(Z(x, D=1 & a(l,x) = 1}

It is clear that U==f"2(1). Therefore f(K*) and K*/U are isomorphic as groups.
Now we define U<xU in K*/U if and only if a(x, 1)=cc. With this order K*/U
is a totally ordered group and the above isomorphism is an isomorphism of totally
ordered groups. Since the totally ordered group has been defined solely by referring
to a we see that f(K*), as a totally ordered group, depends only on « and not on
the representative f. This group is denoted by I,. We write I, for f(K*)u{0}. The
map v,: K —»T‘; is the same as f with the range restricted to f(K).

Theorem 13. Let K be a field, acSpev(K), v,: K—~I, as above. Then the fol-
lowing statements are equivalent:

(@) v, is a Krull valuation.
(b)) «2, D=1.
©) V.={x€K|a(x, 1)=1} is a valuation ring.
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Proof. (a)=>(c): Note that a(x, 1)=1 if and only if v,(x)=1. — (¢0)=(b):
Since 2¢¥,, the definition of ¥, shows that «(2,1)=1. — (b)=(a): Let
(f: K—~R=)cSpev® (4) be a representative of «. Then f(2)=1 and the definition
of Spev® (K) shows that f(x-+y)=f(x) or f(x+y)=f(y) for all x,ycK. The
same is true for v,, and we see that v, is a Krull valuation. 1

As a consequence of corollary 12 and theorem 13 we note:

Corollary 14. Let A be a ring, a€Spev(4), P=supp (), ¢: A—~A(P) the
canonical homomorphism into the residue field of A at P. If a(2,1)=1 then o is
induced by a unique Krull valuation of A(P).

Concerning a€Spev (4) with 2(2, 1)=c we have the following result:

Theorem 15. Let K be a field, acSpev (K) with a2, 1)=o. If I, is archi-
medean then v,: K —»7’; is an archimedean valuation of K (in the sense of [21],p. 9).

Proof. Since T, is archimedean I, may be considered as subgroup of R™ with
v,(2)=2 (Holder’s theorem — see [12], p. 73, Satz 1 or [25], p. 8, Satz 4). From
the definition of the valuation spectrum (section 1) it follows immediately that v,
is a valuation in the sense of [34], p. 1 (with C=2). It is clear that this is an archi-
medean valuation. 0

It remains an open problem if every a€Spev(4) with «(2, I)=<o is induced
by a homomorphism 4—C into an algebraically closed field and an absolute value
of C (as in example 9). In any event, such an element of the valuation spectrum
can always be used to define a Krull valuation:

Proposition 16. Let K be a field, «a€Spev(K) with a(2,1)=c-. Let I;CI,
be the convex subgroup generated by v,(2). Then K= I,—~IL/I! is a Krull val-
uation.

The easy proof is omitted.

Based on the results of this section we will call the elements of Spev (A) valua-
tions of A. Valuations « are called Krull valuations or absolute values according
as a(2, 1)=1 or «(2, 1)=o=. The correspondin map A~ A(supp (#)) 2=~ I, is also
denoted by v, and is called a valuation. I, is the value group.

We continue to consider a field K. The set {a€Spev (K)|«(2, 1)=1} is can-
onically bijective to the set of equivalence classes of Krull valuations and also to
the set of valuation rings of K. The abstract Riemann surface of X is the set of
valuation rings with the topology having all sets

{Vlay, ..., a,€V}, ay, ..., a,€K
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as a basis of open subsets ([35], chapter VI, § 17). With a valuation ring VCK we
associate the following element oy, €Spev (K):

0 if a=0 or b=0

1 if ab=0, Zev

ay(a, b) =

! o

w if ab#0, T;—QV‘

In this way we consider the abstract Riemann surface of K as a subset of Spev (K)
and of ZXXX, To get the above topology of the abstract Riemann surface one
can use the following topology of Z: {¢, {1}, {1, =}, Z}. So the weak topology
we are using does not restrict to the usual topology on the abstract Riemann surface.

Both in Huber’s seminar notes ([16]) and in de la Puente Mufioz’ dissertation
([26]) the Krull valuations of a ring are considered (by de la Puente Mufioz under
the name abstract Riemann surface of a ring). They also consider topologies dif-
ferent from the weak topology.

The reason for using the weak topology in this paper is the following: Let A
be a ring and let KCSpev(4) be the set of Krull valuations. Choosing a topology
on Z one makes a decision about which of the following subsets of K are open:

{e€K|v,(a) = 1},
{oeeK v, (a) = 1},
(€K o, (@) = 1},

where a€ 4. To start with, there is no obvious reason to decide that certain of these
sets should be open and others should be closed. So the choice of topology seems
to be somewhat arbitrary. However, in our setting Spev (4) also contains absolute
values. And for these it is easy to decide which subsets ought to be open. For ¢éxample,
let 4 be the affine coordinate ring of an affine C-variety X. Then every C-rational
point x defines an absolute value by composing the evaluation homomorphism
x*: A-C: a—~a(x) with the canonical absolute value C—RZ=. In this way X(C)
may be considered as a subset of Spev (4). We even want to consider ¥ (C) as
a subspace of Spev(A). To get this it is necessary to consider the sets

{a€Spev (4)|a(a, 1) =},
{xcSpev (4)|a(a, 1) = 0}
as open subsets of Spev (4). For, their restrictions to ¥ (C) are the sets
{xeV (©)|lax)| > 1},
{xev (©)|laG)| = 0},
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and these are open subsets of ¥ (C). So, if one wants to consider ¥ (C) (with the
strong topology) as a subset of Spev (4) then the weak topology has to be used.

3. Connections with other spectra. If A is a ring we have seen that the Krull
valuations of the residue fields of A at its prime ideals yield elements of Spev (4).
The set of Krull valuations of A4,

{a€Spev (4) |a(2, 1) = 1},

is a closed constructible subspace of Spev (4). This subspace is also a spectral space,
called the Krull valuation spectrum.
In proposition 1 we defined the support of a valuation of a ring.

Proposition 17. The support map supp: Spev (A)—~Spec (4) is a morphism of
spectral spaces.

Proof. The sets D(a)={P¢cSpec (4)|a¢ P}, acA4, form a basis of the Zariski
topology of Spec (4) and at the same time generate the Boolean algebra of con-
structible subsets of Spec (4). Therefore it suffices to show that supp~!(D(a)) is
open and constructible for all a€ 4. Because of

supp~*(D(a)) = {a€Spev (B)|a(a, 1) # 0}
this is clear. [

We may also consider Spec (4) is a closed subspace of Spev (4):
Proposition 18. If PcSpec (4) then t(P)EZ**4 is defined by

0 if acP or bCP
(P, b =], i aber

This defines a map <: Spec (A)—~Spev (4). 7 is an isomorphism onto the closed
subspace

Ma,pea {¢]a(a, b) = 1} < Spev (4).

Proof. For PcSpec (4) define f(P): A—~R= by f(P)(a)=0 if acP, f(P)(a)=1
if a¢ P. Then f(P)€Spev® (4) and 7(P)=opy. Thus 7 is a map Spec (4) —~Spev (4).
It is clear that the image of 7 is as claimed. Because of suppor=id it follows that
7 is injective.

It remains to show that ¢ is both continuous and open. First pick a, b€ A4

and set
U.. = {a€Spev (4) | a(a, b) =<},

U, = {a€Spev (4) | a(a, b) = 0}.
Then 171(U.)=¢, 1~ (Up={P€Spec (4)|ab¢ P}. This proves continuity. Now we
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determine the image of D (a)={P€Spec (4)|a¢ P} under 7:

t(D(a)) = im(z)n{aeSpev (4) | a(a, 1) # 0},
and tis open. 0O

The image of = is the set of trivial valuations of A, i.e., the valuations o with
r,={1}.

Let Sper(4) be the real spectrum of A4 (see [1]; [2]; [8]; [18]; [21]). For
u€Sper (A) let g,: A->o(u) be the canonical homomorphism into the real closure
of the residue field A(supp (1)) of 4 at supp (u)=pn —p with respect to the total
order defined on A(supp (1)) by . On g(p) there is the canonical absolute value
[.I: e(@)~eo(W=: x—~max {x, —x}. Composing this with g, we obtain

f): A% oy s ()=

which belongs to Spev®(4). Thus w(w) =y, defines a map : Sper (4)—~
Spev (4).

Proposition 19. @ maps Sper (4) isomorphically onto a pro-constructible sub-
space of Spev (4).

Proof. Injectivity: Suppose that As=pu, A, u€Sper(d4). Case I. supp (A)#
supp (). We may assume that there is some a€supp (A)\supp (). Then
o) (a, 1)=0, w(p(a, 1)#0, and this proves w(A)=w(y). Case 2. supp (W)=
supp (). Let K=A(supp (4)). With K, and K, we denote K with the total order
induced by 4, resp. u. Then there is some x€K such that O<x in K;, x<0 in K.

Replacing x by x™* if necessary we may assume that O<x=<1 in K. Let x=—';—

with y,z€A, 7, Z€ Afsupp (4) their canonical images. Assume by way of contra-
diction that w()=w(u). From O0<y<Z we see that w(®)(y, 2)=1=w(B)(y, 2).
This implies —1<x<O0 in K,. Then 1<l+x in K; and 0<l+x<1 in K,
and w()(y+z, 2)=<, 0(B)(y+2z z)=1, a contradiction. This proves that w is
injective.

To prove that w is 2 morphism of spectral spaces, we pick @, b€ A and deter-
mine the inverse images of

U = {«€Spev(4)|a(a, b) =}
U; = {«€Spev (4) | a(a, b) = 0}

0™ (Us) = {u€Sper (4)|0 < ¢,(b)* = ¢.(a)*},

under w:

@™ (Uy) = {u€Sper (4) | ¢.(a)0,(b) = O}.
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These are both open and constructible, showing that w is a morphism of spectral
spaces. In particular, im(w)CSpev (4) is a pro-constructible subspace.
To show that w is open onto the image we note that, for a€ 4,

o({ueSper (4)| 9,(a) = 0}) = im(w)nV
with
V = {acSpev(A)|a(a+1,a) = & a(a+a?a) =<} 0O

4. Specializations in the valuation spectrum. If o, B¢Spev (4) we say that S
is a specialization of o and « is a generalization of p if ,BE@. In real spectra the
specializations of a point have the remarkable property of forming a chain with
respect to specialization, i.e., if B, vE{cx_} then ,BEE_:} of yE{_,B? (cf. [8], proposi-
tion 2.1). This statement is false in the Zariski spectrum of 4. Since Spec (4) may
be considered as subspace of Spev (4) (proposition 18) it is also false in Spev (4).
To exclude this trivial case we will discuss mostly Spev (4)\Spec (4) in this sec-
tion. In this space the specializations of a point have some rather special properties,
although they do not necessarily form a chain. First we record

Lemma 20. Let o, B¢ Spev (4), ﬂe@. Then supp (f) > supp ().
Proof. supp is continuous (proposition 17). O

Before continuing with the investigation of specializations we note that, if f
is a specialization of « and if we are only interested in the valuations o and §, prop-
osition 10 in connection with lemma 20 allows us to assume that A=A, ;).
Whenever this leads to a simplification of arguments this assumption will be made
without much comment.

To gain a good understanding of specializations in Spev (4) it is important
to establish connections between the value groups I, and I if B¢ @: By lemma 20,
supp («)Csupp (f). Suppose that A=A, and let i: A—A ., be the can-
onical homomorphism. Let Iy, CI, be the image of the group homomorphism

Vait A% ~ Afpp @ —~ -
Lemma 21. ker (v,i)Cker (up).

Proof. Pick a€ A* such that v,i(@)=1. This means that v,(a)=1=v,(1), ie.,
a(a, )=1 and «(l,a)=1. Since B is a specialization of « either f(a, 1)=0 or:
B(a, 1)=1 and B(1, a)=1. Since B(a, 1)=0 contradicts a€ 4* we have f(g, 1)=1
and B(1,a)=1, ie, yl@=1. O

As a consequence of lemma 21 there is a canonical homomorphism 7, : I, —I}.
Both groups are totally ordered (I3, as a subgroup of I).

Lemma 22. rn,, is order compatible.
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Proof. Pick a€A* and suppose that v,i(@)=1 in I},. Then either v,(a)>1
or v,(@)=1. This means either a(g, )= or: a(a, 1)=1 and «(l,@)=1. As-
sume that vz(a)<1. Then f(l,a)=< and, since BEW, a(l, @)= follows, a
contradiction.

Corollary 23. Let o€Spev(4), PC A a prime ideal with supp (x)CP. Then
-{-oc—}n {B€Spev (4)|supp (B)=P} is a chain with respect to specialization.

Proof. We may assume that 4A=4Ap (proposition 10, lemma 20). Pick
B,ye{e} with supp (8)=P=supp (y). Then the subgroups I;,, T, of I, agree.
Let Ag,=ker (ny,), A4,,=ker(n,). These are convex subgroups of Ij,=I,,

(lemma 2_2) Hence 45,c4,, or 4,,C4g,. In the first case y€{B}, in the second
case fef{y}. OO

In particular we have

Corollary 24. If K is a field and o€Spev (K) then T&T is a chain.

We continue to discuss «, f€Spev (4), B a specialization of «. We assume that
A=A, - Moreover we choose representatives (f: 4—~R%),(g: A—~S%)ESpev° (4)
of o and §.

Lemma 25. If a,bc A are such that f(a)=f(b) and g(b)=0 then g(a)=g(b).

Proof. Assuming that g(a)=g(b) we have B(a, b)=co. Thisimplies a(a, b)=-c
since ﬁem and hence f(a)=f(b), a contradiction. [

Proposition 26. If I,, I are both nontrivial then f(a)=f(b) implies g(a)=g(b)
for all a,bcA.

Proof. If g(b)#0 then the claim follows from lemma 25. We assume by way
of contradiction that g(b))=0 and g(a)=>g(b).

First suppose that f(2)=1, ie., «(2,1)=1. This implies (2, D=1, ie,
g(2)=1. Since I} is nontrivial there is some c¢€4 such that O<g(c)<g(a) (observe
that A=4A,,,,¢,)- This implies 0<f(c)<f(@)=f(b) (since Bc{a}). Both v, and
v are induced by Krull valuations of the residue fields of 4 at supp () and supp ()
(corollary 12, theorem 13). Therefore f(a)=f(b)=f(b+c) and O<g(c)=g(b+c).
Lemma 25 implies that g(@)=g(®+c)=g(c), a contradiction.

From now on we assume that f(2)=2, ie., a(2, )=, We will need

Lemma 27. Let fcSpev® (A4) be such that f(2)=2. Then f(n)=n for all n€N.

Proof. First note that f(2)=f(2) for all réN (since f is multiplicative).
Trivially we have f(n)=n for all n¢N. Choose réN such that n<2" and write
2"=n4-p. Then 2"=f(2")=f(m) +f(p)=n+p=2". This is possible only if f(n)=n. . .0
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Proof of Proposition 26 continued. For f we have the following inequalities:
f(a) < 2f(a) = f(2a) = f(2b) < f(2b)+(f(2b)—f(a)) =

= 2/(2b)—f(a) = f(4b)—f(a) = f(4b—a).

Because of g(4b—a)=g(—a)=g(a)=>0 lemma 25 shows that g(2a)=g(@db—a)=
g(a), i.e.,, we have g(2)=1. By corollary 12 and theorem 13, 1, is induced by a
Krull valuation of the residue field of A at supp (B). Since Bc{a}, f(1,2)=0 or
B, 2)=1.

First assume that B(1,2)=1. Since I} is nontrivial there is some ¢€4=A4,,,;5)
such that g(c)=1. Then also f(c)>1 and g(a)<g(ca). From the inequalities

f(a) < flca) = f(cb) < flcb)+(f(cb)—f(a)) =
=f(2cb)—f(a) = f(2cb—a)

in connection with 0<g(@)=g(—a)=g(2cb—a) (by g(b)=0) we conclude by use
of lemma 25 that g(ca)=g(2cb—a)=g(a), a contradiction.

Finally we assume that f(1,2)=0 ie., g(2)=0. Then g(3)=1. From lemma
27 we learn that 3f(a)=f(3a)=f(3b)=3f(b). Again pick c€A4 such that g(c)=1.
The same computations as above show that f(ca)=f(3cb—a), g(3cb—a)=g(a)=0.
Now lemma 25 yields g(ca)=g(3cb—a)=g(a), a contradiction. [J

The statement of proposition 26 can be reformulated by saying that there is a
natural homomorphism f(4)—~g(4) of ordered sets.

Next we study the space of closed points in certain subsets of the valuation
spectrum.

Theorem 28. Let A be a ring, K’ Spev (4) a closed subset. Pick ay, ..., a,€A
and set ay,=2. Then

K = {a€K’|a(a,, 1) =< or...or a(a,, 1) =}

is a constructible subset of K’. Every «€K has a unique closed (in K) specializa-
tion in K.

Proof. K is obviously a pro-constructible subset of Spev (4), hence is a spectral
space. Therefore every point of K has a closed specialization. It remains to prove
uniqueness. So let «€K and pick a representative (f: A—R=)€Spev® (4) of a.
We set U,={xcR=|3a€4: x=f(a)}. By definition of K, U, contains a nontrivial
convex subgroup of R™. Let ¥, be the largest such subgroup and set W,=U,\YV,.
We define P={acA|f(a)¢W,}. It is immediately clear (from the definition of
Spev® (4) — see section 1) that P A4 is a prime ideal. We pick a closed specializa-
tion ﬁei&; in K and a representative (g: 4—~S=)€Sper® (4) of 8. If we can show
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that supp (§)=2P then an application of corollary 23 finishes the proof. So it re-
mains to prove that supp (f)=P.

First assume that there is some acsupp (f)\P. Then there exists some b€A
such that 1=f(ab). Proposition 26 implies that 1=g(ab). But this contradicts
g(ab)=g(a)g(b)=0. Wesee that supp (F)c P. Conversely assume that supp () & P.
Using g instead of f, we define the subsets Uy, ¥;, W;CS® in the same way as
we defined U,, ¥, W,CR=. Then we also have P={a€d|g(a)cW;} and W;={0}
(since supp (B) EP).

Case 1. v, is a Krull valuation. In this case define

0 if acP

h: A S=: a—»{g(a) it aqP.
Noting that x€P, a¢ P implies g(a)=g(a+x) one sees that (h: 4—-S=)€Spev® (4)
and oy, is a proper specialization of 8. Moreover, g(a;)=1 forsome i implies h(a;)=>1
for the same i. We see that «,€K, and 8 is not closed in X, a contradiction.

Case 2, vy is an absolute value. In this case g(2)=2. Let C<S be the convex
subring generated by g(4), let McC be the maximal ideal. Then M=W;{J—-W;.
It is easy to check that

h: AL>-C ~ C/IM

is in Spev®(4). «, is a proper specialization of f since h~*(0)=P. Moreover
h(2)=2 so that «,cK. Again this contradicts the choice of B as a closed point
of K. O

Corollary 29. With the notation of theorem 28, K™, the space of closed points
of K, is a compact space.

Proof. Since K is quasi-compact the same is true for X™**. To prove the Haus-
dorff property let o, f€K be closed points. By theorem 28, o« and f do not have
common generalizations. Thus o« and B have disjoint neighborhoods in K, hence
also in K™=, [

Still sticking to the same K, a retraction r: K—-K™* is defined by letting r(x)
be the closed point in fo?}- for all «cK.

Proposition 30, r is continuous.

Proof. Pick acK and set B=r(x). If UCK™* is a neighborhood of 8, then
C=K""\U is closed in K™**, hence compact. For y€C, §,y do not have common
generalizations. There are open constructible neighborhoods U, of y, ¥, of B in
K with U,nV,=¢. C<J,¢c U, is an open cover. By compactness there is 4 finite
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subcover CcJ;_, U, =W. If ¥=_, ¥, then ¥V is an open neighborhood of
in K. V is also a neighborhood of « in K. By construction, ¥n# =¢ and W is an
open neighborhood of C in K. This implies #(V)c U, and continuity of » has been

proved. O

The closed points of the space K of theorem 28 have the following charac-
terization:

Theorem 31. If a€K, K as in theorem 28, then « is a closed point if and only if
I, is nontrivial archimedean.

Proof. If a€K and (f: A—~R%)cSpev® (4) is a representative of « then
I,cR™ is the subgroup generated by f(A\supp («)). Since f(a)>1 for some
i=0, ...,n, I, is nontrivial. Now suppose that « is a closed point. The subsets
U, V,, W,CR= are defined as in the proof of theorem 28. It was shown there that
f~1(#). is the support of the closed point in {&}. Since « is closed, supp (&)=
JF1(W). Therefore ¥ is the convex subgroup of R™ generated by I,. If i€ {0, ..., n}
is chosen to be minimal such that f(g)>1 and ¥, is the convex subgroup of ¥,

generated by f(a;) then I, is the convex subgroup of I, generated by v,(a;). There
are two cases:

Case 1. i=0. In this case « is an absolute value and f(2)=2. If CCR is
the convex subring generated by ¥, then C is generated by f(2)=2, ie., C is the
convex hull of Q. Let McC be the maximal ideal. Then with

g: AL C ~C/M,

a, is a specialization of « and belongs to K since g(2)=2. Since « is a closed point
of K, a=a,. Since C/M is an archimedean real closed field, I, is archimedean.

Case 2. i=>0. Itis easy to check that, if I, I, is the largest convex subgroup
not containing f{(a;), the map

”g:A"}Ta"’Fa/;

defines a Krull valuation B of A which specializes «. Since v;(f(a))=1 by con-
struction, B belongs to K. Since « is a closed point of K, p=a, ie., I,=I/I] is
archimedean,

Conversely suppose that I, is archimedean. If § is a proper specialization of
a, then we have the order compatible epimorphism 7g,: Iy, ~I; (lemma 22) with
nontrivial kernel. Since I} is nontrivial (see the beginning of the proof) I, is non-
archimedean. Since I;, I, is a subgroup, I, is nonarchimedean, a contra-
diction. O
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II. The complex spectrum

The valuation spectrum of the ring 4 contains the real spectrum of A (proposi-
tion I 19). The connections between these two spectra can be used to give a rather
satisfactory construction of the real version of the compactification of Morgan
and Shalen ([22]): If kCR is a subfield and 4=k[a,, ..., a,] then Sper, (4)
denotes those points of Sper (4) which induce the given total order on k. With
a,=2 and

K = {acSpev (4)| a(a,, 1) =< or...or a(a,, 1) =}

the set L=Knw (Sper, (4)) is closed in K. L™* is a compact space (corollary I 29)
and contains the image of
e: X(R) - Spev (4)

* (:14 : Il:z(x)l)

(theorem I 31). From proposition I 19 and since X(R) with the strong topology
can be considered as a subspace of Sper; (4) ([8], section 3) it follows that L™= is
a compactification of V' (R). The compactification of Morgan and Shalen is a quotient
of this compactification.

This is a reformulation of Brumfiel’s construction of the compactification of
Morgan and Shalen ([5]; [6]). The basic idea for dealing with the normal case is to
define the notion of a complex spectrum of a ring. This complex spectrum should
play a similar role in the nonreal case as the real spectrum does in the real case. Such an
approach has also been suggested by Brumfiel ([5]). The idea of a complex spectrum
has been realized independently by Huber ([15]) and de la Puente Mufioz ([26]).
However, Huber’s complex spectrum does not fit into the valuation spectrum. We
will define another notion of a complex spectrum which is a subspace of the
valuation spectrum. This complex spectrum has many properties in common with
the real spectrum. Using this spectrum the construction of the real compactifica-
tion of Morgan and Shalen pointed out above carries over to the nonreal sitnation.
In preparation for the construction of compactifications in chapter I1I this chapter
contains a discussion of the complex spectrum.

1. Compatible valuations. In real algebraic geometry for some purposes usual
commutative algebra is not the adequate algebraic tool. It is only natural that, if
one is dealing with genuinely real questions, partial or total orders must enter in
some way into the algebra used. Currently such a brand of commutative algebra
is developed under the name “real algebra” ([4]; [20]; [21]). Similarly, a complex
spectrum requires some algebraic methods of its own. Here a few valuation theoretic
notions and results are assembled ‘which are necessary for the discussion of the
complex spectrum.
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Definition 1. A complex field is a triple consisting of an algebraically closed
field C, a distinguished square root i of —1 and a real closed subfield R such that
C=R().

The notion of a morphism of complex fields is obvious. The complex fields
form a category.

The language of the theory of complex fields consists of the usual language of
the theory of fields, a constant i, a one-place relation R and a two-place relation =.
This language is denoted by L(cx). The theory of complex fields is the theory of
algebraically closed fields supplemented in the following way:

The constant i distinguishes a particular square root of —1.

The one-place relation R singles out a real closed subfield over which the alge-
braically closed field is algebraic.

The two-place relation = restricts to the unique total order on the real closed
subfield. On the algebraically closed field it is the componentwise lattice order with
respect to the basis {1,7} over the real closed subfield.

The theory of complex fields is denoted by Th(cx). Its models are usually de-
noted by (C, R, i) or just by C if the meaning is clear from the context.

On a complex field C=(C, R, i) there is a natural absolute value

[[: C > R=: x = x;+ix, - [x] = Vx2+x3.

This absolute value defines an element of the valuation spectrum of C. The abso-
lute value will be used to connect the complex spectrum of a ring with its valuation
spectrum. ’

The order compatible valuation rings of the real closed field R are exactly the
convex subrings of R ([23]; [25]). They are Henselian valuation rings with real closed
residue field and divisible value group (loc. cit.). Any such valuation ring VCR
extends uniquely to a valuation ring WcC ([11]; [27]). The residue field of W is
the algebraic closure of the residue field of ¥, the value groups of ¥ and W agree
(loc. cit.).

Definition 2. A valuation ring (resp. valuation) of the complex field C=(C, R, i)
is compatible with the complex structure if the restriction to R is an order com-
patible valuation ring (resp. valuation). The smallest compatible valuation ring
(resp. finest compatible valuation) is the natural valuation ring (resp. valuation) of C.

By this definition a compatible valuation ring of C may be considered as a
couple (W, V) of valuation rings WcC, V=WnRCR such that V is convex
in R. Let My W, MyCV be the maximal ideals. Then W/My, canonically con-
tains the real closed field V/M, and is its algebraic closure.

Definition 3. If C=(C, R, i) is a complex field and (W, V) is a compatible
valuation ring, then (W/My,, V/M i) is the induced complex structure on W/[/My,
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where i€W/M, is the canonical image of the distinguished square icWcC
of —1.

Definition 4. The complex field (C, R, i) is archimedean if R is archimedean.
(C, R, i) is archimedean over the subring ACC if {|x| x€A} is cofinal in R.

The following is a consequence of Hélder’s theorem ([12], p. 74, Satz 1; [25],
p. 8, Satz4):

Proposition 5. If (C, R, i) is an archimedean complex field then there is a
unique embedding (C, R,i)—~(C, R, ).

If (C,R,i) is a complex field and (W, V) is the natural valuation ring then
the complex field (W/M,,,V/M,, i) is archimedean.

As a consequence of the real Hahn embedding theorem ([25], p. 62, Satz 21)
we note

Proposition 6. If (C, R, i) is a complex field with natural valuation w: C*—TI
then there is an embedding (C, R, i)—~(C((I")), RUID)), i) of complex fields.

2. The spectral space Spec x(A). If A is a ring containing a square root of
—1 the complex spectrum of A shall consist of homomorphisms 4—(C, R, i)
into complex fields under an appropriate identification. We proceed as follows:

Let A4 be a ring containing a squareroot of —1. We distinguish one of these
and denote it by i(A). The language 2(cx) of complex fields is extended by con-
stants ¢, for every ac 4. The resulting language is denoted by £,(cx). The theory
Th,(cx) is obtained from the theory Th(cx) of complex fields by adding the fol-
lowing axioms:

=0, aa=1, Cy=10 €+C =Carps Cap=CyCp-

The class of models of Th,(cx) is denoted by Spec x°(4). Usually we think of the
elements of Spec x’(4) as ring homomorphisms f: A—~C, where C is a field
carrying a complex structure, such that f(i(4))=i.

With (f: A-(C, R, i))€Specx’(4) we associate the map

0 if flaf(b)=0
o;: AXA—~Z: (a,b) -1 if 0<f(a) =f(b)

w if 0 <f(b) <f(a).

Specx(A4) = {a,€Z4*4]| fcSpec x*(4)}

The subset

is the complex spectrum of 4. An immediate consequence of the definition is that
the complex spectrum of A is a subset of the valuation spectrum of 4. In fact, every
o;€Spec x(4) is an absolute value of 4. As a subset of Spev (4), Spec x(4) has a
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constructible topology and a weak topology. Without proof we note that the same
methods as in chapter I, section 1 apply to prove

Theorem 7. Specx(A4) with the weak topology is a spectral space.
An immediate consequence of this in
Corollary 8. Specx(4) is a pro-constructible subspace of Spev (A).

We have the following sufficient condition for elements of Specx’(4) to give
the same point in the complex spectrum of A:

Proposition 9. Let (f: A—~(Cy, Ry, 1), (g: A~(Cy, Ry, ip))éSpecx’(4) and
suppose that hy: (Cy, Ry, i})~(C, R, i), hy: (Cy, R,, i,)~(C, R, i) are morphisms of
complex fields such that h,f=h,g. Then a=o, in Specx(A).

Proof. 1t suffices to show that ap=a, . Let a, bcd, fla)=a,+1ia,, f(b)=
bi+ithy (With ay, a,, by, b€ Ry). Then hy f@)=hy(a) +ihy(as), hy f(b)=hy(b)+
ihy(by) and it follows that |f(a)|<|f(b)| if and only if [h, fla)l<|h, f(B)I.

Since Specx(4) is contained in Spev (A) every element of Specx(4) has
a support. The support map is a morphism of spectral spaces Specx(4)—Spec (4).

The proof of proposition I.8 can be copied to prove

Proposition 10. If ¢: A—B is a ring homomorphism then Z?*¢: ZB*B_.z4x4
restricts to a map @*: Specx(B)—~Specx(A). ¢* is a morphism of spectral spaces.

An immediate consequence of proposition 10 is that Specx is a functor from
the category of rings to the category of spectral spaces.

The results of proposition I 10, proposition I 11, corollary 1 12 also carry over
to the complex spectrum:

Proposition 11. Let PC A be a prime ideal.

(@) If it A~ A, is canonical then i*: Specx(A4,)—~Specx(4) is an isomorphism
onto the pro-constructible subspace {x¢Specx(A)|supp ()P} of Specx(A).

() If =: A—~A/P is canonical then =*: Specx(A4/P)—Specx(4) is an iso-
morphism onto the pro-constructible subspace {a€Specx(A4)|PCsupp ()} of
Specx(A4).

© If ¢: A-AP)=Quot (4/P) is canonical then ¢*: Specx(A(P))—~
Specx(4) is an isomorphism onto the pro-constructible subspace

{a€Specx(A)lsupp (@) = P)
of Specx(4).

Other approaches to the complex spectrum of a ring may be found in [15]
and in [26]. The basic idea is.always the same: the points of the complex spectrum
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shall arise from homomorphisms into complex fields. The difference between these
approaches is the way different homomorphisms into complex fields are identified.
proposition 9 shows that the identification used here is coarser than the one used
in the references.

3. Specializations in the complex spectrum. The complex spectrum is a sub-
space of the valuation spectrum. Thus, for «, B€Spec x(4), B specializes o in
Spec x(4) if and only if B specializes a in Spev (4). All the results about specializa-
tions in Spev (4) also apply to Spec x(4). In particular we mention that ﬂé@ im-
plies supp (B) Dsupp («) and, if (f: 4~(Cy, Ry, iy)), (g: A~(C,, Ry, iy))€Spec x°(4)
are representatives of o and f, then |f(a)|=|f(b)] implies |g(a)|=|g(b)| for all
a,beA.

Since the elements of Spec x(A4) are rather special valuations of 4 we can
prove some results about specializations in Spec x(4) which go beyond those of
chapter I, section 4.

Proposition 12. Let fc{a} in Specx(4) and let (f: A~(C,, R,, i),
(g: A—~(Cy, Ry, ip))cSpecx°(A) be representative of o and B. If (W,V) is the
smallest compatible valuation ring of C, containing f(A) then supp (B)=f"1(P),
where PCW is some prime ideal

Proof. The set
P = {x€W|3neN 3Jacsupp (B): |x|" = | f(a)]}

is a prime ideal of . By definition, f(supp (8))>P. On the other hand, suppose that
f(@)¢EP, ie., there are n€N and bésupp (B) such that | f(a)|"=]f(a@™)|=|fb).
By proposition I 26 this implies |g(a®)|=|g(®)|=0, ie., g(@)=0. O

Theorem 13. In Spec x(A) the specializations of a point form a chain.

Proof. Let (f,: A~C)), fz: A~Cp), (f,: A~C,) be representatives of a, f,
vy in Specx’(4) and suppose that B, y<{a}. By proposition 12 supp () and
supp (y) “are inverse images of prime ideals of W, where (W, V)c(C,, R,,i,) is
the natural valuation ring. Thus supp (§) and supp (y) are comparable. If supp (B)=
supp (y) then corollary 123 shows that §, y are comparable.

Assume now that supp (8)Esupp (y). It will be shown that yc{B}. With the
notation used in chapter I, section 4 we have the subgroups L,cIy,cI, and the
epimorphisms n,,: I,,—I,, mg,: Iy,~I; of ordered groups. Let 4,,CL,,, 45,CI%,
be the kernels of =,, and mg,. The convex subgroups of I, generated by 4,, and
4p, are denoted by [4,,], [4;,]. From the definition it is clear that [4,,Jn[,=4,,
and [4p,]nIp,=4,. The claim follows immediately if we can show that [4,,]1%[4,,].
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Since the convex subgroups [4p,], [4,,]E I, are comparable it suffices to show that
[4,.\[4g.]# 9.

Pick some a€supp (y)\supp (f). Then f,(1+a)=f,(1)=1 and | f,(1+a)|€4,,.
Assume by way of contradiction that [4,,]<[4g,]. Then also 4,,C4,, and we have
| f(1+a)l€4,,. Inthe same way, 2a€supp (p)\supp (f) and | f,(1+2a)|€4,,C 4p,.
Writing f;(@)=a,+iza, with a;, a;€ Ry we obtain

L =|f(1+a) = (1+a)*+a},

1 =[f(1+2a) = (14+2a,)*+4a3.
An easy computation shows that this implies a;=0=a,, i.e., fz(a)=0, a con-
tradiction. [

As immediate consequences of theorem 13 we record:

Corollary 14. If o, fcSpec x(A) are not comparable with respect to specializa-
tion then they have disjoint neighborhoods.

Corollary 15. For any pro-constructible subset KCSpecx(A) the space K™
of closed points is compact.

Theorem 13 can be used to define a retraction r: Spec x(A4)—Spec x™** (A): r(a)
is the closed point of {a}. It is easy to show that 7 is continuous (see the proof of
proposition I. 30). We will see now how r(x) can be determined: Let

(f: A~ C)eSpec x*(4)

be a representative of «. The smallest compatible valuation ring in C, containing
f(A) is denoted by (W, V). Then

g: AL W~ WMy,
belongs to Spec x®(4) (where W/M, -carries the induced complex structure).
Proposition 16. «, is the unique closed point in {_oc}-.

Proof. Obviously ,B=ccgef&7 holds. Suppose that y€ {_ﬂ; Since supp (y)>
supp (B) holds trivially, proposition 12 and the definition of g imply that supp (y)=
supp (f). By proposition 11 (a) we may assume that A4 is local with maximal ideal
supp (B). Then we have Ip,=I,,CI, and A4,CA4,, where 4z, 4,, are the kernels
of mg, and . It suffices to prove that 4z,=4,, (since then B=y).

Assume by way of contradiction that there is some a€ A* with | f(a)|€4,,\4g,-
Then | f(a)] is not a 1-unit in ¥. Without loss of generality we may assume that
| f(@)|=1. Then the interval

(1-1A@l, If @ -1) cV
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is not contained in My . Since {| f(b)ll b€ A*} is cofinal in ¥ there is some b€A*
such that |f(2b)]€(1_——l(f(a))|, | f@]—1), ie., 1<1+]|f(2b)|<|f(a)l. Write f(b)
as by+i,b, with by, b,€R,. Replacing b by —b if necessary we assume that
b,=0. Then

1 < |f(1+2b)] = 1+|f(2b)] < | f(a)].

By choice of a and proposition 1. 26,
P ={a()]| = |h(14+2b)] = [A(a)] = 1

(where (h: A—~C,)eSpec x*(4) is a representative of y). This implies [A(1+2b)|=1.
In the same way it can be shown that [A(14+b)(=1. An easy computation yields
h(b)=0. This is a contradiction since b was chosen in A4*. [0

4. An ultrafilter theorem for the complex spectrum. If k is a field containing a
square root of —1 and A is a k-algebra and if (f: 4—~(C, R,i))€Specx’(4)
has the property that C is archimedean over f(k) then it is an immediate consequence
of proposition 16 that «; is a closed point of Spec x(A).

In particular, let (C, R,i) be a complex field, 4=Clay, ..., a,] a finitely
generated C-algebra. We have the structural map ¢: C—4 and the functorial
map ¢*: Spec x(4)—>Spec x(C). Let »%¢Specx(C) be the canonical absolute value.
The we denote ¢*~1(x) by Specxc(4). Let X be the scheme Spec(4) over C,
X(C) the set of C-valued points of X. Given x¢X(C) we have the evaluation map
x*: A~C: a—a(x), which belongs to Specx’(4). By e(x) we denote the cor-
responding point of Specx(4). Since x*og: C—>A-C is the identity we even
see that e(x)€Spec x.(4). By the above remark, e(x) in a closed point of Spec x(4),
hence also of Specx:(4). So a map e: X(C)—~SpecxZ**(4) has been defined.

Since X(CYis contained in C"=R* the interval topology of R defines a topology
on X(C) which we call the strong topology.

Theorem 17. e maps X(C) with the strong topology homeomorphically onto
im{e)CSpec X (A).

Proof. First we prove that e is injective: For x€X(C) let M, A be the maxi-
mal ideal belonging to x. Then supp (e(x))=M,. If x=y then M,#M, and
hence the supports of e(x) and e(y) are different.

e is continuous: Let UcSpec Xc(4) be an open neighborhood of e(x). We
may assume that U=U;n...nU,, where each U; is an open set of one of the fol-
lowing two forms:

V = {acSpecxc(4)|a(a, b) =},

W = {acSpecxc(A4)|a(a, b) = 0}
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with a, b€ 4. Since
e"1(V) = {x€X(C)|la(x)| = |b(x)| >0},

e~ (W) = {xcX(C)| a(x)b(x) #~ 0}

are both open it follows that e is continuous.
Finally, e is open onto the image: x=(x,, ..., x,) €X(C) has a neighborhood
basis consisting of open polycylinders

P(x, ) = {yEX(C)||y1—x1| <& &..& |ya—x,| <€}

On the other hand

U= {chSpech(A)I Vi ale, ay—x;) = oOr a(%, al-xl—-‘i—] = }

is open in Spec xc(4). Since e(P(x, &))=im(e)nU the proof is finished. O

In real algebraic geometry there is a natural correspondence between semi-
algebraic subsets of an affine variety defined over a real closed field and constructible
subsets of the real spectrum of the coordinate ring ([8], section 5). Similar results
can be established in the complex setting:

Definition 18. Let e: X(C)—Spec xc(4) be the embedding introduced above.
A subset McX(C) is complex if it is of the form e~ *(K) with KcSpecxc(4)
constructible.

The main result about the connections between constructible subsets of
Spec x.(4) and complex subsets of X(C) is

Theorem 19. The map K—e Y (K) from the set of constructible subsets of
Spec xc(A4) to the set of complex subsets of X(C) is a bijection.

Proof. 1t suffices to show that e~1(K) is nonempty if K is nonempty. So, pick
KcSpec xc(4) constructible, K=¢. Let ¢: C[X;, ..., X,]-4=Clay, ..., a,] be
an epimorphism over C. Then ¢*(K)cSpec xcC[Xj, ..., X,] is constructible. If e
also denotes the embedding C"—>Spec xcC[X;, ..., X,] it suffices to prove that
@*(K)ne(C")#¢. So we may assume that 4=C[X;, ..., X,]. With 4 we associate
the real polynomial ring B=RI[Y,, ..., Y,, Z;, ..., Z,] by separating the real and
imaginary parts of the elements of A (cf. [9]; [15]): Replacing X; by Y +iZ, for
every acA we obtain a(,+iZ,, ..., ¥,+iZ,)=b+ic with b, c¢B. We call b the
real part of g, ¢ the imaginary part of a. To study the connections between 4 and B



Compactification of varieties 359

more closely we look at the diagram

R——C

b

Yot iZ, — X,

Since the left-hand square is a push out every homomorphism B -~ R, into a real
closed field yields a unique homomorphism f®C: Bz C—~R,®xC over C into
the complex field (R;®z C, R;, 1®,). It follows from proposition $ and the amal-
gamation property of real closed fields ([24, Satz 3.22, Satz4.7; [28], section 17)
that, if g: B—~R, defines the same element of Sper (B) as does f, then
gQC: BRRC—R,®zC defines the same element of Spec x.(BRxC) as does
f®C. So, we have defined a map Sper (B)—%>Spec Xx(B®z C). We show that
o, is a morphism of spectral spaces:

Pick a=a,+ia,, b=b,+ib,6 By C with ay, a,, b,, b,¢ R and consider the
open constructible subsets

V = {a€Spec xc(BQg C)| a(a, b) ===},
W = {a€Spec x-(B®g C)|«(a, b) = 0}

of Specxc(B&rC). If f: B~R; is a homomorphism into a real closed field then
%,oc€V if and only if f(al+a3)=f(b3+b3)=0. So, o, *(V) is open and constructible
in Sper (B). Similarly, a,,.€W if and only if f(a}+a3)f(b]+b3)=0. This shows
that ¢ '(W) is also open and constructible in Sper (B).

Composing the morphisms ¢, and 7*: Spec xc(BQgC)—~Spec xc(4) of spec-
tral spaces we obtain a morphism t*¢_: Sper (B)-Spec xc(4). Considering R* as
the subspace of R-valued points in Sper (B) (cf. [8], Section 5) we restrict t¥6, to R*.
It is immediately clear from the definition that the image of (yy, ..., V55 Z1, -.., 2,)€¢ R
under t*0, is (y,+iz, ..., y,+iz,)EC". So 7*¢, restricts to the usual identification
of C"=R™.

Now we return to the constructible subset K< Spec xc(4). We have shown
that (t*¢,)"'(K)DSper (B) is constructible. By the connections between con-
structible subsets of Sper (B) and semi-algebraic subsets of R** (cf. [8], section 5)
we know that R*'n(7*¢,)"1(K) > ¢. But then C"nKC1*0, (R¥(t*6,)"1(K))#¢. O

Corollary 20. If V' is an affine C-variety with coordinate ring A then there is
a bijection between Spec xc(A) and the set of ulirafilters of complex subsets of V(C).
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III. Valuation spectrum and compactification

After the preparations in the first two chapters now complex varieties will
be compactified by using the valuation spectrum and the complex spectrum. In
section 1 we describe the construction of the compactification. In section 2 the
connections with the compactification of Morgan and Shalen ([22]) are established.

In this entire chapter kCC is a fixed subfield containing i, where i denotes
a fixed square root of --1. We consider a finitely generated integral k-algebra
A=kla;, ...,a,) and set B=A®,C. The schemes Spec(4) and Spec(B) are
denoted by X and Y, their C-valued points (over k and C) by X(C) and Y(C).
The canonical absolute values k—~R* and C-R® given by x-|x| determine
points of Spec x(k) and Specx(C) which are denoted by », and x%.. The can-
onical homomorphisms k-4, C—B are denoted by j., jc. The fibres of
S Spec x(4)—~Spec x(k) and j§: Spec (B)—~Spec x(C) over 3, and . are de-
noted by Specx;(4) and Specxc(B) (as in chapter II). The canonical maps
X(C)—~Spec x,(4), Y (C)—~Spec xc(B) defined by evaluation at the points of X(C)
and Y(C) are denoted by e. 7, 7 are the trivial valuations in Spev (k), Spev (C).

1. Compactification through the valuation spectrum

Let ¢: k—C be the inclusion and : k—~C another embedding with ¥ (i)=i.
Suppose that ¥*: Spec x(C)—Spec x(k) maps % to x,. Then for all ack and all
r¢ Q= we have:

#c(p(@),r) = m(a, r) = xc(Y(a),7),
e(@(@—1,r) = x(a—1,P) = xc(W(@—1,7),
#c(@(@)—i, r) = n(a—i, V) = %Y (@)—i, 7).
This shows that ¢(a) and i (a) lie at the same distance from 0, 1 and i. But then

they must be the same. This proves

Proposition 1. If y: k—~C is an embedding with Y (i)=i and Y*(xc)=x, then
Y is the inclusion.

By the same method one can prove
Lemma 2. The map e: X(C)--Spec x,(A) is injective.

Proof. If x,yeX(C), x#y then there is some acA with a(x)#a(y). Since
a(x) and a(y) cannot lie at the same distance from all of 0,1 and i it follows
that e(x)(a, r)=e(¥)(a,r) or e(x)(a—1,r)=e(y)(a—1,r) or e(x)(a—i,r)#
e(y)(@—i,r) for some 0=r€Q. Thus, e(x)=e(y). DO
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In the valuation spectra Spev (4) and Spev (B) we consider the constructible
subsets
K, = {acSpev (A)|x(ay, 1) = or...or a(a,, 1) =},

Ky = {a€Spev(B)|a(a,, 1) =< or...or a(a,, 1) =}
with a,=2 (cf. chapter I, section 4). We set
L, = Spec x,(A)nK,, Ly = Spec xc(B)nKj.

By proposition I 30 there are continuous retractions r,: L,—~L5*, rp: Ly—~Lg™.
Since Spec x,(4)cSpev (4), Spec xc(B)cSpev (B) are pro-constructible subsets
their closures consist of the specializations of their points. Therefore #,, rg restrict
to surjective maps

ry: Spec xPeX(A4) -~ LT,  rp: Spec xZ**(B) - Lg*

of compact spaces.
We study the points of L75*:

Proposition 3. Pick a€Spec x,(4), (f: A—~(C, R,i))eSpec x°(4) a represent-
ative. Let (W, V) be the smallest compatible valuation ring of (C, R,i) containing
SfA). Let A: (W, V)~(WIM,,,VIM,, i) be canonical.

@ If WiM,,,VIM,, i) is archimedean then r (2) is given by
(f: 4~ WM, VIM,, 1)).

o) If WiM,,,VIM,,i) is nonarchimedean then there is a largest nontrivial
compatible valuation ring (W,VYc(WIM,,,VIM,,i). Let w': W/M,—~I" be the
corresponding Krull valuation. Then r, (o) has (W if: A=) as its representative.

Proof. From the definitions it is clear that (Af: 4—~(W/M,,, V/M,, i))€ Spec x°(4)
is the representative of a specialization of «. Moreover, «;, restricts to x», on k.
For, a;, defines a specialization of x, on k with nontrivial value group. Since the
value group of s, is archimedean we see that «,  induces x, on k, i.e., o,,€Spec x;(4).
We may assume now that (C, R, i) is archimedean over f(4).

(@) If (C, R, i) is archimedean then « is closed in L, (theorem L. 31).

(b) Suppose that (C, R,i) is nonarchimedean. There is some i€{l,...,n}
such that { f(ai)llllEN} is cofinal in R. Let ¥V’/CR be the largest convex subring
not containing | f(a;)|. Then (W’=V’[i],¥V’) is the largest nontrivial compatible
valuation ring. It has nontrivial archimedean value group I. Let w': C~I" be
the corresponding Krull valuation. Since w’(] f(a)l)=>1 in I it is clear that the
valuation (w'f: 4-C—~I) has nontrivial archimedean value group. So a,. is
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closed in K, (theorem I. 31). By construction it is clear that «,,. € {o}. This proves
that «,,. ,=r,(®). O

Another description of L%** is contained in
Proposition 4. L5** s the set of closed points of j;= (s, T )NK,.

Proof. Firstlet a€ L**. Then « is a closed point of K, and (by continuity of j;)
belongs to jF (., 7). Conversely, let « be a closed point of j; (%, T)NK,.
First suppose that jf(¢)=x, ie., a2, 1)=-o-. Since « is closed in K, the value
group of « is nontrivial archimedean. So we may consider the associated valuation
as a valuation v,: A—A(supp (x))—~R=. This may be normalized so that v,(2)=2
(because of a(2,1)=cc). This shows that A(supp(x))-~R= is an archimedean
valuation in the sense of [34], section I-3. By the result of {34], sections I-7, I-8
there is an embedding A(supp (¥))—~C such that the canonical absolute value of
C restricts to the archimedean valuation of A(supp («)). This shows that « is deter-
mined by the homomorphism A-A(supp (¢))~(C, R, ) into the complex field C.
By composition with j, we obtain an embedding : k—~C such that y¥*(xc)=2x.
So a€Spec x,(4), and this proves that o€ L5*.

Now suppose that j(0)=1,, ie., «(2, 1)=1. Let w,: A(supp («))—~I, be the
Krull vaiuation determined by «. By [17], section 4, there is a valuation preserving
embedding A(supp («))—~C(([',)) into a field of formal power series with its natural
valvation (where C is an algebraically closed field of cardinality at least max {|4|, |C|}
and [, is the divisible hull of I}) such that the image of k—~A4-A(supp (®)—~C((T))
is contained in the subfield C. Let g: C—~C be an extension of £—C (this exists
by the cardinality assumption about C). If RcC is a maximal real closed sub-
field containing g(R) then (C, R, i) (with i=g(7)) is a complex field. Now (C(([),
R((T)), i) is a complex field as well. By construction ( f: 4 A(supp (2)) ~(C((F),
R((T), i))cSpec x°(4) defines « €Spec x,(4) and ac{a;} (proposition 3). [

If x€X(C) then the value group of e(x)€K, is archimedean. Theorem I 31
shows that e(x) is closed in K. Therefore e maps X(C) into L%**.

Corollary 5. j; ()N LT =im(e)={o€ LT (2, 1) ==} and ji ' (n)nL5*=
J )N K = {ae L5 a(2, D=1}

Proof. The inclusions im(e) ()L™ < {a€ L5 | (2, 1)= o} are trivial.

The proof of proposition 4 shows that a€L%*, (2, 1)=c implies acim(e).
The other statement is clear from proposition 4. []

All the results proved so far for L%5** are also true for LF** Just set k=C.

Theorem 6. ¢ maps X(C) homeomorphically onto the dense open subspace
{ole(2, 1)= oo} LT,
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Proof. e is injective by lemma 2. Continuity of e is proved .exactly as in the
proof of theorem II 17. To show that e: X(C)—im(e) is open we note that x¢ X(C)
has a neighborhood basis consisting of open polycylinders

P(x’ 8) = {yeX(C)llyl_xll <t &...& lyn'—xnl = 8}

with 0<g€Q. The same argument as in the proof of theorem II 17 shows that
e(P(x, ¢) is open in im(e). The image of e has been determined in corollary 5.

It remains to be shown that im(e) is dense in L5**. First note that e(¥Y(C)) is
dense in LE**. This follows from continuity of 7z (proposition I 30) and from theo-
remIl 19. If j: A-B denotes the canonical homomorphism then ; induces a
morphism j*: Kz—~K, which restricts to Spec x-(B)-Spec x,(4), hence also to
Ly—~L, and (by theoremI31) to LF*~L%3*. This map is also denoted by j*.
The canonical morphism Y —~X of schemes yields a map Y (C)—X(C) which is
also denoted by j*. This is continuous and the diagram

Y(C) —L— X(C)

e e

ma; J*
LB x Lr:;ax

commutes. To prove that e(X(C)) is dense in L%** it suffices to show that
J*: L3* L% is surjective. So pick a€ Ly

First suppose that (2, 1)=<o, ie., a=e(x) for some xcX(C). With the
evaliation map x*: 4-C: a—a(x) we have the commutative square

k— . 4
|n ) [+
cC—=_.C

(cf. proposition 1). This yields a homomorphism f: B-~C such that x*=fj and
idg=fjc. Therefore (f(ay), ...,f(a,))=€Y(C) and j*(f(ap, ..., fla))=x.

Now suppose that «(2, 1)=1, ie., «€K3*™ and j*(x)=1,. «is defined by a
Krull valvation v: A(supp («))*~I. As in the proof of proposition 4, the valued
field (A(supp (), v) is embedded into a formal power series field C((I%)) with its
natural valuation ([17], section 4). Again, [ is the divisible hull of I" and C is alge-
braically closed, |C|=|C|. We may assume that the image of k-4 -A(supp (a))~
C((F)) is contained in C. By the cardinality hypothesis, k-~C can be extended to
C—C. The commutative diagram

k 4
'

}
C—s ccC((l)
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yields a homomorphism (f: B—~C(([)))¢Spev° (B) such that

A—L—B
N A
()
commutes. By construction we have o €KJ** (cf. theorem I 31) and jé(ap)=1c-

corollary 5 shows that a,€L3**. Since j*(as)=a by construction, the claim is
proved. [0

It is a consequence of theorem 6 that L2 is a compactification of X(C).
This compactification will be related to the Morgan—Shalen compactification in
the next section.

2. The Morgan—Shalen compactification. First the construction of Morgan and
Shalen ([22]) is briefly recalled:

The space X(C) is locally compact. So X(C) has a one point compactification
XO+t=X(C)u{+}. Let j: X(C)~X(C)* be the inclusion.

Pick a subset A generating A4 over k. A map 6: X(C)—(R*)¥ is defined
by x-(log (| f(x)|+2));¢5- The group R™ operates on (R™)™\ {0} by s(r(f);c5)=
(sr( f))fm- The set of equivalence classes is denoted by P(§), the canonical map
REI{0}-B(&) by p(F). (R=)? is equipped with the product topology, P(F)
with the quotient topology. The map 6: X(C)—~P(F) is defined to be the com-
position p(F)@’. This map is continuous and has compact image ([22], proposi-
tion1 3.1).

The two maps j: X(C)=-X(C)* and 6: X(C)~P(F) together define the
continuous map (J, 6): X(C)—~X(C)* X P(F). If the range of (j, H) is restricted
to the closure X of im(j, 6) then the resulting map X(C)—-X is denoted by 7.
X is compact and # maps X homeomorphically onto 7(X) ([22], p. 415), so Xis a
compactification of X. If p: £-X(C)* X B(F ~X(C)* is the projection then
X=n(X)uB with B=p~1(+). B can be considered as a subspace of P(F). To
study these additional points in the compactification the valuation theory of the
quotient field K of 4 is used:

The abstract Riemann surface of K over k is denoted by S=S(K/k) ([35],
Chapter VI, §17). Let S,c.S be the set of valuation rings ¥ maximal with the
property that A& V. If »: K*—~A, is the valuation corresponding to V€S,
then there is a smallest nontrivial convex subgroup A,c A, and for all ac4, a=0
one has v(@)=1 or v(a)cA,. There is some feF with v(f)=1. By Holder’s
theorem ([12], p. 74, Satz 1; [25], p. 8, Satz 4) the archimedean group A, can and
will be considered as a subgroup of R™. This is unique only up to a positive exponent.
A map U’: So~R*E\{0} is defined by v—>(log(max {1, v(f)}));c5- Composi-
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tion with p(&) gives U: So—~P(F) ([22], p. 416). U is continuous ([22], theorem I 3.4)
and maps S, onto B ([22], theorem I 3.6).

This last result means that the Morgan—Shalen compactification is obtained
by putting two spaces together, namely the space X(C) and the space S, of Krull
valuations. In [16] it is a nontrivial problem to put these spaces together. This is
done by using certain sequences in X (C), called valuating and pre-valuating sequences.
In the present paper both X(C) and S, belong to the valuation spectrum of 4. It
will be shown now that the valuation spectrum can be used to construct the com-
pactification of Morgan and Shalen. In this way at least the problem of putting the
spaces X(C) and S, together vanishes completely.

The homomorphism k—~K induces a morphism Spev (K)—~Spev (k) of valua-
tion spectra. By Spev (K/k) we denote the fibre of this morphism over the trivial
valuation of k. As a set this agrees with the abstract Riemann surface S(K/k) ([22],
Chapter VI, § 17). However the topologies are different. Let ¥, be the topology
induced on .S, by Spev(KJk), T, the topology induced by S(K/k). It is shown
in [22], lemma I 3.3 that (S,, T,)~(S,, T,) is continuous.

S5 =Ui-y {«€Spev (K/b)la(a;, 1) =}

is open and constructible in Spev (K/k), S, is the set of closed points of S;. Corol-
lary T 29 shows that (S, ¥,) is a compact space.

Let j: A—K be the canonical injection. Then by functoriality there is the map
Spev (K) -~ Spev (4) which is an isomorphism onto {x€Spev (4)|supp (x)=(0)}
(corollary I 12). Therefore j*(Sy)<Spev (4) is a compact subspace which we iden-
tify with S,. By definition of S,, S,cK,. If r: K,~K7* is the retraction of
proposition 130 then r(Sp)cK7** is denoted by S,. If «€S; then j*(0)=1;
(since the Krull valuations in S, are trivial on k). So we see that SyCjy " (r,)nL3*>*
(corollary 5). Conversely, if a€jF ' (t)nL%** then « is determined by a homo-
morphism f: A—F, where F is a field with Krull valuation »: F*-~I over k,
I’ an archimedean ordered group. Moreover, uf(a)>1 for some i€{l, ...,n}. The
valued field F can be embedded into a formal power series field C((I)) with its
natural valuation (C an algebraically closed field, I’ the divisible hull of I'). The
homomorphism A-L-FCC((I)) extends to a place K-2-C((F)u{=} ([13],
chap. 6, § 2 no. 4, proposition 3). Let ¥;cK be the corresponding valuation ring,
V,CV; the inverse image of the natural valuation ring of C((F). Since I is archi-
medean there are no valuation rings between ¥, and ¥;. By construction we have
A&V, ACV,. This proves that ¥;€S,. Let «, be the corresponding point of K,.
Then it is clear that r(x,)=«. We have proved

Proposition 7. If we identify X(C) with {¢|a(2, 1)=c}cLY*™ (theorem 6)
then X(C)=j{ ()L, Sy=jy Nt )nL5* and L5*=X(C)US,.
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As before we choose subset §F A generating 4 over k. We will now define a
continuous map L7*-~X(C)* XP(F) whose image is exactly the compactification
of Morgan and Shalen. The definition is done componentwise:

First 4,: L5*~>X(C)* is defined by A4,|X(C)=id, 4, (®)=+ for «fX(C).
This is clearly continuous.

If a€L5* let v,: A~R= be the corresponding valuation (note that the value
group is archimedean). v, is unique only up to a positive exponent. If a€X(C)
then we can normalize v, such that v,(2)=2. Butif a€S, then there is no natural
normalization for v,. So for the time being we do not normalize at all. We define

¥ Ly~ (REPN{0}

) {(log(va(f)+2))feg if a€X(C)
* ™ V(log (max {1, v,(M)res if €S,

Ayt LT ~P(F) is defined to be p(F)A,. At this point it becomes obvious why
the space P(F) has to be used: lacking a canonical way to normalize the Krull
valuations v, (2€S;) we have chosen them arbitrary. So A; cannot be expected to
be continuous. Composition of A; with p(§) makes the construction canonical.
For, different choices v, and ¢} (s€R™) for the Krull valuation associated with «
yield the same point

p(®)(log (max {1, v,(/})ses) = p(F)(s(log (max {1, v,()}))sew)

n PF).
Together A, and A, yield the map

A= (A, Ag): LF* —~ X(C)F XB(F)-

The restriction A]X(C) agrees with the map i: X(C)-X(C)* X B(F) of Morgan
and Shalen ([22], p. 415). The composition S,—~8;CLE™-2 X(C)* XP(F)
agrees with the map U: Sy~ {+}XP(F)X(C)* X B(F) of Morgan and Shalen
([22), p. 416). So it has already been shown that A maps L3** onto the compactifica-
tion of Morgan and Shalen. Of course A can play a reasonable role only if it is con-
tinuous. This will be proved now:

We noted above that J, is continuous. It remains to consider A,. If €4 is
another subset containing & then v;: L5**—~(R*)® and v,=p(€)v, are defined
exactly as A; and 2,. The commutative diagram

v, / (Rz)e p(€) 23(({:)

max

r
2 r

¢
X ®R=® —C— B(F)
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(with pr the canonical projections) shows that it suffices to prove that v, is con-
tinuous. Therefore we assume now that. §=4 and prove that 4 is continuous in
this case.

For every i=0, ..., n the subsets

U;= {(’(f)) [r(a}) > "(ai)} c (R=),
Vi=p(@UIP@)
are open. By definition of A, we have
W= A7) = 41U = {acL3™ | a(a, 1) =)

which is an open subset of LG**. We must prove that the restriction A, ;: WV,
is continuous for all i=0, ...,n. Since W,=X(C) it is immediately clear from the
definition that A, , is continuous. So suppose that 1=i=n. For acW now we
normalize v, such that log (v, (a)+2)=1 if a€X(C) and log(v,(a))=1 if a€S;.
As explained above, 4, ; is not affected by this normalization at all. However

(log (v (®)+2))acs if acX(C)
(log (max {1, 2,(A)))es i €S
is now continuous: To prove this we fix some a€§ and show that

L log (v,(a)+2) if acX(C)
i;i‘-,:W,-'—»RE:oc—»{ ’ .
ot log (max {1, v,(a)}) if «€S,

Agr Wi~ Uy oc»{

is continuous.

If «a€X(C) then continuity at « is clear since v,(a) is |a(a)| up to a positive
exponent. -So suppose that a€WnsS,. If Ao:i.a(@)<r for some r¢R™ then there
is a neighborhood WcCW, of a such that €W implies 4, ; (B)<r. To see this
pick $€(4,: ,(®), 7)NQ and write s== with 7, uéN. If we define

u

Was: = {BEW| B(a},(20)") = =}
then.

iy ; o (@) = log (max {1, v,(a*)}) = log (max {1, v,(2a)"}) < log (v,(a)) =t

implies that acW,,. Clearly, W, is open. If BEW, ,nS, then an easy computa-
tion shows that 1,; ,(f)<s. Finally we have to deal with acW, ,nX(C). We set

I'Vt,’u = {ﬁeu{,ulﬁ(af, 4“) =°°}

Since «€S; we know that v, is a Krull valuation over k£ and hence ¥, , is an open
neighborhood of «. If BcW,’,nX(C) is such that |a(f)|=2 then

(la(B)| +2)* =12a(B)l* < |&(B)| < (|a(B)+2).
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If BewW ,nX(C) is such that |a(f)|<2 then
(la(B)+2" < 4 = |&(B)| = (lai(B) +2).

In any event we have

Udy,i.a(B) = log ((la(B)|+2)")

<log((la(BI+2)) =1,
and 1;;,(f)<s for all pecW/,.
Similar computations show that there is an open neighborhood WcCW, of «
with ;, ,(W)C(r, ) if A;; (@)>r for reR™.
We see that, for every a€§, A; ;. is continuous. This implies continuity of 4; ;.
Finally A, is continuous. We have proved

Theorem 8. The Morgan—Shalen compactification of X(C) is a continuous image
of the compactification L** of X(C).

In general the Morgan—Shalen compactification is a proper image of L7
However there is one case in which L% is actually equal to the Morgan—Shalen
compactification:

Theorem 9. If §=A then the continuous map A: L5*>*X(C)* X P(F) is a homeo-
morphism onto the Morgan—Shalen compactification.

Proof. We only have to prove that A is injective. Pick a, € L9** with as=p.
If a, BEX(C) then A()=(x, 4,(2))=(B, 2,(B)=4(F). If a€X(C), BES, then
2@ =(2, A @)=(+, 1(8)=2(B).

Finally suppose that a, B€S,. Assume by way of contradiction that A(x)=
A(P). Then v,(a)=0 if and only if v,(a)=0, i.c., supp (@)=supp (). Suppose
that W (notation as in the proof of theorem 8). Then A,(x)=A2,(f) implies

(log (v.(a)) = log (max {1, v,(a;)}): log (2,(1)) = 0)
= (log (max {1, vs(a)}: log(vs(1)) = 0).

Since log(v,(a))>0 we see that log(max {I, vs(a)}=0). This is possible only if

v(a)=1, ie., B(a;, 1)=-co.
As in the proof of theorem 8 we now assume that v, and v, are normalized
such that log (v,(a;))=1=log (vs(a)). Now pick a€A\supp (2). If v,(@)>1 then

(log (max {1, v,(a)}): log(v,(1)) = 0) = (log (max {1, v;(a)}): log (v5(1)) = 0)

implies that log(max {1, v5(a)})>0, which is possible only if vs(a)>1. Since a
and B have been normalized the equality A,(x)=A1,(f) implies v,(a)=1v;(a). Now
assume that v,(@)=1. Then (with p,g€N) log(v,(a’a®))>0 if and only if
plog(v.(a))>—gq, i.e., if and only if log(v,(@))>—=%. Since F=4, 2,(x) deter-
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mines the set

Da(a) = {(p’ Q)ENXN IIOg (va(apa‘il)) = 0}'

So A,(«) also determines

log (v,()) = sup {—%—l(p, q)ED(a)}-

The same also holds with B instead of «. Because of A,(a)=24,(8) we see that D,(a)=
Dg(a). This proves that v,(a)=1v,(a).

Finally, if a, b€ A\supp () then it has been shown that v,(a)=1z(a) and

v,(b)=v,(b). This implies that a(a, b)=p(a, b). O
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